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Abstract
A graph G is called r-spanning cyclable if for every r distinct vertices
v1 , v2 , . . . , vr of G, there exists r cycles C1 , C2 , . . . , Cr in G such that vi is on
Ci for every i, and every vertex of G is on exactly one cycle Ci . In this paper,
we consider the 2-spanning cyclable problem for the generalized Petersen
graph GP (n, k). We solved the problem for k ≤ 4. In addition, we provide
an additional observation for general k as well as stating a conjecture.
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Introduction and Preliminaries

Hamiltonicity is a well-studied and important concept. A number of variations
have been developed, including pancyclicity [6, 12], super spanning connectivity
[1, 19, 20], Hamiltonian decompositions [3, 21, 22], and many other areas. Until
the 1970’s, the main interest in Hamiltonian cycles is due to their relationship
with the 4-color problem. More recently, the study of Hamiltonian cycles in
general graphs has been motivated by its applicability to the study of complexity
and practical applications. In particular, having Hamiltonian-like property is a
major requirement in designing good interconnection networks. The Hamiltonian
condition can be adjusted in a number of ways. On the one hand, one can
strengthen the condition to include a prescribed set of r vertices in a specific
order, this is the r-ordered Hamiltonian problem [9, 10, 13, 16, 18, 23, 24]. On
the other hand, one can relax the Hamiltonian condition to a union of disjoint
cycles. In this paper, we study a relaxation/generalization of the Hamiltonian
property. We allow the graph to be spanned by a prescribed number of disjoint
cycles. However, each must contain a prescribed vertex. This concept can be
applied to the problem of identifying faulty processors and other related issues
in interconnection networks [8, 11, 14, 17].
Throughout this paper we use standard graph theory terminology as in [15].
A graph G is Hamiltonian if it contains a Hamiltonian cycle, that is, a cycle
containing all vertices of G. Let k be a positive integer. A graph G is r-spanning
cyclable if for every r distinct vertices v1 , v2 , . . . , vr of G, there exists r cycles
C1 , C2 , . . . , Cr in G such that vi is on Ci for every i, and every vertex of G is
on exactly one cycle Ci . Throughout the paper, we refer these r-disjoint cycles
C1 , C2 , . . . , Cr whose union spans G as r-spanning cycles. (We note that one can
generalize this concept by prescribing disjoint sets A1 , A2 , . . . , Ar of vertices and
insisting that Ci must contain all the elements of Ai for every i. However, further
restrictions on the Ai ’s must be placed; otherwise, it may be impossible for r ≥ 2.
For example, we may simply pick two vertices u and v and set A1 , A2 to be {u, v}
and V (G) \ {u, v}, respectively.) If r = 1, then this is the usual Hamiltionian
problem. An obvious question is whether this property is nested, that is, if a
graph is r-spanning cyclable, does it imply that it is (r − 1)-spanning cyclable
or vice versa? The answer is no. The Petersen graph is not 1-spanning cyclable
but it is 2-spanning cyclable. For the other direction, a graph being r-spanning
cyclable also does not imply that it is (r + 1)-spanning cyclable. An n-cycle is
1-spanning cyclable but it is not 2-spanning cyclable.
Although we will not discuss the r-ordered Hamiltonian problem here, we will
briefly mention this concept for the purpose of illustrating the inherent difficulties
of any Hamiltonian related problems. A graph G is called r-ordered if for any
sequence of r distinct vertices of G, there exists a cycle in G containing these
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r vertices in the specified order. It is r-ordered-Hamiltonian if, in addition, the
required cycle is Hamiltonian in G. This concept was introduced in [24], and the
following open problem was posed: Find an infinite class of 3-regular 4-orderedHamiltonian graphs. This problem remained open for many years and it was
solved only recently [13, 16]. On the other hand, there are many papers on its
sufficient conditions; in particular, [9] provides a comprehensive survey. So it is
reasonable to expect that the r-spanning cyclability problem to be “difficult.”
Since the motivation is related to interconnection networks, we naturally restrict
our attention to regular graphs. In particular, we want to find classes with this
property where r ≥ 2. In this paper, we show that such examples can be found
in the class of generalized Petersen graphs.
The Petersen graph is an important graph in graph theory and there are
several generalizations of it. One such generalization is the class of generalized
Petersen graphs introduced in [28], which has attracted much research throughout
the years. Some recent research include [4, 5, 26, 27, 29]. The generalized Petersen
graph GP (n, k), where n ≥ 3 and 1 ≤ k ≤ ⌊(n − 1)/2⌋, has {ui , vi : 0 ≤ i < n} as
its vertex set. There are three types of edges. The first is of the form (ui , ui+1 )
(with i+1 computed modulo n) for 0 ≤ i < n. The second is of the form (vi , vi+k )
(with i + k computed modulo n) for 0 ≤ i < n. The third is of the form (ui , vi )
for 0 ≤ i < n, which will be called columns. We call the edges in the first case
the outer edges, the edges in the second case the inner edges and the edges in
the third case the columns. We also call the ui ’s outer vertices and the vi ’s inner
vertices.
It is clear that GP (n, k) is 3-regular. We note that the subgraph induced
by the vertices ui , 0 ≤ i < n, form an n-cycle, and the subgraph induced by
the vertices vi , 0 ≤ i < n, form essentially a circulant graph. So GP (5, 2) is the
Petersen graph. (We remark that in [4], the authors defined the GP (n, k) for the
range 1 ≤ k < n. The two definitions are equivalent except for the case k = n/2
when n is even. If n/2 < k < n, then GP (n, k) is isomorphic to GP (n, n − k).
If k = n/2, then the resulting graph is not trivalent.) One major task was to
determine which of these graphs are Hamiltonian. There were incremental results in various papers [7, 25]. The complete classification was finally solved by
Alspach [2]: GP (n, k) is Hamiltonian except for GP (n, 2) for n ≡ 5 (mod 6). We
refer the reader to Alspach [2] for the history, motivation and development of this
problem and its solution. For the related problem in classifying which of these
graphs are “Hamiltonian-connected/Hamiltonian-laceable,” it is still unsolved.
Alspach conjectured over twenty years ago that if GP (n, k) is not isomorphic to
GP (6m + 5, 2), and n and k are relatively prime, then GP (n, k) is Hamiltonianconnected unless it is bipartite, in which case it is Hamiltonian-laceable. We
note that GP (n, k) is bipartite if and only if n is even and k is odd. Alspach [4]
commented that this condition on n and k is not well understood, and further
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commented that this condition may be misleading after proving that the conjecture is true for k = 1, 2, 3 although the relatively prime condition is far from
necessary. A refinement of this conjecture was proposed in [13]. This problem has
only been solved for small k. It turns out that the generalized Petersen graphs
also form a rich class of examples for the k-ordered problem. Again, one can consider the corresponding classification problem and it is only solved for k = 2 and
k = 3. Given these research, it is reasonable to expect that GP (n, k) will provide good examples of k-spanning cyclability and the corresponding classification
problem would be “difficult.” We start with the following observation.
Proposition 1. If a graph G is r-spanning cyclable, then every vertex has degree
at least r + 1.
Proof. Let u be a vertex of G with minimum degree, and let its neighbors be
v1 , v2 , . . . , vr . Then G cannot be r-spanning cyclable. Otherwise, we pick the r
prescribed vertices to be v1 , v2 , . . . , vr . Since u must be on some cycle, such a
cycle must contain two of v1 , v2 , . . . , vr .
The above observation tells us that for cubic graphs and hence generalized
Petersen graphs, the best we can hope for is 2-spanning cyclability. The next
observation shows that such graphs have girth at least 4.
Proposition 2. If a cubic graph G is 2-spanning cyclable, then G has girth at
least 4.
Proof. Suppose G has a 3-cycle with vertices v1 , v2 , v3 . Choose v1 and v2 to
be the two prescribed vertices. Since G is 2-spanning cyclable, there exist valid
cycles C1 and C2 such that v1 is on C1 and v2 is on C2 . Since v2 is not on
C1 and G is cubic, v3 must be on C1 . Similarly v3 must be on C2 . This is a
contradiction.
Theorem 3. Let k ≥ 2 and n = rk+1 where r ≥ 2. Then GP (n, k) is 2-spanning
cyclable.
Proof. By the definition of generalized Petersen graphs, the outer edges form an
n-cycle. It follows from the assumption of n that the inner edges form an n-cycle.
Then we are done if exactly one of the two prescribed vertices is an inner vertex
(and the other one is an outer vertex) as we may choose the two n-cycles formed
by the outer edges and the inner edges, respectively. Thus we may assume both
prescribed vertices are inner or both outer. We will now construct two spanning
cycles. Consider the outer vertices
(u1 , u2 , . . . , uk ), (uk+1 , uk+2 , . . . , u2k ), . . . , (u(r−2)k+1 , u(r−2)k+2 , . . . , u(r−1)k ),
(u(r−1)k+1 , u(r−1)k+2 , . . . , urk ), u0 .
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The parentheses in the list are inserted to highlight how we group the vertices. The first cycle C1 is constructed using the path with the outer vertices
uk , uk+1 , uk+2 , . . . , urk followed by the edges
(urk , vrk ), (vrk , v(r−1)k ), (v(r−1)k , v(r−2)k ), . . . , (v2k , vk ), (vk , uk ).
For the second cycle, we start with
(u0 , v0 ), (v0 , v(r−1)k+1 ), (v(r−1)k+1 , v(r−2)k+1 ), . . . , (vk+1 , v1 ),
then
(v1 , v(r−1)k+2 ), (v(r−1)k+2 , v(r−2)k+2 ), . . . , (vk+2 , v2 ),
which will be followed by
(v2 , v(r−1)k+3 ), (v(r−1)k+3 , v(r−2)k+3 ), . . . , (vk+3 , v3 ).
Continue in this process, we will use
(vk−2 , v(r−1)k+(k−1) ), (v(r−1)k+(k−1) ), v(r−2)k+(k−1) ), . . . , (vk+(k−1) , vk−1 ).
Then we use the edge (vk−1 , uk−1 ) followed by the path (uk−1 , uk−2 , . . . , u1 , u0 ).
See Figure 1 for an illustration of the general case and Figure 2 for the specific
case when r = 5 and k = 4. (We remark that to avoid clutters, there are dangling
edges on both sides of a graph but it is clear how the edges on one side continue
to the other side. We will use this convention throughout the paper.)

Figure 1. The two spanning cycles of GP (rk + 1, k).

Figure 2. The two spanning cycles of GP (21, 4).
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We first suppose the two prescribed vertices x and y are outer vertices. We
may assume one of them is x = u0 . Since r ≥ 2, we may assume that y is not
one of u1 , u2 , . . . , uk−1 . Thus C1 and C2 give the desired two cycles with x on C2
and y on C1 . Now assume both x and y are inner vertices. We may assume that
x = vk . Then we are done unless y ∈ {v2k , v3k , . . . , vrk } as vk , v2k , v3k , . . . , vrk
are on C1 and all the other inner vertices are on C2 . So assume that x and y are
prescribed as such. We shift our reference point and we may assume that x = v0
and hence y ∈ {vk , v2k , . . . , v(r−1)k }. But then x is on C2 and y is on C1 .
Theorem 3 shows that for every k ≥ 2, there are infinitely many GP (n, k) that
are 2-spanning cyclable. It would be interesting to see exactly which GP (n, k)
have this property. We first consider k = 1, which can easily be solved.
Proposition 4. Let n ≥ 3. Then GP (n, 1) is 2-spanning cyclable if and only if
n 6= 3.
Proof. We first note that GP (n, 1) is the Cartesian product of an n-cycle and the
complete graph K2 , that is, it can be obtained by taking two copies of an n-cycle,
and puting an edge between every pair of corresponding vertex of the first cycle
and the corresponding vertex of the second cycle. If follows from Proposition 2
that for n = 3 GP (n, 1) is not 2-spanning cyclable. Let n ≥ 4. As in the proof of
Theorem 3, we may assume the two prescribed vertices x and y are either both
outer vertices or both inner vertices. In this case, they are equivalent; so assume
both are outer vertices. We may assume that x = u0 and y 6= u1 . Then let
C1 = (u0 , u1 , v1 , v0 , u0 ), C2 = (u2 , u3 , . . . , un−2 , un−1 , vn−1 , vn−2 , . . . , v3 , v2 , u2 ),
and we are done.
Unfortunately, for k ≥ 2, the classification is not as simple. We will study
k = 2, 3, 4 in this paper.

2.

GP (n, 2)

In this section, we determine the n for which GP (n, 2)’s are 2-spanning cyclable.
By definition, n ≥ 5. This result here is more interesting than GP (n, 1) as there
are infinitely many graphs in the set that are not 2-spanning cyclable. Essentially,
it is 2-spanning cyclable if and only if n is odd.
Theorem 5. Let n ≥ 5. Then GP (n, 2) is 2-spanning cyclable if and only if n
is odd.
Proof. If n is odd and n ≥ 5, then GP (n, 2) is 2-spanning cyclable by Theorem 3.
It remains to show that if n is even, then GP (n, 2) is not 2-spanning cyclable.
We first observe that GP (n, 2) is planar. Note that the inner edges form two
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disjoint n/2-cycles. The graph can be embedded so that it has three “rings.”
The middle ring is an n-cycle (using the outer edges). Figure 3(a) shows an
example. The outside ring and the inside ring are both n/2-cycles using the
inner edges. Essentially, we flip one of the n/2-cycles to the outside. In this
embedding, every face is of size 5, except two, each having a size of n/2. We will
use Grinberg’s condition; more precisely, the following corollary. If a planar graph
can be embedded in a way such that every face except one has size 2 modulo 3,
and the exceptional face has size not congruent to 2 modulo 3, then the graph is
not Hamiltonian. We consider three cases.

Figure 3. The graph GP (6k, 2) for k = 3.

Case 1. n = 6k. We pick the two exceptional vertices a and b as indicated
in Figure 3(a). Suppose two desired cycles exist. Since these two vertices are
adjacent and the graph is 3-regular, this implies that the two edges incident to
a, other than (a, b), must be on the cycle C1 containing a. Similarly, the two
edges incident to b, other than (a, b), must be on the cycle C2 containing b. Now
C1 and C2 can be “merged” into a Hamiltonian cycle for a new graph adjusted
from GP (n, 2). (Delete (a, b) from GP (n, 2), then take (a, c) on C1 and (b, d)
on C2 . Replace (a, c) by (a, x, y, c) and (b, d) by (b, u, v, d) where x, y, u, v are
new vertices. Now replace (x, y) and (u, v) by (x, u) and (y, v) to obtain the new
graph.) See Figure 3(b) for an example. This new graph is planar such that
every face is of size 5, except three with size 14, 3k and 3k + 2. By construction,
this graph is Hamiltonian. However, by the corollary to Grinberg’s condition, it
should not be Hamiltonian.
Case 2. n = 6k + 2. We pick the two exceptional vertices a and b as indicated
in Figure 4(a). Again a and b are adjacent and we can determine which two edges
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Figure 4. The graph GP (6k + 2, 2) for k = 3.

incident to a belong to C1 , a cycle containing a, and which two edges incident to b
belong to C2 , a cycle containing b. Using similar construction (see Figure 4(b)) to
arrive at a planar graph with the property that every face is of size 5, except two
with size 3k+1 and 3k+8, respectively. (Since a and b are adjacent, C1 containing
a must use (x, a) and (y, a), and C2 containing b must use (u, b) and (v, b). Now
delete (a, b) from GP (n, 2), replace (x, a) and (u, b) by (x, x′ , u′ , u) and replace
(y, a) and (v, b) by (y, y ′ , v ′ , v), where x′ , u′ , y ′ and v ′ are new vertices.) Again, it
gives a contradiction as it is Hamiltonian by “merging” C1 and C2 but it is not
Hamiltonian by the corollary to Grinberg’s condition.

Figure 5. The graph GP (6k + 4, 2) for k = 3.
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Case 3. n = 6k + 4. We pick the two exceptional vertices a and b as indicated
in Figure 5(a). Again a and b are adjacent and we can determine which two edges
incident to a belong to C1 , a cycle containing a, and which two edges incident to
b belong to C2 , a cycle containing b. Using similar construction (see Figure 5(b))
to arrive at a planar graph with the property that every face is of size 5, except
three with size 14, 3k + 2 and 3k + 4, respectively. Again, it gives a contradiction
as it is Hamiltonian by “merging” C1 and C2 but it is not Hamiltonian by the
corollary to Grinberg’s condition.

3.

GP (n, 3)

In this section, we determine the n for which GP (n, 3)’s are 2-spanning cyclable.
By definition, n ≥ 7. Given the classification of GP (n, 2), one may expect a
similar result. However, this is not the case. We note that the inner edges form
an n-cycle if and only if n is not divisible by 3. If n is divisible by 3, then
they induce three n/3-cycles. Thus GP (9, 3) contains a 3-cycle and hence not
2-spanning cyclable by Proposition 2.
Theorem 6. Let n ≥ 7. Then GP (n, 3) is 2-spanning cyclable if and only if
n 6= 9.
Proof. If n is congruent to 1 modulo 3, then the claim is true by Theorem 3.
We now suppose n is congruent to 2 modulo 3. As usual, we may assume the two
prescribed vertices x and y are either both outer vertices or both inner vertices.
Similar to the construction given in the proof of Theorem 3, we can construct
another set of two cycles. Rather than listing the cycles as we have done in
the proof of Theorem 3, we will present an example that clearly generalizes, to
avoid such complicated notations, see Figure 6. Note that one cycle contains all
the outer vertices except u0 , u1 , u2 . Since n ≥ 7, we may assume x = u0 and
y 6∈ {u1 , u2 }. Thus we have the two desired cycles. Now assume both are inner
vertices. We may assume that x = v0 . It follows from our construction that
we are done unless y ∈ {v2 , v5 , v8 , . . . , v3(k−1)+2 }. So assume that x and y are
prescribed as such. This is covered by an alternate set of 2 cycles as shown in
Figure 7. (Again it is clear that it generalizes.) We note that we actually do not
need this alternate solution as we may simply label v1 , v2 , . . . , v3k+1 in reverse to
v3k+1 , . . . , v2 , v1 .
We now consider the case when n = 3r where r ≥ 4. Since the inner edges
no longer form one n-cycle, we have to consider the case when x is outer and y
is inner. Consider the set of two cycles given in Figure 8(a) (Again it is clear
that it generalizes.) Here one cycle C1 contains all the outer vertices with some
inner vertices and another cycle C2 contains exactly v0 , v3 , v6 , . . . , v3(r−1) . Thus

10

M.C. Yang, L.H. Hsu, C.N. Hung and E. Cheng

Figure 6. Two spanning cycles for GP (3k + 2, 3) for k = 4.

Figure 7. Another two spanning cycles for GP (3k + 2, 3) for k = 4.

we can assume y = v3 and hence x is on C1 and y is on C2 . To complete the
proof, we need another set of two cycles. Here the first cycle C1′ is obtained by
use the path (u1 , u2 , u3 , . . . , u3r−8 ), followed by the edges
(u3r−8 , v3r−8 ), (v3r−8 , v3r−11 ), (v3r−11 , v3r−14 ), . . . , (v7 , v4 ), (v4 , v1 ), (v1 , u1 ).
The second cycle C2′ contains the rest of the vertices. Indeed the cycle is forced.
See Figure 8(b), (c), (d) for r = 4, 5, 6. Since C1′ contains u1 , u2 , u3 , . . . , u3r−8
and C2′ contains u3r−7 , u3r−6 , . . . , u3r−2 , u3r−1 , u0 , clearly we may assume x is one
of u1 , u2 , u3 , . . . , u3r−8 and y is one of u3r−7 , u3r−6 , . . . , u3r−2 , u3r−1 , u0 if both
are outer vertices. (We may let y = u0 , then by looking at either direction,
we may assume x is one of u1 , u2 , u3 , . . . , u3r−8 unless r = 4 and (x, y) is one
of (u5 , u0 ), (u6 , u0 ), (u7 , u0 ). But this is equivalent to (u6 , u1 ), (u7 , u1 ), (u8 , u1 ),
respectively.) Now consider both x and y are inner vertices. Without loss of
generality, we may assume that x = v3r−8 . So x is on C1′ . Then we are done
unless y ∈ {v1 , v4 , v7 , . . . , v3r−11 }, which are on C1′ . But this is equivalent to
x = v3r−5 and y ∈ {v4 , v7 , v10 , . . . , v3r−8 } and hence x is on C2′ and y is on C1′ .

4.

GP (n, 4)

In this section, we determine the n for which GP (n, 4)’s are 2-spanning cyclable.
By definition, n ≥ 9. We note that the inner edges of GP (12, 4) induce four
3-cycles; hence it is not 2-spanning cyclable. It turns out that GP (10, 4) is also
not 2-spanning cyclable. Since it is a 3-regular graph with 20 vertices, it is a
graph that is small enough to check by hand. Note that the inner edges form
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Figure 8. Two spanning cycles for GP (3r, 3) for r = 4, 5, 6.

two 5-cycles. One can check that if the two prescribed vertices are both on such
a 5-cycle, then there is no valid pair of cycles. We omit the details.
Theorem 7. Let n ≥ 9. Then GP (n, 4) is 2-spanning cyclable if and only if
n 6∈ {10, 12}.
Proof. We have already concluded that GP (10, 4) and GP (12, 4) are not 2spanning cyclable. We now show that these are the only exceptional cases. As
usual, let x and y be the two prescribed vertices. If n is congruent to 1 modulo
4, then the claim is true by Theorem 3. We consider three additional cases.
Case 1. n = 4r where r ≥ 4. We construct C1 by starting with the path
(u2 , u3 , v3 , v7 , v11 , . . . , v4(r−1)+3 ) followed by (v4(r−1)+3 , u4(r−1)+3 ), then by the
path with only outer vertices, (u4(r−1)+3 , u4(r−1)+2 , . . . , u7 , u6 ), followed by (u6 , v6 ,
v10 , v14 , . . . , v4(r−1)+2 , v2 , u2 ). Similarly, one can construct C2 using the remaining
vertices, see Figure 9. We first suppose x is an outer vertex and y is an inner vertex. We may assume that y = v8 . Then C1 and C2 give the desired cycles unless
x ∈ {u0 , u1 , u4 , u5 }. Then by changing our reference point, x being u0 , u1 , u4 , u5
is equivalent to x being u16 , u15 , u12 , u11 , respectively. (This argument fails for
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n = 12.) Now suppose both x and y are outer vertices. We may assume that
x = u5 , then C1 and C2 give the desired cycles unless y ∈ {u0 , u1 , u4 }. Again we
consider the other direction, that is, y being u0 , u1 , u4 is equivalent to y being
u10 , u9 , u6 , respectively. Finally assume both x and y are inner vertices. We first
observe that vi is on C2 if and only if i is congruent to 0 or 1 modulo 4. We may
assume that x = v0 . Then we are done unless y = vj where j 6= 0 is congruent to
0 or 1 modulo 4. Those that are congruent to 1 modulo 4 are vertices that are
1, 5, 9, . . . away from v0 with respect to the subscript. Again we can change our
reference point by considering x = v1 and this will cover those vertices that are
1, 5, 9, . . . away from v1 with respect to the subscript.

Figure 9. Two spanning cycles for GP (4r, 4) for r = 5.

It remains to cover those that are 4, 8, 12, . . . away from v0 with respect to the
subscript. For this, we consider another pair of cycles. This pair is actually more
difficult to describe. So we describe it via an inductive argument. We consider
n ≥ 20. (The case n = 16 is not covered here.) See Figure 10 for the case n = 20
and n = 24. It is easy to see that the pair of cycles for n = 24 can be obtained
from the pair for n = 20 by inserting 4 columns between column 16 and column
17 and extend appropriately. Moreover Figure 11 shows how to extend GP (20, 4)
to GP (24, 4) and Figure 12 shows how to extend the pair of cycles. (We remark
that Figure 11 and Figure 12 only show part of GP (20, 4) and part of GP (24, 4),
so the dangling edges on the right do not correspond to the dangling edges on
the left as in other pictures.) By an inductive argument, we obtain such pair for
every n = 4r where r ≥ 5. We note that this construction produces two cycles
C1′ and C2′ where the only inner vertices belonging to C1′ are
{v2 , v3 , v7 , v11 } ∪ {vi : 14 ≤ i ≤ 4r − 1 and i is congruent to 2 or 3 modulo 4}.
Now change our point of reference and let x = v10 , which is on C2′ . But
v14 , v18 , . . . , v4r−2 are on C1′ as the subscripts are congruent to 2 modulo 4. Thus
we are done if y = v14 , v18 , . . . , v4r−2 . Now observe that (x, y) = (v10 , v6 ) is
equivalent to (x, y) = (v10 , v14 ) so (x, y) = (v10 , v6 ) is done. Now v2 is on C1′
and so (x, y) = (v10 , v2 ) is done. For n = 16, we still need to consider the cases
when (x, y) ∈ {(v0 , v4 ), (v0 , v8 ), (v0 , v12 )}. Now (v0 , v4 ) and (v0 , v12 ) are equivalent. Thus we only have to consider (v0 , v8 ) and (v0 , v12 ), which are solved by the
two cycles given in Figure 13.
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Figure 10. Another two spanning cycles for GP (4r, 4) for r = 5 and r = 6.

Figure 11. Expanding the graph from GP (20, 4) to GP (24, 4).

Figure 12. Expanding a pair of valid cycles from GP (20, 4) to GP (24, 4).

Case 2. n = 4r + 2 where r ≥ 3. The case n = 14 will be covered separately. Henceforth, we assume r ≥ 4. Construct C1 by starting with the path
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Figure 13. Two spanning cycles for GP (4r, 4) for r = 4.

(u0 , u1 , u2 , . . . , u4r−12 ) with only outer vertices, followed by (u4r−12 , v4r−12 ), then
by (v4r−12 , v4r−16 , . . . , v4 , v0 ), and finally by (v0 , u0 ). It is not too difficult to see
that the remaining vertices will be on a cycle C2 . This is essentially forced if we
want the following five subpaths on C2 :
(v4r−11 , u4r−11 , u4r−10 , u4r−9 , u4r−8 , v4r−8 ), (v4r−7 , u4r−7 , u4r−6 , u4r−5 , v4r−5 ),
(v4r−4 , u4r−4 , u4r−3 , v4r−3 ), (v4r−2 , u4r−2 , u4r−1 , v4r−1 ), (v4r , u4r , u4r+1 , v4r+1 ).
See Figure 14 for n = 18 and n = 22. Since the inner edges no longer form
one n-cycle, we have to consider the case when x is outer and y is inner. We
may assume x = u0 . Then C1 and C2 give the desired cycles unless y ∈
{v0 , v4 , v8 , v4r−16 , v4r−12 }. Then we change our reference point to x = u1 and
we only have to consider y ∈ {v1 , v5 , v9 , v4r−15 , v4r−11 }. We are done as u1 is on
C1 and v1 , v5 , v9 , v4r−15 , v4r−11 are on C2 .

Figure 14. Two spanning cycles for GP (4r + 2, 4) for r = 4, 5.

We now suppose both x are y are outer vertices. We may assume that x =
u4r+1 . Then C1 and C2 give the desired cycles unless y ∈ {u4r−11 , u4r−10 , . . . , u4r }.
We note that {u4r−11 , u4r−10 , . . . , u4r } is of size 12. If r ≥ 6, then {u0 , u1 , u2 , . . . ,
u4r−12 } is of size at least 12 and we can change our reference point to x = u4r−11 .
For r = 5, the same argument eliminates all except (x, y) ∈ {(u21 , u9 ), (u21 , u10 ),
(u21 , u11 )} which can be solved by considering (x, y) ∈ {(u20 , u8 ), (u19 , u8 ), (u18 ,
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u8 )}. For r = 4, the same argument eliminate all except (x, y) = (u17 , ui ) where
i = 5, 6, . . . , 11, which can be solved by considering (x, y) = (ui , u4 ), where
i = 16, 15, . . . , 10.
Finally suppose both x are y are inner vertices. We may assume that x = v0 .
Then C1 and C2 give the desired cycles unless y = v4 , v8 , . . . , v4r−12 . Again
we change our reference point by considering x = v4r−8 and hence (x, y) =
(v0 , v4 ) is equivalent to (x, y) = (v4r−8 , v4r−12 ), (x, y) = (v0 , v8 ) is equivalent to
(x, y) = (v4r−8 , v4r−16 ) and so on ending with (x, y) = (v0 , v4r−12 ) is equivalent
to (x, y) = (v4r−8 , v4 ).
For n = 14, see Figure 15. Clearly these two cycles cover all cases.

Figure 15. Two spanning cycles for GP (4r + 2, 4) for r = 3.

Case 3. n = 4r + 3 where r ≥ 2. We note that for this case, the inner edges
form one n-cycle. We construct a pair of cycles similar to Case 2. Construct C1
by starting with the path (u0 , u1 , u2 , . . . , u4r−4 ) with only outer vertices, followed
by (u4r−4 , v4r−4 ), then by (v4r−4 , v4r−8 , . . . , v4 , v0 ), and finally by (v0 , u0 ). It is
not too difficult to see that the remaining vertices will be on a cycle C2 . This is
essentially forced if we want the following three subpaths on C2 :
(v4r−3 , u4r−3 , u4r−2 , v4r−2 ), (v4r−1 , u4r−1 , u4r , v4r ), (v4r+1 , u4r+1 , u4r+2 , v4r+2 ),
see Figure 16.
We now suppose both x are y are outer vertices. We may assume that x =
u4r+2 . Then C1 and C2 give the desired cycles unless y ∈ {u4r−3 , u4r−2 , u4r−1 , u4r ,
u4r+1 }. Since r ≥ 2, the set {u0 , u1 , u2 , . . . , u4r−4 } is of size at least 5 and we can
change our reference point to x = u4r−5 .
Finally suppose both x are y are inner vertices. We may assume that x = v0 .
Then C1 and C2 give the desired cycles unless y = v4 , v8 , . . . , v4r−4 . Again we
change our reference point by considering x = v4r and hence (x, y) = (v0 , v4 )
is equivalent to (x, y) = (v4r , v4r−4 ), (x, y) = (v0 , v8 ) is equivalent to (x, y) =
(v4r , v4r−8 ) and so on ending with (x, y) = (v0 , v4r−4 ) is equivalent to (x, y) =
(v4r , v4 ).
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Figure 16. Two spanning cycles for GP (4r + 3, 4) for r = 2, 3.

5.

Conclusion

In this paper, we studied the 2-spanning cyclability problem for the generalized
Petersen graphs. A typical way in proving that GP (n, k) has certain property is
by induction. For example, we have seen how GP (n + 4, 4) can be obtained from
GP (n, 4) by inserting four columns. We have also seen how a pair of cycles in
GP (n+4, 4) can be obtained from GP (n, 4). Note that there are five special edges
in Figure 11 and the extension of a pair of cycles depending on which of these
five edges are being used. Thus there are 25 cases. In fact, often the extension
is difficult and one has to “insert” more columns. Moreover, the more columns
that we need to insert, the larger number of base cases that we have to check.
Indeed, this was the approach that we had used (via a computer search) until we
observed a pattern in the computer output and the induction step. Thus we are
able to obtain a self-contained proof without the need of including a “computer
proof” for the base cases. The case k = 2 is more traceable as there are only two
prescribed vertices. However, our computer solution does not show a pattern for
the general k. Nevertheless, the result for n = rk + 1 is relatively easy. We were
hoping to obtain a result for GP (n, k) when n and k are relatively prime but we
were unsuccessful. We end this paper with the following conjecture. We remark
that we do not have enough data to give an estimate of n with respect to k in
the second part of the conjecture.
Conjecture 1. Let k ≥ 1 and n ≥ 2k + 1.
1. If n and k are relatively prime, then GP (n, k) is 2-spanning cyclable.
2. If n and k are not relatively prime and k ≥ 3, then GP (n, k) is 2-spanning
cyclable when n is sufficiently large.

2-Spanning Cyclability Problems of Some ...

17

Acknowledgement
We would like to thank the two anonymous referees for a number of helpful
comments and suggestions.
References
[1] M. Albert, R.E.L. Aldred and D. Holton, On 3∗ -connected graphs, Australas. J.
Combin. 24 (2001) 193–207.
[2] B. Alspach, The classification of Hamiltonian generalized Petersen graphs, J. Combin. Theory Ser. B 34 (1983) 293–312.
doi:10.1016/0095-8956(83)90042-4
[3] B. Alspach, D. Bryant and D. Dyer, Paley graphs have Hamilton decompositions,
Discrete Math. 312 (2012) 113–118.
doi:10.1016/j.disc.2011.06.003
[4] B. Alspach and J. Liu, On the Hamilton connectivity of generalized Petersen graphs,
Discrete Math. 309 (2009) 5461–5473.
doi:10.1016/j.disc.2008.12.016
[5] M. Behzad, P. Hatami and E.S. Mahmoodian, Minimum vertex covers in the generalized Petersen graphs P (n, 2), Bull. Inst. Combin. Appl. 56 (2009) 98–102.
[6] J.A. Bondy, Pancyclic graphs I, J. Combin. Theory Ser. B 11 (1971) 80–84.
doi:10.1016/0095-8956(71)90016-5
[7] J.A. Bondy, Variations on the Hamiltonian theme, Canad. Math. Bull. 15 (1972)
57–62.
doi:10.4153/CMB-1972-012-3
[8] M.Y. Chan and S.J. Lee, On the existence of Hamiltonian circuits in faulty hypercubes, SIAM J. Discrete Math. 4 (1991) 511–527.
doi:10.1137/0404045
[9] R.J. Faundree, Survey of results on k-ordered graphs, Discrete Math. 229 (2001)
73–87.
doi:10.1016/S0012-365X(00)00202-8
[10] J.R. Faundree, R.J. Gould, A.V. Kostochka, L. Lesniak, I. Schiermeyer and A.
Saito, Degree conditions for k-ordered Hamiltonian graphs, J. Graph Theory 42
(2003) 199–210.
doi:10.1002/jgt.10084
[11] S. Fujita and T. Araki, Three-round adaptive diagnosis in binary n-cubes, Lecture
Notes in Comput. Sci. 3341 (2004) 442–451.
doi:10.1007/978-3-540-30551-4 39
[12] S.L. Hakimi and E.F. Schmeichel, On the number of cycles of length k in a maximal
planar graph, J. Graph Theory 3 (1979) 69–86.
doi:10.1002/jgt.3190030108

18

M.C. Yang, L.H. Hsu, C.N. Hung and E. Cheng

[13] C.-N. Hung, D. Lu, R. Jia, C.-K. Lin, L. Lipták, E. Cheng, J.J.M. Tan and L.-H.
Hsu, 4-ordered Hamiltonian problems for the generalized Petersen graph GP (n, 4),
Math. Comput. Modelling 57 (2013) 595–601.
doi:10.1016/j.mcm.2012.07.022
[14] S.Y. Hsieh, G.H. Chen and C.W. Ho, Fault-free Hamiltonian cycles in faulty arrangement graphs, IEEE Trans. Parallel Distributed Systems 10 (1999) 223–237.
doi:10.1109/71.755822
[15] L.-H. Hsu and C.-K. Lin, Graph Theory and Interconnection Networks (CRC Press,
2009).
[16] L.-H. Hsu, J.M. Tan, E. Cheng, L. Lipták, C.K. Lin and M. Tsai, Solution to an
open problem of 4-ordered Hamiltonian graphs, Discrete Math. 312 (2012) 2356–
2370.
doi:10.1016/j.disc.2012.04.003
[17] M. Lewinter and W. Widulski, Hyper-Hamilton laceable and caterpillar-spannable
product graphs, Comput. Math. Appl. 34 (1997) 99–104.
doi:10.1016/S0898-1221(97)00223-X
[18] R. Li, S. Li and Y. Guo, Degree conditions on distance 2 vertices that imply k-ordered
Hamiltonian, Discrete Appl. Math. 158 (2010) 331–339.
doi:10.1016/j.dam.2009.05.005
[19] C.-K. Lin, H.-M. Huang and L.-H. Hsu, The super connectivity of the pancake graphs
and super laceability of the star graphs, Theoret. Comput. Sci. 339 (2005) 257–271.
doi:10.1016/j.tcs.2005.02.007
[20] C.-K. Lin, H.-M. Huang, J.J.M. Tan and L.-H. Hsu, On spanning connected graphs,
Discrete Math. 308 (2008) 1330–1333.
doi:10.1016/j.disc.2007.03.072
[21] J. Liu, Hamiltonian decompositions of Cayley graphs on Abelian groups, Discrete
Math. 131 (1994) 163–171.
doi:10.1016/0012-365X(94)90381-6
[22] J. Liu, Hamiltonian decompositions of Cayley graphs on abelian groups of even order,
J. Combin. Theory Ser. B 88 (2003) 305–321.
doi:10.1016/S0095-8956(03)00033-9
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