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Abstract

We proved that for any finite collection of sparse subgraphs (D, )!,_; of
the complete graph Ks,, and a uniformly chosen perfect matching R in K,
the random vector (|E(RND,,)|)%,_; jointly converges to a vector of indepen-
dent Poisson random variables with mean |E(D,,)|/(2n). We also showed a
similar result when Ks, is replaced by the balanced complete r-partite graph
K, xon/r for fixed r and determined the asymptotic joint distribution. The
proofs rely on elementary tools of the Principle of Inclusion-Exclusion and
generating functions. These results extend recent works of Johnston, Kayll
and Palmer, Spiro and Surya, and Granet and Joos from the univariate to

the multivariate setting.
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1. INTRODUCTION

For a sequence simple graphs G,, where lim,,_,~, V(G,) = oo, let pm(G,,) denote
the number of perfect matchings of Gy,. If M,, is an arbitrary perfect matching
of G,,, the problem of determining the asymptotic ratio

pm(Gn - Mn)
pm(Gyp)

when n — oo is of great combinatorial interest. For example, when G,, = K, ,, is
the balanced complete bipartite graphs, the limiting ratio equals the number of
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permutations with no fixed point and converges to the limit e~!. A permutation
without a fixed point is called a derangement, and hence a perfect matching
of G, — M, is called a deranged perfect matching. Counting the number of
derangement was proposed by Montmort [10] in 1708, and this problem can
be solved using the principle of Inclusion-Exclusion (See [12] for more details).
When G,, is the complete graph Ks,, the limiting ratio equals e~Y/2. Brawner [1]
conjectured this asymptotic ratio, and it was proved by Margolius [9]. For the
rest of this paper, we will omit the index n and write G,,, M,, as G, M.

Let 7 = r(n) be a integer valued function and r[2n, and let K, 9,/ denote
the balanced complete r-partite graph, where V (K, on/) = V1 W -0V, is a
partition of the vertex set, |V;| = 2n/r for each i € [r], and there is an edge
between v and v if and only if u,v lies in different parts. As a generalization
of both K, and Ky, Johnston, Kayll and Palmer [5] conjectured that when
G = K, x2p/r, the limit ratio converges to e~ "/(2r=2)  They solved the conjecture
when 7 is linearly proportional to n, 7 = Q(n?) for some § > 0, and a simplified
variant when r is constant.

Spiro and Surya [11] fully solved the previous conjecture and proved that
when R is a uniformly random perfect matching of K3, /,, the number of edges
in RN M converges to the Poisson distribution with mean r/(2r — 2).

Granet and Joos [3] generalized G to regular robust expander graphs and
M to any matchings or spanning regular subgraphs. Suppose R is a uniformly
random perfect matching of G, and D is a matching or a regular spanning sub-
graph of G. In that case, they showed the number of edges R intersecting with
D converges to the Poisson distribution with mean |E(D)|/ deg(G).

In this paper, we generalize the result of [5, 11, 3] by extending the dis-
tribution into a multivariate joint Poisson distribution on the ¢ dimensional in-
teger lattice for some fixed £. We generalized the graph D to a collection of
subgraphs (D) and we proved that the asymptotic joint distribution of

m=1

(|E(RNDy)|):, _; is a multivariate Poisson distribution. Specificaly, if (D)

m=1 m=1
are disjoint, then the asymptotic distribution of (|E(R N Dy,)|)%,_; is indepen-
dent. This phenomenon provides macroscopic evidence supporting the heuristic
proposed by Granet and Joos, which we will outline in Section 2. We shall de-
fine the distance of total variation of two random vectors, taking values in the ¢

dimensional integer lattice as follows.

Definition 1.1. Let X,Y be two random vectors taking values in N¢. We denote
the distance of total variation of X and Y by

dryv(X,Y) = ) [PX =k) - P(Y =k)|.
keN¢

Section 3 treats the complete graph K, as the parent graph and also exam-
ines Ko, — N, where N is a sparse subgraph. A specific example of Ko, — N is



DERANGED PERFECT MATCHINGS ON COMPLETE GRAPH AND ... 3

when G' = K9,/ where 7|2n and 7 is linearly proportional to n. In this case,
deg(G) = n —n/r where n/r is a constant independent of n. The next theorem
states the main result in Section 3.

Theorem 1.2. Let ¢{,C be fixed constants independent of n, N be a subgraph
of Koy and (Dy,)t._; be a collection of disjoint subgraphs of Ka, — N such that
A(N),A(Dy,) < C for allm and some constant C'. Let R be a uniformly random
perfect matching of Kon, — N. Let X = (X))l _1, Y = (V)b be two random
vectors such that X,,, = |E(RNDy,)|, Y indepdendently follows Po(|E(Dyy,)|/2n).
Then,

lim dry (X, Y) = 0.
n—oo

As mentioned before, Johnston, Kayll and Palmer [5] proposed and solved a
simplified varient of determining the asymptotic ratio pm(K,yon/r — M) /
pm (K, o,/r). They defined a balanced perfect matching of K9,/ as a per-
fect matching such that the number of edges between V; and Vj is the same
for all ¢ # j € [r]. Let bpm(-) denote the function that counts the number of
balanced perfect matchings. If r is constant on n and M is a balanced perfect
matching of K., /,, Johnston, Kayll and Palmer [5] proved the following result

W ti PP Erconsy Z M) ejrn)
n—oo bpm(KTXQTL/T)

In Section 4, we generalize (1) and derive an analogous theorem to Theorem
1.2. To ensure the existence of a balanced perfect matching in a balanced com-
plete r-partite graph, we must have r(r — 1)|2n. Therefore, for convenience we
replace 2n by r(r — 1)n. The next Theorem is the main result of Section 4.

Theorem 1.3. Let £,C,r be fired, R be a uniformly random balanced per-
fect matching of Ky (r—1)n; (Dm)fn:1 be a collection of disjoint subgraphs of
Ky (r—1)n such that A(Dy,) < C for all m and for some constant C. Let X =
(X))o, Y = (Yin)b—y be two random vectors such that X,, = |[E(RN Dp,)|, Ym

m=1>

independently follows Po(E(D,,)/(r —1)2n). Then,

lim dTv(X,Y) =0.
n—>00

1.1. Conventions and notations

Throughout the discussion in the paper, we assume that the dimensions ¢, A and
the constants r, C are fixed, independent of n. Objects such as the graphs G, D,
and the random vectors X, Y, are defined with respect to n. We say a quantity is
fixed or constant if it is independent of n and unless stated otherwise, a quantity
depends on n.
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We denote the natural number N = {0,1,2,...,} and for each k > 1,k € N,
we denote [k] = {1,2,...,k — 1,k}. For a,b € N, we define the falling factorial
ap = ala —1)---ala — b+ 1). We will use the standard Landau notations
o(+), 0(+) etc. We assume these asymptotic notations are defined with respect to
n when n — oo.

We define a generating function as an analytic power series from C* to C.
Specifically, we define a generating function G : C¢ — C as a power series

G(s) = Z oy s¥

that converges absolutely for all k € C*.

For simplicity, in the rest of the paper we will use the multi-index notation
to simplify the presentation. The object to consider are £ x A dimensional indices
X = (Tm,k)melg,ke[n] € N®A and ¢ dimensional variables s = (s,,)% _; € N, For
any vector a = (ay,...,0aq),8 = (B1,...,B4) € N, v € N of dimension d, we
define

a+pB=(a1+pb1,...,0q+ fq) and a — 3 similarly
Yo = (VCYla---vVad)
aﬁ:aflagd

al=a1! - ag!

(5)= () () = =y

| |
lexly = ey = el = [l this is the multinomial coefficient
o at,...,0q oap!- - ag! ol
(B) = X1(Br) " Yd(Ba)-
We denote 1 = (1,1,...,1) to be the all-one-vector where the dimension will be

clear from the context. We also define O(v)1 to be the set of B = (51,...,B4)
where 1, ..., 84 = O(7). For x € N we define

X, = > amr€N

me[l),kex
A A
Xm = (Tmk)p=1 €N
A

Xl =) @ €N
k=1

We define the function 1y : NEXA 5 N by 11(x) = (\Xm\l)fnzy
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1.2. Organization

The remainder of this paper will be organized as follows. In Section 2, we will
give a heuristic reasoning of Theorem 1.2 and Theorem 1.3, a sketch of the proof,
and a list of tools used in the proof. In Section 3, we will prove Theorem 1.2. In
Section 4, we will prove Theorem 1.3. In Section 5, we will generalize Theorem
1.2 and Theorem 1.3 by dropping the restriction that (Dm)fnzl are disjoint. In
Section 6, we will suggest potential directions for future works on this problem.

2. SKETCH AND TOOLS OF THE PROOF

2.1. Sketch of the proof

For simplicity, if G = Ko, is a complete graph and R is a uniformly random
perfect matching of G, then for any edge e € E(G), we have P(e € R) = 1/(2n —
1) = (14 0(1))/2n. If G = K, x(_1)n, then P(e € R) = 1/(r — 1)*n. If we
have k edges, e1,...,ex in Koy or Ky (,_1)n, I is chosen uniformly from Ko, or
Ky (r—1)n, and n is much larger than k, for all i € [k], the probability that R
contains all of e; for when e; are non incident equals

k
P(Vi € [k], e; € R) = (1+0(1)) [[P(e; € R).
i=1

The event that R contains each e; is roughly independent. Suppose there exists
a pair e;, e; of incident edges, then we have P(Vi € [k], e¢; € R) = 0. However,
if we uniformly select k edges from a sparse subgraph of Koy, or K,y (r—1),, it is
rare that there exists an incidient pair.

Granet and Joos [3] suggests a heuristic that if G is a d-regular graph and
D is a regular sparse subgraph of G, then the probability that each edge in D
intersects R is roughly independent and identical, and |E(R N D)| will approxi-
mately follow the binomial distribution Binom(|E(D)|,1/d), which will converge
to Po(|E(D)|/d) as n — oo. They proved this convergence given that G is a
robust expander graph. Particularly, if G = Ko, then d =2n—1= (1+0(1))2n
and if G = K, (,_1)n, then d = (r— 1)%n. If we have a collection of disjoint sparse
graphs D,,, we expect that the joint distribution |E(R N D,,)| should converge
to the independent Poisson distribution.

Our proof strategy is as follows. We introduce the probability generating
function G(sy,...,s¢) for which the coefficient for si*---s,* is the probability
that R intersect D, in exactly 7, edges for all m € [¢]. We generalized the
method of Johnston, Kayll, and Palmer [5], by using the principle of Inclusion-
Exclusion to estimate the coefficient of this generating function. We will show
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that the coefficient in this probability generating functions gets close to the coef-
ficient in the probability generating function of independent multivariate Poisson
distribution as n gets large, thus showing the two random vectors converge in
distance of total variation.

If G = Ky, since X, is roughly independent, we expect the conditional
distribution X,,|X; = 0 to roughly equal the distribution of X,,. Therefore,
given that R does not intersect Dy, the joint distribution (|E(RND,,)|)¢, _, should

m=2

still be independently Poisson. Specifically, the distribution of (|E(R*ND,y,)|)%, s
when R* is chosen uniformly from Ko, — D should be the same as the distribution
of (|JE(RN Dy,)|)t,—o when R chosen uniformly in K3, conditioned on the event
that R does not intersect D;. We will use the notation N to denote this specific
sparse subgraph Di, and we hence generalize the base graph G from Ks, to
Kn, — N. When r is constant and the parent graph is G = K.y (,_1)n, we will use
a more sophisticated counting argument to determine the probability generating
function, but the core idea and the structure of the proof are similar.

Finally, when D,, is not disjoint, the joint distribution X,, is no longer inde-
pendent. We can break D,, into disjoint parts, where each part’s intersection to
R follows the Poisson distribution. Since a sum of independent random variables,
each with a Poisson distribution still has a Poisson distribution, we can deter-
mine the limiting joint distribution as a not necessarily independent Poisson joint

distribution. We will describe the process of decomposing graphs in Section 5.

2.2. Tools for the proof

The two main theorems we use are the Principle of Inclusion-Exclusion and Tan-
nery’s Theorem. Both are also used in the work of Johnston, Kayll, and Palmer
[5]. We present the Principle of Inclusion-Exclusion in the form of generating
functions. Interested readers could refer to [13] for reference. The following re-
sults presents the principle of Inclusion-Exclusion in the fullest generality needed
for the proof.

The next theorem is a version of the Principle of Inclusion-Exclusion. For
our application, U will be the set of perfect matchings of the parent graph G,
I, 1, will be a partition of the edges of each graph in (Dm)fnzl in k parts, and
the m, k th coordinate of P will be the set of edges of intersection between the
perfect matching and I, j.

To better articulate the next theorem and arguments in the rest of the paper,
we develop some notations here. For a class of sets S = (Sy k) mefe) ke[r), We define
function ¢ such that

L

©1(S) = (Z\SM) € N
k

m=1
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For two class of sets S = (S k) mefg ken)s T = (Tmk)mefg ke, wesay SC T
if Sk C Ton i for each m € [€], k € [A]. Let the notation P(-) denote the power
set.

Theorem 2.1 (Principle of Inclusion-Exclusion). Let U be a finite universal set,
I = (Ink)mefgken be a finite collection of finite index sets. Let P : U —
[1nx P(Imk) be a function. For each S T I, we define the number

N@OS)=H{weld:SCP(w)}.
Then, for each r € N¢, the coefficient of s* in the generating function

=Y N@S)(s-1)""
S

is the number of w such that p1(P(w)) = r.

Proof. We define the function

©2(S) = (|Sml)mejgrepy € N

We know
G(s—i—l)—Z:N(:ISs“D1 Z Z s#1(8 Z Z s“”1
S w:SCP(w) w S:SCP(w
-y Y ( ) W60 = 37 (5 4 )PP,

W xeNE€xXA w

The last equality is due to a version of the Binomial Theorem for vectors in mul-
tiple dimensions. It can be proved by applying the binomial theorem separately
for each index m, k and multipling the result all together.

The coefficient of (s+1)" is the number of w such that ¢;(P(w)) = r. There-
fore, we obtain the original generating function by substituting s +1 with s. =

Theorem 2.1 has a straightforward extention in terms of probability-genera-
ting function. We shall state this as the next corollary and use this form of the
Principle of Inclusion-Exclusion in Section 3 and Section 4. We shall formally
define the probability generating function.

Definition 2.2. Let X be a random vector on N¢. A probability generating
function of X is a generating function defined as

=) P(X =k)s*
k
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Corollary 2.3. Let Q be a finite sample space where each sample is assigned
a uniform probability measure. Let T = (I 1)mejq ke[ be a finite collection of
finite index sets. Let P : Q — ], . P(Im i) be a function. For each S C 1, define
the event Ag ={w e Q:SC P(w)} Let X be the ¢ dimensional random vector
such that X(w) = p1(P(w)). Then, the probability generating function of X is
given by
Gx(s) =Y P(Ag)(s — 1)»1®).
S

For our application, 2 will be the sample space of all perfect matchings of
G, and the event Ag is the set of perfect matchings w of G' such that w N I, ;.
contains the m, k th coordinate of S for each m, k.

The next theorem is a special case of Lebesgue dominated convergence theo-
rem and provides a sufficient condition for interchanging limits and infinite sum-
mation. Interested readers could refer to [8] for reference and proof using only
elementary mathematical analysis.

Let I be a countably infinite set and {s;};c; be a sequence of real numbers.
If there exists a bijection g : N — I such that ) Sq(n) converges absolutely, then
we can define the sum ), ;s; as ) 54()- In this case, the choice of g will not
alter the sum.

Theorem 2.4 (Tannery’s Theorem). Let I be a countably infinite indez set,
{fi(n)}ier be a sequence of functions from N to R, {«a;}icr, {Mi}icr be two se-
quences of real numbers. If for each i € I,n € N,|fi(n)| < M;, for each i € I,
limy, 00 fi(n) = au, and if Y ,c; M; < oo, then Y .c; fi(n) is defined for each n

and we have
Jm ) filn) = 3o

iel iel
For the remainder of this paper, we always choose the set I to be N&*, the
finite dimensional lattice on natural numbers. The next lemma gives an upper
bound of the total variation distance of two random vectors in terms of their
probability-generating function.

Lemma 2.5. Let X, Y be two random vectors on N¢. Suppose there exists

{O‘X}xeN“M {/BX}XGNZX)\ CcCR
such that the probability generating function of X,Y satisfies

Gx(s)= Y ax(s—1)"1®),

xENEXA

Gy(s)= D> PBuls—1)"™),

xele)\
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Then their total variation distance satisfies

dTV(X>Y)S Z |O‘x_5x|2|xh'

XENEXA

Proof. We can write

Gx(s)= > ax(s—1)¥1®

xENEXA

- Y Y (D(_l)wl(xk)swl(k)

xENEXA keNExA

-y [T ax(ﬁ)(_l)wmx—k) SUr(K).

keNZxA XENZX)‘

Where the second equality is due to the multi-dimensional Binomial Theorem.
Similarly, we can write

MO SN Y ﬂx<’1§)<—1>w1<xk> G109,

keNXA \ xeNexA

Hence, by Triangle Inequality

dry(X,Y) = Z Z ax@)(—ml(xk) - Z 5x<i>(_1)w1(xk>

keNEXA \ xeNExA XENEXA
< ’Oéx - Bx| X
k
keleA XGNZXA
= Z |ax — ﬁx|2|x|1
XGNZXA
where the last equality is due to the Binomial Theorem. [ |

The next technical lemma gives a bound of a difference of two products when
the difference of each coordinates are small.

Lemma 2.6. Let {a;}ic(a), {bi}iclq), K be real numbers such that 0 < b; < a; < K

for each i. Then
d d

Hai — :l_‘[(CLZ — bl) S Kd_l sz

1 1
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Proof. We have

J=1 \i<j 2] 1<j i>j

Jj=1 1<j 1>7 )

The second inequality is due to the fact that both a; and a; — b; are bounded by
K, and so the lemma follows. [ |

3. CASE oF Ky,

In this section, we assume A = 1, £ to be finite and independent of n. Therefore,
we denote x = (7,,)",_1, and we denote |x|, = an:l Zm. We begin from the
case where G = K, and D,, are disjoint. The next theorem is the main result

in this section, and we will prove it by proving a series of lemmas.

Theorem 3.1. Let (Dy,)% _; be a collection of disjoint subgraphs of Ko, where
A(D,,) < C for each m. Let R be a uniformly random perfect matching of
Koy. Define X = (X)), Y = (Yin), Xon = |E(RN Dy,)|, Y ~ Po(|E(Dy,)|/2n)
independently. Then lim,, o dry(X,Y) = 0.

We shall use the following notation to help with counting.

Definition 3.2. Let x € N*. We define an x-matching of Ko, as a |x|,-matching
M where |[E(M N Dy,)| = xy, for each m. We define uyx as the number of x-
matchings on Koy,.

We prove the following lemma by applying the principle of Inclusion-Exclu-
sion. In this case, we apply Corollary 2.3. Since A = 1, for a set S = (S,)",_1,
we define ¢1(S) = (|Si|)!,—, for convenience.

Lemma 3.3. Let X be defined as Theorem 3.1. The probability-generating func-
tion of X 1is given by

(n) I, 9%y N
Gx(s)= Y ux(;n)'(;m)@—n .

x:|x[;<n

Proof. Let Q be the set of all perfect matchings of Ko, and let I = (|E(D,,)|)}

m=1"

For SCI,let S = Uﬁz:l Sm be the natural identification of S into a sets of edges
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in Ko, IfSisa matching, i.e., the edges in S are non-incident, it is an x-matching
where x = ¢1(S). Then we must have [x|; <n and

Copm(Kyyox,)  (2n—2x[))! (2n)! (n)‘x|l2‘x|1
P(AS) B pm(KQn) N (n — |X|1)!2n|x|1/n!2n - (2n)(2|x‘1) ’

where (2n — 2|x/|,)!/(n — |x|;)!2" %L is the number of ways to extend S into a
perfect matching of Ko,. If S is not a matching, then P(Ag) = 0. Since there are
Ux X-matchings, we know

SPUs)s -7 = 3 Y P(ag)s - 1)

S x:|x|; <n S:p(8S)=x
(1)}, 27
- Z Hx (27,;)( - S = 1)X
x:|x|;<n (2Ixl4)
and the lemma follows. |

14

For convenience, we write |E(Dy,)| = dp, and d = (dy,);,,—;. The next lemma

estimates the quantity .
Lemma 3.4. Let ux,C be defined as above. Then
(d - O(x|)1)*

x!

X

Proof. We choose an x-matching My one edge at a time. For each 1 < m <
0,1 < k < x,, suppose that we have chosen the edges in My N D, for each
m’ < m and we have chosen k — 1 edges in D,,,. Then we have chosen at most
|x|,-edges. The chosen edges are adjacent to at most 2C' |x|; edges, so we can
choose the kth edge in at least d,, —2C |x|; ways and at most d,, ways. Applying
the product rule for counting and dividing x,,! for each m as we choose the edges
unorderly, we know there are (d,,, — O(|x|;))/xm! ways to choose the z,, edges in
D, to form the x-matching. Applying the product rule again, we have

i =1 (dm — O(x|))* _ (d — O(x[;)1)*

| |
. To! x! -

Recall that Y = (Y;,,)!,—; and Y;, follows independently to Po(d,,/2n). Let

.« : R x R - R denote the vector dot product. We can write the probability
generating function of Y as

Gy(s) = /20y — 3~ (@20

|
xeN¢ x
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Our last step is to apply Tannery’s theorem. Set

(n)(x1) 2™ < m
Qx = Hx (2n)(21x|1) |X|1 =M, By = (H ([E(Dm)|/2n) ) ‘

0 otherwise,

Then, by Theorem 2.5, we know

dTV(XvY) < Z |(sz - Bx|2|X|1'
xEN¢

We want to show
; _ x|, —
nlg& Z lax — Bx |21 = 0.
xeN¢

In order to apply Tannery’s theorem to switch the order of limit and infinite
summation, we want to show that there exists vy, independent of n, such that

lox — Bx| = |ax(n) — fx(n)] <vx  forallnmeN

and 3. 12Xl < co. Then, we want to show, |ax — Bx| — 0 for all x fixed when
n — oo. If so, by Tannery’s theorem, we have

lim > Jo — Bl2X = ) lim oy — Bef2Xh = 0.
n—oo n—oo
xEN¢ xEN¢

This proves dry(X,Y) — 0.
Proof of Theorem 3.1. We will first find v such that > 12Xl < oo, If
|x|; < n, we have

(M) g2 2% (1) (g1
(2n)aixyy P (20)(a1x,)

x|, xly

9%y n—k+1 9lxly
@) =\ HUs=7 ) {11 <
n‘ Iy k_12n—k:—|—1 k_12n—|X|1—k‘+1 n| 1

asn<2n—k+landn—k+1<2n—|x|; —k+ 1. By Lemma 3.4, px < d?)!(,
therefore, we have
(201l

x!

(2d/n)*
x!

OSQX7/BXS <

Hence 7 = (20)*h /x! will suffice, and 4 is independent of n. We have

< 00

3 (20)h olxl; _ LALC
x!

X
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and we have completed the first part. Then, we want to show that for all fixed
X, limy, 00 |ax — Bx| = 0. We know given n sufficiently large, holding x fixed,

(n) 2™
(2n) 21,

(n)(‘XII)Q‘X‘l dx

da*  (d-O(x[)1)* a*
2n)ex,) X!

|ax - ﬂx| < - (Qn)i‘xh

x! x!

X

by triangle inequality. We can view d* — (d — O(|x[;)1)* as a product of |x|;
terms since d,, < |d|; < Cn, we can apply Lemma 2.6 and (2) to obtain the
following bound

d*  (d - O(x])1)*| (1) (w1 2™" i, 1 27h
¢ _ < .
(3) < ] @) x|, O(]x][;)(Cn)*h e
Moreover,
x 2%k
i' (n)(| ‘1) o (27,L)—|x|1
x| (2n) @)

(4)

(7) (1xf,) 2711 (20) ™ — (2n) (g1,

n x|y n —Ix|;
< (Cn)>h(2n) (2n) 21x),)

Holding |x|; fixed, the numerator of the fraction in (4) is a polynomial of n of
degree at most 2 |x|; — 1, so the fraction can be bounded by o(1). Therefore, we
can view both (3) and (4) as bounded by o(1), and we have lim,,_, |ax —Bx| = 0.
Hence, we have

nhﬁl{.lo dTv(X, Y) = 0. u

If we let £ = 1, we obtain the next corollary. It can also be shown using a

result of Godsil [2] and Zaslavsky [14].

Corollary 3.5. Let D be a subgraph of Ky, such that A(D) < C for some
constant C, and R be a uniformly random perfect matching of Kon. Then

lim P(|[E(RND)|=0) = lim e~ ED)I/2n,
n—oo n—o0

Note that this ratio is bounded below by e~ (€¢/2(1+o(1) and is asymptotically
nonzero. In particular, if D is d-regular for some constant d, then the limiting
probability equals e~%/2.

Now we want to generalize Ko, to Ko, — N for some graphs N where
A(N) < C. We can define X* = |E(RN N)|. Applying previous results, we
show that the random vector X, X* jointly converges to some independent Pois-
son distribution. Therefore, we expect the conditional distribution X|X™* to be
close to X asymptotically. In particular, the distribution X|X™* = 0 should also
be independently Poisson. The next result is a corollary of Theorem 3.1 and is a
restatement of Theorem 1.2.
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Corollary 3.6. Let N, (D) ,_; be disjoint subgraphs of Ko, such that A(N),
A(Dy,) < C for some constant C. Let R be a uniformly random perfect matching
of Kop — N. Define X = (Xn)l 1, Xm = |E(RNDy)|, Y = (Yin)!,—q where Yy,

m=1’

follows independently to Po(|E(Dy,)|/2n). Then

lim dry(X,Y) =0.

n—oo
Proof. Let R* be a uniformly random perfect matching from Ks,. Consider
the ¢ 4+ 1-dimensional random vectors (X*, X*) = (X7,..., X/, X, (Y,Y") =
(Y1,...,Ys, Y*) where X* = (|E(R* N Dyy)|)!,—1, and X* = |[E(R* N N)|, Y* ~

Po(|E(N)|/2n), Y* independent to Y. We want to show the distribution
dry (X*|X*=0,Y) — 0. We have

dpy (X*1X*=0,Y)
— k|X* =0) — P(Y = k)|

=k X*=0) P(Y=KkPY*=0) ‘

R
>
X

P(X* =0) P(Y* = 0)
=k, X* = P(Y =k, Y* =
= P(X* = 0) 0) ( IP’(Y*’: 0) 0)' by independence

1 * * _ o
SPM(%:IP’(X =k, X*"=0)-P(Y =k, Y —0)!>

1 1 )
* ‘IP’(X* =0) PY*= 0)‘ (Ekj P(Y =k, Y =0)\>

1 P(Y* =0)
< ————d X" XM, (Y, V" — 1.
We can use Theorem 3.1 to show dry ((X*, X*),(Y,Y™)) — 0 and use Corollary
3.5 to show lim,, o dry (X*|X* =0,Y) =0. ]

4. CASE OF K, y(r—1)n

In this section, we assume 7 is fixed, A = (g) We will develop analogous results
for Theorem 3.1 in Section 3, where G = K. (,_1),,. The following theorem is a
restatement of Theorem 1.3 and is the main result of this section.

Theorem 4.1. Let K, (1), be the balanced complete r-partite graph, let
(Dm)f;b:l be a collection of disjoint subgraphs of K (r—1), with mazimum de-
gree A(Dy,) < C for all m, where C is independent of n. Let R be a uni-
formly random balanced perfect matchings of K,y —1yn- Define random vector
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X = (|E(RN Dy)|)" Y = (v,,)¢ where Yy, ~ Po(|E(Dp)|/((r — 1)%*n))

m=1> m=1

independently. Then
le dry(X,Y) =0.

We will first develop some notation for this section. Let x=(2m.i.j)me[q,i<jep]
S NZX(;). We define by convention that x,,;; = %, if i > j. For fixed m, we
define X, = (Tm.ij)icjepr] € N(;), for fixed i, j, we define x; ; = (Tm.i,j)mejg € N¢,
and for fixed 4, we define X; = (i j)mejr,jricy] € Nx(=1) - We define -], as
the sum of the coordinates as usual.

r

We define oy : NG 5 NC gy - NOG) 5 N7 oy - NOG) 5 NG as follows.

P1(x) = (Km[1)er Y2(x) = (xil)ims ¢s(x) = (I%ijh)icjep-

Let V(K x(r—1)n) = V1, ..., WV, be the vertex partition. We define the vector

d = (dm,i<j)meg,i<jelr] € Nex(2)

where d,,;; is the number of edges of D,, between V; and V;. Let d, =

(dmij)icier] € NG Then |dp|, = [E(Dy)|. The following definition will
be analogous to Definition 3.2.

Definition 4.2. Let x € N(). We define an x-matching of K, (1), as a
|x|,-matching where the number of edges in D,, between V; and Vj is @, ; ;. We
define px as the number of x-matchings on K,y (,_1)p-

The next result is due to Johnston, Kayll and Palmer [5].

Lemma 4.3. The number of balanced perfect matching of K,y (r—1), 18

bpm(KTX(T—l)n) = <((r—1)n)|>r (n')(g) :

plr—1
The following lemma is analogous to Lemma 3.4.

Lemma 4.4. Let X be defined as Theorem 4.1. The probability generating func-
tion of X is given by

B (n1) (g (x)) 1 (%)
D N (e T
XENZX(Q)
Vi?éjv|xi,j|1§n
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Proof. Let Q) be the set of all balanced perfect matching with a uniform prob-
ability measure, and let I = (Ijnij)me[g,i<je[] Where I ; is the set of edges of
D,, between V; and V;. For ST I, let S = UmG[Z],i<j€[r] Sm,i,; be the natural
identification of S to a collection of edges in K, (,_1),. Suppose S is a sub-
matching of a balanced perfect matching of K. (,_1),. Then let x € NEX( ) be
such that S is an x-matching. We must have Ixi,5]; < nforalli#jelr]. We

want to count the number of ways to extend S to a balanced perfect matching.
Denote V/ = V; \ V(S), and |V/| = ((r — 1)n — |x4|;). We want to partition V/
into {V; j}jicp) with [Vij| = n — [x4,4];. There are

((r = Dn — [xi,)!
Hj;éi(n — [xi5[))!

partitions. Then, we match the vertices in V; ; with the vertices in Vj; in (n —
|xs,5],)! ways. Therefore, the probability equals

P(S C R) = P(As)
((r—1n — |xily) . ((r —1Dn)\" ()
N 1:1 J#z |Xw )! E - P / < n!lr—1 > (nl)

_ (M)
((r = D)n1) (g, (x))

If S is not a submatching of a balanced perfect matching, then P(Ag) = 0. Since
there are px x-matchings, by Corollary 2.3, we know

(n1) (5 () 1 ()
Gx(3) D D) ) -
XENEX(2)

Vi#j|xi,5|,<n -

The next lemma is analogous to Lemma 3.4 and estimates the quantity pix.
Lemma 4.5. Let ux,C be defined as Theorem 4.1. Then
_ (d-0O(x|)1)*

x =

x!

Proof. We want to count the number of ways to choose the x-matching. We
assign an order to (m,1,j) where m € [¢],i < j € [r] and choose the edges of D,,
between V; and V; following that order. Given my,ig, jo, suppose for all m, i, j
that precedes my, ig, jo in that order, we have chosen the edges in the x-matching
that intersect D,, and are between V; and V;. Then, we want to select T, iy jo
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non-incident edges among the d, ;. j, available edges. For 1 < k < @400
suppose we have already selected k—1 edges. Then the total number of previously
selected edges is no more than |x|;, and hence they are incident to no more than
2C |x|; = O(|x];) edges because the maximum degree of D,, is bounded by C.
Therefore, the number of ways to select edges in D,,, between V;; and Vj, is

(dmoﬂodo - O(|X‘1))

|
Lmog,io,jo-

where we divide by @, ,.j,! because we do not distinguish orders among the
Tmo,io.jo €dges. Finally, we take the product of all myg, ig, jo and by product rule,
we obtained the expression by replacing the index with m, i, j. [ |

The next lemma will be used to bound the coefficients of the generating
function.

Lemma 4.6. Given n > |x;j|, for each i # j € [r], we have
(D) 22D
((7'— 1)n1)(¢2(x)) = pkxh

Proof. The lemma is equivalent to

< 22|X|1.

[L((r - 1)n)(\xi’ll) a

Squaring on both sides, it suffices to show

H Hj?fin’ i’j‘ln(\xz’,jh)
2
o (=D )

Since for each a € N,n%n,) < (2n)(2q), it suffices to show that for each i,

< 24‘X|1 .

Hj;éi(Qn)(2|xi’j |1)

< 92l
((r = D),
Since )
( ”gma) < o2
"(a)
we know
HJ#(QH)(2|X@J‘|1) < (2n)(2|xi,j|l) (2n)(2’Xi,j’1)
— 2 = YRV YRV
((r 1)”)(|xi\l) i< ((r ])n)(|xi,j|l) i ((r+1 J)n)(]xz',j\l)
2n
< ( )(2‘Xz‘,j‘l) < 22‘Xi|1

J n(’xi’j’1)
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and the proof follows. [ |

Since Y = (Y;)%,_; and Y, ~ Po(|dsm|, /(r — 1)?n), we can express the
generating function of Y as

Gy (s) = exp <(r1>2¢1(d) (s 1)>
_ Z T — 1 ))wl(d)y (S _ 1))’

yEN¢
= Z (1/((T _X1')2n))d)x (s — l)wl(x)
XENZX(Q) '

where in the last step we used the multinomial theorem.

Set
ay = 3 XD g0 for all i # j € [r],[|x4,5], < n,
0 otherwise,
(1/(r —1)*n)d)*
5x = | .
x!

By the same argument in Section 3, we need to find ~x, independent of n, such
that 0 < ax(n), fx(n) < 7% and 3 7x2X1 < co. We also need to show
lim |ax — Bx| =0

o0

n—

holding x fixed. Then, by Tannery’s Theorem, we have

lim dry(X,Y) < lim Z|ax By|2% = 27}3&|ax—5x|2x -0

n—oo

Proof of Theorem 4.1. We first want to find ~x such that > 12X < 0.

By Lemma 4.6
dx22xh  ((4/n)d)*

6 < — =
WX =kl plxl x!

Since dp, ;,j/n < (r —1)C, we know

((4/n)d)x (4(r — 1)0)"41

<
x! x!

> WD o (s ne(}) ) <

xeNlZ>< (g)

and
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Therefore, 7 = (4(r — 1)C)*l1 /x! will suffice. Then, we want to show lim,, e
|ax — Bx| = 0 for all fixed x. By the triangle inequality, we can bound |ax — fx|
as

(d-O(x[))1)*  d*|  (n1)x)

‘de - ﬁx‘ = ‘ 7 )
X! X! ((7‘ — 1)n1)(w2(x))
| (Dwseg) 1
xU((r = Dnl) ey ((r = 1)2n)*h

Applying Lemma 2.6 and Lemma 4.6, we know

’(d —O(x[)1)*  d*|  (nD)yx)
X! X! ((T’ — 1)77,1)(1/}2()())
2/x|
<o(")o(x,)((r — o1 2L — o
2 n|x|1
and
| (D@e) 1
X [((r=Dnl) @) ((r = 1))k
< ((r —1)Cn)*ho (n_|x|1) =o0(1)
holding x fixed. Therefore, |ax — Bx| — 0 and the proof follows. ]

5. GRAPH DECOMPOSITION AND CASE OF NON-DISJONT D,,

In this Section, we generalize D,, to a collection of not necessarily disjoint sub-
graphs of G, where G = Ky, — N or K, (,_1),- The idea is to decompose the
¢ subgraphs into 2¢ — 1 disjoint pieces and apply the previous results to these
pieces to get a 2¢ — 1 independent Poisson joint distribution, and then appropri-
ately sum the random variables with the corresponding distribution. We shall
formalize this notion of graph decomposition using the following definition.

Definition 5.1. Let (D,,)’ _; be a collection of subgraphs of G. Let P*([¢]) be
the collection of non-empty subsets of [¢]. For each S € P*([{]), define

Ds= () Dm / U 5.
mesS mese
Then, (Ds)sep= () is a collection of disjoint subgraphs.

If we define the random variables Xg = |E(R N Dg)|, then by applying our
previous results, Xg approaches an independent Poisson joint distribution. Since
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Xm = Y §mes X and the sum of a Poisson distribution is also Poisson, the
random vector (X,,,) _; should approach a joint Poisson distribution. The next
lemma characterizes this phenomenon.

Lemma 5.2. Consider four random vectors X = (X, )fn LY = (V,)f _ 1,X =

(Xs)sepg): (Ys)sep+(q) such that Xm = Y ges X5, Ym = D gumes Ys for
each m. Then

dry(X,Y) < dry(X,Y).

Proof. For vector k = (ES)Sep*([g]), let k = (kp)_; be defined as k,, =
> gmes ks. We define a function T : NP"(4) — Nf such that T'(k) = k. The
function T is surjective, because if we let kg = ky, if S = {m} and kg = 0
otherwise, and let k = (ks)gep+((), then T'(k) = (km)5,—,- Then we have
drv(X,Y) = ) [P(X =k) - P(Y =Kk
keN¢

=> | Y PX=k-PX=k)
keN? |keT—1(k)
<> Z IP(X =k) - P(X =k)|
keN! keT—1 (k)
= Y [PX =k -P(X=k)|=dr(X,Y).
keNP*(16) n

The next corollary generalizes Theorem 1.2, and the proof follows naturally
from this lemma and Theorem 1.2.

Corollary 5.3. Let N be a subgraph of Kay,, and let (D)5 _, be a collection
of subgraphs of Ko, — N such that A(D,,),A(N) < C for some constant C.
Let (Ds)sep=(j) be the graph decomposition of (D)t —y. Let R be a uniformly
chosen random perfect matching of Ko, — N and define X = (Xm)fnzl,Xm =
|E(RNDy,)|. Foreach S € P*([{]), let Yg follow independently to Po(|E(Dg)|/2n)
and let Vi, = Y gmes Ys, and Y = (V)8 1. Then

m=1

lim dTv(X,Y) = 0.
n—00

Proof. We know (Dg)gep= () is a collection of disjoint subgraphs of K, — N
where A(Dg) < C for all S. Define X = (|E(RNDs)|)sep+a): Y = (Ys)sep+(e)-
By Theorem 1.2, we know

dry(X,Y) — 0.

Therefore, by Lemma 5.2, dpy (X, Y) — 0. [
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The next corollary generalizes Theorem 1.3 and is proven by the exact same
method. We merely replace Kz, — N by K,y (_1), and use Theorem 1.3 instead
of Theorem 1.2.

Corollary 5.4. Let (Dm)fn:1 be a collection of subgraphs of K, (._1), such that

A(Dy,) < C for some constant C'. Let (Dg)gsep=(e)) be the graph decomposition of
m=1-

define X = (|[E(RN Dp|)t._,. For each S € P*([f]), let Ys follow independently

to Po(|E(Dg)|/(r — 1)?n) and let Vi, = 3 gmes(Ys), and Y = (Yy,)5 Then

m=1"-

(D) Let R be a uniformly chosen random perfect matching of K,y r—1y, and

lim dry(X,Y) =0.
n—oo

6. POTENTIAL DIRECTIONS OF FUTURE WORK

A promising direction for future research is to extend the analysis from the parent
graph G to a broader class of graphs, such as regular robust expander graphs
(see [3, 4, 6, 7] for details). The current method of counting via the Principle
of Inclusion-Exclusion may not be well-suited for this generalization. Instead,
adopting techniques similar to those employed in [3] could provide a more effective
approach.

Another potential direction for future research involves relaxing the con-
straints on the constants ¢, C', and r, allowing them to grow, possibly slowly, as
a function of n. If £ — oo as n — oo, the current approach of applying Tannery’s
theorem to interchange the limit and infinite summation becomes inapplicable, as
the theorem requires a countable index set I, whereas this scenario involves the
uncountable set NY. Furthermore, the graph decomposition technique outlined
in Section 5 may no longer be effective, as it increases the number of decomposed
graphs D from ¢ to 2¢ — 1, where the latter grows significantly faster than the
former.

A third direction for future research is to investigate the rate of convergence of
dry (X,Y). Current results establish only that d7y (X, Y) = o(1). We conjecture
that, depending on the specific properties of the graph sequence (Dm)fnzl, it
may be possible to identify a constant K = K ((D,,)!,_,) such that d7y(X,Y) =
Kn=! +o(n™1).
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