Discussiones Mathematicae
Graph Theory xx (xxxx) 1-16
https://doi.org/10.7151/dmgt.2594

THE PALETTE INDEX OF SOME CARTESIAN PRODUCTS
OF GRAPHS

ALEKSANDER VESEL

Faculty of Natural Sciences and Mathematics
University of Maribor, Slovenia and
IMFM, Ljubljana, Slovenia

e-mail: aleksander.vesel@um.si

Abstract

The palette of a vertex v in a graph G is the set of colors assigned to
the edges incident to v. The palette index of G is the minimum number of
distinct palettes among the vertices, taken over all proper edge colorings of
G. This paper presents results on the palette index of the Cartesian product
GOH, where one of the factor graphs is a path or a cycle. Additionally, it
provides exact results and bounds on the palette index of the Cartesian
product of two graphs, where one factor graph is isomorphic to a regular or
class 1 nearly regular graph.
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1. INTRODUCTION

Let G = (V, E) be a simple connected graph. An edge-coloring of G is a map
that assigns colors to the edges of G. An edge coloring is proper if two incident
edges obtain different colors. A k-edge-coloring of G is a proper edge-coloring

with colors from the set {1,...,k}. The minimum number of colors required in a
proper edge-coloring of a graph G is called the chromatic index of G and denoted
by x(G).

It is well-known that the chromatic index of a graph G is equal either to A
or A 4+ 1, where A denotes its maximum degree; we then say that G is of class 1
or class 2, respectively.

The palette of a vertex v € V(G) with respect to a proper edge-coloring f of
G is the set Pf(v) = {f(e) : e € E(G) and e is incident to v}.
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If f is a proper edge-coloring of G and X C V(G), then p(X) is the number
of distinct palettes of the vertices of X with respect to f. The palette index of a
graph G, denoted by 5(G), is the minimal value of p¢(V(G)) taken over all proper
edge-colorings of G.

The palette index was introduced by Horndk et al. in [9], where initial results
on the palette index of cubic and complete graphs were provided. Subsequent
studies have investigated the palette index for other regular graphs [4,11]. Fur-
ther classes of graphs explored in relation to this invariant include trees [2,4,11],
complete bipartite graphs [8], multigraphs [1] and Cartesian products. Specifi-
cally, [13] presents partial results on the palette index of the Cartesian product
of a path and a cycle, while [5] establishes the palette index of the Cartesian
product of two paths.

The palette index has also been analyzed in relation to the maximum and
minimum degree of a graph [5,11]. Additionally, it has found applications in
modeling the self-assembly of DNA structures with branched junction molecules
that possess flexible arms [4].

In this paper, we build upon previous research on the palette index of the
Cartesian product of two graphs, focusing on cases where one factor graph is a
path or cycle. Additionally, we extend the study to families of Cartesian products
where one of the factors is a regular or class 1 “nearly regular” graph.

The next section provides necessary definitions and preliminary results used
throughout the paper. Section 3 introduces the class of nearly regular graphs and
presents results on the palette index of Cartesian products where one factor is
either regular or a class 1 nearly regular graph. Notably, this section establishes
that the palette index of a Cartesian product with a class 1 nearly regular graph
as one factor is always 2.

Section 4 continues the exploration of the palette index for Cartesian products
involving a path or cycle as one factor. In particular, it includes a construction
that produces an edge coloring with three palettes for the Cartesian product of
two odd cycles.

Finally, Section 5 concludes the paper by applying the results from earlier
sections to determine the palette index of Cartesian products where one factor
graph is either a cycle or a path and the other is a regular graph.

2. PRELIMINARIES

The Cartesian product of graphs G and H is the graph GOH with vertex set

V(G)xV(H) and (z1,22)(y1,y2) € E(GOH) whenever z1y; € E(G) and 25 = ya,

or xoy2 € E(H) and 21 = y;. The Cartesian product is clearly commutative.
Let [n] and [n]o denote the sets {1,2,...,n} and {0,1,...,n—1}, respectively.
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We will assume in the sequel that V(P,) = V(C,) := [n]o and V(P,0C,,) =
V(C,0Cy,) := [n]o x [m]o.

Let G be a graph. We define G as nontrivial if it contains at least one edge.
If X C E(G), then the spanning subgraph of G with the edge set E(G) \ X is
denoted by G — X.

A matching in a graph G is a subset M C E(G) such that no two edges in
M share a common vertex. Naturally, if f is a proper edge-coloring of G, the
set of edges assigned a specific color ¢ under f constitutes a matching in G. A
matching M is called perfect if every vertex in V(@) is incident to exactly one
edge from M.

We begin with the following obvious observation.

Observation 2.1. If G is a graph such that the degree of every vertex of V(G)
is from the set {di,da,...,dy}, then 3(G) > k.

It is also not difficult to confirm the following result.

Proposition 2.2. If M is a perfect matching of a nontrivial graph G, then
3(G) <s3(G—M).

Proof. Let g : E(G — M) — C be an edge coloring of G — M with §(G — M)
palettes and let ¢ € C. It is easy to construct the edge coloring h of GG, where for
every e € M we set h(e) := ¢, while for every ¢/ € E(G)\ M we set h(e') := g(¢€).
Since for every v € V(G) we have Py(v) = P,(v) U {c}, it follows that 3(G) <
5(G — M). [ ]

Figure 1. An edge coloring of a 4-regular graph G with a perfect matching M.

With respect to Proposition 2.2, it is worth noting that does not necessarily
hold that §(G) > §(G — M), even if G is a regular graph. Consider, for instance,
an edge coloring of the 4-regular graph G shown in Figure 1, where a perfect
matching M is indicated by dashed lines. In this case, we observe that §(G) = 1,
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while §(G — M) # 1. This discrepancy arises because G — M is a cubic graph
without a perfect matching, and it contains a vertex v such that every edge
incident to v is a bridge of G — M. Consequently, $(G — M) = 4 (see [11,
Proposition 3.3]).

The following two results are shown in [8].

Proposition 2.3. Let G be an r-regular graph. Then X'(G) = r if and only
3(G) =1.

Proposition 2.4. If G is a regular graph, then 3(G) # 2.

As shown in [10], the Cartesian product of two graphs is class 1 if at least one
of the factors is class 1. This result is more formally stated in the next theorem.
(Since the proof of the theorem is based on a construction that we will need in the
sequel, we stated it explicitly although an analogous approach has been already
used in [10].)

Theorem 2.5. Let G and H be graphs. If G is class 1 nontrivial graph, then
GOH is class 1.

Proof. Note first that A(GOH) = A(G) + A(H).

Let g : E(G) — [A(G)] be an edge coloring of G and h : E(H) — [A(H)]
(respectively, h : E(H) — [A(H) + 1]) an edge coloring of H if H is class 1
(respectively, class 2).

We construct an edge coloring f with A(G) + A(H) color as follows.

For every woys € E(H) and every z1 € V(G) we set f((z1,22)(21,42)) :=
h(z2y2). If H is class 1, then for every z1y1 € E(G) and every zo € V(H) we
set f((x1,22)(y1,22)) := g(x1y1) + A(H). Note that f is clearly a proper edge
coloring of GOH with A(G) + A(H) colors.

If H is class 2, then we obtain f by choosing first an arbitrary color ¢ €
[A(G)]. Then for every z1y; € E(G) and every z3 € V(H) we set

J(@1,22)(y1, 22)) == g(@ayr) + A(H), if g(z11) # ¢,
F((z1,22) (1, 22)) := ¢, if g(x1951) = ¢, where ¢ € [A(H) + 1]\ Pr(22).
Note that ¢ always exists since |Py(22)| < A(H).

We can see that f is a proper edge coloring of GOH with A(G) + A(H)
colors. It follows that GOH is class 1. |

It will be needed in the sequel that, if in the proof of Theorem 2.5 we construct
an edge coloring f by choosing ¢ = A(G), then f : E(GOH) — [A(G) + A(H))
is obtained.
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3. PALETTE INDEX OF CARTESIAN PRODUCTS OF REGULAR AND CLASS 1
NEARLY REGULAR GRAPHS

For graphs G and H, it is shown in [14] that the palette index of GOH is bounded
above by the product of the palette indices of both factor graphs.

Proposition 3.1. If G and H are graphs, then $(GOH) < §(G)3(H).

Considering Cartesian products of regular graphs, the following observation
from [4] is noteworthy.

Proposition 3.2. If G is an r-reqular graph then $(G) < r+ 1.

We will show in the sequel that for the Cartesian products of regular and
some related graphs the above upper bounds can be significantly improved.

Notice that the Cartesian product of two regular graphs is clearly a regular
graph. Thus, Theorem 2.5 and Proposition 2.3 yield the following corollary.

Corollary 3.3. Let G and H be reqular graphs. If G is class 1 nontrivial graph,
then $(GOH) = 1.

Let G’ be a connected r-regular class 1 nontrivial graph and G a spanning
subgraph of G'. We say that G is a class 1 nearly regular graph (derived from G')
or shortly NRG if G’ admits a perfect matching M such that G’ — M is class 1
and G = G' — X, where ) # X C M.

Let g : E(G) — [r] be an edge coloring of a graph G and let CY,...,C{ be
the corresponding color classes. Note that if G is NRG derived from an r-regular
graph G’, then for every j € [r] there exists an r-edge coloring g of G’, such that
G =G — X, where X C C’Jg.

Theorem 3.4. Let H be a connected regular graph. If G is NRG, then 5(GOH)
= 2.

Proof. Since G is not a regular graph, we have §(GOH) > 2. We will construct
a proper edge coloring f of GOH with two distinct palettes.

Suppose that H is a r’-regular graph, while G is derived from a class 1 7-
regular graph G’. It follows that there exists an edge coloring g : E(G’) — [r] of
G’ such that G = G’ — X, where X C (Y.

Remind that by Corollary 3.3, it holds that G'OH is class 1.

Let h: E(H) — [r'] (respectively, h : E(H) — [r' 4+ 1]) be an edge coloring of
H if H is class 1 (respectively, H is class 2). Since G’ is class 1, we can construct
an (r + r')-edge coloring f of G'OH as we shown in the proof of Theorem 2.5.
That is to say, if H is class 2, then for every z1y; € E(G) and every 2z, € E(H)
we set

(w1, 22) (1, 22)) := g(z1yn) + 0" + 1, if g(@11) # 7,



6 A. VESEL

f((z1,22)(y1, 22)) := ¢, where ¢ € [’ + 1]\ Py(22), if g(x1y1) = r.
It follows that the palette of every vertex of G'OH with respect to f equals [r+7/].
Moreover, f restricted to GOH admits two palettes

[r + 7'], for every vertex of degree r + r/; and

[r + 1" — 1], for every vertex of degree r + 1/ — 1, i.e., a vertex incident to an
edge of X in G'OH.
Since we showed that for every connected regular graph H and class 1 nearly

regular graph G we can always found an edge coloring of GOH with two palettes,
it follows that §(GOH) = 2. ]

If a connected regular graph G is class 1, then notice that G — e is NRG for

every e € F(G). This observation provides the following corollary to Theorem
3.4.

Corollary 3.5. Let H and G be connected regular graphs. If G is a class 1
nontrivial graph and e € E(G), then 5((G —e)0OH) = 2.

Figure 2. An edge coloring of a subgraph of GOC3 with 2 palettes, where G is an NRG
derived from Q3.

A little more involved application of Theorem 3.4 considers the well known
class of hypercube graphs known as r-cubes. Remind that the vertex set of the
r-cube @, consists of all r-tuples by ---b,, b; € {0,1}. Two vertices of @, are
adjacent if corresponding r-tuples differ in precisely one coordinate. Note that

Q1 = Ko, while for r > 2 we have @, = Q,_10K5. It is not difficult to see that
Q, is class 1.
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A subgraph H of a graph G is isometric if dg(u,v) = dg(u,v) for any pair
of vertices v and v from H. Isometric subgraphs of hypercubes are called partial
cubes.

Let a: V(G) — V(Qy) be an isometric embedding of G into the r-cube, i.e.,
for every u,v € V(G) we have dg(u,v) = dg,(a(u), a(v)). We will denote the
i-th coordinate of a with «y, i.e., « = (a1, a2, ..., qp).

By definition, end-vertices of an arbitrary edge of @, differ exactly in coor-
dinate ¢ for some i € [r]. Let G be a partial cube with an isometric embedding
a: V(G) = V(Q,). The set of all edges uv € E(G) satisfying the condition
ai(u) # a;(v) is denoted by E;, more formally: F; = {uv : uwv € E(G), a;(u) #
a;(v)}. (These sets are known as classes of the equivalence relation O, see [7] for
the details.)

Clearly, the sets Fn, Es,..., E, partition the set of edges of G. Moreover,
the function f : E(G) — [r], where f(e) = i for every e € Ej;, is a proper edge
coloring of GG. Thus, it is not difficult to see that the following result holds.

Proposition 3.6. Let G be a partial cube with an isometric embedding o :
V(G) = V(Qy), r > 2, and H be a reqular graph. If X C E;, i € [r], where
E; = {uwv :uv € E(G), a;(u) # a;(v)}, then

5((G — X)OH) = 2.

As an example to Proposition 3.6 consider an edge coloring of a subgraph
of Q30C)3 isomorphic to GOC3, where G is an NRG derived from Q3. The edge
coloring f of GOCY4 is constructed following the argument of the proof of Theorem
3.4, where h : E(C3) — [3] and g : E(Q3) — {4,5,6}.

4. PALETTE INDEX OF CARTESIAN PRODUCTS WITH A PATH AND CYCLE

To establish the palette index of a path, note that P,, admits a perfect matching
if and only if n is even.

Proposition 4.1. Let n > 3. Then

. | 2, neven,
5(Fn) { 3, n odd.

The palette index of a cycle follows from Propositions 2.3 and 3.2.

Proposition 4.2. Let n > 3. Then

1, neven,

5(Cn) = { 3, n odd.
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The palette index of the Cartesian product of two paths is presented as follows
(see [5]).

Theorem 4.3. Let s,t > 2. Then

, §=1t=2,

, min(s,t) =2, max(s,t) > 3,
, §t>3 and s-t iseven,

, s, t>3 and s-t is odd.

$(P,0PR,) =

T W N

The palette index of the Cartesian product of a path and cycle is studied in
[13] where the following partial result is presented.

Proposition 4.4. Let s,t > 3.
(i) If s and t are both odd, then §(CsOP;) = 4.
(ii) If s is even, then 5(Cs0OP;) = 2.

(@) (b) (©)

Figure 3. Edge colorings of: (a) C50P; with two palettes, (b) C4OPs with two palettes
(¢) Cs0C5 with three palettes.

Theorem 4.5. Let s,t > 3. Then

5 4, s and t are both odd,

5(Cs0R) = { 2, otherwise.

Proof. Clearly, $(CsOP;) > 2 for every s and t. With respect to Proposition 4.4,
we have to confirm the result for every even ¢, i.e., to show that for every even
integer t and every s there exists an edge coloring of C;0P, with two palettes.
Since the existence of a proper construction clearly follows from Corollary 3.5
(see an example in the left-hand side of Figure 3), the proof is completed. [
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Notice also an example of an edge coloring of C4O0P5 with two palettes in
Figure 3(b) which can be generalized as we will show in Section 5.

In the rest of this section we consider value of the palette index of Cartesian
products of two cycles.

Let G be a graph. An even cycle decomposition of G of size k is a partition
E ={&,&1,...,Ek—1} of the edge-set of G such that the edges of & compose
disjoint even cycles of G. The studies presented in this section were inspired
by the results of Bonvicini and Mazzuoccolo [3], who showed that if a 4-regular
graph G admits palette index 3, then G has an even cycle decomposition of size
3 or an even 2-factor.

Let s >t > 3 be integers and j € [s]o, k € [t]p. Let us define two types of
vertical edges of CsOC%:

v;rk = (4,k)(4, (k+ 1)modt) (an “ascending” vertical edge),

vy, = (4, k) (4, (k — 1) mod?) (a “descending” vertical edge);
and a horizontal edge
B = ()G + D mod s, k).
The vertex (7, k) is called the initial vertex of vj k> Uy and hjp. The other
end-vertex (i.e., not initial) of a vertical or horizontal edge is called the terminal
vertez.

Let £ := %5+ t mod t and h := L 5 J We will construct a partition of the edge
set of Cs0OC} based on the following sets

zZot = ij U Z;jg u ng, i € [t

such that
7t o
Zjy = {U;,_vahj,i-i-j-&-l |j € [ﬁ]o},

)

st — .
Zi2 = {Uj+é,i—j+zv hj+137i—j+€—1 U € [6]0}5

Ziy = {Uj_-&-%,z'—j?thr%,i*j*l |j € [t(2h+ 1)]0}7

where additions and subtraction in the second coordinate are performed modulo ¢.

Consider for example Z213’5 depicted in Figure 4, where the edges of this set
are drawn with dashed lines. Note that the initial vertex With the smallest first
coordinate of Z135 (0,2), while its counterparts in Z22 and Z23 are (4,1)
and (8,2), respectlvely.

Proposition 4.6. If s > t > 3 are odd integers, then {Zg’t,le’t,...,Zf’fl
partition the set of edges of CsOCY.
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Figure 4. An even cycle decomposition of C130C5.

Proof. Note that the first coordinates of vertices from the set Z; ' are pairwise
distinct.
We first show that for every i # k we have Z7' N Z,‘z’t = (. To confirm

this, notice that for every j and every i,k, i # k, we have v;fiﬂ- #* v;.fkﬂ.,

Vittimjrt 7 Vjtth—jitr Vivatiog 7 Viraeh—jo Miatit1 7 Rikejts hjeizjres #
hj+g7k,j+g,1, hj+gg’i,j,1 #* hj+2€,kfj717 i.e., the initial vertices of Z;’t and Zz’t
do not coincide. It follows that Zis’t N Zz’t = 0.

Since |ZJ'| = 40 + 2t(2h + 1), £ = =t mod ¢ and h = [%:*], we obtain
| Z3*| = 2s. Tt follows that

t—1 t—1
t s,t
U 75| = E ‘Z.’
(2 (2
=0 =0

This assertion completes the proof. [ |

= 25t = |E(C,0C)].

Proposition 4.7. Let s > t > 3 be odd integers. If £ = Uie[t]o,izj (mod 3) Zf’t,
then & = {&y, &1,E2} is an even cycle decomposition of CsOCY.

Proof. Note first that in the set Z; ' the following pairs of edges are incident:
e for every j € [{]p: v;fi_w- and hj;yj4+1 (edgesin Zflt), Viyeioite and hjipi—jro—1
: s,t
(edges in Z73);
o for every j € [t(2h + 1)]o: v 9p; ; and hjio0i—j—1 (edges in ZZS;),

vt

o 3 S,t .
o for every j € [( — 1o hjiyj1 and v g, 50 (edges in Z;7); Bjyeijre

— . s’t .
and Vi o1 el (edges in Zi,z)a

. — . s,t
o for every j € [t(2h + 1)]o: hjt20i—j—1 and Viiori1i gt (edges in Z73).
Moreover, hy—1;+¢ is incident to vy, ,, hos—1, is incident to vy, ;, and hs—1;
is incident to v ;.
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It follows that edges of Zf ot compose a circle in CsOC;. As we can see in the
proof of Proposition 4.6, this cycle is of length 2s. Furthermore, if i = k = j (mod
3) and i # k, then every initial vertex of an edge of Z; ' and every initial vertex of
an edge of Z,‘z’t are at distance at least 2. Hence, the edges of £; compose disjoint
even cycles of CsOC;. From Proposition 4.6 now it follows that & = {&, &1, &2}
is an even cycle decomposition of CsOC%. ]

An even cycle decomposition of C130C5 is depicted in Figure 4.
Theorem 4.8. Let s >t > 3. Then

1, s ort iseven,

(OO _
3(Cs0C) { 3, s and t are both odd.

Proof. For s or t even, the theorem follows from Corollary 3.3 since a cycle of
even length is clearly class 1.

If s and t are both odd, then C;OCY} is class 2 and by Proposition 2.4 we have
5(CsOC;) > 3. As shown in [3], the existence of an even cycle decomposition of
size 3 in C,0C,, implies that C,,0C),, admits the palette index 3.

It is shown in Proposition 4.7 that &€ = {&y, &1, &2} is an even cycle decom-
position of C;0C; of size 3, where &; = Uie[t]wzj (mod 3) Zf’t. We now construct
the edge coloring ¢ : E(Cs0C;) — [6] as follows

(c) = 2j +1, e is a horizontal edge in &;,
| 2j+2, e isavertical edge in &;.

By the definition of the set Z; ot every terminal vertex of an ascending verti-
cal edge of Z; ' equals the initial vertex of an ascending vertical edge of ijrtl,
while every initial vertex of a descending vertical edge of Z; ot corresponds to the
terminal vertex of a descending vertical edge of ijfl (addition modulo 3).

It follows that the palette of a vertex of CsOC; with respect to ¢ is either
{1,2,3,4}, {1,2,5,6} or {3,4,5,6}. This assertion completes the proof. [

An example of a proper edge coloring with three palettes of C50C5 is depicted
in Figure 3.

5. PaTHS, CYCLES AND REGULAR GRAPHS

In this section, we show that general upper bounds on the palette index of a
Cartesian product can be significantly improved when one factor graph is a cycle
or path and the other is a regular graph.

Theorem 5.1. Let G be a nontrivial regular graph. If s > 3, then
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(i) 5(C,0G) < 5(G) + 2.
Moreover,
(i) if s is even or G is class 1, then 5(Cs0G) = 1,

(iii) if G is a class 2 cubic graph with a perfect matching and s is odd, then
5(Cs0G) € {1, 3}.

Proof. If s is even or (G is class 1, then one of the factor graphs is class 1 and
(ii) follows from Corollary 3.3.

To prove (i), suppose then that s is odd and G a class 2 r-regular graph.
Let g : E(G) — [r + 1] be a proper edge coloring of G and let h be a proper
edge coloring of G with $(G) palettes such that h(v) & {r + 2,7 + 3} for every
v € V(G). We will construct a proper edge coloring f of CsOG for u,v € V(Q)
and ,j € [s]o as follows

g(uv), wv € E(G) and i =j #s—1,

h(uv), wv € E(G) and i =j =s—1,

‘ W~ _ ) c u=w, i €[s—2]p isevenand j =17+ 1,
f((u,i)(v, 7)) = where ¢ € [r + 1]\ P,(v),

r+2, uwu=wv,i€[s—2]isoddandj=1i+1,
r+3, u=wv,i=s—1andj=0.

Since we can see that

— for every i € [s — 2] and every v € V(G) we have P¢((v,i)) = [r + 2],

— for every v € V(G) we have P¢((v,0)) = [r + 1] U {r + 3},

— for every v € V(G) we have Pf((v,s — 1)) = Pp(v) U{r +2,r + 3},
case (i) is settled.

To prove (iii), let G denote a class 2 cubic graph with a perfect matching M
and Fys the corresponding 1-factor of G, i.e., a 1-regular spanning subgraph of G.
Note that E(CsOF)y) is a perfect matching of Cs0OG and CsOG — E(CsOF)y) =
C;0(G — M).

Since G is class 2, G is not bipartite. Moreover, since G — M is 2-regular,
its connected component are cycles with at least one of them having odd length.
Thus, Cs0(G — M) is a graph whose connected components are Cartesian prod-
ucts of two cycles. Remind from Theorem 4.8 that the palette index of the
Cartesian product of two cycles is either 1 (at least one of them is of even length)
or 3 (both of them are of odd length). Therefore, $(Cs0(G — M)) = 3. By
Proposition 2.2, we have §(C;0G) < 3(Cs0(G — M)) = 3. Finally, Proposition
2.4 completes the proof. [

As an example of edge colorings provided by Theorem 5.1(ii), observe Figure
5, where an edge coloring of the Cartesian product of the Petersen graph and the
triangle with three palettes is partially depicted. (For clarity, the labeling of the
"inner” product of C5 and C5 with colors 1, 3, and 5 is omitted.)
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Figure 5. A (partial) edge coloring of the Cartesian product of the Petersen graph and
triangle with three palettes.

Theorem 5.2. Let G be a nontrivial reqular graph. If s > 3, then
(i) 3(P0G) < 3(G) + 2.

Moreover,
(ii) if s even or G is class 1, then §(P;0G) = 2,

(iii) if G is a class 2 cubic graph with a perfect matching and s is odd, then
3(Ps0OG) € {2,3,4}.

Proof. Clearly, §(P;0G) > 2.

If s is even, then Ps is an NRG and (ii) follows from Theorem 3.4. If G is
class 1 and s is odd, we construct a suitable edge coloring of P;OG in the sequel.

Let g, ¢’ and ¢” be proper edge colorings of G with exactly one palette, such
that for every v € V(G) we have 1,2 & Py(v)), Py(v) = {2} U (Py(v) \ {c}) and
Pyr(v) = {1} U (Py(v) \ {c}), where c is an arbitrary color of g. We construct a
proper edge coloring f of P;OG with two distinct palettes as follows

— for every odd i € [s — 2] and every v € V(G) we set f((v,i)(v,i—1)) =1
and f((v,7)(v,i+ 1)) = 2,

— for every i € [s — 2] and every uv € E(G) we set f((u,i)(v,7)) = g(uv),

—for every v € V(G) we set f((u,0)(v,0)) = ¢'(uv) and f((u,s—1)(v,s—1)) =
9" (w).
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For example consider an edge coloring of PsO0C, depicted in Figure 3(b). Note
that g, ¢/, and ¢” are edge colorings of C; with one palette, where for every
v € V(Cy4) we have Py(v) = {3,4}, Py(v) = {2,3} and Py (v) = {1, 3}.

Since we can see that for every i € [s — 2] and every v € V(G) we have
Pt((v,i)) = Py(v) U {1,2}, while for every v € V(G) we have P¢((v,0)) =
Pi((v,s — 1)) = (Py(v) \ {c}) U{1,2}, case (ii) is settled.

To prove (i), consider again a proper edge coloring f of CsOG constructed in
the proof of Theorem 5.1, where s is odd and G a class 2 r-regular graph. It is not
difficult to see that f restricted to P;OG for every i € [s — 2] and every v € V(G)
implies Pf((v,4)) = [r + 2], while for every v € V(G) we have P¢((v,0)) = [r+ 1]
and Pr((v,s—1)) = P,((v))U{r+2}. This argument settles the proof of case (i).

To prove (iii), let G be a cubic graph with a perfect matching M, and let
Fyr be the corresponding 1-factor of G. Analogously to the proof of Theorem
5.1(iii), we notice that PsO(G — M) is a graph whose connected components are
Cartesian products of a path and a cycle, such that at least one of the factors is
induced on an odd number of vertices.

By Theorem 4.5, the palette index of the Cartesian product of a path and
a cycle is either 2 (if at least one of the factors has an even number of vertices)
or 4 (if both factors have an odd number of vertices). Thus, we obtain that
3(Ps0(G — M)) =4.

By Proposition 2.2, we have §(P,0G) < §(P;0(G — M)) = 4. It follows that
5(Ps0G) € {2,3,4}, and the proof is completed. |

Note that the bound provided by Theorem 5.1(i) improves the bounds from
Propositions 3.1 and 3.2. For example, let G be isomorphic to K7. From [9], we
know that $(K7) = 3, which implies §(Cs0K7) < 5. In contrast, Propositions 3.1
and 3.2 provide the weaker bound §(Cs0K7) < 9. However, it remains unknown
whether the bounds given by Theorem 5.1(i) and Theorem 5.2(i) are sharp.

Regarding the lower bound on $(GOH), it is worth noting that, in general,
it does not depend on $(G) and §(H). Specifically, if G and H are regular graphs
that both contain a perfect matching, then $§(GOH) = 1, even if $§(G) > 1 and
S(H) > 1 (see [12, Theorem 2.2]).
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