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Abstract

DP coloring (also called correspondence coloring) is a generalization
of list coloring that was introduced by Dvotfdk and Postle in 2015. The
chromatic polynomial of a graph is an important notion in algebraic com-
binatorics that was introduced by Birkhoff in 1912; denoted P(G,m), it
equals the number of proper m-colorings of graph G. Counting function
analogues of chromatic polynomials have been introduced for list color-
ings: Py, list color functions (1990); DP colorings: Ppp, DP color func-
tions (2019), and Pjyp, dual DP color functions (2021). For any graph G
and m € N, Ppp(G,m) < Py(G,m) < P(G,m) < P}p(G,m). In 2022
(improving on older results) Dong and Zhang showed that for any graph
G, P,(G,m) = P(G,m) whenever m > |E(G)| — 1. Consequently, the list
color function of a graph is a polynomial for sufficiently large m. One of
the most important and longstanding open questions on DP color functions
asks: for every graph G is there an N € N and a polynomial p(m) such that
Ppp(G,m) = p(m) whenever m > N? We show that the answer to the ana-
logue of this question for dual DP color functions is no. Our proof reveals
a connection between a dual DP color function and the balanced chromatic
polynomial of a signed graph introduced by Zaslavsky in 1982.
Keywords: correspondence coloring, DP coloring, DP color function, dual
DP color function.
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1. INTRODUCTION

In this paper all graphs are nonempty, finite, simple graphs unless otherwise
noted. Generally speaking we follow West [31] for terminology and notation.
The set of natural numbers is N = {1,2,3,...}. For m € N, we write [m] for the
set {1,...,m}. If G is a graph and S,U C V(G), we use G|[S] for the subgraph
of G induced by S, and we use Eg(S,U) for the set consisting of all the edges
in F(G) that have one endpoint in S and the other in U. If an edge in F(G)
connects the vertices v and v, the edge can be represented by uv or vu.

1.1. List coloring and DP coloring

In the classical vertex coloring problem we wish to color the vertices of a graph
G with up to m colors from [m] so that adjacent vertices receive different colors,
a so-called proper m-coloring. The chromatic number of a graph G, denoted
X(G), is the smallest m such that G has a proper m-coloring. List coloring was
introduced independently by Vizing [29] and Erdés, Rubin, and Taylor [14] in the
1970s. For list coloring, we associate a list assignment L with a graph G which
assigns to each v € V(G) a list of colors L(v). Then, G is L-colorable if there
exists a proper coloring f of G such that f(v) € L(v) for each v € V(G) (we refer
to f as a proper L-coloring of G). A list assignment L is called a k-assignment
for G if |L(v)| = k for each v € V(G). The list chromatic number of a graph
G, denoted x/(G), is the smallest k such that G is L-colorable whenever L is a
k-assignment for G. Since G must be L-colorable when L is a x,(G)-assignment
for G that assigns the same list of colors to each element in V(G), it is clear that
X(G) < xe(G).

In 2015, Dvordk and Postle [13] introduced a generalization of list coloring
called DP coloring (they called it correspondence coloring) in order to prove that
every planar graph without cycles of lengths 4 to 8 has list chromatic number
at most 3. DP coloring has been extensively studied over the past 9 years (see
e.g., [1-5,16,17,19,22 25]). Intuitively, DP coloring is a variation on list coloring
where each vertex in the graph still gets a list of colors, but identification of which
colors are the same can vary from edge to edge. Formally, for a graph G, a DP
cover (or simply a cover) of G is an ordered pair H = (L, H), where H is a graph
and L : V(G) — 2V is a function satisfying the following conditions.

e {L(v):v € V(Q)} is a partition of V(H) into |V (G)| parts,

e for every pair of adjacent vertices u, v € V(G), the edges in Ex (L(u), L(v))
form a matching (possibly empty), and

o E(H) = queE(G) Ep(L(u), L(v))-

Suppose H = (L, H) is a cover of a graph G. A transversal of H is a set of
vertices T C V(H) containing exactly one vertex from L(v) for each v € V(G). A
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transversal T is said to be independent if T' is an independent set in H. If H has
an independent transversal 7', then T is said to be a proper H-coloring of G, and
G is said to be H-colorable. An m-fold cover of G is a cover H = (L, H) such that
|L(v)| = m for all v € V(G). An m-fold cover H = (L, H) of a graph G is called
full if for each wv € E(G), |Eg(L(u), L(v))] = m. The DP chromatic number
of a graph G, denoted xpp(G), is the smallest m such that G is H-colorable
whenever H is an m-fold cover of G.

Given a cover H = (L, H) of G and subgraph G’ of G, the subcover of H
corresponding to G' is H' = (L', H') where L' is the restriction of L to V(G’)
and H' is the subgraph of H with vertex set V(H') = U, ey (g L(u) that retains
those and only those edges of H that belong to the matchings corresponding to
the edges of G’.

Suppose H = (L, H) is an m-fold cover of G. We say that H has a canonical
labeling if it is possible to name the vertices of H so that L(u) = {(u,j) : j € [m]}
and (u,j)(v,j) € E(H) for each j € [m] whenever wv € E(G). Clearly, when
‘H has a canonical labeling, G has an H-coloring if and only if G has a proper
m-coloring. Also, given an m-assignment, L, for a graph G, it is easy to construct
an m-fold cover H' of G such that G has an H’-coloring if and only if G has a
proper L-coloring (see [4]). It follows that x(G) < x¢(G) < xpp(G).

1.2. Counting proper colorings, list colorings, and DP colorings

In 1912 Birkhoff introduced the notion of the chromatic polynomial of a graph
in hopes of using it to make progress on the four color problem. For m € N,
the chromatic polynomial of a graph G, P(G,m), is the number of proper m-
colorings of G. It can be shown that P(G,m) is a polynomial in m of degree
[V(G)| (see [6]). For example, for any n € N, P(K,,m) = [[I=y (m — ).

The notion of chromatic polynomial was extended to list coloring in the
1990s [20]. In particular, if L is a list assignment for G, we use P(G, L) to denote
the number of proper L-colorings of G. The list color function of GG, denoted
Py(G,m), is the minimum value of P(G, L) where the minimum is taken over
all possible m-assignments L for G. It is clear that Py(G,m) < P(G,m) for
each m € N since we must consider an m-assignment that assigns the same m
colors to all the vertices in G when considering all possible m-assignments for
G. In general, the list color function can differ significantly from the chromatic
polynomial for small values of m. However, for large values of m, Dong and
Zang [11] (improving upon results in [12], [27], and [30]) showed the following.

Theorem 1 [11]. For any graph G, P;(G,m) = P(G, m) whenever m > |E(G)|
—1.

In 2019, Kaul and the first author introduced a DP coloring analogue of
the chromatic polynomial of a graph in hopes of using it as a tool for making
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progress on some open questions related to the list color function [17]. Since
its introduction in 2019, DP color functions have received some attention in the
literature (see e.g., [1,8,10,15,18,21,24,26]). Suppose H = (L, H) is a cover
of graph G. Let Ppp(G,H) be the number of H-colorings of G. Then, the DP
color function of G Ppp(G, m) is the minimum value of Ppp(G,H) where the
minimum is taken over all possible m-fold covers H of G.! It is easy to show that
for any graph G and m € N, Ppp(G,m) < Py(G,m) < P(G,m).

Interestingly, unlike the list color function, it is known that Ppp(G, m) does
not necessarily equal P(G,m) for sufficiently large m. Indeed, in [17] it is shown
that if G is a graph with girth that is even, then there is an N € N such that
Ppp(G,m) < P(G,m) whenever m > N (this result was further generalized by
Dong and Yang in [10]). This leads to a longstanding open question about DP
color functions that served as one of the motivations for this paper.

Question 2 [17]. For any graph G does there always exist an N € N and a
polynomial p(m) such that Ppp(G,m) = p(m) whenever m > N?

Recently, the first author [23] introduced the dual DP color function of a
graph G, denoted P},p(G,m), which equals the maximum value of Ppp(G,H)
where the maximum is taken over all full m-fold covers ‘H of G. Every graph G
has a full m-fold cover with a canonical labeling. So, Ppp(G,m) < P)(G,m) <
P(G,m) < P},p(G,m). In addition to providing an upper bound on the chro-
matic polynomial, the dual DP color function of a graph also appears in a lower
bound for the DP color function of the graph based on a deletion-contraction
relation (see [23]).

In this paper, we show that the answer to the analogue of Question 2 for
the dual DP color function is no. We hope that our approach can provide new
insights into answering Question 2.

1.3. Summary of results

The results in this paper came from studying dual DP color functions of com-
plete graphs. It is known that P},p(K2,m) = m(m — 1) for each m € N and
P} p(Ks,m) = (m—1)3+1 for each m > 2 (see [23]). In Section 2, we prove the
following.

Theorem 3. Suppose m > 2. Then,

4 3 2 : :
m* —6m° + 15m* — 13m if m 1S even,
Php(Kim) = { !

m* —6m3 + 15m? — 13m — 3 if m is odd.

Consequently, there is no N € N and polynomial p(m) such that Pj,p(K4,m) =
p(m) whenever m > N.

'We take N to be the domain of the DP color function of any graph.
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Clearly, Theorem 3 shows that the answer to the analogue of Question 2 for
the dual DP color function is no. Interestingly, Theorem 3 also reveals a con-
nection between the dual DP color function of K4 and the balanced chromatic
polynomial of a signed version of K, (balanced chromatic polynomials were in-
troduced by Zaslavsky in 1982 [32]).

Using the notation in [7], we now make this connection explicit. Suppose G is
a graph. A signed graph on G is a pair SG = (G, o) where the sign on each edge of
SG is given by the function o : E(G) — {1, —1}. For A > 2, a A-coloring of SG is
amap f:V(G) - K where K = {—t,...,1,0,1,...,t} when A = 2t+1 for some
teNand K ={—t,...,1,1,...,t} when A\ = 2¢ for some ¢t € N. Additionally, f
is a proper A-coloring of SG if for each wv € E(G), f(u) # o(uv) f(v). For each
A > 2, let Pgg(A) denote the number of proper A-colorings of SG. The balanced
chromatic polynomial of SG is then Psq(2t) for each t € N (it can be proven
Psi(2t) is a polynomial in ¢). Finally, suppose G = Ky, 0 : E(G) — {1,—1} is
identically -1, and SG = (G, o). Then, it can be verified that Theorem 3 implies
P}y p(Ky,2l) = Psc(21) for each [ € N.

The following two questions are now natural.

Question 4. Supposen € N and G = K,,. Let 0 : E(G) — {1, —1} be identically
-1, and let SG = (G,0). Is it the case that Pjyp(Ky,2l) = Psg(2l) for each
leN?

Question 5. For eachn > 4, is it the case that there is no N € N and polynomial
p(m) such that P}y p(Ky,, m) = p(m) whenever m > N7

It is easy to verify the answer to Question 4 is yes when n € [3], and The-
orem 3 implies the answer is yes when n = 4. In proving Theorem 3 we will
discover that the interaction between the subcovers corresponding to the three
and four cycles contained in K, is quite important. So, our final result, which
we prove in Section 3, can be viewed as progress toward both of the Questions
above.

Theorem 6. Suppose G = K, withn > 4, and lett = (g) Ifm>2 4t4n—6
and H = (L, H) is a full m-fold cover of G satisfying Ppp(G,H) = P}p(G, m),
then H s triangle-free. Moreover, when m > 21 4t 4+ n — 6,

f(m) = 2'm"~* < Ppp(G,m) < f(m) + 2'm" ™"

where

s =t (oo ((5) - 3) ) e

Note that if ,n € N, n >4, G = K,,, 0 : E(G) — {1, —1} is identically -1,
and SG = (G, o), then Theorem 6 implies that P}, (G,2l) — Psg(2l) = O(I"™%)
as [ — oo.
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2. PROOF OF THEOREM 3

This section is organized as follows. We begin by showing that the formula in
Theorem 3 is an upper bound on the dual DP color function of K4. Then,
we construct covers to show that the upper bound is attainable. The key to
establishing the upper bound is generalizing the proof technique of the following
classical result to the context of DP coloring.

Theorem 7 [6]. Suppose G is a graph. Then,

P(Gm) = 37 (~1)Mmbs
ACE(G)

where k4 is the number of components of the spanning subgraph of G with edge
set A.

We will now introduce some notation that will be used for the remainder
of this section. Suppose that G = Ky, V(G) = {vi,v2,v3,v4}, and E(G) =
{e1,e2,e3,€4,€5,¢6}. Also, for some m > 4 we always have that H = (L, H) is a
full m-fold cover of G such that L(v) = {(v,i) : i € [m]} for each v € V(G) (we
will handle m < 4 computationally in Appendix 4). Additionally, for i,j € [4]
with ¢ < j, we let 0; ; be the permutation of [m] that maps each ¢ € [m] to the
second coordinate of the vertex in L(v;) that is adjacent to (v, q) in H.

Let U = {I CV(H): |L(v)NI| =1 for each v € V(G)}. Clearly, |U| = m*.
Now, for i € [6], if e; = v,vs, let S; be the set consisting of each I € U with the
property that H[I] contains an edge in Egx(L(v,), L(vs)). Also, for each i € [6]
let C; =U — §;. Clearly,

6 k
=m* =) (1) > S

k=1 1<y < <ip<6 |j=1

PDP(G7H) = V/{| -

Us

i=1

‘We now establish some bounds on the terms in this formula.

Lemma 8 [24]. Assuming the set-up established above, the following two state-
ments hold.
(i) For any k € [2] and i1,...,i; € [6] satisfying i1 < --- < i, ‘ﬂ?zl Si;

mi=k,
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(ii) If eiy,..., €45 are distinct edges that are not the edges of a 3-cycle in G,
3
‘ﬂj=1 Sij‘ =m.

Lemma 9. Assuming the set-up established above, suppose k € {3,4,5,6}, and
i1, .., € [6] satisfy i1 < --- < igx. Let G' be the subgraph of G with edge set
{€i,,... e} and vertex set consisting of only the vertices that are an endpoint
of at least one element in E(G'). Suppose H' = (L', H') is the subcover of H
corresponding to G'. Let C(G") be the number of copies of G' contained in H'. If
k=3 ande;,..., e, are the edges of a 3-cycle in G, then

3 k
ﬂ Si;| = mC(G'); otherwise, ﬂ Si;| = cGh.
j=1 j=1

Proof. Let C(G') be the set consisting of the vertex set of each copy of G’ in
H'. Note that any element of C(G’) is a transversal of H'. Also, ﬂ;?:l Si; has
an element if and only if C(G’) has an element. So, both results are clear when
C(G") =0, and we suppose that C(G’) > 0.

First, suppose k = 3 and e;,, ..., e;, are the edges of a 3-cycle in G. Suppose
{vg} =V(G) = V(G). Let M : C(G') x [m] — ﬂ?zl S;; be the function given by
M(V,z) =V U{(vg,x)}. It is easy to verify that M is a bijection which means

that ‘ﬂ;;l Si,| = mC(G").
In the case k # 3, or k = 3 and e;,,...,e;, are not the edges of a 3-cycle in
G, C(G) = ﬂ§=1 Si; which completes the proof. ]

Now, suppose that T7,7T5,7T3, and T are the 3-cycles contained in G. For
each i € [4], let ¢; be the number of 3-cycles contained in the second coordinate
of the subcover of H corresponding to 7;. Note that the vertex set of each such
3-cycle is a transversal of the subcover of ‘H corresponding to 7;.

Lemma 10. Suppose G’ is the spanning subgraph of G such that E(G') contains
all the edges of T; for some i € [4] and one additional edge e,. Suppose H' =
(L', H') is the subcover of H corresponding to G'. Then, C(G') = t; where C(G’)

is the number of copies of G' contained in H'

Proof. Let C(G') be the set consisting of the vertex set of each copy of G’ in
H’, and let T be the set consisting of the vertex set of each copy of T contained
in the second coordinate of the subcover of H corresponding to 7;. Since any
element of C(G') is a transversal of H', it is clear that if C(G’) = ), then T = 0.
So, we may assume C(G’) > 0.

Suppose {vy} = V(G) — V(T;) (note v, must be an endpoint of e,). Let
M : C(G') = T be the function that maps each I € C(G’) to the set obtained
from I by deleting the element in I with first coordinate v,. It is easy to verify
that M is a bijection, and the result follows. [ |
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Now, suppose that M, ..., Mg are the copies of K4 minus an edge contained
in G. For each i € [6], let m; be the number of copies of M; contained in the
second coordinate of the subcover of H corresponding to M;. Note that the vertex
set of each such copy is a transversal of the subcover of H corresponding to M;.

Lemma 11. Suppose G' = M; for some i € [6], and assume E(G') contains all
the edges of T; and T, for some j,r € [4] with j # r. Then, m; < min{t;,t,}.

Proof. Since the result is clear when m; = 0, we suppose m; > 0. Suppose
H' = (L', H') is the subcover of H corresponding to G'. Let C(G’) be the set
consisting of the vertex set of each copy of G’ in H’, and let 7; (resp. 7;) be
the set consisting of the vertex set of each copy of T} (resp. T) contained in the
second coordinate of the subcover of H corresponding to T} (resp. T;.). Now, let

T={ViUVa: Vi€ T;,Va € T, [ViNVo| = 2}.

It is easy to see that C(G’) = T. Then since for each V' € 7T; there is at most one
V' € T, such that |V N V’| = 2 (this also holds when j and r are interchanged),
min{t;, ¢} > |T]. ]

Next, suppose Q1, . . ., Q3 are the 4-cycles contained in G. For each i € [3], let
¢; be the number of 4-cycles contained in the second coordinate of the subcover
of H corresponding to ;. Note that the vertex set of each such 4-cycle is a
transversal of the subcover of H corresponding to @);. Finally let z be the number
of copies of K4 contained in H. Using this notation along with Lemmas 8, 9,
and 10 we see

6 k
PDP(G,H) = m4 + Z<_1)k Z m Sij
k=1

1<iy << <6 |j=1

= m*—6m> + 15m? — 16m — m(t1 +to + 13 —I—t4)

6 k
v e Y NS
k=4 1<i1 << <6 |j=1
4 3 6
= m* = 6m®+15m® —16m+ (3—m) > ti+> ¢— > mi+z.
=1 =1 =1

By Lemma 11, and noting that ¢; < m for each i € [3] and min{t1, to,t3,t4} >
z, we obtain the following.

Lemma 12. For each m > 4,

P} p(Ky,m) < m* —6m?3 + 15m? — 13m.
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Moreover, using the notation above, if H is a full m-fold cover of G = Ky such
that t; = 0 for each i € [4] and qj = m for each j € [3], then

Ppp(G,H) = m* — 6m> 4 15m? — 13m.

We are now ready to prove two important results that apply when m is odd.
These results will allow us to improve on the upper bound in Lemma 12 in the
case that m is odd.

Lemma 13. Suppose m > 5 and m is odd. If H is a full m-fold cover of G = K4
such that g; = m for each j € [3], then Z?Zl t; > 0.

Proof. For the sake of contradiction suppose H = (L, H) is a full m-fold cover
of G = K, such that ¢; = m for each j € [3] and 3.7, t; = 0 (equivalently ¢; = 0
for each i € [4]). Using the notation above, suppose: the vertices of @1 in cyclic
order are vy, va, U3, V4, the vertices of Q2 in cyclic order are vy, vo, v4, v3, and the
vertices of (J3 in cyclic order are vy, vs, v, V4.

Since ¢; = m we may assume that the vertices of H are named so that oy 2,
023, 034, and o1 4 are all the identity permutation. Since Z?Zl t; = 0, we know
that both o1 3 and 024 have no fixed points. Now, suppose that x is an arbitrary
element of [m]. Also, suppose that o1 3(x) = y. Since g2 = m, 01 3(z) = y implies
05 4(y) = x. Also, since g3 = m, g94(y) = x. So, 09.4(094(x)) = x. Since = was
arfoitrary, we have that o9 4 is an involution. Since 024 is also a permutation of
[m], we know it can be decomposed into disjoint cycles of length one and two.
Finally, since m is odd, o9 4 must have a fixed point which is a contradiction. m

Lemma 14. Suppose m > 5 and m is odd. If H is a full m-fold cover of G = K4
such that Y7, t; = 0, then Z?Zl q; <3m —3.

Proof. For the sake of contradiction suppose H = (L, H) is a full m-fold cover
of G = Ky such that Y}, #; = 0 and Z?:l ¢; > 3m — 2. Note that Lemma 13
implies that Z?:1 ¢; € {3m—1,3m—2}. Using the notation above, suppose: the
vertices of ()1 in cyclic order are vy, ve,vs, vy, the vertices of Q2 in cyclic order
are v1, U2, U4, v3, and the vertices of Q3 in cyclic order are vy, v3, V9, V4.

First, we claim that ¢; # m — 1 for each j € [3]. To see why suppose that
¢1 = m — 1. Then, we may assume without loss of generality that o 2(7) = 4,
023(i) = i, 034(i) = i, and oy 4(i) = i for each i € [m —1]. Since H is full,
this implies that o1 2, 023, 0374,’and 01,4 are all the identity permutation on [m]
which implies ¢; = m contradicting ¢ = m — 1.

Since g; # m — 1 for each j € [3], we may suppose that Z;’:l gj = 3m — 2,
qgqn = m, g = m, and g3 = m — 2. As in the proof of Lemma 13 assume
that the vertices of H are named so that 012, 023, 034, and o714 are all the
identity permutation on [m]. Since Y7 t; = 0, we know that both o1 3 and
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024 have no fixed points. As in the proof of Lemma 13, g2 = m implies that
o1,3(z) = o9.4(x) for each z € [m]. Since g3 = m — 2, there are by, by € [m] with
b1 7'5 by such that 0'2,4(01’3(17@')) 7& b; for each 7 € [2], and 02’4(0173(15)) =t for
each t € ([m] — {b1,b2}). So, we have that c94(024(b;)) # b; for each i € [2],
02.4(02,4(t)) =t for each t € ([m] — {b1,b2}), and o4(z) # z for each x € [m].
Since 024(02.4(b;)) # b; for each i € [2], we cannot have 09 4(b1) = by and
024(b2) = b1. So, we may assume without loss of generality o24(b1) = s for
some s € ([m] — {b1,b2}). We then have that o24(s) # s and o24(s) # b1.
So suppose 024(s) = ¢ for some ¢ € ([m] — {s,b1}). This however implies
02.4(q) = 024(024(s)) = s = 024(b1) which contradicts the fact that og4 is a
permutation. [ |

Lemma 15. For each odd m > 7,
P} p(Ky,m) < m* —6m3 + 15m? — 13m — 3.

Proof. Suppose H = (L, H) is a full m-fold cover of G = K4 where Ppp(G,H) =
P}, p(G,m). Using the notation established above, we have from identity (1)

4 3 6
Php(Gym) =m* —6m® +15m* — 16m + (3—m) Y i+ > qi— Y mi+z
=1 =1 =1

Notice that since m > 7, if S0 t; > 0, 3 —m) St ti — S0 m; + 2 <
(3 —m)YF ti + min{ty, to, 3,84} < —3t1 — 4ty — 4tz — 4t, < —3. On the other
hand, if Y7, #; = 0, Lemma 11 implies (3 —m) Y5, t;i — S0 m; + 2 = 0.
With these two observations in mind, we notice that if Z?:l t; = 0, Lemma 14
implies 23:1 q; < 3m — 3 which establishes the desired bound. We also notice
that if Y3 ¢ > 0, Php(G,H) < m* —6m® +15m? — 16m — 3+ 30 ¢ <
m* — 6m3 4 15m? — 13m — 3. m

We can now prove Theorem 3 by proving that the bounds in Lemmas 12
and 15 are attainable.

Theorem 3. Suppose m > 2. Then,

m* — 6m> + 15m? — 13m if m is even,

Php(Ky,m) =
Dp(K1,m) {m4—6m3+15m2—13m_3 if m is odd.

Consequently, there is no N € N and polynomial p(m) such that P} p(K4,m) =
p(m) whenever m > N.

Proof. Note that the result can be computationally verified when m = 2,3,4,5
(see Appendix 4). So, suppose that m is even and m > 6. We will now construct
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a full m-fold cover, H = (L,H), of G = K. For each i € [4], let L(v;) =
{(vi,7) : j € Im]} and let V(H) = U?:1 L(v;). Finally, create edges in H so
that whenever i,j € [4] and ¢ < j, (v;,t)(vj,t +1) € E(H) when t is odd and
(vi,t)(vj,t — 1) € E(H) when t is even. Now, using the notation established
above, it is easy to check that H is a full m-fold cover of G such that ¢; = 0
for each i € [4] and ¢; = m for each j € [3]. Lemma 12 then implies that
P} n(G,m) = Ppp(G,H) =m?* — 6m> + 15m? — 13m.

Now suppose that m > 7 and m is odd. To complete the proof, we must now
show that the upper bound in Lemma 15 is attainable. We will construct a full m-
fold cover, H = (L, H), of G = K. For each i € [4], let L(v;) = {(v;,7) : j € [m]}
and let V(H) = U?Zl L(v;). Finally, using the notation above, create edges as
follows. First, create edges so that o1 2, 01,3, and o1 4 are the identity permutation
on [m]. Let f be the permutation on [m] given by f(1) =2, f(2) =3, f(3) =1,
f(z) =z + 1 whenever z is even and 4 < x < m — 1, and f(x) = x — 1 whenever
z is odd and 5 < x < m. Finally, create edges so that 093 = 024 = f and
o34 =f"

Now, using the notation established above, it is easy to check that H is a
full m-fold cover of G such that t; = 0 for each i € [4]. Also, using the notation
above, if we suppose: the vertices of )1 in cyclic order are vy, vs,v3,v4, the
vertices of (J2 in cyclic order are vy, va,v4,v3, and the vertices of QY3 in cyclic
order are wi,vs,vs,v4, then it is clear that ¢ = ¢q3 = m. It is also easy to
check that go = m — 3. Finally, identity (1) and the fact that Zle t; = 0 implies
(3—m) Yt ti— 0 mi+2z = 0yields Ppp(G, H) = m*—6m>+15m? —13m—3.

|

3. PROOF OF THEOREM 6

This section is organized as follows. We begin by generalizing the notation and
approach of Section 2 so that it applies to complete graphs with order larger than
4. Then, we establish a lower and upper bound on Ppp(G,H) when G = K,
with n > 4 and H is an m-fold cover of G with m > 2/*! +t+n—6 where t = (g’)
These bounds allow us to prove the bounds in Theorem 6. Finally, we use the
bounds in Theorem 6 to show that when H = (L, H) is a full m-fold cover of G
satisfying Ppp(G,H) = P}p(G,m) and m > 271 + ¢t +n — 6, H is triangle-free.

We begin by generalizing the notation used in Section 2. This notation will
be used for the remainder of the paper. Suppose that G = K, with n > 4,
V(G) = {v1,...,vn}, E(G) = {e1,...,e;} where t = (}). Also, for some m >
20t 4t +n — 6 we always have that H = (L, H) is a full m-fold cover of G such
that L(v) = {(v,4) : i € [m]} for each v € V(G). Additionally, for ¢, € [n] with
i < j, we let 0; ; be the permutation of [m] that maps each ¢ € [m] to the second
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coordinate of the vertex in L(v;) that is adjacent to (v;,q) in H.

Let U ={I CV(H) :|L(v)NI| =1 for each v € V(G)}. Clearly, |U| =m".
Now, for i € [t], if e; = v,vg, let S; be the set consisting of each I € Y with the
property that H[I] contains an edge in Fg(L(v,), L(vs)). Also, for each i € [t]
let C; =U — S;. Clearly,

PDP(G, H) -

i=1
So, by the Inclusion-Exclusion Principle, we see that

t

Us:

i=1

t k

S SCl D SR g B

k=1 1<ip <<, <t |j=1

Ppp(G,H) = |U| -

Now, suppose that Ti,...,T, are the 3-cycles contained in G (note that
a = (3)). For each i € [a], let ¢; be the number of 3-cycles contained in the second
coordinate of the subcover of H corresponding to 7;. Next, suppose Q1,..., Qs
are the 4-cycles contained in G (note that b = 3(’;)). For each i € [b], let ¢; be
the number of 4-cycles contained in the second coordinate of the subcover of H
corresponding to @);. Suppose that My, ..., My, are the copies of K4 minus an
edge contained in G. For each i € [2b], let m; be the number of copies of M;
contained in the second coordinate of the subcover of H corresponding to M;.
Finally, suppose that Z1,..., Z;/3 are the copies of Ky contained in G. For each
i € [b/3], let z; be the number of copies of Z; contained in the second coordinate
of the subcover of ‘H corresponding to Z;.

We know from Section 2 that if for some i € [2b], E(M;) contains all the edges
of Tj and T, for some j,r € [a] with j # r, then m; < min{¢;,¢.}. Also, if for
some i € [b/3], E(Z;) contains all the edges of T}, Ty, T;., T for some j,q,r,s € [a]
with j < ¢ < r < s, then z; < min{t;,t,,t,,ts}. We are now ready to present
some bounds and identities that will be essential in our proof of Theorem 6.

Lemma 16. Assuming the set-up established above, the following statements
hold.

(i) For any k € [2] and i1,... i, € [t] satisfying i1 < --- < iy,
n—~k

k
mjzl Sij

m

(ii) If eiy,...,€i; are distinct edges that are not the edges of a 3-cycle in G,
’ﬂj':l Sij’ =m"7.

(i) Suppose that 3 < k < 6, and i1,...,ix € [t] satisfy i1 < -+ < ig. Let G’
be the subgraph of G with edge set {e;,,...,e;, } and vertex set consisting
of only the vertices that are an endpoint of at least one element in E(G').
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Suppose H' = (L', H') is the subcover of H corresponding to G'. Let C(G")
be the number of copies of G' contained in H'. If G’ is a 3-cycle in G, then

‘ﬂ?zl Si;| = m"3C(G'). Furthermore, if 4 < k <6 and |V(G')| = 4, then
‘nle Si. | = mric(a).

(iv) Suppose G’ is the spanning subgraph of G such that E(G') contains all the
edges of T; for some j € [a] and one additional edge. Suppose E(G') =

{67;1, ey 61'4}. Then, ﬂ?zl SZ'].

(v) Suppose that 4 < k < 6, and iy,...,i; € [6] satisfy i1 < --- < ix. Let G’
be the subgraph of G with edge set {e;,, ..., e; } and vertex set consisting of
only the vertices that are an endpoint of at least one element in E(G'). If
G’ is not a 3-cycle plus an edge, G' # Q; for some i € [b], G' # M; for some
i € [20], and G’ # Z; for some i € [b/3], then ’ﬂ?zl Si].‘ <mn4,

. k -
(vi) Fork >1, Zl§i1<"'<ik§t ‘ﬂj:l Sij| < (li)mn g

— 4 .,n—4
=t;m .

Proof. Statements (i), (ii), and (vi) are proven in a more general setting in [24].
So, we begin with a proof of Statement (iii). Let C(G’) be the set consisting of
the vertex set of each copy of G’ in H'. We suppose G’ is a 3-cycle or 4 < k < 6
and |V(G")| = 4. Note that ﬂ§:1 Si; has an element if and only if C(G’) has
an element. So, both results are clear when C(G’) = 0, and we suppose that
C(G) > 0.

Suppose C' = V(G) — V(G'), and ¢ = |C| (note that ¢ = n — 3 when G’ is
a 3-cycle, and ¢ = n — 4 when |[V(G’)| = 4). Name the elements of C' so that
C ={c1,...,cct. Let M : C(G') x [m]® — ﬂ?zl S;i; be the function given by
MV, (z1,...,2c)) = VU {(ci,x;) : i € [c]}. It is easy to verify that M is a
bijection which yields ’ﬂ?zl Si;| = m°C(G").

We now turn our attention to Statement (iv). Suppose without loss of gener-
ality that e;, ¢ E(T;). We may suppose that e;, does not share an endpoint with
any element of E(T}); otherwise, the desired result follows from Lemma 10 and
Statement (iii). Suppose e;, = zy. Let M : ﬂ?zl Si; x [m] — ﬂ?zl Si; be the
function given by M (V,i) = (V—(VNL(y)))U{(y,7)}. One can verify that M is
ﬂ?zl Sij‘ = ‘ﬂ?zl Sij‘. Since Statement (iii) implies

a bijection which yields m

3
‘mjzl Si
For Statement (v) notice that for any G’ satisfying the hypotheses, the span-

ning subgraph of G with edge set E(G’) has at least n —4 components. The result
immediately follows (this idea is also used in [24] to prove Statement (vi)). ®

= t;m" 3, our proof of Statement (iv) is complete.
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Lemma 16 along with the fact there are (¢ —3) spanning subgraphs of G that
contain all the edges of T} and one additional edge, now yields the following.

Ppp(G

I
3

> 5

1<i1 <<, <t | j=1
t n - t n—3
;| m
3 3 -l
=1

6 k
+Z(_1)k ﬂ Si + Z ﬂ Si

k=4 1<11< <1<t |j=1 k= 1<t <<, <t |j=1

e O o
(o)t (S ()

t
=m" —tm"~ 1+ 2>m

()

b 2b b/3
' (Z oot (Dot () e
=1 =1

i=1
+ (b+a(t —3) +2b+b/3)m" 4 — 2tmn 4,
Similarly, using the fact that m > 2!*14-¢+n—6 which means n+t—m—6 < 0,

¢i < m for each i € [b], and for each i € [a], T} is a subgraph of exactly (n —3) of
the graphs 73, ..., Zy/3, we obtain
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Ppp(G,H)

6 k t k
+) (-1)* > RERREDIGA > AE?

k=4 1<iy<--<ip<t |j=1 k=7 1<iy < <ip <t |j=1

t
n Z o | mnt Z <Ii;> -
i—1 k—4

a

t¢> m™ 4 bm" 3 + (n — 3) (Z t,) m" 4 4 2tmn
1 i=1

oot (o (0)5) () e

Notice that this establishes the upper bound in Theorem 6. We will now
construct covers and use bound (2) to establish the lower bound in Theorem 6.

Lemma 17. Suppose G = K, with n > 4, and let t = (Z) When m > 211 4
t+n—6,

s (o) (0) o) o<

Proof. We will first prove the result when m is even. Construct a full m-fold
cover, H = (L, H), of G as follows. For each i € [n], let L(v;) = {(v;,7) : j € [m]}
and let V(H) = |J;_; L(v;). Finally, create edges in H so that whenever i, j € [t]
and 7 < j, (vi,t)(vj,t +1) € E(H) when t is odd and (vs,t)(vj,t — 1) € E(H)
when t is even. Now, using the notation established above, it is easy to check
that M is a full m-fold cover of G such that ¢; = 0 for each i € [a] and ¢; = m
for each j € [b]. The fact that t; = 0 for each i € [a] also implies that m; = 0 for
each i € [2b] and z; = 0 for each i € [b/3]. Our desired bound now immediately
follows from bound (2) and the fact that Ppp(G,H) < Pj,p(G,m).
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Now suppose that m is odd. Construct a full m-fold cover, H = (L, H), of
G as follows. For each i € [n], let L(v;) = {(v;,7) : j € [m]} and let V(H) =
Ui, L(v;). Let f be the permutation on [m] given by f(1) = 2, f(2) = 3,
f3)=1, f(xr) =2+ 1 whenever z iseven and 4 <x <m —1, and f(z) =2 —1
whenever z is odd and 5 < x < m. Now, create edges so that whenever i, j € [t]
and ¢ < j, 055 = f

Now, using the notation established above, we have that ¢; = 0 for each
i € [a] since f~Y(f(f(x))) = f(x) # x for each x € [m]. As in the case when m
is even, this implies m; = 0 for each ¢ € [2b] and z; = 0 for each i € [b/3].

Now, suppose v;, vj, i, v; are four arbitrary vertices in G such that i < j <
k < 1. Additionally, suppose Q4, @, and @ are the 4-cycles in G’ with vertex
set equal to {v;, v;, vk, v1}. We will now compute ¢4, ¢, and g;. Without loss of
generality we may assume ¢ = 1, j = 2, k = 3, and [ = 4. We may also suppose
the vertices of ()4 in cyclic order are v1, v2, v3, v4, the vertices of (), in cyclic order
are v, V2, U4, v3, and the vertices of Q) in cyclic order are vy, vs, vo, v4. Note that
for each x € [m],

o11(034(023(012(2))) = fHf(f(f(2))) = F(f(x)).

Since f(f(z)) = z for each = € [m] — [3] and f(f(x)) # x for each x € [3], we
have that g, = m — 3. Similarly, since f~1(f~1(f(f(z)))) = x for each x € [m],
¢ = m; additionally, since f~1(f(f~(f(z)))) = x for each z € [m], ¢s = m.
This means

b
(Z qi> m"* = (mb — b)ym™ ™t = bm™ 3 — bm" 1.
1=1

Our desired bound now immediately follows from bound (2) and the fact that
PDP(G,H) < P]BP(G,m) |

We are now ready to complete the proof of Theorem 6 which we restate.
Theorem 6. Suppose G = K, withn >4, and lett = (3). If m > 2" +t+n—6
and H = (L, H) is a full m-fold cover of G satisfying Ppp(G,H) = P},p(G,m),
then H is triangle-free. Moreover, when m > 211 4t 4+ n — 6,

f(m) = 2'm"™* < Ppp(G,m) < f(m) +2'm"™*

where
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Proof. Suppose H = (L, H) is a full m-fold cover of G satisfying Ppp(G,H) =
P} (G, m) and m > 2071 +¢ +n — 6. Since we have already proven both bounds
on P ,(G,m) above, we need only show that H is triangle-free.

For the sake of contradiction, suppose that H is not triangle-free. Using
the notation above, this implies that > ¢ ;¢ > 0. Let S = Y7 | ¢;. Then, by
bound (3) and the fact that m > 2!7! + ¢ 4+ n — 6, we obtain

Ppp(G,m) = Ppp(G,H)

oot (= () () ()

+(t4+n—6—m)Sm"* 4 2tmn—?

ot (e () 0) ()

+ @2 +t+n—6—m)ym"?

ot s (o= ()-0) ) o

This however contradicts f(m) — 2'm"™* < P} (G, m). ]

Acknowledgment

The authors would like to thank Hemanshu Kaul for his guidance and encourage-
ment. The authors would also like to thank the anonymous reviewers for their
helpful comments on this paper.

REFERENCES

[1] J. Becker, J. Hewitt, H. Kaul, M. Maxfield, J.A. Mudrock, D. Spivey, S. Thomason
and T. Wagstrom, The DP color function of joins and vertez-gluings of graphs,
Discrete Math. 345 (2022) 113093.
https://doi.org/10.1016/j.disc.2022.113093

[2] A. Bernshteyn, The asymptotic behavior of the correspondence chromatic number,
Discrete Math. 339 (2016) 2680-2692.
https://doi.org,/10.1016/j.disc.2016.05.012

[3] A. Bernshteyn and A.V. Kostochka, Sharp Dirac’s theorem for DP-critical graphs,
J. Graph Theory 88 (2018) 521-546.
https://doi.org/10.1002/jgt.22227

[4] A. Bernshteyn and A.V. Kostochka, On differences between DP-coloring and list
coloring, Siberian Adv. Math. 21 (2018) 61-71.
https://doi.org/10.3103/S1055134419030039

[5] A. Bernshteyn, A.V. Kostochka and X. Zhu, DP-colorings of graphs with high chro-
matic number, European J. Combin. 65 (2017) 122-129.
https://doi.org/10.1016/j.ejc.2017.05.007


https://doi.org/10.1016/j.disc.2022.113093
https://doi.org/10.1016/j.disc.2016.05.012
https://doi.org/10.1002/jgt.22227
https://doi.org/10.3103/S1055134419030039
https://doi.org/10.1016/j.ejc.2017.05.007

18

(6]

[10]

[11]

[12]

[13]

[16]

[17]

[18]

J.A. MUDROCK AND G. SHARBEL

G.D. Birkhoff, A determinant formula for the number of ways of coloring a map,
Ann. Math. 14 (1912-1913) 42-46.
https://doi.org/10.2307 /1967597

7.Y. Cheng, Z. Lei, Y.T. Wang and Y.C. Zhang, A categorification for the signed
chromatic polynomial, Electron. J. Combin. 29 (2022) #P2.49.
https://doi.org/10.37236,/10939

S.L. Dahlberg, H. Kaul and J.A. Mudrock, An algebraic approach for counting DP-
3-colorings of sparse graphs, European J. Combin. 118 (2024) 103890.
https://doi.org/10.1016/j.ejc.2023.103890

S.L. Dahlberg, H. Kaul and J.A. Mudrock, A polynomial method for counting col-
orings of sparse graphs (2023).
arXiv:2312.11744

F.M. Dong and Y. Yang, DP color functions versus chromatic polynomials, Adv.
Appl. Math. 134 (2022) 102301.
https://doi.org/10.1016/j.aam.2021.102301

F.M. Dong and M.Q. Zhang, An improved lower bound of P(G,L) — P(G,k) for
k-assignments L, J. Combin. Theory Ser. B 161 (2023) 109-119.
https:/ /doi.org/10.1016/.jcth.2023.02.002

Q. Donner, On the number of list-colorings, J. Graph Theory 16 (1992) 239-245.
https://doi.org/10.1002/jgt.3190160307

Z. Dvorak and L. Postle, Correspondence coloring and its application to list-coloring
planar graphs without cycles of lengths 4 to 8, J. Combin. Theory Ser. B 129 (2018)
38-54.

https://doi.org,/10.1016/j.jctb.2017.09.001

P. Erd6s, A.L. Rubin and H. Taylor, Choosability in graphs, Congr. Numer. 26
(1979) 125-127.

C. Halberg, H. Kaul, A. Liu, J.A. Mudrock, P. Shin and S. Thomason, On polynomial
representations of the DP color function: Theta graphs and their generalizations, J.
Combin. 15 (2024) 451-478.

https://doi.org/10.4310/joc.240906222651

H. Kaul and J.A. Mudrock, Combinatorial Nullstellensatz and DP-coloring of
graphs, Discrete Math. 343 (2020) 112115.
https://doi.org/10.1016/j.disc.2020.112115

H. Kaul and J.A. Mudrock, On the chromatic polynomial and counting DP-colorings
of graphs, Adv. Appl. Math. 123 (2021) 102131.
https://doi.org/10.1016/j.aam.2020.102131

H. Kaul, J.A. Mudrock, G. Sharma and Q. Stratton, DP-coloring Cartesian products
of graphs, J. Graph Theory 103 (2023) 285-306.
https://doi.org/10.1002/jgt.22917


https://doi.org/10.2307/1967597
https://doi.org/10.37236/10939
https://doi.org/10.1016/j.ejc.2023.103890
https://arxiv.org/abs/2312.11744
https://doi.org/10.1016/j.aam.2021.102301
https://doi.org/10.1016/j.jctb.2023.02.002
https://doi.org/10.1002/jgt.3190160307
https://doi.org/10.1016/j.jctb.2017.09.001
https://doi.org/10.4310/joc.240906222651
https://doi.org/10.1016/j.disc.2020.112115
https://doi.org/10.1016/j.aam.2020.102131
https://doi.org/10.1002/jgt.22917

ON POLYNOMIAL REPRESENTATIONS OF DUAL DP CoOLOR FUNCTIONS 19

[19]

[20]

[21]

[23]

[24]

[26]

[27]

[28]

[29]

[30]

S.-J. Kim and K. Ozeki, A note on a Brooks’ type theorem for DP-coloring, J. Graph
Theory 91 (2019) 148-161.
https://doi.org/10.1002/jgt.22425

A.V. Kostochka and A.F. Sidorenko, Problem session, in: Fourth Czechoslovak
Symposium on Combinatorics, Graphs and Complexity, J. Nesetfil and M. Fiedler
(Ed(s)), Ann. Discrete Math. 51 (Elsevier Science Publishers B.V., 1992) 380.

Z. Li and Y. Yang, Bounds for DP color function and canonical labelings, Graphs
Combin. 40 (2024) 65.
https://doi.org/10.1007/s00373-024-02794-5

R. Liu, S. Loeb, Y. Yin and G. Yu, DP-3-coloring of some planar graphs, Discrete
Math. 342 (2019) 178-189.
https://doi.org/10.1016/j.disc.2018.09.025

J.A. Mudrock, A deletion-contraction relation for the DP color function, Graphs
Combin. 38 (2022) 115.
https://doi.org/10.1007/s00373-022-02520-z

J.A. Mudrock and S. Thomason, Answers to two questions on the DP color function,
Electron. J. Combin. 28 (2021) #P2.24.
https://doi.org/10.37236/9863

J.A. Mudrock, A note on the DP-chromatic number of complete bipartite graphs,
Discrete Math. 341 (2018) 3148-3151.
https://doi.org,/10.1016/j.disc.2018.08.003

L. Postle and E. Smith-Roberge, Exponentially many correspondence colourings of
planar and locally planar graphs (2023).
arXiv:2309.17291

C. Thomassen, The chromatic polynomial and list colorings, J. Combin. Theory Ser.
B 99 (2009) 474-479.
https://doi.org/10.1016/j.jctb.2008.09.005

G. Sharbel, Counting DP colorings, GitHub repository (2024).
https://github.com/GSharb/Counting DP Colorings

V.G. Vizing, Coloring the vertices of a graph in prescribed colors, Diskret. Analiz.
29 (1976) 3-10.

W. Wang, J. Qian and Z. Yan, When does the list-coloring function of a graph equal
its chromatic polynomial, J. Combin. Theory Ser. B 122 (2017) 543-549.
https://doi.org/10.1016/j.jctb.2016.08.002

D.B. West, Introduction to Graph Theory (Prentice Hall, Upper Saddle River, NJ,
2001).

T. Zaslavsky, Signed graph coloring, Discrete Math. 39 (1982) 215-228.
https://doi.org,/10.1016/0012-365X(82)90144-3


https://doi.org/10.1002/jgt.22425
https://doi.org/10.1007/s00373-024-02794-5
https://doi.org/10.1016/j.disc.2018.09.025
https://doi.org/10.1007/s00373-022-02520-z
https://doi.org/10.37236/9863
https://doi.org/10.1016/j.disc.2018.08.003
https://arxiv.org/abs/2309.17291
https://doi.org/10.1016/j.jctb.2008.09.005
https://github.com/GSharb/Counting_DP_Colorings
https://doi.org/10.1016/j.jctb.2016.08.002
https://doi.org/10.1016/0012-365X(82)90144-3

20

J.A. MUDROCK AND G. SHARBEL

4. APPENDIX

The program in this Appendix is written in Python, and it is available at [28]. The
program can be used to compute P}, p (K4, m) when m = 2,3,4,5. For our inputs for the
program we assume G = Ky, V(G) = {v1,v92,v3,v4}, and E(G) = {e1, ea,e3,¢eq,€5,¢€6}
where e; = v1v2, €2 = VU3, €3 = V1V4, €4 = VU3, €5 = Uy, and eg = v3v4. By
Corollary 12 in [9], P}, p(G,m) can be computed by considering all full m-fold covers for
G such that 012, 01,3, and 014 are all the identity permutation.

HESHH B H R AR BRH

#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#
#

GUIDE

1.) Ask $|/V(G)|$ and $|E(G)|$ from the user.

2.) Ask the user for the incidence matrix of $G$.

3.) Asks the user for the value of $m$.

4.) For each edge, $e = v_i v_j$ with $i < j$ the user indicates with
a $0$ that $\sigma_{i,j}$ will be fixed as the identity permutation
for all full $m$-fold covers that the program considers, or the user
indicates with a $1$ that $\sigma_{i,j}$ is not fixed.

PROCESS

The program counts the number of proper $\mathcal{H}$-colorings of $G$
for each full $m$-fold cover, $\mathcal{H}$ of $G$, satisfying:

for any edge $v_i v_j$ with $i < j$ that received a O in the 4th step,
$\mathcal{H}$ has $\sigma_{i,j}$ as the identity permutation.

Thus if $q$ is the number of 1’s entered by the user,

the program considers $(m!)~q$ full $m$-fold covers of $G$.

OUTPUT
The first output will be the maximum number of proper colorings
over all $m$-fold covers that the program considers.

The second output will be the minimum number of proper colorings
over all $m$-fold covers that the program considers.

To verify Theorem 3 for $m = 2,3,4,5$ use the following inputs:
1.) Enter the number of vertices: 4
Enter the number of edges: 6

2.) Enter the incidence matrix(one row at a time and space-separated
values) E1 E2 E3 E4 E5 E6

Vi: 111000
V2: 100110
V3: 010101
va: 001011

3.) Enter the fold number: m
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4.) Enter the edges that will correspond to the identity permutation
in the cover (°0’ for identity, ’1’ otherwise):

E1: O

E2:
E3:
E4:
E5:
E6:

e )

OUTPUTS FOR EACH VALUE OF $m$
When $m = 2%:

2

0

When $m = 3$:
12
0

When $m = 4$:
60
24

When $m = 5$:
182
120

H oH H O H HHHEHHEHHHEHHEHHEHHHEHHEHHHEHH

HARHHBHHHBR SR ERH

import math as math
import itertools as iter
from tqdm import tqdm

#

# Creation of the incidence matrix of $G$. Returns a 2D Matrix.

# When $G$ has $1$ vertices and $w$ edges, the user specifies $1$ and $w$
# and then the incidence matrix.

#

#

def incidenceM_Creation(l, w):

# Initialize the incidence matrix with zeros

matrix = [[0] * w] * 1

print ("Enter the incidence matrix "

"(one row at a time and space-separated values):")
for cols in range(w):

if (cols == 0):
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print(f" E{cols + 1}", end=" ")
else:

print (f"E{cols + 1}", end=" ")
for i in range(1):

print ()
row = input(£"V{i + 1}: ") .strip().split()
if len(row) != w:

print ("Error: Number of elements in the row does "
"not match the number of columns.\n")
incidenceM_Creation(l, w)

return None

matrix[i] = [int(val) for val in row]

print ()

return matrix

Returns a 1D Matrix

For each edge, $e = v_i v_j$ with $i < j$ the user indicates with a $0$
that $\sigma_{i,j}$ will be fixed as the identity permutation for all
full $m$-fold covers that the program considers, or the user

indicates with a $1$ that $\sigma_{i,j}$ is not fixed.

H OH HF O HH HH

def edgeID_Creation(w):

matrix = []

print ("\nEnter the edges that will correspond to the identity
permutation" "in the cover(’0’ for identity, ’1’ otherwise): ")
for i in range(w):

matrix.append(int (input (f"Edge {i + 1}: ")))

print ()

return matrix

#

# Generates every possible coloring based on the second coordinates of

# the elements of $L(v)$ for each $v \in V(G $.

#

def generate_colorings(n, length):

return [list(perm) for perm in iter.product(range(l, n + 1),
repeat=length)]

#
# Determines whether a coloring is proper.
#
def coloring_function(m, v, e, incidence_matrix, p_edges, colorings):
c=0

for i in range (m**v):

z =0
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for j in range(e):

a=-1

b=-1

for k in range(v):

if (incidence_matrix[k] [j] == 1):
a=>b

b=k

if (p_edges[j]l [colorings[i][a]l - 1] != colorings[i] [b]):
z +=1

if (z == e):

c +=1

return c

##### DRIVER PROGRAM ######

# Ask $1V(G)|$ and $1E(G)|$ from the user.
v = int(input ("Enter the number of vertices: "))
e = int(input("Enter the number of edges: "))

# Ask the user for the incidence matrix of $G$.
incidence_matrix = incidenceM_Creation(v, e)

# Ask the user for the value of $m$.
m = int(input("\nEnter the fold number: "))

# Generates every possible coloring based on the second coordinates of
# the elements of $L(v)$ for each $v \in V(G $.
colorings = generate_colorings(m, v)

# D is the maximum number of proper colorings

# over all $m$-fold covers that the program considers.
# d is the minimum number of proper colorings

# over all $m$-fold covers that the program considers.
D=0

d = (m¥*v)

# Generates all permutations of $[m]$.
permutations = list(iter.permutations(range(l, m + 1)))

# Enter the edges that will correspond to the identity permutation
# in the cover (0’ for identity, ’1’ otherwise):
edges_id = edgeID_Creation(e)

# Determine the number of 1’s entered by the user.
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Q=0
for i in range(e):
q += edges_id[i]

# Generates all full $m$-fold covers that the program will consider.
covers = generate_colorings(math.factorial(m), q)

#

# Counts the number of proper $\mathcal{H}$-colorings of $G$

# for each full $m$-fold cover, $\mathcal{H}$ of $G$, satisfying:
# for any edge $v_i v_j$ with $i < j$ that received a O,

# $\mathcal{H}$ has $\sigma_{i,j}$ as the identity permutation.

# Thus if $q$ is the number of 1’s entered by the user,

# the program considers $(m!)"q$ full $m$-fold covers of $G$.

#
P
£

= [[0] * m] * e
or i in tqdm (range(math.factorial(m)**q), desc="Calculating..."):
for j in range(e):
count = 0
if edges_id[jl== 1:
plj] = permutations[covers[i] [count] - 1]
count += 1
else:
plj] = permutations[0]
c = coloring_function(m, v, e, incidence_matrix, p, colorings)
if ¢ > D:
D=c
if ¢ < 4d:
d =c

# OUTPUTS
print(f’Max: {D}’)
print (£’Min: {d}’)
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