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Abstract

Let H be a set of graphs. A graph is H-free if it does not contain any
copy of H as a subgraph where H € H. The planar Turdn number of H,
denoted by ex,(n, H), is the maximum number of edges in an H-free planar
graph on n vertices. The upper bounds of ex,(n,{Cy,Cr+1}) are known
when 3 < k < 5, and these bounds are tight. In this paper, we give the
upper bound of exp(n,{Cs, Cr}) for all integers n > 76, and this bound is

sharp.
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1. INTRODUCTION

All graphs considered in this paper are finite, undirected and simple. Let G be a
graph with vertex set V(G) and edge set E(G). For any v € V(G), we use Ng(v)
to denote the set of neighbours of v in G. We define Ng[v] := Ng(v) U{v}. Let
di(v) be the degree of vertex v in G. We use 6(G) to denote the minimum degree
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of G. Let V;(G) denote the set of vertices of degree ¢ in G. We say a cycle is a
Hamilton cycle of G if it contains all vertices of G. Let g(G) denote the length
of the shortest cycle of G. For V! C V(G) (E' C E(G)), G[V'] (G[E']) denotes
a subgraph which is induced by V' (E') of G. We use Cy and K; to denote the
cycle and complete graph on t vertices, respectively. We use K, to denote the
graph obtained from K; with one edge removed. A graph is k-degenerate if it can
be reduced to K7 by repeatedly deleting vertices of degree at most k. A graph is
2-connected if it is a connected graph on at least 3 vertices and without any cut
vertex. For any integer k, let [k] := {1,2,...,k}.

A graph G is planar if it can be drawn in the plane so that its edges intersect
only at their ends, and such a planar embedding of G is called a plane graph. The
unbounded face of a plane graph is called the outer face. For any plane graph G,
a vertex of GG is called an internal vertex if it is not on the boundary of the outer
face of G. We use F(G) to denote the set of all faces of G. We denote the face
of degree k and more than k by k-face and kT -face, respectively. We denote the
face by (v1,ve,...,vg)-face, if its boundary is a cycle with vertices vy, ve, ..., v
in order. If there exists a sequence of 3-faces F1, Fs, ..., F}y so that F; and Fjy;
exactly share one edge where i = 1,2,...,k—1 and k > 2, the 3-faces F; and F},
are equivalent. The terminology and notation used in this paper can refer to [1].

Let H be a set of graphs. A graph is H-free if it does not contain any copy of
H as a subgraph where H € H. The Turdn number of H, denoted by ex(n, H), is
the maximum number of edges in an H-free graph on n vertices. When H = {H },
we write ex(n,H) as ex(n, H). In 1941, Turdn [18] proved a classical result in
the field of extremal graph theory. He determined the exact value of ex(n, K})
for any integer n and all k£ > 3, and he also proved that the balanced complete
(k—1)-partite graph on n vertices is the unique extremal graph. This has led to a
considerable amount of research work including the classical Turdn-type problem
and the Turan-type problems when the host graphs are hypergraph, hypercube
and random graph [10, 14, 15].

In recent years, the Turan-type problem when the host graph is planar have
received much attention. In 2016, Dowden [3] considered the Turdn-type problems
when the host graph is a planar graph, i.e., how many edges can an H-free planar
graph on n vertices have? And the maximum number of edges is called the
planar Turdn number of H, denoted by exp(n,H). For |H| =1, let H = {H},
we write exp(n, H) as ex,(n, H). Early in 2007, Wang et al. [19] gave the upper
bounds of ex,(n,Cy) when 3 < k < 7, but they did not prove whether these
bounds were tight. Dowden [3] determined the exact value of ex,(n,Cs) and its
unique extremal graph, he also gave the tight upper bounds of ex,(n, Cj) when
k € {4,5}. Lan et al. [12] obtained the upper bound of ex,(n,Cs). Ghosh et
al. [6] improved the upper bound of ex,(n,Cs) given in [12] and obtained the
tight upper bound of ex,(n,Cs). In 2023, Shi et al. [16] and Gyéri et al. [7]
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independently obtained the tight upper bound of ex,(n, Cy).

Theorem 1. Let n be an integer.

(1) [3] For alln > 3, exp(n,Cs) =2n — 4.

(2) [3] For all n > 4, exp(n,Cy) < 22(n —2), the equality holds when n = 30
(mod 70).

(3) [3] Foralln > 11, exp(n,Cs) < 122233 the equality holds for infinitely many
n.

(4) [6] For all n > 18, exp(n,Cs) < %n — 7, the equality holds when n = 10
(mod 18).
[

(5) [7, 16] For all n > 38, exp(n,C7) < 1871 — 22 the equality holds for infinitely
many n.

Regarding the lower bound of ex,(n,C}), Cranston et al. [2] obtained that
exp(n,Cy) > 3n — 6 — 3”+6, when n is a function of k and sufficiently large
2

for all £ > 11. Lan et al. [11] obtained that ex,(n,Cy) > 3n —
1243r—8£2r

R
being the remainder of n — 4 when divided by k& — 6 + Lk L. Gyéri et al. [8]
obtained that ex,(n,Cy) > 3n —6 — G- ;Z:;:” for n sufficiently large and for all k.
Regarding the upper bound of exp(n,Cy), Cranston et al. [2] conjectured that
exp(n,C) < 3n —6 — k1°€23 for n sufficiently large and for all k where D is a

constant. Shi et al. [17] verified the above conjecture with D =

k=1
o[ 5T

—min{r + 10,11}, for all n and k with n > k£ > 11 and for r

Z .

Theorem 2 [17]. For all integers n,k > 4, exp(n,Cy) < 3n —6 —

_—_n__
Aflog23 *

For |H| > 2, Du et al. [4] gave the tight upper bounds of ex,(n, {Ck, Crt1})
when k € {3,4}. Du et al. [5] obtained the tight upper bound of ex,(n, {Cs, Cs}).
By Theorem 1(1), we see that exp(n, C3) = 2n—4 for alln > 3, so ex,(n, {Cs, Ck})
< 2n —4 for all £ > 5. Since Ks,_2 must be Cj-free for all k£ # 4, we have
exp(n,{Cs,Ck}) > 2n — 4. Thus ex,(n,{C3,Ck}) = 2n — 4 when k > 5. The
minimum degree of Ky ,_9 is 2, so Gy0ri et al. [9] studied the maximum number
of edges in a {Cs5, Cy }-free planar graph on n vertices with the minimum degree
more than 2, and obtained the upper bounds when k € {3,4}.

Theorem 3. Let n be an integer.

(1) [4] For alln >4, exy(n,{C3,Cy}) < 2(n—2), the equality holds when n =5
(mod 15).

(2) [4] For all n > 8, exp(n,{C4,C5}) < 2n — 6, the equality holds when n = 3
(mod9).
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(3) [5] For all n > 14, exp(n,{Cs,Cs}) < 29231 the equality holds when n =7
(mod 10).

In this paper, we obtain the sharp upper bound of the planar Turan number
of {Cg, C7}; the results are as follows.

Theorem 4. For all integers n > 76, we have ex,(n, {Cs, Cr}) < 3in — %

Theorem 5. Ifn =10 (mod 22), then exy(n,{Cs,Cr}) = 2in — 2.

2. PROOF OF THEOREM 4

To prove Theorem 4, we give some definitions and lemmas. Given a plane graph
G, a triangular block of GG is a subgraph induced by the edge set consisting of all
edges on the boundaries of a 3-face and all 3-faces equivalent to it. If an edge of
G is not on the boundary of any 3-face, then the subgraph induced by the edge
is called a trivial triangular block of G. Let T (G) denote the set of all triangular
blocks of G.

A triangular block on at most 5 vertices must be {Cg, C;}-free. Accord-
ing to the definition of the triangular block, the triangular blocks on 5 vertices
are T51,T52 ,T53 and Tgl, the triangular blocks on 4 vertices are T41 and T42, the
triangular block on ¢ vertices is T; for ¢ = 2,3, as shown in Figure 1.

A A -
17 Ty T

Figure 1. The triangular blocks on at most 5 vertices.

73 (5 T 7 T

Lemma 6. Any triangular block on k vertices is Cg-free if and only if k < 5.

Proof. The sufficiency clearly holds for £ < 5. Now we prove the necessity. A
triangular block on at most 5 vertices must be Cg-free. So we only prove that
any triangular block on k vertices must contain Cs when k£ > 6. According to the
definition of the triangular block, a triangular block on at least 6 vertices must
contain a triangular block on 6 vertices as a subgraph. Therefore, we only need
to prove that any triangular block on 6 vertices must contain Cg. Let T" be any
triangular block on 6 vertices. Notice that 7' must contain a triangular block
H; on 5 vertices as a subgraph. Let V(T) \ V(H;) = {xo}. According to the
definition of the triangular block, we see that x¢p must be adjacent to the ends x;
and xo of an edge on the boundary of the outer face of Hy. All triangular blocks
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on 5 vertices are depicted in Figure 1. Clearly, T, g has a Hamilton cycle containing
e for any edge e on the boundary of the outer face of T¢ when i = 1,2,3,4. Thus
H, has a Hamilton cycle containing edge x1x2, we denote this cycle by x1 Pxox;.
So T contains Cg = xgx1Pxoxg. Thus any triangular block on 6 vertices must
contain a Cg. This completes the proof of the necessity. [

Corollary 1. Any {Cs, C7}-free triangular block has at most 5 vertices.

Proof. Any {Cg,C7}-free triangular block must be Cg-free. By Lemma 1, we
see that any {Cg, C7 }-free triangular block has at most 5 vertices. ]

Let G be a plane graph and T be a triangular block of G. An edge of T is
called an outer edge of T if it is on the boundary of a 3*-face of G. The ends
of an outer edge of T" are called the outer vertices of T'. We use t(v) to denote
the number of the triangular blocks sharing v in G where v € V(G). For any
v € V(G), when tg(v) > 2, v is called a junction vertex; when tg(v) = 1, v is
called a non-junction vertex. We denote the set of all junction vertices of T by
J(T). For any triangular block T' of G, we define ng(T') == > cv(p) ﬁ For
any v € V(G), since the number of the triangular blocks sharing v in G is tg(v),
we have

MY =Y ST 2 tel) s = V)
)

TET(G) TET(G) veV(T veV (@) ta(v

Observation 1. Let T be a triangular block of a plane graph G. Then ng(T) <
V(D)| = 51T(D)].

Proof. According to the definition of the junction vertex, for any v € V(G), we
have tg(v) > 2 when v is a junction vertex and ¢;(v) = 1 when v is a non-junction
vertex. So by the definition of ng(T), then ng(T) < & - |J(T)|+1- (|[V(T)| -
T (D)) = [V(T)| = 51T (T)|- u

Let G be a 2-connected plane graph and F' be a face of G. Since G is 2-
connected, we know that the boundary of each face of G is a cycle, we denote
the boundary of F' by Cp. If two adjacent edges on the boundary of F' are the
outer edges of a T, then we call that this T3 is closely related to F, as shown in
Figure 2 (the gray area is F'). For any F € F(G), let k(F) be the number of Tg's
which are closely related to F, we define E1(Cr) := {e € E(Cr)le € E(T2),T¢
is closely related to F'} and Es(Cp) := E(Cr)\E1(CF). For any F' € F(G) and
e € E(Cr), let {(F) = |E(CF)| — k(F'), and we define

E(%’ ifee El(CF);

)
2 =
( ) fF(e) a%), ifee EQ(CF)

[\
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Since |E(CF)| = |E1(CFr)| + |E2(Cr)| = 2k(F) + |E2(CF)|, we have k(F) =
U(F) — |Ey(CF)|-

Figure 2. T is closely related to F.

If T¢ is closely related to F, then we have |E(T¢) N E(Cr)| = 2. Since the
triangular blocks are edge-disjoint, we have |E;(CF)| = 2k( ) and |E2(CFp)| =
|[E(CF)| — 2k(F). So for all F' € F(G), we have Y cp o, [r(e ) = D ecE (Cr)
fF(e) + ZEGEQ(CF) fF(e) = Ze€E1(CF) % T ZGEEQ(CF % - ( ) 26(1F
(B(Cr)| - 2K(F)) - 7 = (F) - 1tby = 1.

For any triangular block 7' of G, we define fo(T) = > cpir)(fr(e) +
fr2(e)), where two faces F! and F? are incident with e. The triangular blocks
are edge-disjoint, so

Z fa(M = > > (me)+fra(e) = D (frile) + fra(e))

TeT (G TeT(G) ecE(T) e€E(Q)
(3)
= > Y frlo= > 1=|F@Q).
FeF(G)ecE(CF) FeF(G)

We denote the set of all faces of G incident with edges of T by F(T"). Accord-

ing to the definition of f¢(T'), we have fc(T) = 3_ pe (1) 2cepy(cp) fr(€) Where
Er(Cr) = E(Cp)NE(T). We denote the set of all 3-faces of G incident with edges

of T by F3(T). If F € F3(T), then E1(Cp) =0, k(F) =0 and ¢(F) = |E(CF)|.
Thus > ccpop) fr(€) = Xecpcp m = 1. For any F € F3(T'), we have
Er(Crp) = E(CF), so ZFG}'g(T) ZeGET(CF) fr(e) = ZFE]-'g(T) ZeeE(CF) fr(e) =

oY feleo+ > > frle

(4) FeFs(T)ecEr(CFr) FeF(T)\F3(T)ecET(Cr)
= B0+ > > fele).
FeF(I)O\F3(T)ecEr(CF)

Let G be a 2-connected planar graph. So for any 7' € T(G), we must have
|T(T)| > 2 and |F(T)\ F3(T)| = |J(T)|. Thus for any trivial triangular block
H € T(G), there are only two faces in F(H), both faces are 3*-faces, since two
vertices of H must be junction vertices. Let w(T") = 36 fo(T)+9ng(T)—25|E(T)]
for any T' € T(G).
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Observation 2. Let G be a 2-connected planar graph, T be a triangular block of
G on at most 5 vertices with F(T) \ F3(T) = {F1, Fa, ..., Flzm)} and T # TZ.

Cp,
Then w(T) = 36 (|Fa(T)| + X7 EHEedl) + ong (1) — 25| B(T).

Proof. Since T # T2, we have ET(CF) C Ey(Cp) for i = 1,2,...,|J(T)|.
By equation (2), we have fr, (e) = E(F) for e € E7(Cp,) and i € [|J(T)|]. By

equation (4), we have w(T) = 36(|F3(T )\—FZU ‘ZQGET(CF ) [ (€))+9na(T)—
25| B(T)| = 36(1F3(T)| + S EE G5 + 9na(T) — 251 B(T)). .

Observation 3. Let G be a 2-connected planar graph and T be a triangular block
of G with F(T)\ F3(T) = {F1, Fs,...,Flgr)}. Then w(T) < 0 if one of the
following holds. (1) T =2 T and £(Fy) > 8 for j € [3] and k = 1,2,...,|T(T)|;
(2) T = T and ((Fy) > 8 for j € [2] and k = 1,2,...,|7(T)|; 3) T = T2,
|T(T)| =3, {(F1) > 8 and ¢(Fy) > 5 for k =2,3.

Proof. By Observation 1, we have ng(T) < |V(T)| — 3|T(T)| < |V(T)| —
1 since |J(T)| > 2. If (1) holds, then ng(T) < 4. When T =

Er(C
S B (Cr)| = 5, we have SR < 7, combining |75(T)| = 3,
|E(T)| = 7 and Observation 2, we have w(T) < When T = T, j €

{2,3}, since ZLZ%T” |Er(CF,)| = 4, we have Z'j D ‘Ei((ggi)‘ < %, combining

|F3(T)| =4, |[E(T)| = 8 and Observation 2, we have w(T") < 0. If (2) holds, then
ne(T) < 3. When T = T], j € [2], since ZL‘Z&T)‘ |E7(CF,)| = 5 — j, we have
EL‘QT)‘ lE:gég?” < 5—, combining |F3(T)| = j+ 1, |E(T)| = j + 4 and Obser-
vation 2, we have w(7T') < 0. If (3) holds, then by | J(T)| = 3, we have ng(T) <
5 *|j( )| < % Notice that ZLZgT” |Er(Cr,)| _ |E7(Cry)l E\J )| IE?((FC'Z?)I <

e £(F1) -
‘ET(gFlﬂ 5*|ET(CF1)‘ — 40*3|E7(;(CF1)‘ S % COHlblIlng ‘]_-3( )| — 3, ’E(T)’ =7

5 1
and Observation 2, we have w(T") < 0. n

Observation 4. Let G be a 2-connected planar graph and T be a triangular
block of G. For oall F € F(T)\ F3(T), if k(F) > 1, then G contains two cycles

Cilecp)+1 and Cigcp)|+2-

Proof. Let u1,ug,...,u g,y denote vertices of Cr in order. Since k(F) > 1,
there must exist a T: 54 closely related to Cp, i.e., there must exist two adja-
cent edges of Cp that are two outer edges of a Ty, without loss of generality,
let these two edges be ujue and wous. Notice that there exists a path P; of
length ¢ + 2 between u; and w3 in T54, i = 1,2, so G contains C|gcp)|+i =
U1RU3U4 T UIB(Cp)| UL |
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Observation 5. Let G be a 2-connected {Cg, C7}-free planar graph and T be
a triangular block of G. For oll F € F(T)\ F3(T), we have ((F) > 4 and

UF) ¢ {6,7}.

Proof. By the definition of ¢(F), we obtain that ¢(F) = |E(CFp)| — k(F) > 3
and G contains cycles of length ¢(F) and |E(CF)|. Since G is {Cg, C7}-free, we
have ¢(F) ¢ {6,7}. Now we prove that {(F) > 4. Assume /(F) = 3. Recall
that k(F') = {(F) — |E2(Crp)| < U(F) and |E(Cr)| = k(F) + 3. If k(F) = 0,
then |E(Cr)| = 3, this contradicts the fact that F € F(T') \ F3(T). If k(F) =1,
i € {1,2}, then |E(CF)| = i+3, by Observation 4, we know that G contains C; 5,
a contradiction. If k(F') = 3, then |E(CF)| = 6, a contradiction. So ¢(F) > 4. =

Let G be a 2-connected {Cg, C7}-free planar graph and T be a triangular
block of G with T' # T4. For all F € F(T)\ F3(T), let V(Cp)NJ(T) = {uk,vL}.
Let Cyry be a cycle of length £(F') containing all edges of Ea(Cr). Let PL be
a path in Cyp) with ends ut and vL and containing no edges of Er(Cr). Since
T # T3, we have Er(Cr) C E2(Cr), so |E(Pf)| = |E(Cyr))| — |ET(CF)| =
U(F) — |Ep(CF)|. Let H be a subgraph of G. For {u,v} C V(H), let Ly (u,v)
be the set of lengths of all paths between v and v in H. When H is a triangular
block of G with |V (H)| € {4,5}, it is easy to verify that for {u,v} C V(H), we
have {2,3,...,|V(H)| -2} C Lz (u,v); moreover, we have |V(H)|—1 € L (u,v)
if uv is an outer edge of H or uv ¢ E(H).

Observation 6. Let G be a 2-connected {Cg, C7}-free planar graph and T be a
triangular block of G with T # Tg. For all F € F(T)\F3(T), we have ((F) > 8, if
one of the following holds. (1) |V(T)| € {4,5} and |Ex(CFr)| =1; (2) |V(T)| =5,
|Er(Cr)| =2 and ulok ¢ BE(T); (3) T € {12,135} and |E7(Cr)| = 3.

Proof. Assume (1) holds. If £(F) =i, then |E(PL)| = {(F) — |Er(Cr)| =i — 1,
i € {4,5}; we obtain that G contains C;19 since 3 € Ly (uk,vL), a contradiction.
So ((F) ¢ {4,5}. Assume (2) holds. If ¢(F) = i, then |[E(PL)| =i—2,i €
{4,5}; we obtain that G contains Cj9 since 4 € Lp(uk,vL), a contradiction. So
U(F) ¢ {4,5}. Assume (3) holds. Since |Er(Cr)| = 3, we have ((F) # 4. If
((F) =5, then |E(PL)| = 2; we obtain that G contains Cg since 4 € Ly (uk, vL),
a contradiction. So ¢(F) ¢ {4,5}. By Observation 5, if (1), (2) or (3) holds, then
UF) > 8. |

Observation 7. Let G be a 2-connected {Cg, C7}-free planar graph and T be a
triangular block of G. For all F € F(T)\ F3(T), we have {(F) =4 or {(F) > 8,
if one of the following holds. (1) T = T}, |Ep(Cg)| =i —2 fori € {4,5} and
ubol ¢ B(T); (2) T 2 T2 and |Er(Cr)| = 2.

Proof. Assume (1) or (2) holds. If ¢(F) = 5, then |E(PL)| = ¢(F)— |BEr(CF)| =
5—(|V(T)| —2)=7—|V(T)|, with |V(T)| — 1 € Ly(uk,vE); we obtain that G
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contains Cg, a contradiction. So ¢(F') # 5. By Observation 5, we have ((F') = 4
or /(F) > 8. |

Observation 8. Let G be a 2-connected {Cg, C7}-free planar graph and T be a
trz'angular block of G. For all F € F(T)\ F3(T), if T = T3, |Er(Cr)| = 2 and
ubol € E(T), then {(F) =4 or ((F) > 9

Proof. 1f ((F) = i, then |E(PL)| = {(F) — |Er(Cr)| =i — 2, i € {5,8}, with
{1,3} C Ly (uE, vF) and we obtain that G' contains C;_; and Cjy1, a contradic-
tion. So ¢(F') ¢ {5,8}. By Observation 5, we have ¢(F') =4 or ¢(F) > 9. |

Observation 9. Let G be a 2-connected {Cg, C7}-free planar graph and T be a
triangular block of G. For all F € F(T) \ F3(T), we have |E(CF)| = {(F) and
each edge of E(Cr)\ Er(CF) is in a trivial triangular block, if one of the following
holds. (1) T = T4, |Er(Cr)| = 3, e( ) =4 and Lok ¢ E(T); (2) T € {T3,12},
|E7(Cr)| =2, {(F) =4 and quF €E(T); (3) T =T}, |ET(CF)] =2, UF) =
and utvl ¢ E(T); (4) T =14, |Er(Cr)| =3, ((F) =5 and utovk € B(T).

Proof. Firstly, we prove that |E(Cp)| = ¢(F). Suppose |[E(CF)| # £(F'). Since
E(F) = |E(CF)| — ¢(F) and |E(CF)| > £(F), we have k(F) > 1. Notice that
T # T2, since k(F) = ((F) — |E2(Cr)| and |Eo(Cr)| > |Er(Cr)|, we have
k(F) < U(F) — |Er(Cr)| < 2. According to |E(CFg)| = ¢(F) + k(F), we have
|E(Cr)| € {5,6,7}. By Observation 4, we obtain that G contains Cg or C7, a
contradiction. So |E(CF)| = 4(F).

Secondly, we prove that each edge of E(Cr)\ Er(CF) is in a trivial triangular
block. If (1) holds, then |E(Cr) \ Er(Cr)| = |E(CF)| — |Er(Cr)| = ¢(F) —
|Er(CFr)| = 1, so E(Cfp) \ Er(Cr) = {quF} Let H be a triangular block
containing uLvl. If H # GluLol], then uLol must be incident with a 3-face of
H, then 2 € Ly(uk,vL), we know that G contains Cg since 4 € Lr(uk,vk), a
contradiction. So H = G[quF] If (2), (3) or (4) holds, then |E(Cp)\ Er(CFr)| =
2. Let E(CF) \ Er(Cr) = {utw,vEw}. Now we prove that uLw and viw are
in different triangular blocks. Suppose uIT;w and v%w belong to a triangular
block 7”. Clearly, T" # Tb. Since |E(Cr)| = £(F), we have k(F) = 0, i.e.,
T #Tg I T € {T3,T}} and quF € E(T"), then dg(w) = 2, a contradiction.
If T € {12, T2, 13, T3}, or T' = T} and ubol ¢ E(T'), then 3 € Ly (uk,vL),
so G contains Cy since 3 € ET(ug,vg), a contradiction. So ugw and v%w are
in different triangular blocks. Let H, and H, be triangular blocks containing
u}T,ﬂw and vgw, respectively. If H, # G[ufww], then u}T,ﬂw must be incident with
a 3-face of H,, i.e., 3 € Ly,uH, (u?,v%), we know that G contains Cg since
3 € Lr(uk,vk), a contradiction. So H, = Glutw). Similarly, H, = Gvkw]. =

Observation 10. Let G be a 2-connected {Cg, C7}-free planar graph, H be a
triangular block of G with E(H) = {viva}, F(H) = {F1,F>} and ((F)) = 4.



1306 Y.-X. ZHENG, C.-Q. XU AND Y.-X. LAN

Then (1) w(H) < B2 ifta(v;) > r, i = 1,2, wherer € {2,3}; (2) w(H) < —4
ifta(v1) > 2 and tg(v2) > 3.

Proof. Since ((Fy) = 4, we have ]E(Pg)] ={(F)— |Eg(Cr)| = 3. If {(Fy) =1,
i € {4,5}, then |E(P{)| = {(F) — |Ex(Cr,)| = i — 1, so G contains Cjg =
legnggvl, a contradiction. By Observation 5, we have ¢(F») > 8. Since
|E(H)| =1, we have |F3(H)| =0 and |[Ex(CF,)| =1 for i = 1,2. By Observation
2, we have w(H) < 36(0 + 1 + %) +9nG(H) — 25|E(H)| = Ing(H) — 2. Recall
that ne(H) = Yoevim iom) = i) T ety U te(vi) = 7, i = 1,2, then
ne(H) < 2, s0 w(H) < 18 — 23 where r € {2,3}; if tg(v1) > 2 and te(v2) > 3,
then ng(H) < %, sow(H) < —4. |

Lemma 7 [13]. If G is a 2-degenerate graph on m wvertices with n > 2, then
|E(G)| <2n - 3.

Lemma 8 [20]. If a connected graph on n vertices is composed of blocks G1,Go,
.o, Gs, thenn=>3"",|V(G;)| —s+1.

Lemma 9. Let G be a 2-connected and {Cq,C7}-free planar graph on n vertices
with n > 7. If the degree of any internal vertex of one plane graph of G is at least
3, then |E(G)| < 2n— 2.

We will give the proof of Lemma 9 in Section 3. Now we prove Theorem 4.

Proof of Theorem 4. Let G be any {C§, C7}-free planar graph. We need to
prove that |E(G)| < 2L |V(G)|- 2, ie., 27|V (G)|-11|E(G)| > 72 when |V (G)| >
76. If G is 2-degenerate, by Lemma 7, we have | B(G)| < 2|V(G)|-3 < Z|V(G)|-
22 when |V(G)| > 76. If G is not 2-degenerate, repeatedly delete vertices of de-
gree at most 2 from G until the degree of any vertex of the remaining graph is at
least 3, the remaining graph is denoted by G~. Clearly, we have 6(G~) > 3 and
E(G)| < |E(G)] +2(V(G)| — [V(G))). So 27IV(G)] — 11|E(G)] = 27V(G)| -
L(E(GT)] + 2(V(G)] = [V(GT)]) = 5(V(G)] = [V(GT)]) + 27]V(GT)[ -
11|1E(G7)), ie.,

() 27V(G)| = 1[E(G)| = 5([V(G)| = [V(GT)]) + 27[V(GT)| = TLE(GT)].

Let T1,T5,...,T; be components of G~ and H., ,4+1,H., ,+2,...,H., be the
blocks which belong to T; of G~ where ¢y = 0. Clearly, the number of the blocks
in G~ is ¢. Since the blocks are edge-disjoint, we have |E(G™)| = Y_i*, |E(H;)|.

By Lemma 8, we have [V(T;)| =35, 1 [V(H;)| — (¢ — ¢i—1) + 1. So

(6) V(G| = SV = DIV ()~ .
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Let b; and b>7 be the number of the blocks on j vertices and at least 7
vertices in G, respectively, when j = 2,3,...,6. So ¢ = Z?:Q bi + b>7 and
Yoty [V(Hi)| = > i59ibi. For any block H; of GT, by Lemma 9, we have
27\V( )| —11|E(H;)|—27 > 72—27 = 45 when |V (H;)| > 7. Clearly, |E(H;)| =1
when |V (H;)| = 2 and |E(H;)| < 3|V(H;)| — 6 when 3 < |V(H;)| < 6, then
27|V (H;)| — 11|E(H;)| — 27 > 3 when 2 < |V(H;)| < 6. By inequality (5), we
have 27|V(G)| — 11[E(G)| = 5([V(G)| = [V(GT)]) + 27|V(G™)| — T[E(GT)| =
S(IV(G) = IV(GT)) + 27325, [V (H:)| — e+ 1) = 113751 [E(Hy)| = 5([V(G)| -
V(G + 255, 71V (H)| - 11!E( i)l =27) + 27t > (\V( )= IV(GT)]) +
45b>7 + 330 by + 271, ie.,

6
(V(G)| = [V(G7)|) +45bx7 + 3> _b; + 27t.
i=2
If b7 > 1, then by ¢ > 1, we have 27|V (G)| — 11|E(G)| > 72. If bs7 = 0,
then ¢ = 26:2 b; and Y ' |V(H;)| = Z?:z ib;. By equation (6), we have
V(G| = 2 (i= it < 53500, bitt, 50 27|V(G)| ~ 11| B(G)| = 3(]V(G)| -
(530 5 bi+t)+330 5 bi+27t = 2[V(G)|+122¢. Thus 27|V (G )|—11|E( )| > 72
when |V (G)| > 76.
In summary, for all n > 76, we have ex,(n, {Cg, C7}) < Zn — 22, |

27|v(G)| = 11[E(G)| =

OT\OJ

3. PROOF OF LEMMA 9

Let G be a plane graph satisfying the condition of Lemma 9. To prove that
|E(G)| < Z|V(G)|— 2, by Euler formula, we prove that 11|E(G)| < 27|V (G)| —
36(|V(G)|— |E(G)|+|F(GQ))), ie., 36 |F(G)|+9|V(G)|—25|E(G )\ < 0. Since the
triangular blocks are edge-disjoint, we have |E(G)| = ZTET T)|. By equa-
tions (1) and (3), we have 36 |F(G)|+9|V(G)|—25 |E(G &TET (@) 36fa(T)+
Ing(T) — 25|E(T)|). Thus we only need to prove that ZTGT(G) w(T) < 0. By
Corollary 1, we see that T is isomorphic to a triangular block in Figure 1 for
all T € T(G). We consider eight cases based on the structure of the triangular
blocks. For any T' € T(G), since G is 2-connected, we have | J(T')| > 2 and
F(T)\ Fo(T)| = |T(T)], et F(T)\ Fs(T) = {Fi, For .., Flyry -

Case 1. T = T} Let V(T) = {v1,v2,v3,v4,v5}. The triangular block T
is depicted in Figure 3(a). Clearly, |E(T)| = 7, |F3(T)| = 3 and |J(T)| €
{2,3,4,5).

Subcase 1.1. | T (T)| = 2.

(1) Assume two junction vertices are the ends of an edge e of T'. If e is not an
outer edge of T, then v; ¢ J(T), so dg(v;) =2, i =1,4. Since G is 2-connected,
we obtain that v; or vs must be an internal vertex of (G, a contradiction. So e
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U]
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Figure 3. Three cases of T'.

is an outer edge of T. The 3*-faces in F(T) are either only incident with e or
with other four outer edges of T'. Notice that F(T') \ F3(T') = {F1, F»}, without
loss of generality, let |[E7(Cp,)| =1 and |Er(Cr,)| = 4. Since e € E(T'), we have
((Fy) ¢ {4,5}. By Observations 5 and 6(1), we have ¢(F;) > 8, i = 1,2. By
Observation 3(1), we have w(T") < 0.

(2) Assume two junction vertices are not the ends of any edge of T. Let
J(T) = {u,w}. Notice that F(T) \ F3(T) = {F1, F>}, without loss of generality,
let |[E7(Cr)| = 2 and |E7(CR,)| = 3. By Observations 6(2) and 7(1), we have
g(Fl) > 8, and Z(Fg) =4 or E(FQ) > 8.

When ¢(F3) = 4, by Observation 9(1), we have |E(CF,)| = ¢(F2) = 4. Since
|E(CR,) \ Er(Cr,)| = 1, we have uw € E(CF,). Let H; be a triangular block
containing vw. By Observation 9(1), we have H; = G[uw]. We next calculate
w(T') and w(H7). Since V(Hy) C V(T'), we have |V(T)UV(H;)| = 5. Sincen > 7
and G is 2-connected, we have tg(u) > 3 and tg(w) > 3. Firstly, we calculate
w(T). For all v ¢ J(T), we have tg(v) = 1. Thus na(T) = X ,ev(n) ﬁ <
2-1+3-1= 1. Combining |F3(T)| = 3, |[E(T)| = 7 and Observation 2, we have
w(T) < 36(3+ 3 4+ 3) + 9Ing(T) — 25|E(T)| < 2. Secondly, we calculate w(H ).
Notice that H; = Guw], F» € F(Hy) and ¢(F3) = 4, by Observation 10(1), we
have w(H;) < —4. Let 7{ = {T, H,}. Then > ey w(H) < 0.

When ¢(F3) > 8, by Observation 3(1), we have w(T) < 0.

Subcase 1.2. |J(T')| = 3. Notice that {vi,vs} N T(T) # 0, otherwise v; ¢
J(T) for i = 1,4, we obtain that dg(v;) = 2 and v; or vy must be an internal
vertex of G since G is 2-connected, a contradiction.

(1) Assume [{vi,v4} N J(T)| = 1. Without loss of generality, let v; € J(T)
and vy ¢ J(T).

(1.1) If vy ¢ j(T), then j(T) = {01,02,1}3}. Let ET(CFl) = {Ulvg},
Er(Cr,) = {vavs} and Er(Cr,) = {vsv4, v4vs5,v105}. By Observations 6(1) and
7(1), we have ¢(F;) > 8 for i = 1,2 and ¢(F3) =4 or {(F3) > 8.

When ¢(F3) = 4, by Observation 9(1), we have |E(CF,)| = ¢(F3) = 4. Since
|E(Cry) \ Er(Cry)| = 1, we have vivz € E(Cr,). Let H; be a triangular block
containing v1vs. By Observation 9(1), we have H; = Glvivs]. By V(Hy) C V(T),
we have |V(T) UV (H;)| = 5. Since G is 2-connected, n > 7 and H; = Gvjvs],
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there exists v € J(T') satisfying tg(v) > 3. Forall u € J(T )\{v} and w ¢ j( ),
we have tg(u) > 2 and tg(w) = 1. So ng(T) = X ey (1) 7 G( y<1- 3 +2- 3+
2:-1= %. Combining |F3(T)| = 3, |E(T)| = 7 and Observation 2, we have
w(T) <363+ 5+ 5+ 2)+9Ing(T) — 25|E(T)| < 0.

When ¢(F3) > 8, by Observation 3(1), we have w(T") < 0.

(1.2) If v € J(T), then J(T) = {v1,v2,v5} or J(T) = {v1,v3,v5}. When
J(T) = {v1,v2,v5}, without loss of generality, let |E7(Cr )| = |Er(Cg,)| = 1
and |E7(Cr,)| = 3. Since vpus € E(T'), we have ¢(F3) # 4. By Observations 5
and 6(1), we have ¢(F;) > 8 for i = 1,2 and ¢(F3) > 5. By Observation 3(3), w
have w(T) < 0.

When j( ) = {Ul,Ug,’U5} let ET(Cpl) = {’Ul’U5} ET(CF2) = {Ul’Ug,’Ugvg}
and Er(Cpg,) = {vsv4,vsvs5}. By Observations 5 and 6(1,2), we have ((F;) > 8
for i = 1,2 and ¢(F3) > 4. By Observation 1, we have ng(T) < I. Comblnlng
|F5(T)| =3, |E(T)| = 7 and Observation 2, we have w(T) < 36(3+ 5 + 2+ %) +
Ing(T) — 25|E(T)| < 0.

(2) Assume [{vi,va} NT(T)| = 2, i.e., {vi,v4} € J(T). According to the
symmetry of T', there are two cases as follows.

When j(T) = {01,02,U4}, let ET(Cpl) = {’Ul’Ug}, ET(CFQ) = {Ul’U5,’U4’U5}
and Ep(Cr) = {vavs,vsvs}. By Observation 6(1,2), we have ¢(F;) > 8 for
i =1,2,3. By Observation 3(1), we have w(T') < 0.

When J(T') = {v1,v4,v5}, let Ep(Cr) = {vivs}, Er(Cr,) = {v4vs} and
Er(Cry) = {viva, v2v3, v3v4 }. According to analysis similar to Subcase 1.2 (1.1),
we have w(T) < 0.

Subcase 1.3. |J(T)| = k for k € {4,5}. Notice that F(T) \ F3(T) =
{Fy, F,..., F}}, then the number of 3"-faces with exactly one edge of T is k —1
when k£ = 4 and k£ when k£ = 5. Without loss of generality, let |Er(Cr,)| = 1
fori =1,2,...,k—1 and |Ep(CF,)| = 6 — k. By Observations 5 and 6(1), we
have ¢(F}j) > 8 for j=1,2,...,k—1and ¢(F}) > 4. By Observation 1, we have

ng(T) <5 — % Combining |f3( )| =3, |E(T)| = 7 and Observation 2, we have
w(T) < 36(3 + At + 555) + 9ng(T) — 25|E(T)| < 0.

Case 2. T = T2. Recall that F(T) \ F3(T) = {Fl,Fg,...,ﬂj(T”} and
T (T)| € {2,3,4}. According to the structure of TZ, we see that uf, vf, ¢ E(T)
when |Er(F;)| =2,1€{1,2,...,|J(T)|}. By Observation 6, we have E( ;) > 8
fori=1,2,...,|J(T)|. By Observation 3(1), we have w(T') < 0.

Case 3. T = T3. Let V(T) = {v1,v2,v3,v4,v5}. The triangular block T is
depicted in Figure 3(b). Clearly, |E(T)| = 8, |F3(T)| =4 and |JT(T)]| € {2, 3,4}.

Subcase 3.1. | T (T)| = 2.
(1) Assume two junction vertices are the ends of an edge e of T. According
to whether e is an outer edge, there are two cases as follows.
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(1.1) If e is an outer edge of T, then the 3*-faces in F(T') are either only
incident with e or with other three outer edges of T'. Notice that F(T)\ F3(T') =
{F1, F»}, without loss of generality, let |[Ep(Cr)| = 1 and |E7(Cr,)| = 3. By
Observation 6(1,3), we have ¢(F;) > 8, i = 1,2. By Observation 3(1), we have
w(T) <0.

(1.2) If e is not an outer edge of T, then J(T') = {ve,v4} and |E7(Cr,)| =
|E7(Cr,)| = 2. By Observation 8, we have ((F;) = 4 or ¢(F;) > 9 for i = 1,2.
Without loss of generality, we assume that ((F}) < ¢(F).

When ¢(F;) =4, i = 1,2, by Observation 9(2), we have |E(CE,)| = (F;) = 4,
so |E(Cr,) \ Er(Cr,)| = |E(Cr)| = |Er(CrR)| = 2. Let E(Cr) \ Er(Cr,) =
{ei1,€i2} and H;; be a triangular block containing e;;, ¢ = 1,2 and j =
1,2. By Observation 9(2), we have H; ; = Gle;j], i = 1,2 and j = 1,2. Let
V(Hi,l) N V(H%Q) = {Ui+5}, 1 = 1,2 Clearly, tG(Uj) > 2, j == 6,7 Notice
that {HLl,HLQ} N {H271,H272} = (D, otherwise {Hl}l,HLQ} = {HQJ,H—Q’Q}, then
vg = v7 and |V(G)’ = |V(T)UV(H171)UV(H1,2)‘ = ’V(T)U{UGH = |V(T) +1<7,
a contradiction. We next calculate w(T') and w(H, ;) for i = 1,2 and j = 1,2.
Since H;j is a triangular block, ¢ = 1,2 and j = 1,2, we have tg(v;) > 3 for
k = 2,4. Firstly, we calculate w(7T'). For all v ¢ J(T'), we have tg(v) = 1. Thus
n6(T) = Cpevir) o < 273 +3-1= 4. Combining [F3(T)| =4, |[E(T)| =8
and Observation 2, we have w(T') < 36(4 + 2 + 2) + 9ng(T) — 25|E(T)| < 13.
Secondly, we calculate w(H; ;) for i = 1,2 and j = 1,2. Without loss of gener-
ality, let Hy 1 = G[vavg]). Combining Fy € F(Hy 1), £(F1) = 4 and Observation
10(2), we have w(H; 1) < —4. Similarly, w(H; ;) < —4 for i =1,2 and j = 1, 2.
Let 7-2/ = {T, Hl,la HLQ, H271,H272}. Then EHGTQ/ w(;(H) S 0.

When ((F}) = 4 and ¢(F3) > 9, by Observation 9(2), we have |E(Cp,)| =
E(Fl) =4, so ‘E(Cpl)\ET(CFI)‘ = 2. Let E(CFl)\ET(CFl) = {61,62} and
H; be a triangular block containing e;, i = 1,2. By Observation 9(2), we have
H;, = Gle], i = 1,2. Let V(Hy) NV (Ha) = {ve}. Clearly, tg(vs) > 2. We
next calculate w(7") and w(H;) for ¢ = 1,2. Firstly, we calculate w(T'). Since
H; = Gle;] for i = 1,2, we have |V(T)UV(Hy) UV (Hs)| = |V(T)U{uvs}| = 6.
Since n > 7, G is 2-connected and H; = Gle;], i = 1,2, there exists v € J(T)
satisfying tg(v) > 3. For all u € J(T) \ {v} and w ¢ J(T), we have tg(u) > 2
and tg(w) = 1. Thus ng(T) = >_,cy (1) % <i+1+3x1= 2. Combining
|F3(T)| = 4, |E(T)| = 8 and Observation 2, we have w(T) < 36(4 + % + 2) +
Ing(T) — 25|E(T)| < 5. Secondly, we calculate w(H;) for i = 1,2. Without loss
of generality, let H; = G[vavg). Since v € J(T'), we have tg(ve) > 2. Combining
Fy € F(Hy), {(Fy) = 4 and Observation 10(1), we have w(H;) < —3. Similarly,
w(Hy) < —35. Let T{ = {T, Hy, H>}. Then Y pery wa(H) <0.

When ((F;) > 9, i = 1,2, by Observation 3(1), we have w(T") < 0.

(2) Assume two junction vertices are not the ends of any edge of T'. Clearly,
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J(T) ={v1,v3} and |Er(Cr,)| = |Er(CE,)| = 2. By Observation 6(2), we have
((F;) > 8,1 =1,2. By Observation 3(1), we have w(T) < 0.

Subcase 3.2. |J(T)| = 3. Notice that F(T') \ F3(T') = {F1, F2, F3}, without
loss of generality, let |E7p(Crg,)| = 1 for i = 1,2 and |Ep(Cr)| = 2. Since
|J(T)| = 3 and J(T) C {v1,va,v3,v4}, we have {v1,v3} C J(T) or {ve,vs} C
J(T).

(1) Assume {v1,v3} C J(T). Recall that vivs ¢ E(T). By Observation
6(1,2), we have ¢(F;) > 8, i =1,2,3. By Observation 3(1), we have w(T) <0.

(2) Assume {v2,v4} C J(T'). Recall that vovs € E(T). By Observations 6(1)
and 8, we have ((F;) > 8 for i = 1,2, and ¢(F3) =4 or ¢(F3) > 9.

When ¢(F3) = 4, by Observation 9(2), we have |E(Cr,)| = ¢(F3) = 4, so
|E(Cry) \ Er(Cry)| = 2. Let E(Cr,) \ Er(Cr,) = {e1,e2} and H; be a triangular
block containing e;, i = 1,2. By Observation 9(2), we have H; = Gle;], i = 1,2.
Let V(Hy) NV (Hsy) = {vg}. Clearly, tg(vs) > 2. We next calculate w(T') and
w(H;) for i = 1,2. Firstly, we calculate w(T"). By Observation 1, we have
ne(T) < %. Combining |F3(T)| = 4, |E(T)| = 8 and Observation 2, we have

w(T) <36(4+5+5+2)+9n(T) —25|E(T)| < 3. According to analysis similar
to Subcase 3.1 (1.2), we have w(H;) < —%, i=1,2. Let T = {T, H1, Ha}. Then
> e walH) < 0.

When ¢(F3) > 9, by Observation 3(1), we have w(T) <

(T
Subcase 3.3. |J(T')| = 4. Notice that F(T) \ F3(T') = {F1, F>, F3, Fy} and
|E7(CF,)| = 1, by Observation 6(1), we have ¢(F;) > 8 for i = 1,2,3,4. By
Observation 3(1), we have w(T") < 0.

Case 4. T = Tg. Clearly, |E(T)| =9, |F3(T)| =5 and |J(T)] € {2,3}.

Subcase 4.1. |J(T)| = 2. Let J(T') = {u,v}. Notice that F(T)\ F3(T) =
{F1, F»}, without loss of generality, let |Ex(Cr,)| =1, i = 1,2. If {(F;) € {4,5}
for i € {1,2}, then ((F;) — 1 € Lop@a)\em)(w;v), so G contains Cyp,);o since
3 € Lr(u,v), a contradiction. Thus £(F;) ¢ {4,5}, i = 1,2. By Observation 5, we
have 6( ) > 8 1= 1 2. Clearly, ET(CFl) - EQ(CFI) and ET(CFQ) - E1(0F2)
By equation (2), we have fr,(e) = Z(F) < g when e € Ep(Cp,), i = 1,2. By

Observation 1 and equation (4), we have ng(7T) < 4 and fq(T) = |F3(T)| +

Subcase 4.2. |J(T)| = 3. Recall that F(T) \ F3(T) = {F1, F», F3} and
|Er(CF,)| = 1 for i = 1,2,3. If {(F;) € {4,5} for i € {1,2}, then {(F;) — 1 €
Laipen\e)(u,v) for {u,v} € J(T), so G contains Cy(p)4 since 3 € Lr(u,v),
a contradiction. Thus ¢(F;) ¢ {4,5}, ¢ = 1,2,3. By Observation 5, we have
UF;) > 8,1 = 1,2,3 Clearly, E7(CF,) C EQ(CFZ.), by equation (2), we have

fr(e) = E(}la) < { when e € Ep(Cp,), i = 1,2,3. By Observation 1 and equation
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(4), we have ng(T) < § and fo(T) = |F3(D)| + X7 Ceepy(cy,) fril€) < 5+

21 1 =% Thus w(T) < 0.

Case 5. T = T}. Let V(T) = {v1,v2,vs3,v4}. The triangular block T is
depicted in Figure 3(c¢). Clearly, |[E(T)| =5, |F3(T)| =2 and |J(T)| € {2, 3,4}.

Subcase 5.1. | T (T)| = 2.

(1) Assume two junction vertices are the ends of an edge e of T'. If e is not an
outer edge of T', then v; ¢ J(T), so dg(v;) = 2,4 =1,3. Since G is 2-connected,
we obtain that v or vg must be an internal vertex of GG, a contradiction. So e
is an outer edge of T. The 3'-faces in F(T) are either only incident with e or
with other three outer edges of T'. Notice that F(T') \ F3(T) = {F1, F>}, without
loss of generality, let |E7(Cp,)| =1 and |Er(Cr,)| = 3. Since e € E(T'), we have
((Fy) # 4. By Observations 5 and 6(1), we have ¢(Fy) > 8, and ¢(Fy) = 5 or
U(Fy) > 8.

When ¢(F;) = 5, by Observation 9(4), we have |E(Cr,)| = ¢(F2) = 5, so
|E(CF2)\ET(CF2)’ = 2. Let E(CF2)\ET(CF2) = {61, 62} and H; be a triangular
block containing e;, i = 1,2. By Observation 9(4), we have H; = Gle;], i = 1,2.
Let V(Hy) N V(Hz2) = {vs}. We calculate w(T"). Since H; = Gle;] for i = 1,2,
we have |V(T) UV (Hy) UV (Ha)| = |V(T)UA{vs}| = 5. Since n > 7, G is 2-
connected and H; = Gle;], i = 1,2, there exists v € J(T) satisfying tg(v) > 3.
For all u € J(T) \ {v} and w ¢ J(T), we have tg(u) > 2 and tg(w) = 1. Thus
nG(T) = Y pevir) o < § + 3 +2- 1= 4. Combining | F3(T)| =2, |[E(T)| =5
and Observation 2, we have w(T) < 36(2 + £ + 2) 4+ Ing(T') — 25|E(T)| < 0.

When ¢(F3) > 8, by Observation 3(2), we have w(T") < 0.

(2) Assume two junction vertices are not the ends of any edge of T'. Clearly,
J(T) ={vi1,v3} and |E7(Cr,)| = |Er(CE,)| = 2. By Observation 7(1), we have
U(F;) = 4 or (F;) > 8,7 = 1,2. Without loss of generality, we assume that
U(F) < U(Fy).

When ((F;) =4, i = 1,2, by Observation 9(3), we have |E(Cr,)| = {(F;) = 4,
s0 |[E(Cr,) \ Er(C)| = |E(Cr)| — |Er(Cp)| = 2. Let E(Cr)\ Er(Cr,) =
{ei1,€ei2} and H;; be a triangular block containing e;;, ¢ = 1,2 and j =
1,2. By Observation 9(3), we have H; ; = Gle;j], ¢ = 1,2 and j = 1,2. Let
V(Hi1) N V(H;2) = {viga}, i = 1,2. Clearly, tg(v;) > 2, j = 5,6. Notice
that {Hlyl,Hl,Q} N {HQJ,HQQ} = (), otherwise {HLl,HLQ} = {HQJ,HQQ}, then
vs = vg and |V(G)| = |[V(T)UV (H1 1)UV (Hi2)| = |[V(T)U{vs}| = [V(T)|+1 < 7,
a contradiction. We next calculate w(T") and w(H; ;) for i = 1,2 and j = 1,2.
Since H;j is a triangular block, ¢ = 1,2 and j = 1,2, we have tg(vy) > 3 for
k =1, 3. Firstly, we calculate w(T"). For all u ¢ J(T'), we have tg(u) = 1. Thus
n6(T) = Yoevir) iomy < 275 +2- 1= 5. Combining [F3(T)| = 2, |[E(T)| =5
and Observation 2, we have w(T') < 36(2+ 2 + 2) +9ng(T) — 25| E(T)| < 7. Sec-
ondly, we calculate w(H; ;) for i = 1,2 and j = 1,2. Without loss of generality,
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let Hy 1 = Glvivs]. Combining Fy € F(Hy 1), ¢(F1) = 4 and Observation 10(2),
we have w(H1,1) < —4. Similarly, w(H; ;) < —4 for i = 1,2 and j = 1,2. Let
73/ = {T, H171, HLQ, H2717 H272}. Then ZHETE,’ wg(H) S 0.

When ¢(Fy) = 4 and ¢(F3) > 8, by Observation 9(3), we have |E(Cr,)| =
U(Fy) =4,s0 |[E(Cr) \ Er(Cr,)| = 2. Let E(Cp,) \ Er(Cr,) = {e1,e2} and H;
be a triangular block containing e;, i = 1,2. By Observation 9(3), we have H; =
Glei], it =1,2. Let V(H1) NV (Hz2) = {vs}. We calculate w(T). Since H; = Gle;]
fori = 1,2, we have |V(T)UV (H1)UV (H2)| = |V(T)U{vs}| = 5. Sincen > 7, G is
2-connected and H; = Gle;], i = 1,2, there exists v € J(T') satisfying tg(v) > 3.
For all w € J(T) \ {v} and w ¢ J(T), we have tg(u) > 2 and tg(w) = 1. Thus
n6(T) =Y pevir) o < 3 +3 +21= . Combining |F3(T)| =2, |E(T)| =5
and Observation 2, we have w(T) < 36(2 + 2 + 2) + Ing(T) — 25|E(T)| < 0.

When ((F;) > 8, i = 1,2, by Observation 3(2), we have w(7") < 0.

Subcase 5.2. |T(T')| =k, k € {3,4}. Notice that F(T)\ F3(T) = {F1, F>, ...,
Fr}, then the number of 3T-faces with exactly one edge of T is k — 1 when
k = 3 and k when k = 4. Without loss of generality, let |[Ep(Cp,)| = 1 for
i=1,2,....,k—1and |[Er(Cp,)| =5 — k. By Observations 5 and 6(1), we have
((F;) > 8 fori=1,2,...,k—1 and ¢(F;) > 4. By Observation 1, we have
ng(T) <4 - % Combining |F3(T)| = 2, |E(T)| = 5 and Observation 2, we have
w(T) < 36(2+ 5L + 55%) + 9ng(T) — 25|E(T)| < 0.

Case 6. T = T?. Clearly, |E(T)| = 6, | F3(T)| = 3 and |J(T)| € {2,3}.

Subcase 6.1. |J(T)| = 2. Notice that F(T) \ F3(T) = {F1, F>}, without loss
of generality, let |E7(Cp,)| = 1 and |E7(Cr,)| = 2. Let J(T') = {v1,v2}. By
Observations 6(1) and 7(2), we have ¢(Fy) > 8, and ¢(Fy) = 4 or {(Fy) > 8.

When ((Fy) = 4, by Observation 9(2), we have |E(Cr,)| = ¢(F2) = 4, so
|E(CF2)\ET(CF2)’ = 2. Let E(CF2)\ET(CF2) = {61, 62} and H; be a triangular
block containing e;, i = 1,2. By Observation 9(2), we have H; = Gle;], i = 1,2.
Let V(H;) UV (Hz) = {vs}. Clearly, tg(vs) > 2. We next calculate w(7") and
w(H;) fori =1,2. Since H; = G[e;] fori = 1,2, we have |V (T)UV (Hy)UV (Hs)| =
|[V(T)U {vs}| = 5. Since n > 7, G is 2-connected and H; = Gle;], i = 1,2, there
exists v € J(T') satisfying tg(v) > 3. For u € J(T) \ {v}, we have tg(u) > 2.
Firstly, we calculate w(T). For w ¢ J(T'), we have tg(w) = 1. Thus ng(T) =
> eV (1) % <i+1+42.1=2% Combining |F3(T)| = 3, |E(T)| = 6 and
Observation 2, we have w(T') < 36(34 3 + %)+ 9ng(T) — 25| E(T)| < 6. Secondly,
we calculate w(H;) for i = 1,2. Without loss of generality, let H; = G[v1vs] and
Hy = Glvavs). Combining Fy € F(H;) for i = 1,2, {(F3) = 4 and Observation
10(1,2), we have w(H;) < —% and w(Hs) < —4. Let T = {T, H1,H>}. Then
> per wa(P) < 0.

When ¢(F3) > 8, by Observation 3(2), we have w(T) < 0.
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Subcase 6.2. |J(T)| = 3. Notice that F(T') \ F3(T") = {F1, F», F3} and
|E(CF,)| =1 fori=1,2,3, by Observation 6(1), we have ¢(F;) > 8 for i = 1,2, 3.
By Observation 3(2), we have w(T") < 0.

Case 7. T'= T3. Let V(T') = {v1,v2,v3}. Clearly, |[E(T)| =3, |F3(T)| =1
and |J(T)| € {2, 3}.

Subcase 7.1. |J(T)| = 2. Let J(T) = {vi,v2}, Er(Cr) = {v1v2} and
ET(CFQ) = {U2U3,U1’U3}. If E(Fl) = 5, then |E(P}7;1)‘ = K(Fl) — |ET(CF1)| = 4,
so GG contains Cg = leg:l v9v3v1, & contradiction. By Observation 5, we have
U(F1) =4 or ((Fy) > 8, and ¢(F») € {4,5} or {(F2) > 8. Now we prove that
|E(CF,)| = ((F;) when ((F;) = 4, i € {1,2}. Suppose |E(CF,)| # ¢(F;) for
i € {1,2}. Similar to the proof of Observation 9, we have 1 < k(F;) < {(F;) —
|Er(Cr)| < 3 and |E(CE)| € {5,6,7}, i € {1,2}. By Observation 4, we obtain
that G contains Cg or C7, a contradiction. So |E(CFE,)| = ¢(F;) when ((F;) = 4,
ie{l,2}.

We consider the following two cases based on the value of ¢(F7).

(1) Assume £(Fy) = 4. Recall that |E(Cg,)| = £(F1) = 4. Let v1,v4,v5,02
denote vertices of Cr, in order.

Now we prove that vivg, v4v5 and vous are in trivial triangular blocks, respec-
tively. We claim that any two edges in {v1v4, v4v5, v2v5} are not in the same trian-
gular block. Suppose at least two edges in {vjv4, v4v5, Vovs } are in the same trian-
gular block. Assume all edges in {vjv4, v4v5, v2v5 } are in the same triangular block
T'. Since vivy € E(T), we have vivy ¢ E(T"), thus T’ contains at least five outer
edges. Clearly, 7" = T3. Thus 4 € L7/ (v1,v2). Since 2 € Ly(vy,v2), we see that
G contains Cg, a contradiction. Assume exactly two edges in {vjv4, v4v5, voUs } are
in the same triangular block 7" and the other edge is in the triangular block 7",
T" # T". Notice that T" # Ty, we see that one edge in E(T") N {v1vy, v4v5,v205}
is incident with a 3-face of T”. Since the degree of any internal vertex of G is at
least 3, we see that two edges in E(T") N {v1v4, v405, v2v5} are not incident with
the same 3-face of 7. So 4 € Lywyrn(v1,v2). Since 2 € Ly(v1,v2), we see that
G contains Cg, a contradiction. So any two edges in {vjv4, v4v5, v2v5} are not in
the same triangular block. Let Hy, Hy and Hs be triangular blocks containing
V14, V405 and vevs, respectively. Suppose H; is not in a trivial triangular block.
There exists a 3-face incident with vivs, then 4 € Ly, um,umH,(v1,v2), we see that
G contains Cg since 2 € L (v1,v2), a contradiction. So Hj is in a trivial triangu-
lar block. Similarly, H; is in a trivial triangular block for ¢ = 2,3. So viv4, V405
and vyus are in trivial triangular blocks, respectively.

Clearly, tg(v;) > 2, ¢ = 4,5. Now we prove that ¢(Fy) # 5. Suppose
((Fy) = 5. Clearly, |E(Pf)| = ((F2) — |Er(Cr,)| = 3. Notice that E(Pf) #
{v1v4, V405, V205 }, otherwise |V(G)| = |V(T)UV (H)UV (H2)UV (Hs)| = [{v1,ve,
v3,v4,05}| < 7, a contradiction. Thus there exists Cg = vlv4v5v2PZ§2v1, a contra-
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diction. So ¢(F3) # 5, then ¢(Fy) =4 or {(F3) > 8.

When ¢(F») = 4, then |E(Cp,)| = {(Fz) = 4. Let vy, v3, v2, vg denote vertices
of CF, in order. Now we prove that v;vs and vavg are in trivial triangular blocks,
respectively. We claim that vivg and vevg are in different triangular blocks.
Suppose v1vg and vovg belong to a triangular block T”. Clearly, T' # T5. Since
|E(Cr,)| = £(F), we have k(Fp) = 0, i.e., T' # T¢. Since viva € E(T), we
have vivg ¢ E(T'), then T" # Ty. So T' € {T4,T2,73,T},T?}. Notice that
3 € Ly(vi,v2), so G contains Cg since there exists a path vivqvsvy in Cpy,
a contradiction. So wvivg and wvovg are in different triangular blocks. Let Hy
and Hj be triangular blocks containing vivg and wvovg, respectively. Suppose Hy
is not in a trivial triangular block. There exists a 3-face incident with wvjvg,
then 3 € Lp,um;(v1,v2), we see that G contains Cg since there exists a path
V104052 in CFy, a contradiction. So Hy is in a trivial triangular block. Similarly,
Hs is in a trivial triangular block. So vivg and wvovg are in trivial triangular
blocks, respectively. Clearly, tg(vg) > 2. We next calculate w(7T') and w(H;) for
i=1,2,...,5. Since H; is a triangular block for i = 1, 3,4, 5, we have tg(v;) > 3,
i =1,2. Firstly, we calculate w(T). Since v3 ¢ J(T'), we have tg(vs) = 1. Thus
na(T) = Y ev(n) % <2-1+41-1= 2. Combining |F(T)| =1, |[E(T)| =3
and Observation 2, we have w(T) < 36(1 + 1 + 2) + 9Ing(T) — 25|E(T)| < 3.
Secondly, we calculate w(H;) for i = 1,2,...,5. Recall that H; = Glvjvg].
Since v; € J(T), we have tg(v1) > 2. Combining F; € F(H;), {(Fy) = 4 and
Observation 10(1), we have w(H;p) < —%. Similarly, w(H;) < —% fori =2,3,4,5.
Let 'T7, = {T, H.,Hy, H3, Hy, H5}. Then ZH€7—7/ wg(H) <0.

When ¢(F3) > 8, by Observation 1, we have ng(T') < 2. Combining |F3(T")| =
1, |[E(T)| = 3 and Observation 2, we have w(T) < 36(1 + 1 + 2) + Ing(T) —
25|E(T)| < 0.

(2) Assume ¢(Fy) > 8. When ((Fy) = 4, we have |E(CR,)| = {(Fz) = 4.
Let v1,v3,v2,v4 denote vertices of Cp, in order. Let H; and Hy be triangular
blocks containing v;v4 and vavy, respectively. Now we prove that |V (T)UV (H;)U
V(H2)| < 6. Assume H; = Hy. By Corollary 1, we have |V(Hp)| < 5, we have
V(T)UV(H) UV (H2)| = [V(T)UV(H1)| = [V (H1)|+1 < 6. Assume Hy # Ho.
Clearly, |V(H1) NV (Hz)| =1 and |[V(H;) N V(T)| =1 for i = 1,2. Since v;v4 is
an outer edge of H;, i = 1,2, we have {1,2,...,|V(H;)| — 1} C Ly, (vi, v4), then
{2,3,...,|V(H)|+|V(H2)| -2} C Lg,um, (vi,v2). By {1,2} C Lp(v1,v2), we see
that G contains Cj, j = 3,4, ..., |V (Hy)|+ |V (H2)|, so |V (H1)|+|V(H2)| < 5. So
|[V(T)UV(H,)UV (Hs)| = |V(H1)|+|V(H2)| < 5. So |V(T)UV(H,)UV (Hs)| <6.
Since n > 7 and G is 2-connected, there exists v € J(T') satisfying tg(v) > 3.
For all w € J(T) \ {v} and w ¢ J(T), we have tg(u) > 3 and tg(w) > 2. Thus
nc(T) = Xpevir) oy < 3 + 3 +1= 5. Combining |F3(T)| =1, |[E(T)| = 3
and Observation 2, we have w(T) < 36(1 + £ + 3) + Ing(T) — 25|E(T)| < 0.

When ¢(F3) > 5, by Observation 1, we have ng(7") < 2. Combining |F3(T)| =
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1, |[E(T)| = 3 and Observation 2, we have w(T) < 36(1 + % + 2) + Ing(T) —
25| E(T)| < 0.

Subcase 7.2. |J(T)| = 3. Recall that F(T') \ F3(T') = {F1, F», F3}. Clearly,
|E7(CF,)| =1 for i = 1,2,3. Without loss of generality, we assume that ¢(F}) <
((Fy) < {(F3). By Observation 5, we have ¢(F;) > 4 for i = 1,2,3. If {(F,) = 4,
then ¢(F7) = 4, notice that |E(PI€)| = U(F;) — |BEr(CF;)| = 3 for j = 1,2, 50 G
contains C7 since |E(T)\(E(Cr,) U E(CR,))| = 1, a contradiction; if ¢(Fy) = 5,
then |E(PE)| = €(Fy) — |Ep(Cr,)| = 4, so G contains Cg since 2 € Lp(uf, ,vf,),
a contradiction. By Observation 5, we have ¢(Fy) > 4 and ((F;) > 8, i = 2,3.
By Observation 1, we have ng(T) < 3. Combining |F3(T)| = 1, |E(T)| = 3 and
Observation 2, we have w(T) < 36(1+ 1 + £ + 3) + Ing(T) — 25|E(T)| < 0.

Case 8. T = Ty. Recall that |7(T)| = 2 and F(T) \ F3(T) = {F, F,).
Clearly, |E7(CF,)| = 1 for i = 1,2. Without loss of generality, we assume that
L(Fy) < {(F3). By Observation 5, we have ¢(F;) > 4 fori = 1,2. If {(F;) = 4, then
¢(Fy) = 4, notice that |E(PTZ)] =((F;)— |Er(CF,)| =3 fori=1,2, so G contains
Cs, a contradiction. By Observation 5, we have ¢(Fy) = 5 or £(Fy) > 8. If {(F3) =
5, then ((F}) = 5, otherwise £(F}) = 4, then ]E(P}:g)\ =UF;)—|Er(Cp)|=1+2

for i = 1,2, so G contains C7, a contradiction. By Observation 1, we have
na(T) < 1. Combining |F3(T)| = 0, |[E(T)] =1 and Observation 2, we have
w(T) < 36( (;1 )) + Ing(T) — 25|E(T)| = 36(5(5) + )) —16. So

w(T) <36(L+1)— 16 < 0 when ¢(F) = 5 and w(T) < 36(% + &) — 16 < 0 when
L(Fy) > 8.

Let T4, T4, . .. ,7;1;, be the sets of the triangular blocks, such that UTeTji T iso-
morphic to | Jy¢7 T is the subgraph of G, j = 1,2,...,p;and i = 1,2,...,7. Since
Yorer w(T) <0, we have Y o w(T) <0, j=1,2,...,p;and i = 1,2,...,7.

[ J

Let T* =T(G)\ Uzzl ?i:l 7;2 According to the above proof, we have w(7T") <0
for any T € T*. Thus 36 |F(G)| + 9|V(G)| = 25 |E(G)| = X rer()(36fa(T) +
Ing(T) — 25|E(T)|) = Xorerc) w(T) < 0, as desired.

4. PROOF OF THEOREM 5

By Theorem 4 and n = 22k 4+ 10 > 21 for all k£ > 1, we have eacp( {C6,Cr}) <

2p — % Thus we only need to prove that ex,(n,{Cs, C7}) > %Zn — Z for

n = 22k + 10. So now we prove that there exists a {Cg, C7}-free planar graph
with n vertices and 2 1n — ﬁ edges.
For the convenience of proof, we construct a graph M on 12k —5 vertices. Let

P, P, P3 and Py be four paths. Let P, = vlv2 2k_1+ _1 when ¢ = 1,3 and
2

Py =vivy.. v, wheni=24. Clearly, |Pi| = 2k—1,|Py| = 4k —1, | P3| = 2k
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and |Py| = 4k — 3. Let M be the graph obtained from the union of Py, P5, P3 and
P, by adding edges vjlv%jfl, v?v%jﬂ and U?+1U%j71 for j=1,3,...,2k — 1. The
graph M is depicted in the figure composed of thin edges in Figure 4. By the
construction of M, we have |V (M)| = 2?21 |Pi| = (2k—1)+ (4k—1)+2k + (4k —
3) =12k—5. Let Ay = {vj : j =3,5,...,2k—3}, Ay = {v : j = 3,5,...,4k -3},
Az = {v? 2 J=2,3,...,2k— 1} and Ay = {v;-l 17 =25,9,...,4k — 7}. Clearly,
|Ay| = |A4| = k — 2 and |Ag| = |A3] = 2k — 2. Notice that V3(M) = U, 4, so
|Va(M)| = Z?Zl |A;| = 6k — 8. To construct a {Cs, Cr}-free planar graph on n
vertices, we consider the following two cases based on the value of n.

Case 1. n = 44k —12. In the first step, we construct a plane graph Gy, which
satisfies that each face is an 8-face and the degree of each vertex is 2 or 3. Let

GG1 be the graph obtained from M by adding edges v%k_lvik_4 and vl v;* for
2

7=3,7,...,4k —9; then adding a new vertex v and joining v and vi fori=1,4.
The graph G is depicted in Figure 4.

By the construction of Gp, we have g(G1) = 8 and |V (Gy)| = |[V(M)| +
1 = 12k — 4. By Handshaking Theorem and each face of GG; is an 8-face, we
have 8|F(G1)| = 2|E(G1)|, ie., |F(G1)| = 1|E(G1)|. By Euler formula, we
have |V(G1)| — 2 = |E(G1)| — |F(G1)| = 2|E(G1)| and therefore |E(G1)| =
3(|[V(G1)| —2) = 16k — 8. Let By = V(P1) \ (41 U{v}}) and B, = {v;.1 i ] =
3,7,...,4k—9}Yu{vi,v},_,}. Clearly, |Bi| = |Bs| = k. By the construction of G,
we have V3(G1) = V3(M)U By U By, so |V3(G1)| = |Va(M)|+|Bi1|+|Bz| = 8k —8.
Since V(G1) = Va(G1) UV3(G1), we observe that |Va(G1)| = |[V(G1)|—|V3(Gh)| =
(12k — 4) — (8k — 8) = 4k + 4.

ol 1
Us Vog—5 Yor—4 Vg

2 2 )2
vy Uy Uik-10 ﬁk,s

2 2
2 1k Vg7
vl 1k—9 k-7

ol 2

.

Wy G

S

q
=X J
AR

Figure 4. The graph G in Case 1.

In the second step, we construct a plane graph G2 based on G;. Let Go
be the plane graph obtained from G; by adding a new vertex to each edge of
(G1, and joining any two new vertices added to two adjacent edges of G;. The
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graph G5 is depicted in Figure 5. By the construction of G, we have |V (G2)| =
[V (G1)|+|E(Gy)| = 28k — 12; the degree of each new vertex of G5 is at least 4, so
Vi(G2) = Vi(Gy) for i = 2,3 and |Va(G2) U V3(G2)| = |V (G1)| = 12k —4; we have
G2[Ng,ly]] = Kit1 for any y € Vi(Ga),i = 2,3; for any two adjacent vertices u
and v of G, we see that the graphs Ga[Ng,[u]] and G2[Ng,[v]] are edge-disjoint
and their common vertices belong to V(Ga) \ V(Gy).

ol 5 e/,
i — N

4 f ~
Uak—11 Vgt N8 Vak—7 O3 )

Figure 5. The graph G2 in Case 1.

In the third step, we construct a plane graph G5 based on Go. For any
z € Va(Ga) U V3(Gy), let Ng,(2) = {1, 23 .. 2(@62(2D} . For any = € Va(G2)
and y € V3(G2), let G3 be the plane graph obtained from Gy by doing the
following. (1) for any = € Va(Gs), adding two adjacent vertices z() and z()
to the interior of (z,z(),2(?)-face, adding edges zz®,z"z®) and zDz® for
i=1,2; (2) forany y € V3(Gs), adding a vertex y*) to the interior of (y, y®, y®)-
face and adding edges yy® and y®y® for i = 2,3. For some xq € V3(Gs) and
yo € V3(G2), G|z, x(()l),x(() ), (3) e )] and G5 [yo,y(()l), y(()2),y(() ),y(() )] are depicted
in Figure 6(a) and Figure 6(b) respectlvely By the construction of G3, for any
z € Vo(Ga) U V3(Gse), we have G|z, 2 22 ) z(4)] = K7 . So G3 is composed
of the union of K s, where these K; s are edge-disjoint and their common vertices
(if have) belong to V(G2) \ V(G1). Since |E(Kj )| = 9, we have |V(G3)| =
[V(G2)|+2|Va(G2) |+ |V53(Ga)| = (28k —12) +2(4k+4) + (8k —8) = 44k —12 =n
and |E(G3)| = 9|Va(G2) U V3(G2)| = 108k — 36. Notice that n = 44k — 12, we
have |E(G3)| = 108k — 36 = Zn — 22,

Now we prove that Gg is a {Cg, C7}-free plane graph. Notice that except
the 3-faces in K , the degree of all other faces of G3 is more than 7. For any
e € E(G3), the length of any cycle containing e is more than 7, unless all edges of
the cycle belong to one K . Clearly, K is {06, C’7} free. So G3is a {Cg, C7 }-free
plane graph on n vertices and |E(G3)| = Zn — 22 for n = 44k — 12.
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o Y
Ea A T2 Y2 A Y3
Gi[zo, 21, T2, T3, T4 Gy, Y1, Y2, Y3, Y4

(a) (b)

Figure 6. The operations on G2 in the third step.

Case 2. n = 44k +10. In the first step, we construct a plane graph G1, which
satisfies that each face is an 8-face and the degree of each Vertex is 2 or 3. Let
(1 be the graph obtained from M by addlng the path v0v9 . v?; then adding

edges v?v%, vgvf’, vgv%, Ug’l)il, v% 1v4k_4 and UL ;1 for j = 3, 7 ..., 4k — 9. The
2

graph G is depicted in Figure 7.

By the construction of Gy, we have g(G1) = 8 and |V(Gy)| = |[V(M)| +
7 = 12k + 2. By Handshaking Theorem and each face of G1 is an 8-face, we
have 8|F(G1)| = 2|E(G1)|, ie., |F(G1)| = 1|E(G1)|. By Euler formula, we
have |V(G1)| — 2 = |E(G1)| — |F(G1)| = 2|E(G1)| and therefore |[E(Gy)| =
3(|V(G1)| — 2) = 16k. Let Cy = {03, v3,v$}, Co = V(P;)\ Ay and C5 = {v;-l :
J=3,7,...,4k — 9} U {v},v},_,}. Clearly, |Ci| = 3,|C2| =k +1 and |C5| = k.
By the construction of Gy, we have V3(G1) = U2, Ci U V3(M), so [V3(Gy)| =
S22 |G| 4 [Va(M)| = 8k — 4. Since V(G1) = Va(Gy) U V3(G1), we observe that
[Va(Gh)| = |V (G1)| — |V3(G1)| = (12k 4+ 2) — (8k — 4) = 4k + 6.

The second and third steps are the same as in Case 1, the resulting plane
graph obtained through the second and third steps are denoted by G2 and Gj,
respectively. By the construction of Gy, we have |V (G2)| = |V (G1)| + |E(G1)| =
28k + 2; the degree of each new vertex of Gg is at least 4, so V;(G2) = Vi(G)
for i = 2,3 and |Va(Ga) U V3(G2)| = |V(G1)| = 12k + 2; we have Ga[Ng,[y]] =
K1 for any y € V;(Ga),i = 2,3; for any two adjacent vertices u and v of Gy,
we see that the graphs Ga[Ng,[u]] and G2[Ng,[v]] are edge-disjoint and their
common vertices belong to V(G2) \ V(G1). By the construction of G, for any
z € Va(Ga) UV3(Ga), we have G3lz, 211, 22 20 W] = K. So G5 is composed
of the union of K s, where these Ky s are edge-disjoint and their common vertices
(if have) belong to V(G2) \ V(G1). Since }E(Kg)| = 9, we have |[V(G3)| =
[V (Ga)| + 2[Va(Ga)| + [V5(Ga)| = (28K +2) + 2(4k + 6) + (8k — 4) = 44k + 10 = n
and |[E(G3)| =9 |VQ(G2) U Vg(G2)| = 108k+18. Notice that n = 44k+10, we have
|E(G3)| = 108k+18 = Hn— ﬁ By the same analysis as in Case 1, we know that
G is a {Cs, C7 }-free plane graph on n vertices and |E(G3)| = 108k+18 = 2Ip—12
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for n = 44k + 10.

In summary, for any integer k, we have ea:p(n,{Cﬁ,Cz;) > 7%7@ — % for
n = 22k 4 10. By Theorem 4, we have ex,(n, {Cs,C7}) = 1in — {7 for n = 10
(mod 22), as desired.
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