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Abstract

Let H be a set of graphs. A graph is H-free if it does not contain any
copy of H as a subgraph where H ∈ H. The planar Turán number of H,
denoted by exp(n,H), is the maximum number of edges in an H-free planar
graph on n vertices. The upper bounds of exp(n, {Ck, Ck+1}) are known
when 3 ≤ k ≤ 5, and these bounds are tight. In this paper, we give the
upper bound of exp(n, {C6, C7}) for all integers n ≥ 76, and this bound is
sharp.
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1. Introduction

All graphs considered in this paper are finite, undirected and simple. Let G be a
graph with vertex set V (G) and edge set E(G). For any v ∈ V (G), we use NG(v)
to denote the set of neighbours of v in G. We define NG[v] := NG(v) ∪ {v}. Let
dG(v) be the degree of vertex v in G. We use δ(G) to denote the minimum degree
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of G. Let Vi(G) denote the set of vertices of degree i in G. We say a cycle is a
Hamilton cycle of G if it contains all vertices of G. Let g(G) denote the length
of the shortest cycle of G. For V ′ ⊆ V (G) (E′ ⊆ E(G)), G[V ′] (G[E′]) denotes
a subgraph which is induced by V ′ (E′) of G. We use Ct and Kt to denote the
cycle and complete graph on t vertices, respectively. We use K−

t to denote the
graph obtained from Kt with one edge removed. A graph is k-degenerate if it can
be reduced to K1 by repeatedly deleting vertices of degree at most k. A graph is
2-connected if it is a connected graph on at least 3 vertices and without any cut
vertex. For any integer k, let [k] := {1, 2, . . . , k}.

A graph G is planar if it can be drawn in the plane so that its edges intersect
only at their ends, and such a planar embedding of G is called a plane graph. The
unbounded face of a plane graph is called the outer face. For any plane graph G,
a vertex of G is called an internal vertex if it is not on the boundary of the outer
face of G. We use F (G) to denote the set of all faces of G. We denote the face
of degree k and more than k by k-face and k+-face, respectively. We denote the
face by (v1, v2, . . . , vk)-face, if its boundary is a cycle with vertices v1, v2, . . . , vk
in order. If there exists a sequence of 3-faces F1, F2, . . . , Fk so that Fi and Fi+1

exactly share one edge where i = 1, 2, . . . , k− 1 and k ≥ 2, the 3-faces F1 and Fk

are equivalent. The terminology and notation used in this paper can refer to [1].

Let H be a set of graphs. A graph is H-free if it does not contain any copy of
H as a subgraph where H ∈ H. The Turán number of H, denoted by ex(n,H), is
the maximum number of edges in an H-free graph on n vertices. When H = {H},
we write ex(n,H) as ex(n,H). In 1941, Turán [18] proved a classical result in
the field of extremal graph theory. He determined the exact value of ex(n,Kk)
for any integer n and all k ≥ 3, and he also proved that the balanced complete
(k−1)-partite graph on n vertices is the unique extremal graph. This has led to a
considerable amount of research work including the classical Turán-type problem
and the Turán-type problems when the host graphs are hypergraph, hypercube
and random graph [10, 14, 15].

In recent years, the Turán-type problem when the host graph is planar have
received much attention. In 2016, Dowden [3] considered the Turán-type problems
when the host graph is a planar graph, i.e., how many edges can an H-free planar
graph on n vertices have? And the maximum number of edges is called the
planar Turán number of H, denoted by exp(n,H). For |H| = 1, let H = {H},
we write exp(n,H) as exp(n,H). Early in 2007, Wang et al. [19] gave the upper
bounds of exp(n,Ck) when 3 ≤ k ≤ 7, but they did not prove whether these
bounds were tight. Dowden [3] determined the exact value of exp(n,C3) and its
unique extremal graph, he also gave the tight upper bounds of exp(n,Ck) when
k ∈ {4, 5}. Lan et al. [12] obtained the upper bound of exp(n,C6). Ghosh et
al. [6] improved the upper bound of exp(n,C6) given in [12] and obtained the
tight upper bound of exp(n,C6). In 2023, Shi et al. [16] and Győri et al. [7]
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independently obtained the tight upper bound of exp(n,C7).

Theorem 1. Let n be an integer.

(1) [3] For all n ≥ 3, exp(n,C3) = 2n− 4.

(2) [3] For all n ≥ 4, exp(n,C4) ≤ 15
7 (n − 2), the equality holds when n ≡ 30

(mod 70).

(3) [3] For all n ≥ 11, exp(n,C5) ≤ 12n−33
5 , the equality holds for infinitely many

n.

(4) [6] For all n ≥ 18, exp(n,C6) ≤ 5
2n − 7, the equality holds when n ≡ 10

(mod 18).

(5) [7, 16] For all n > 38, exp(n,C7) ≤ 18
7 n− 48

7 , the equality holds for infinitely
many n.

Regarding the lower bound of exp(n,Ck), Cranston et al. [2] obtained that
exp(n,Ck) ≥ 3n − 6 − 3n+6

k , when n is a function of k and sufficiently large

for all k ≥ 11. Lan et al. [11] obtained that exp(n,Ck) ≥ 3n − 3− 2
k−1

k−6+⌊ k−1
2 ⌋n +

12+3r− 8+2r
k−2

k−6+⌊ k−1
2 ⌋ + 4

k−1−min{r + 10, 11}, for all n and k with n ≥ k ≥ 11 and for r

being the remainder of n − 4 when divided by k − 6 +
⌊
k−1
2

⌋
. Győri et al. [8]

obtained that exp(n,Ck) ≥ 3n− 6− 6·3log23n
klog23

for n sufficiently large and for all k.
Regarding the upper bound of exp(n,Ck), Cranston et al. [2] conjectured that
exp(n,Ck) ≤ 3n − 6 − Dn

klog23
for n sufficiently large and for all k where D is a

constant. Shi et al. [17] verified the above conjecture with D = 1
4 .

Theorem 2 [17]. For all integers n, k ≥ 4, exp(n,Ck) ≤ 3n− 6− n
4klog23

.

For |H| ≥ 2, Du et al. [4] gave the tight upper bounds of exp(n, {Ck, Ck+1})
when k ∈ {3, 4}. Du et al. [5] obtained the tight upper bound of exp(n, {C5, C6}).
By Theorem 1(1), we see that exp(n,C3) = 2n−4 for all n ≥ 3, so exp(n, {C3, Ck})
≤ 2n − 4 for all k ≥ 5. Since K2,n−2 must be Ck-free for all k ̸= 4, we have
exp(n, {C3, Ck}) ≥ 2n − 4. Thus exp(n, {C3, Ck}) = 2n − 4 when k ≥ 5. The
minimum degree of K2,n−2 is 2, so Győri et al. [9] studied the maximum number
of edges in a {C3, C2k}-free planar graph on n vertices with the minimum degree
more than 2, and obtained the upper bounds when k ∈ {3, 4}.

Theorem 3. Let n be an integer.

(1) [4] For all n ≥ 4, exp(n, {C3, C4}) ≤ 5
3(n− 2), the equality holds when n ≡ 5

(mod 15).

(2) [4] For all n ≥ 8, exp(n, {C4, C5}) ≤ 2n − 6, the equality holds when n ≡ 3
(mod 9).
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(3) [5] For all n ≥ 14, exp(n, {C5, C6}) ≤ 30n−84
13 , the equality holds when n ≡ 7

(mod 10).

In this paper, we obtain the sharp upper bound of the planar Turán number
of {C6, C7}; the results are as follows.

Theorem 4. For all integers n ≥ 76, we have exp(n, {C6, C7}) ≤ 27
11n− 72

11 .

Theorem 5. If n ≡ 10 (mod 22), then exp(n, {C6, C7}) = 27
11n− 72

11 .

2. Proof of Theorem 4

To prove Theorem 4, we give some definitions and lemmas. Given a plane graph
G, a triangular block of G is a subgraph induced by the edge set consisting of all
edges on the boundaries of a 3-face and all 3-faces equivalent to it. If an edge of
G is not on the boundary of any 3-face, then the subgraph induced by the edge
is called a trivial triangular block of G. Let T (G) denote the set of all triangular
blocks of G.

A triangular block on at most 5 vertices must be {C6, C7}-free. Accord-
ing to the definition of the triangular block, the triangular blocks on 5 vertices
are T 1

5 , T
2
5 , T

3
5 and T 4

5 , the triangular blocks on 4 vertices are T 1
4 and T 2

4 , the
triangular block on i vertices is Ti for i = 2, 3, as shown in Figure 1.

Figure 1. The triangular blocks on at most 5 vertices.

Lemma 6. Any triangular block on k vertices is C6-free if and only if k ≤ 5.

Proof. The sufficiency clearly holds for k ≤ 5. Now we prove the necessity. A
triangular block on at most 5 vertices must be C6-free. So we only prove that
any triangular block on k vertices must contain C6 when k ≥ 6. According to the
definition of the triangular block, a triangular block on at least 6 vertices must
contain a triangular block on 6 vertices as a subgraph. Therefore, we only need
to prove that any triangular block on 6 vertices must contain C6. Let T be any
triangular block on 6 vertices. Notice that T must contain a triangular block
H1 on 5 vertices as a subgraph. Let V (T ) \ V (H1) = {x0}. According to the
definition of the triangular block, we see that x0 must be adjacent to the ends x1
and x2 of an edge on the boundary of the outer face of H1. All triangular blocks
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on 5 vertices are depicted in Figure 1. Clearly, T i
5 has a Hamilton cycle containing

e for any edge e on the boundary of the outer face of T i
5 when i = 1, 2, 3, 4. Thus

H1 has a Hamilton cycle containing edge x1x2, we denote this cycle by x1Px2x1.
So T contains C6 = x0x1Px2x0. Thus any triangular block on 6 vertices must
contain a C6. This completes the proof of the necessity.

Corollary 1. Any {C6, C7}-free triangular block has at most 5 vertices.

Proof. Any {C6, C7}-free triangular block must be C6-free. By Lemma 1, we
see that any {C6, C7}-free triangular block has at most 5 vertices.

Let G be a plane graph and T be a triangular block of G. An edge of T is
called an outer edge of T if it is on the boundary of a 3+-face of G. The ends
of an outer edge of T are called the outer vertices of T . We use tG(v) to denote
the number of the triangular blocks sharing v in G where v ∈ V (G). For any
v ∈ V (G), when tG(v) ≥ 2, v is called a junction vertex; when tG(v) = 1, v is
called a non-junction vertex. We denote the set of all junction vertices of T by
J (T ). For any triangular block T of G, we define nG(T ) :=

∑
v∈V (T )

1
tG(v) . For

any v ∈ V (G), since the number of the triangular blocks sharing v in G is tG(v),
we have

(1)
∑

T∈T (G)

nG(T ) =
∑

T∈T (G)

∑
v∈V (T )

1

tG(v)
=

∑
v∈V (G)

tG(v) ·
1

tG(v)
= |V (G)|.

Observation 1. Let T be a triangular block of a plane graph G. Then nG(T ) ≤
|V (T )| − 1

2 |J (T )|.

Proof. According to the definition of the junction vertex, for any v ∈ V (G), we
have tG(v) ≥ 2 when v is a junction vertex and tG(v) = 1 when v is a non-junction
vertex. So by the definition of nG(T ), then nG(T ) ≤ 1

2 · |J (T )| + 1 · (|V (T )| −
|J (T )|) = |V (T )| − 1

2 |J (T )|.

Let G be a 2-connected plane graph and F be a face of G. Since G is 2-
connected, we know that the boundary of each face of G is a cycle, we denote
the boundary of F by CF . If two adjacent edges on the boundary of F are the
outer edges of a T 4

5 , then we call that this T 4
5 is closely related to F , as shown in

Figure 2 (the gray area is F ). For any F ∈ F (G), let k(F ) be the number of T 4
5 s

which are closely related to F , we define E1(CF ) := {e ∈ E(CF )|e ∈ E(T 4
5 ), T

4
5

is closely related to F} and E2(CF ) := E(CF )\E1(CF ). For any F ∈ F (G) and
e ∈ E(CF ), let ℓ(F ) = |E(CF )| − k(F ), and we define

(2) fF (e) :=


1

2ℓ(F ) , if e ∈ E1(CF );

1
ℓ(F ) , if e ∈ E2(CF ).
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Since |E(CF )| = |E1(CF )| + |E2(CF )| = 2k(F ) + |E2(CF )|, we have k(F ) =
ℓ(F )− |E2(CF )|.

Figure 2. T 4
5 is closely related to F .

If T 4
5 is closely related to F , then we have |E(T 4

5 ) ∩ E(CF )| = 2. Since the
triangular blocks are edge-disjoint, we have |E1(CF )| = 2k(F ) and |E2(CF )| =
|E(CF )| − 2k(F ). So for all F ∈ F (G), we have

∑
e∈E(CF ) fF (e) =

∑
e∈E1(CF )

fF (e) +
∑

e∈E2(CF ) fF (e) =
∑

e∈E1(CF )
1

2ℓ(F ) +
∑

e∈E2(CF )
1

ℓ(F ) = 2k(F ) · 1
2ℓ(F ) +

(|E(CF )| − 2k(F )) · 1
ℓ(F ) = ℓ(F ) · 1

ℓ(F ) = 1.

For any triangular block T of G, we define fG(T ) :=
∑

e∈E(T )(fF 1
e
(e) +

fF 2
e
(e)), where two faces F 1

e and F 2
e are incident with e. The triangular blocks

are edge-disjoint, so

(3)

∑
T∈T (G)

fG(T ) =
∑

T∈T (G)

∑
e∈E(T )

(fF 1
e
(e) + fF 2

e
(e)) =

∑
e∈E(G)

(fF 1
e
(e) + fF 2

e
(e))

=
∑

F∈F (G)

∑
e∈E(CF )

fF (e) =
∑

F∈F (G)

1 = |F (G)| .

We denote the set of all faces of G incident with edges of T by F(T ). Accord-
ing to the definition of fG(T ), we have fG(T ) =

∑
F∈F(T )

∑
e∈ET (CF ) fF (e) where

ET (CF ) = E(CF )∩E(T ). We denote the set of all 3-faces ofG incident with edges
of T by F3(T ). If F ∈ F3(T ), then E1(CF ) = ∅, k(F ) = 0 and ℓ(F ) = |E(CF )|.
Thus

∑
e∈E(CF ) fF (e) =

∑
e∈E(CF )

1
|E(CF )| = 1. For any F ∈ F3(T ), we have

ET (CF ) = E(CF ), so
∑

F∈F3(T )

∑
e∈ET (CF ) fF (e) =

∑
F∈F3(T )

∑
e∈E(CF ) fF (e) =∑

F∈F3(T ) 1 = |F3(T )|. Thus

(4)

fG(T ) =
∑

F∈F3(T )

∑
e∈ET (CF )

fF (e) +
∑

F∈F(T )\F3(T )

∑
e∈ET (CF )

fF (e)

= |F3(T )|+
∑

F∈F(T )\F3(T )

∑
e∈ET (CF )

fF (e).

Let G be a 2-connected planar graph. So for any T ∈ T (G), we must have
|J (T )| ≥ 2 and |F(T ) \ F3(T )| = |J (T )|. Thus for any trivial triangular block
H ∈ T (G), there are only two faces in F(H), both faces are 3+-faces, since two
vertices of H must be junction vertices. Let w(T ) = 36fG(T )+9nG(T )−25|E(T )|
for any T ∈ T (G).
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Observation 2. Let G be a 2-connected planar graph, T be a triangular block of
G on at most 5 vertices with F(T ) \ F3(T ) = {F1, F2, . . . , F|J (T )|} and T ̸= T 4

5 .

Then w(T ) = 36
(
|F3(T )|+

∑|J (T )|
i=1

|ET (CFi
)|

ℓ(Fi)

)
+ 9nG(T )− 25|E(T )|.

Proof. Since T ̸= T 4
5 , we have ET (CFi) ⊆ E2(CFi) for i = 1, 2, . . . , |J (T )|.

By equation (2), we have fFi(e) = 1
ℓ(Fi)

for e ∈ ET (CFi) and i ∈ [|J (T )|]. By

equation (4), we have w(T ) = 36(|F3(T )|+
∑|J (T )|

i=1

∑
e∈ET (CFi

) fFi(e))+9nG(T )−

25|E(T )| = 36(|F3(T )|+
∑|J (T )|

i=1
|ET (CFi

)|
ℓ(Fi)

) + 9nG(T )− 25|E(T )|.

Observation 3. Let G be a 2-connected planar graph and T be a triangular block
of G with F(T ) \ F3(T ) = {F1, F2, . . . , F|J (T )|}. Then w(T ) ≤ 0 if one of the

following holds. (1) T ∼= T j
5 and ℓ(Fk) ≥ 8 for j ∈ [3] and k = 1, 2, . . . , |J (T )|;

(2) T ∼= T j
4 and ℓ(Fk) ≥ 8 for j ∈ [2] and k = 1, 2, . . . , |J (T )|; (3) T ∼= T 1

5 ,
|J (T )| = 3, ℓ(F1) ≥ 8 and ℓ(Fk) ≥ 5 for k = 2, 3.

Proof. By Observation 1, we have nG(T ) ≤ |V (T )| − 1
2 |J (T )| ≤ |V (T )| −

1 since |J (T )| ≥ 2. If (1) holds, then nG(T ) ≤ 4. When T ∼= T 1
5 , since∑|J (T )|

i=1 |ET (CFi)| = 5, we have
∑|J (T )|

i=1
|ET (CFi

)|
ℓ(Fi)

≤ 5
8 , combining |F3(T )| = 3,

|E(T )| = 7 and Observation 2, we have w(T ) ≤ 0. When T ∼= T j
5 , j ∈

{2, 3}, since
∑|J (T )|

i=1 |ET (CFi)| = 4, we have
∑|J (T )|

i=1
|ET (CFi

)|
ℓ(Fi)

≤ 4
8 , combining

|F3(T )| = 4, |E(T )| = 8 and Observation 2, we have w(T ) ≤ 0. If (2) holds, then

nG(T ) ≤ 3. When T ∼= T j
4 , j ∈ [2], since

∑|J (T )|
i=1 |ET (CFi)| = 5 − j, we have∑|J (T )|

i=1
|ET (CFi

)|
ℓ(Fi)

≤ 5−j
8 , combining |F3(T )| = j + 1, |E(T )| = j + 4 and Obser-

vation 2, we have w(T ) ≤ 0. If (3) holds, then by |J (T )| = 3, we have nG(T ) ≤
5− 1

2 |J (T )| ≤ 7
2 . Notice that

∑|J (T )|
i=1

|ET (CFi
)|

ℓ(Fi)
=

|ET (CF1
)|

ℓ(F1)
+

∑|J (T )|
i=2

|ET (CFi
)|

ℓ(Fi)
≤

|ET (CF1
)|

8 +
5−|ET (CF1

)|
5 =

40−3|ET (CF1
)|

40 ≤ 37
40 . Combining |F3(T )| = 3, |E(T )| = 7

and Observation 2, we have w(T ) ≤ 0.

Observation 4. Let G be a 2-connected planar graph and T be a triangular
block of G. For all F ∈ F(T ) \ F3(T ), if k(F ) ≥ 1, then G contains two cycles
C|E(CF )|+1 and C|E(CF )|+2.

Proof. Let u1, u2, . . . , u|E(CF )| denote vertices of CF in order. Since k(F ) ≥ 1,
there must exist a T 4

5 closely related to CF , i.e., there must exist two adja-
cent edges of CF that are two outer edges of a T 4

5 , without loss of generality,
let these two edges be u1u2 and u2u3. Notice that there exists a path Pi of
length i + 2 between u1 and u3 in T 4

5 , i = 1, 2, so G contains C|E(CF )|+i =
u1Piu3u4 · · ·u|E(CF )|u1.
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Observation 5. Let G be a 2-connected {C6, C7}-free planar graph and T be
a triangular block of G. For all F ∈ F(T ) \ F3(T ), we have ℓ(F ) ≥ 4 and
ℓ(F ) /∈ {6, 7}.

Proof. By the definition of ℓ(F ), we obtain that ℓ(F ) = |E(CF )| − k(F ) ≥ 3
and G contains cycles of length ℓ(F ) and |E(CF )|. Since G is {C6, C7}-free, we
have ℓ(F ) /∈ {6, 7}. Now we prove that ℓ(F ) ≥ 4. Assume ℓ(F ) = 3. Recall
that k(F ) = ℓ(F ) − |E2(CF )| ≤ ℓ(F ) and |E(CF )| = k(F ) + 3. If k(F ) = 0,
then |E(CF )| = 3, this contradicts the fact that F ∈ F(T ) \ F3(T ). If k(F ) = i,
i ∈ {1, 2}, then |E(CF )| = i+3, by Observation 4, we know that G contains Ci+5,
a contradiction. If k(F ) = 3, then |E(CF )| = 6, a contradiction. So ℓ(F ) ≥ 4.

Let G be a 2-connected {C6, C7}-free planar graph and T be a triangular
block of G with T ̸= T 4

5 . For all F ∈ F(T )\F3(T ), let V (CF )∩J (T ) = {uTF , vTF }.
Let Cℓ(F ) be a cycle of length ℓ(F ) containing all edges of E2(CF ). Let P T

F be

a path in Cℓ(F ) with ends uTF and vTF and containing no edges of ET (CF ). Since

T ̸= T 4
5 , we have ET (CF ) ⊆ E2(CF ), so |E(P T

F )| = |E(Cℓ(F ))| − |ET (CF )| =
ℓ(F ) − |ET (CF )|. Let H be a subgraph of G. For {u, v} ⊆ V (H), let LH(u, v)
be the set of lengths of all paths between u and v in H. When H is a triangular
block of G with |V (H)| ∈ {4, 5}, it is easy to verify that for {u, v} ⊆ V (H), we
have {2, 3, . . . , |V (H)|−2} ⊆ LH(u, v); moreover, we have |V (H)|−1 ∈ LH(u, v)
if uv is an outer edge of H or uv /∈ E(H).

Observation 6. Let G be a 2-connected {C6, C7}-free planar graph and T be a
triangular block of G with T ̸= T 4

5 . For all F ∈ F(T )\F3(T ), we have ℓ(F ) ≥ 8, if
one of the following holds. (1) |V (T )| ∈ {4, 5} and |ET (CF )| = 1; (2) |V (T )| = 5,
|ET (CF )| = 2 and uTF v

T
F /∈ E(T ); (3) T ∈ {T 2

5 , T
3
5 } and |ET (CF )| = 3.

Proof. Assume (1) holds. If ℓ(F ) = i, then |E(P T
F )| = ℓ(F )− |ET (CF )| = i− 1,

i ∈ {4, 5}; we obtain that G contains Ci+2 since 3 ∈ LT (u
T
F , v

T
F ), a contradiction.

So ℓ(F ) /∈ {4, 5}. Assume (2) holds. If ℓ(F ) = i, then |E(P T
F )| = i − 2, i ∈

{4, 5}; we obtain that G contains Ci+2 since 4 ∈ LT (u
T
F , v

T
F ), a contradiction. So

ℓ(F ) /∈ {4, 5}. Assume (3) holds. Since |ET (CF )| = 3, we have ℓ(F ) ̸= 4. If
ℓ(F ) = 5, then |E(P T

F )| = 2; we obtain that G contains C6 since 4 ∈ LT (u
T
F , v

T
F ),

a contradiction. So ℓ(F ) /∈ {4, 5}. By Observation 5, if (1), (2) or (3) holds, then
ℓ(F ) ≥ 8.

Observation 7. Let G be a 2-connected {C6, C7}-free planar graph and T be a
triangular block of G. For all F ∈ F(T ) \ F3(T ), we have ℓ(F ) = 4 or ℓ(F ) ≥ 8,
if one of the following holds. (1) T ∼= T 1

i , |ET (CF )| = i − 2 for i ∈ {4, 5} and
uTF v

T
F /∈ E(T ); (2) T ∼= T 2

4 and |ET (CF )| = 2.

Proof. Assume (1) or (2) holds. If ℓ(F ) = 5, then |E(P T
F )| = ℓ(F )−|ET (CF )| =

5 − (|V (T )| − 2) = 7 − |V (T )|, with |V (T )| − 1 ∈ LT (u
T
F , v

T
F ); we obtain that G
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contains C6, a contradiction. So ℓ(F ) ̸= 5. By Observation 5, we have ℓ(F ) = 4
or ℓ(F ) ≥ 8.

Observation 8. Let G be a 2-connected {C6, C7}-free planar graph and T be a
triangular block of G. For all F ∈ F(T ) \ F3(T ), if T ∼= T 3

5 , |ET (CF )| = 2 and
uTF v

T
F ∈ E(T ), then ℓ(F ) = 4 or ℓ(F ) ≥ 9.

Proof. If ℓ(F ) = i, then |E(P T
F )| = ℓ(F ) − |ET (CF )| = i − 2, i ∈ {5, 8}, with

{1, 3} ⊆ LT (u
T
F , v

T
F ), and we obtain that G contains Ci−1 and Ci+1, a contradic-

tion. So ℓ(F ) /∈ {5, 8}. By Observation 5, we have ℓ(F ) = 4 or ℓ(F ) ≥ 9.

Observation 9. Let G be a 2-connected {C6, C7}-free planar graph and T be a
triangular block of G. For all F ∈ F(T ) \ F3(T ), we have |E(CF )| = ℓ(F ) and
each edge of E(CF )\ET (CF ) is in a trivial triangular block, if one of the following
holds. (1) T = T 1

5 , |ET (CF )| = 3, ℓ(F ) = 4 and uTF v
T
F /∈ E(T ); (2) T ∈ {T 3

5 , T
2
4 },

|ET (CF )| = 2, ℓ(F ) = 4 and uTF v
T
F ∈ E(T ); (3) T = T 1

4 , |ET (CF )| = 2, ℓ(F ) = 4
and uTF v

T
F /∈ E(T ); (4) T = T 1

4 , |ET (CF )| = 3, ℓ(F ) = 5 and uTF v
T
F ∈ E(T ).

Proof. Firstly, we prove that |E(CF )| = ℓ(F ). Suppose |E(CF )| ≠ ℓ(F ). Since
k(F ) = |E(CF )| − ℓ(F ) and |E(CF )| ≥ ℓ(F ), we have k(F ) ≥ 1. Notice that
T ̸= T 4

5 , since k(F ) = ℓ(F ) − |E2(CF )| and |E2(CF )| ≥ |ET (CF )|, we have
k(F ) ≤ ℓ(F ) − |ET (CF )| ≤ 2. According to |E(CF )| = ℓ(F ) + k(F ), we have
|E(CF )| ∈ {5, 6, 7}. By Observation 4, we obtain that G contains C6 or C7, a
contradiction. So |E(CF )| = ℓ(F ).

Secondly, we prove that each edge of E(CF )\ET (CF ) is in a trivial triangular
block. If (1) holds, then |E(CF ) \ ET (CF )| = |E(CF )| − |ET (CF )| = ℓ(F ) −
|ET (CF )| = 1, so E(CF ) \ ET (CF ) = {uTF vTF }. Let H be a triangular block
containing uTF v

T
F . If H ̸= G[uTF v

T
F ], then uTF v

T
F must be incident with a 3-face of

H, then 2 ∈ LH(uTF , v
T
F ), we know that G contains C6 since 4 ∈ LT (u

T
F , v

T
F ), a

contradiction. So H = G[uTF v
T
F ]. If (2), (3) or (4) holds, then |E(CF )\ET (CF )| =

2. Let E(CF ) \ ET (CF ) = {uTFw, vTFw}. Now we prove that uTFw and vTFw are
in different triangular blocks. Suppose uTFw and vTFw belong to a triangular
block T ′. Clearly, T ′ ̸= T2. Since |E(CF )| = ℓ(F ), we have k(F ) = 0, i.e.,
T ′ ̸= T 4

5 . If T ′ ∈ {T3, T
1
4 } and uTF v

T
F ∈ E(T ′), then dG(w) = 2, a contradiction.

If T ′ ∈ {T 1
5 , T

2
5 , T

3
5 , T

2
4 }, or T ′ = T 1

4 and uTF v
T
F /∈ E(T ′), then 3 ∈ LT ′(uTF , v

T
F ),

so G contains C6 since 3 ∈ LT (u
T
F , v

T
F ), a contradiction. So uTFw and vTFw are

in different triangular blocks. Let Hu and Hv be triangular blocks containing
uTFw and vTFw, respectively. If Hu ̸= G[uTFw], then uTFw must be incident with
a 3-face of Hu, i.e., 3 ∈ LHu∪Hv(u

T
F , v

T
F ), we know that G contains C6 since

3 ∈ LT (u
T
F , v

T
F ), a contradiction. So Hu = G[uTFw]. Similarly, Hv = G[vTFw].

Observation 10. Let G be a 2-connected {C6, C7}-free planar graph, H be a
triangular block of G with E(H) = {v1v2}, F(H) = {F1, F2} and ℓ(F1) = 4.
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Then (1) w(H) ≤ 18
r − 23

2 if tG(vi) ≥ r, i = 1, 2, where r ∈ {2, 3}; (2) w(H) ≤ −4
if tG(v1) ≥ 2 and tG(v2) ≥ 3.

Proof. Since ℓ(F1) = 4, we have |E(PH
F1
)| = ℓ(F1)−|EH(CF1)| = 3. If ℓ(F2) = i,

i ∈ {4, 5}, then |E(PH
F2
)| = ℓ(F2) − |EH(CF2)| = i − 1, so G contains Ci+2 =

v1P
H
F1
v2P

H
F2
v1, a contradiction. By Observation 5, we have ℓ(F2) ≥ 8. Since

|E(H)| = 1, we have |F3(H)| = 0 and |EH(CFi)| = 1 for i = 1, 2. By Observation
2, we have w(H) ≤ 36(0 + 1

4 + 1
8) + 9nG(H)− 25|E(H)| = 9nG(H)− 23

2 . Recall
that nG(H) =

∑
v∈V (H)

1
tG(v) = 1

tG(v1)
+ 1

tG(v2)
. If tG(vi) ≥ r, i = 1, 2, then

nG(H) ≤ 2
r , so w(H) ≤ 18

r − 23
2 where r ∈ {2, 3}; if tG(v1) ≥ 2 and tG(v2) ≥ 3,

then nG(H) ≤ 5
6 , so w(H) ≤ −4.

Lemma 7 [13]. If G is a 2-degenerate graph on n vertices with n ≥ 2, then
|E(G)| ≤ 2n− 3.

Lemma 8 [20]. If a connected graph on n vertices is composed of blocks G1, G2,
. . . , Gs, then n =

∑s
i=1 |V (Gi)| − s+ 1.

Lemma 9. Let G be a 2-connected and {C6, C7}-free planar graph on n vertices
with n ≥ 7. If the degree of any internal vertex of one plane graph of G is at least
3, then |E(G)| ≤ 27

11n− 72
11 .

We will give the proof of Lemma 9 in Section 3. Now we prove Theorem 4.

Proof of Theorem 4. Let G be any {C6, C7}-free planar graph. We need to
prove that |E(G)| ≤ 27

11 |V (G)|− 72
11 , i.e., 27 |V (G)|−11 |E(G)| ≥ 72 when |V (G)| ≥

76. If G is 2-degenerate, by Lemma 7, we have |E(G)| ≤ 2|V (G)|−3 ≤ 27
11 |V (G)|−

72
11 when |V (G)| ≥ 76. If G is not 2-degenerate, repeatedly delete vertices of de-
gree at most 2 from G until the degree of any vertex of the remaining graph is at
least 3, the remaining graph is denoted by G−. Clearly, we have δ(G−) ≥ 3 and
|E(G)| ≤ |E(G−)|+2(|V (G)| − |V (G−)|). So 27|V (G)| − 11|E(G)| ≥ 27|V (G)| −
11(|E(G−)| + 2(|V (G)| − |V (G−)|)) = 5(|V (G)| − |V (G−)|) + 27|V (G−)| −
11|E(G−)|, i.e.,

(5) 27|V (G)| − 11|E(G)| ≥ 5(|V (G)| − |V (G−)|) + 27|V (G−)| − 11|E(G−)|.

Let T1, T2, . . . , Tt be components of G− and Hci−1+1, Hci−1+2, . . . ,Hci be the
blocks which belong to Ti of G

− where c0 = 0. Clearly, the number of the blocks
in G− is ct. Since the blocks are edge-disjoint, we have |E(G−)| =

∑ct
i=1 |E(Hi)|.

By Lemma 8, we have |V (Ti)| =
∑ci

j=ci−1+1 |V (Hj)| − (ci − ci−1) + 1. So

(6)
∣∣V (G−)

∣∣ = t∑
i=1

|V (Ti)| =
ct∑
i=1

|V (Hi)| − ct + t.
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Let bj and b≥7 be the number of the blocks on j vertices and at least 7
vertices in G−, respectively, when j = 2, 3, . . . , 6. So ct =

∑6
i=2 bi + b≥7 and∑ct

i=1 |V (Hi)| =
∑

i≥2 ibi. For any block Hi of G−, by Lemma 9, we have
27|V (Hi)|−11|E(Hi)|−27 ≥ 72−27 = 45 when |V (Hi)| ≥ 7. Clearly, |E(Hi)| = 1
when |V (Hi)| = 2 and |E(Hi)| ≤ 3|V (Hi)| − 6 when 3 ≤ |V (Hi)| ≤ 6, then
27|V (Hi)| − 11|E(Hi)| − 27 ≥ 3 when 2 ≤ |V (Hi)| ≤ 6. By inequality (5), we
have 27|V (G)| − 11|E(G)| ≥ 5(|V (G)| − |V (G−)|) + 27|V (G−)| − 11|E(G−)| =
5(|V (G)| − |V (G−)|)+ 27(

∑ct
i=1 |V (Hi)| − ct+ t)− 11

∑ct
i=1 |E(Hi)| = 5(|V (G)| −

|V (G−)|) +
∑ct

i=1(27|V (Hi)| − 11|E(Hi)| − 27) + 27t ≥ 3
5(|V (G)| − |V (G−)|) +

45b≥7 + 3
∑6

i=2 bi + 27t, i.e.,

27|V (G)| − 11|E(G)| ≥ 3

5
(|V (G)| − |V (G−)|) + 45b≥7 + 3

6∑
i=2

bi + 27t.

If b≥7 ≥ 1, then by t ≥ 1, we have 27 |V (G)| − 11 |E(G)| ≥ 72. If b≥7 = 0,
then ct =

∑6
i=2 bi and

∑ct
i=1 |V (Hi)| =

∑6
i=2 ibi. By equation (6), we have

|V (G−)| =
∑6

i=2(i−1)bi+t ≤ 5
∑6

i=2 bi+t, so 27|V (G)|−11|E(G)| ≥ 3
5(|V (G)|−

(5
∑6

i=2 bi+t))+3
∑6

i=2 bi+27t = 3
5 |V (G)|+ 132

5 t. Thus 27 |V (G)|−11 |E(G)| ≥ 72
when |V (G)| ≥ 76.

In summary, for all n ≥ 76, we have exp(n, {C6, C7}) ≤ 27
11n− 72

11 .

3. Proof of Lemma 9

Let G be a plane graph satisfying the condition of Lemma 9. To prove that
|E(G)| ≤ 27

11 |V (G)|− 72
11 , by Euler formula, we prove that 11|E(G)| ≤ 27|V (G)|−

36(|V (G)|−|E(G)|+ |F (G)|), i.e., 36 |F (G)|+9 |V (G)|−25 |E(G)| ≤ 0. Since the
triangular blocks are edge-disjoint, we have |E(G)| =

∑
T∈T (G) |E(T )|. By equa-

tions (1) and (3), we have 36 |F (G)|+9 |V (G)|−25 |E(G)| =
∑

T∈T (G)(36fG(T )+
9nG(T ) − 25|E(T )|). Thus we only need to prove that

∑
T∈T (G)w(T ) ≤ 0. By

Corollary 1, we see that T is isomorphic to a triangular block in Figure 1 for
all T ∈ T (G). We consider eight cases based on the structure of the triangular
blocks. For any T ∈ T (G), since G is 2-connected, we have |J (T )| ≥ 2 and
|F(T ) \ F3(T )| = |J (T )|, let F(T ) \ F3(T ) = {F1, F2, . . . , F|J (T )|}.

Case 1. T ∼= T 1
5 . Let V (T ) = {v1, v2, v3, v4, v5}. The triangular block T

is depicted in Figure 3(a). Clearly, |E(T )| = 7, |F3(T )| = 3 and |J (T )| ∈
{2, 3, 4, 5}.

Subcase 1.1. |J (T )| = 2.
(1) Assume two junction vertices are the ends of an edge e of T . If e is not an

outer edge of T , then vi /∈ J (T ), so dG(vi) = 2, i = 1, 4. Since G is 2-connected,
we obtain that v1 or v4 must be an internal vertex of G, a contradiction. So e
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Figure 3. Three cases of T .

is an outer edge of T . The 3+-faces in F(T ) are either only incident with e or
with other four outer edges of T . Notice that F(T ) \ F3(T ) = {F1, F2}, without
loss of generality, let |ET (CF1)| = 1 and |ET (CF2)| = 4. Since e ∈ E(T ), we have
ℓ(F2) /∈ {4, 5}. By Observations 5 and 6(1), we have ℓ(Fi) ≥ 8, i = 1, 2. By
Observation 3(1), we have w(T ) ≤ 0.

(2) Assume two junction vertices are not the ends of any edge of T . Let
J (T ) = {u,w}. Notice that F(T ) \ F3(T ) = {F1, F2}, without loss of generality,
let |ET (CF1)| = 2 and |ET (CF2)| = 3. By Observations 6(2) and 7(1), we have
ℓ(F1) ≥ 8, and ℓ(F2) = 4 or ℓ(F2) ≥ 8.

When ℓ(F2) = 4, by Observation 9(1), we have |E(CF2)| = ℓ(F2) = 4. Since
|E(CF2) \ ET (CF2)| = 1, we have uw ∈ E(CF2). Let H1 be a triangular block
containing uw. By Observation 9(1), we have H1 = G[uw]. We next calculate
w(T ) and w(H1). Since V (H1) ⊆ V (T ), we have |V (T )∪V (H1)| = 5. Since n ≥ 7
and G is 2-connected, we have tG(u) ≥ 3 and tG(w) ≥ 3. Firstly, we calculate
w(T ). For all v /∈ J (T ), we have tG(v) = 1. Thus nG(T ) =

∑
v∈V (T )

1
tG(v) ≤

2 · 13 +3 · 1 = 11
3 . Combining |F3(T )| = 3, |E(T )| = 7 and Observation 2, we have

w(T ) ≤ 36(3 + 2
8 + 3

4) + 9nG(T ) − 25|E(T )| ≤ 2. Secondly, we calculate w(H1).
Notice that H1 = G[uw], F2 ∈ F(H1) and ℓ(F2) = 4, by Observation 10(1), we
have w(H1) ≤ −11

2 . Let T
′
1 = {T,H1}. Then

∑
H∈T ′

1
w(H) ≤ 0.

When ℓ(F2) ≥ 8, by Observation 3(1), we have w(T ) ≤ 0.

Subcase 1.2. |J (T )| = 3. Notice that {v1, v4} ∩ J (T ) ̸= ∅, otherwise vi /∈
J (T ) for i = 1, 4, we obtain that dG(vi) = 2 and v1 or v4 must be an internal
vertex of G since G is 2-connected, a contradiction.

(1) Assume |{v1, v4} ∩ J (T )| = 1. Without loss of generality, let v1 ∈ J (T )
and v4 /∈ J (T ).

(1.1) If v5 /∈ J (T ), then J (T ) = {v1, v2, v3}. Let ET (CF1) = {v1v2},
ET (CF2) = {v2v3} and ET (CF3) = {v3v4, v4v5, v1v5}. By Observations 6(1) and
7(1), we have ℓ(Fi) ≥ 8 for i = 1, 2 and ℓ(F3) = 4 or ℓ(F3) ≥ 8.

When ℓ(F3) = 4, by Observation 9(1), we have |E(CF3)| = ℓ(F3) = 4. Since
|E(CF3) \ ET (CF3)| = 1, we have v1v3 ∈ E(CF3). Let H1 be a triangular block
containing v1v3. By Observation 9(1), we have H1 = G[v1v3]. By V (H1) ⊆ V (T ),
we have |V (T ) ∪ V (H1)| = 5. Since G is 2-connected, n ≥ 7 and H1 = G[v1v3],
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there exists v ∈ J (T ) satisfying tG(v) ≥ 3. For all u ∈ J (T )\{v} and w /∈ J (T ),
we have tG(u) ≥ 2 and tG(w) = 1. So nG(T ) =

∑
v∈V (T )

1
tG(v) ≤ 1 · 1

3 + 2 · 1
2 +

2 · 1 = 10
3 . Combining |F3(T )| = 3, |E(T )| = 7 and Observation 2, we have

w(T ) ≤ 36(3 + 1
8 + 1

8 + 3
4) + 9nG(T )− 25|E(T )| ≤ 0.

When ℓ(F3) ≥ 8, by Observation 3(1), we have w(T ) ≤ 0.

(1.2) If v5 ∈ J (T ), then J (T ) = {v1, v2, v5} or J (T ) = {v1, v3, v5}. When
J (T ) = {v1, v2, v5}, without loss of generality, let |ET (CF1)| = |ET (CF2)| = 1
and |ET (CF3)| = 3. Since v2v5 ∈ E(T ), we have ℓ(F3) ̸= 4. By Observations 5
and 6(1), we have ℓ(Fi) ≥ 8 for i = 1, 2 and ℓ(F3) ≥ 5. By Observation 3(3), we
have w(T ) ≤ 0.

When J (T ) = {v1, v3, v5}, let ET (CF1) = {v1v5}, ET (CF2) = {v1v2, v2v3}
and ET (CF3) = {v3v4, v4v5}. By Observations 5 and 6(1,2), we have ℓ(Fi) ≥ 8
for i = 1, 2 and ℓ(F3) ≥ 4. By Observation 1, we have nG(T ) ≤ 7

2 . Combining
|F3(T )| = 3, |E(T )| = 7 and Observation 2, we have w(T ) ≤ 36(3+ 1

8 +
2
8 +

2
4) +

9nG(T )− 25|E(T )| ≤ 0.

(2) Assume |{v1, v4} ∩ J (T )| = 2, i.e., {v1, v4} ⊆ J (T ). According to the
symmetry of T , there are two cases as follows.

When J (T ) = {v1, v2, v4}, let ET (CF1) = {v1v2}, ET (CF2) = {v1v5, v4v5}
and ET (CF3) = {v2v3, v3v4}. By Observation 6(1,2), we have ℓ(Fi) ≥ 8 for
i = 1, 2, 3. By Observation 3(1), we have w(T ) ≤ 0.

When J (T ) = {v1, v4, v5}, let ET (CF1) = {v1v5}, ET (CF2) = {v4v5} and
ET (CF3) = {v1v2, v2v3, v3v4}. According to analysis similar to Subcase 1.2 (1.1),
we have w(T ) ≤ 0.

Subcase 1.3. |J (T )| = k for k ∈ {4, 5}. Notice that F(T ) \ F3(T ) =
{F1, F2, . . . , Fk}, then the number of 3+-faces with exactly one edge of T is k− 1
when k = 4 and k when k = 5. Without loss of generality, let |ET (CFi)| = 1
for i = 1, 2, . . . , k − 1 and |ET (CFk

)| = 6 − k. By Observations 5 and 6(1), we
have ℓ(Fj) ≥ 8 for j = 1, 2, . . . , k − 1 and ℓ(Fk) ≥ 4. By Observation 1, we have
nG(T ) ≤ 5− k

2 . Combining |F3(T )| = 3, |E(T )| = 7 and Observation 2, we have

w(T ) ≤ 36(3 + k−1
8 + 6−k

4 ) + 9nG(T )− 25|E(T )| ≤ 0.

Case 2. T ∼= T 2
5 . Recall that F(T ) \ F3(T ) = {F1, F2, . . . , F|J (T )|} and

|J (T )| ∈ {2, 3, 4}. According to the structure of T 2
5 , we see that uTFi

vTFi
/∈ E(T )

when |ET (Fi)| = 2, i ∈ {1, 2, . . . , |J (T )|}. By Observation 6, we have ℓ(Fi) ≥ 8
for i = 1, 2, . . . , |J (T )|. By Observation 3(1), we have w(T ) ≤ 0.

Case 3. T ∼= T 3
5 . Let V (T ) = {v1, v2, v3, v4, v5}. The triangular block T is

depicted in Figure 3(b). Clearly, |E(T )| = 8, |F3(T )| = 4 and |J (T )| ∈ {2, 3, 4}.

Subcase 3.1. |J (T )| = 2.

(1) Assume two junction vertices are the ends of an edge e of T . According
to whether e is an outer edge, there are two cases as follows.
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(1.1) If e is an outer edge of T , then the 3+-faces in F(T ) are either only
incident with e or with other three outer edges of T . Notice that F(T )\F3(T ) =
{F1, F2}, without loss of generality, let |ET (CF1)| = 1 and |ET (CF2)| = 3. By
Observation 6(1,3), we have ℓ(Fi) ≥ 8, i = 1, 2. By Observation 3(1), we have
w(T ) ≤ 0.

(1.2) If e is not an outer edge of T , then J (T ) = {v2, v4} and |ET (CF1)| =
|ET (CF2)| = 2. By Observation 8, we have ℓ(Fi) = 4 or ℓ(Fi) ≥ 9 for i = 1, 2.
Without loss of generality, we assume that ℓ(F1) ≤ ℓ(F2).

When ℓ(Fi) = 4, i = 1, 2, by Observation 9(2), we have |E(CFi)| = ℓ(Fi) = 4,
so |E(CFi) \ ET (CFi)| = |E(CFi)| − |ET (CFi)| = 2. Let E(CFi) \ ET (CFi) =
{ei,1, ei,2} and Hi,j be a triangular block containing ei,j , i = 1, 2 and j =
1, 2. By Observation 9(2), we have Hi,j = G[ei,j ], i = 1, 2 and j = 1, 2. Let
V (Hi,1) ∩ V (Hi,2) = {vi+5}, i = 1, 2. Clearly, tG(vj) ≥ 2, j = 6, 7. Notice
that {H1,1, H1,2} ∩ {H2,1, H2,2} = ∅, otherwise {H1,1, H1,2} = {H2,1, H2,2}, then
v6 = v7 and |V (G)| = |V (T )∪V (H1,1)∪V (H1,2)| = |V (T )∪{v6}| = |V (T )|+1 < 7,
a contradiction. We next calculate w(T ) and w(Hi,j) for i = 1, 2 and j = 1, 2.
Since Hi,j is a triangular block, i = 1, 2 and j = 1, 2, we have tG(vk) ≥ 3 for
k = 2, 4. Firstly, we calculate w(T ). For all v /∈ J (T ), we have tG(v) = 1. Thus
nG(T ) =

∑
v∈V (T )

1
tG(v) ≤ 2 · 1

3 + 3 · 1 = 11
3 . Combining |F3(T )| = 4, |E(T )| = 8

and Observation 2, we have w(T ) ≤ 36(4 + 2
4 + 2

4) + 9nG(T ) − 25|E(T )| ≤ 13.
Secondly, we calculate w(Hi,j) for i = 1, 2 and j = 1, 2. Without loss of gener-
ality, let H1,1 = G[v2v6]. Combining F1 ∈ F(H1,1), ℓ(F1) = 4 and Observation
10(2), we have w(H1,1) ≤ −4. Similarly, w(Hi,j) ≤ −4 for i = 1, 2 and j = 1, 2.
Let T ′

2 = {T,H1,1, H1,2, H2,1, H2,2}. Then
∑

H∈T ′
2
wG(H) ≤ 0.

When ℓ(F1) = 4 and ℓ(F2) ≥ 9, by Observation 9(2), we have |E(CF1)| =
ℓ(F1) = 4, so |E(CF1) \ ET (CF1)| = 2. Let E(CF1) \ ET (CF1) = {e1, e2} and
Hi be a triangular block containing ei, i = 1, 2. By Observation 9(2), we have
Hi = G[ei], i = 1, 2. Let V (H1) ∩ V (H2) = {v6}. Clearly, tG(v6) ≥ 2. We
next calculate w(T ) and w(Hi) for i = 1, 2. Firstly, we calculate w(T ). Since
Hi = G[ei] for i = 1, 2, we have |V (T ) ∪ V (H1) ∪ V (H2)| = |V (T ) ∪ {v6}| = 6.
Since n ≥ 7, G is 2-connected and Hi = G[ei], i = 1, 2, there exists v ∈ J (T )
satisfying tG(v) ≥ 3. For all u ∈ J (T ) \ {v} and w /∈ J (T ), we have tG(u) ≥ 2
and tG(w) = 1. Thus nG(T ) =

∑
v∈V (T )

1
tG(v) ≤

1
3 + 1

2 + 3× 1 = 23
6 . Combining

|F3(T )| = 4, |E(T )| = 8 and Observation 2, we have w(T ) ≤ 36(4 + 2
4 + 2

9) +
9nG(T )− 25|E(T )| ≤ 9

2 . Secondly, we calculate w(Hi) for i = 1, 2. Without loss
of generality, let H1 = G[v2v6]. Since v2 ∈ J (T ), we have tG(v2) ≥ 2. Combining
F1 ∈ F(H1), ℓ(F1) = 4 and Observation 10(1), we have w(H1) ≤ −5

2 . Similarly,
w(H2) ≤ −5

2 . Let T
′
3 = {T,H1, H2}. Then

∑
H∈T ′

3
wG(H) ≤ 0.

When ℓ(Fi) ≥ 9, i = 1, 2, by Observation 3(1), we have w(T ) ≤ 0.

(2) Assume two junction vertices are not the ends of any edge of T . Clearly,
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J (T ) = {v1, v3} and |ET (CF1)| = |ET (CF2)| = 2. By Observation 6(2), we have
ℓ(Fi) ≥ 8, i = 1, 2. By Observation 3(1), we have w(T ) ≤ 0.

Subcase 3.2. |J (T )| = 3. Notice that F(T ) \ F3(T ) = {F1, F2, F3}, without
loss of generality, let |ET (CFi)| = 1 for i = 1, 2 and |ET (CF3)| = 2. Since
|J (T )| = 3 and J (T ) ⊆ {v1, v2, v3, v4}, we have {v1, v3} ⊆ J (T ) or {v2, v4} ⊆
J (T ).

(1) Assume {v1, v3} ⊆ J (T ). Recall that v1v3 /∈ E(T ). By Observation
6(1,2), we have ℓ(Fi) ≥ 8, i = 1, 2, 3. By Observation 3(1), we have w(T ) ≤ 0.

(2) Assume {v2, v4} ⊆ J (T ). Recall that v2v4 ∈ E(T ). By Observations 6(1)
and 8, we have ℓ(Fi) ≥ 8 for i = 1, 2, and ℓ(F3) = 4 or ℓ(F3) ≥ 9.

When ℓ(F3) = 4, by Observation 9(2), we have |E(CF3)| = ℓ(F3) = 4, so
|E(CF3) \ET (CF3)| = 2. Let E(CF3) \ET (CF3) = {e1, e2} and Hi be a triangular
block containing ei, i = 1, 2. By Observation 9(2), we have Hi = G[ei], i = 1, 2.
Let V (H1) ∩ V (H2) = {v6}. Clearly, tG(v6) ≥ 2. We next calculate w(T ) and
w(Hi) for i = 1, 2. Firstly, we calculate w(T ). By Observation 1, we have
nG(T ) ≤ 7

2 . Combining |F3(T )| = 4, |E(T )| = 8 and Observation 2, we have
w(T ) ≤ 36(4+ 1

8 +
1
8 +

2
4)+9nG(T )−25|E(T )| ≤ 5

2 . According to analysis similar
to Subcase 3.1 (1.2), we have w(Hi) ≤ −5

2 , i = 1, 2. Let T ′
4 = {T,H1, H2}. Then∑

H∈T ′
4
wG(H) ≤ 0.

When ℓ(F3) ≥ 9, by Observation 3(1), we have w(T ) ≤ 0.

Subcase 3.3. |J (T )| = 4. Notice that F(T ) \ F3(T ) = {F1, F2, F3, F4} and
|ET (CFi)| = 1, by Observation 6(1), we have ℓ(Fi) ≥ 8 for i = 1, 2, 3, 4. By
Observation 3(1), we have w(T ) ≤ 0.

Case 4. T ∼= T 4
5 . Clearly, |E(T )| = 9, |F3(T )| = 5 and |J (T )| ∈ {2, 3}.

Subcase 4.1. |J (T )| = 2. Let J (T ) = {u, v}. Notice that F(T ) \ F3(T ) =
{F1, F2}, without loss of generality, let |ET (CFi)| = i, i = 1, 2. If ℓ(Fi) ∈ {4, 5}
for i ∈ {1, 2}, then ℓ(Fi) − 1 ∈ LG[E(G)\E(T )](u, v), so G contains Cℓ(Fi)+2 since
3 ∈ LT (u, v), a contradiction. Thus ℓ(Fi) /∈ {4, 5}, i = 1, 2. By Observation 5, we
have ℓ(Fi) ≥ 8, i = 1, 2. Clearly, ET (CF1) ⊆ E2(CF1) and ET (CF2) ⊆ E1(CF2).
By equation (2), we have fFi(e) = 1

ℓ(Fi)
≤ 1

8i when e ∈ ET (CFi), i = 1, 2. By

Observation 1 and equation (4), we have nG(T ) ≤ 4 and fG(T ) = |F3(T )| +∑2
i=1

∑
e∈ET (CFi

) fFi(e) ≤ 5 +
∑2

i=1 i ·
1
8i =

21
4 . Thus w(T ) ≤ 0.

Subcase 4.2. |J (T )| = 3. Recall that F(T ) \ F3(T ) = {F1, F2, F3} and
|ET (CFi)| = 1 for i = 1, 2, 3. If ℓ(Fi) ∈ {4, 5} for i ∈ {1, 2}, then ℓ(Fi) − 1 ∈
LG[E(G)\E(T )](u, v) for {u, v} ⊆ J (T ), so G contains Cℓ(Fi)+2 since 3 ∈ LT (u, v),
a contradiction. Thus ℓ(Fi) /∈ {4, 5}, i = 1, 2, 3. By Observation 5, we have
ℓ(Fi) ≥ 8, i = 1, 2, 3. Clearly, ET (CFi) ⊆ E2(CFi), by equation (2), we have
fFi(e) =

1
ℓ(Fi)

≤ 1
8 when e ∈ ET (CFi), i = 1, 2, 3. By Observation 1 and equation
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(4), we have nG(T ) ≤ 7
2 and fG(T ) = |F3(T )| +

∑3
i=1

∑
e∈ET (CFi

) fFi(e) ≤ 5 +∑3
i=1 1 ·

1
8 = 43

8 . Thus w(T ) ≤ 0.

Case 5. T ∼= T 1
4 . Let V (T ) = {v1, v2, v3, v4}. The triangular block T is

depicted in Figure 3(c). Clearly, |E(T )| = 5, |F3(T )| = 2 and |J (T )| ∈ {2, 3, 4}.

Subcase 5.1. |J (T )| = 2.
(1) Assume two junction vertices are the ends of an edge e of T . If e is not an

outer edge of T , then vi /∈ J (T ), so dG(vi) = 2, i = 1, 3. Since G is 2-connected,
we obtain that v1 or v3 must be an internal vertex of G, a contradiction. So e
is an outer edge of T . The 3+-faces in F(T ) are either only incident with e or
with other three outer edges of T . Notice that F(T ) \F3(T ) = {F1, F2}, without
loss of generality, let |ET (CF1)| = 1 and |ET (CF2)| = 3. Since e ∈ E(T ), we have
ℓ(F2) ̸= 4. By Observations 5 and 6(1), we have ℓ(F1) ≥ 8, and ℓ(F2) = 5 or
ℓ(F2) ≥ 8.

When ℓ(F2) = 5, by Observation 9(4), we have |E(CF2)| = ℓ(F2) = 5, so
|E(CF2) \ET (CF2)| = 2. Let E(CF2) \ET (CF2) = {e1, e2} and Hi be a triangular
block containing ei, i = 1, 2. By Observation 9(4), we have Hi = G[ei], i = 1, 2.
Let V (H1) ∩ V (H2) = {v5}. We calculate w(T ). Since Hi = G[ei] for i = 1, 2,
we have |V (T ) ∪ V (H1) ∪ V (H2)| = |V (T ) ∪ {v5}| = 5. Since n ≥ 7, G is 2-
connected and Hi = G[ei], i = 1, 2, there exists v ∈ J (T ) satisfying tG(v) ≥ 3.
For all u ∈ J (T ) \ {v} and w /∈ J (T ), we have tG(u) ≥ 2 and tG(w) = 1. Thus
nG(T ) =

∑
v∈V (T )

1
tG(v) ≤

1
3 +

1
2 +2 · 1 = 17

6 . Combining |F3(T )| = 2, |E(T )| = 5

and Observation 2, we have w(T ) ≤ 36(2 + 1
8 + 3

5) + 9nG(T )− 25|E(T )| ≤ 0.
When ℓ(F2) ≥ 8, by Observation 3(2), we have w(T ) ≤ 0.
(2) Assume two junction vertices are not the ends of any edge of T . Clearly,

J (T ) = {v1, v3} and |ET (CF1)| = |ET (CF2)| = 2. By Observation 7(1), we have
ℓ(Fi) = 4 or ℓ(Fi) ≥ 8, i = 1, 2. Without loss of generality, we assume that
ℓ(F1) ≤ ℓ(F2).

When ℓ(Fi) = 4, i = 1, 2, by Observation 9(3), we have |E(CFi)| = ℓ(Fi) = 4,
so |E(CFi) \ ET (CFi)| = |E(CFi)| − |ET (CFi)| = 2. Let E(CFi) \ ET (CFi) =
{ei,1, ei,2} and Hi,j be a triangular block containing ei,j , i = 1, 2 and j =
1, 2. By Observation 9(3), we have Hi,j = G[ei,j ], i = 1, 2 and j = 1, 2. Let
V (Hi,1) ∩ V (Hi,2) = {vi+4}, i = 1, 2. Clearly, tG(vj) ≥ 2, j = 5, 6. Notice
that {H1,1, H1,2} ∩ {H2,1, H2,2} = ∅, otherwise {H1,1, H1,2} = {H2,1, H2,2}, then
v5 = v6 and |V (G)| = |V (T )∪V (H1,1)∪V (H1,2)| = |V (T )∪{v5}| = |V (T )|+1 < 7,
a contradiction. We next calculate w(T ) and w(Hi,j) for i = 1, 2 and j = 1, 2.
Since Hi,j is a triangular block, i = 1, 2 and j = 1, 2, we have tG(vk) ≥ 3 for
k = 1, 3. Firstly, we calculate w(T ). For all u /∈ J (T ), we have tG(u) = 1. Thus
nG(T ) =

∑
v∈V (T )

1
tG(v) ≤ 2 · 1

3 + 2 · 1 = 8
3 . Combining |F3(T )| = 2, |E(T )| = 5

and Observation 2, we have w(T ) ≤ 36(2+ 2
4 +

2
4)+9nG(T )− 25|E(T )| ≤ 7. Sec-

ondly, we calculate w(Hi,j) for i = 1, 2 and j = 1, 2. Without loss of generality,
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let H1,1 = G[v1v5]. Combining F1 ∈ F(H1,1), ℓ(F1) = 4 and Observation 10(2),
we have w(H1,1) ≤ −4. Similarly, w(Hi,j) ≤ −4 for i = 1, 2 and j = 1, 2. Let
T ′
5 = {T,H1,1, H1,2, H2,1, H2,2}. Then

∑
H∈T ′

5
wG(H) ≤ 0.

When ℓ(F1) = 4 and ℓ(F2) ≥ 8, by Observation 9(3), we have |E(CF1)| =
ℓ(F1) = 4, so |E(CF1) \ ET (CF1)| = 2. Let E(CF1) \ ET (CF1) = {e1, e2} and Hi

be a triangular block containing ei, i = 1, 2. By Observation 9(3), we have Hi =
G[ei], i = 1, 2. Let V (H1)∩ V (H2) = {v5}. We calculate w(T ). Since Hi = G[ei]
for i = 1, 2, we have |V (T )∪V (H1)∪V (H2)| = |V (T )∪{v5}| = 5. Since n ≥ 7, G is
2-connected and Hi = G[ei], i = 1, 2, there exists v ∈ J (T ) satisfying tG(v) ≥ 3.
For all u ∈ J (T ) \ {v} and w /∈ J (T ), we have tG(u) ≥ 2 and tG(w) = 1. Thus
nG(T ) =

∑
v∈V (T )

1
tG(v) ≤

1
3 +

1
2 +2 · 1 = 17

6 . Combining |F3(T )| = 2, |E(T )| = 5

and Observation 2, we have w(T ) ≤ 36(2 + 2
4 + 2

8) + 9nG(T )− 25|E(T )| ≤ 0.

When ℓ(Fi) ≥ 8, i = 1, 2, by Observation 3(2), we have w(T ) ≤ 0.

Subcase 5.2. |J (T )| = k, k ∈ {3, 4}. Notice that F(T )\F3(T ) = {F1, F2, . . . ,
Fk}, then the number of 3+-faces with exactly one edge of T is k − 1 when
k = 3 and k when k = 4. Without loss of generality, let |ET (CFi)| = 1 for
i = 1, 2, . . . , k − 1 and |ET (CFk

)| = 5− k. By Observations 5 and 6(1), we have
ℓ(Fi) ≥ 8 for i = 1, 2, . . . , k − 1 and ℓ(Fk) ≥ 4. By Observation 1, we have
nG(T ) ≤ 4− k

2 . Combining |F3(T )| = 2, |E(T )| = 5 and Observation 2, we have

w(T ) ≤ 36(2 + k−1
8 + 5−k

4 ) + 9nG(T )− 25|E(T )| ≤ 0.

Case 6. T ∼= T 2
4 . Clearly, |E(T )| = 6, |F3(T )| = 3 and |J (T )| ∈ {2, 3}.

Subcase 6.1. |J (T )| = 2. Notice that F(T ) \ F3(T ) = {F1, F2}, without loss
of generality, let |ET (CF1)| = 1 and |ET (CF2)| = 2. Let J (T ) = {v1, v2}. By
Observations 6(1) and 7(2), we have ℓ(F1) ≥ 8, and ℓ(F2) = 4 or ℓ(F2) ≥ 8.

When ℓ(F2) = 4, by Observation 9(2), we have |E(CF2)| = ℓ(F2) = 4, so
|E(CF2) \ET (CF2)| = 2. Let E(CF2) \ET (CF2) = {e1, e2} and Hi be a triangular
block containing ei, i = 1, 2. By Observation 9(2), we have Hi = G[ei], i = 1, 2.
Let V (H1) ∪ V (H2) = {v5}. Clearly, tG(v5) ≥ 2. We next calculate w(T ) and
w(Hi) for i = 1, 2. SinceHi = G[ei] for i = 1, 2, we have |V (T )∪V (H1)∪V (H2)| =
|V (T ) ∪ {v5}| = 5. Since n ≥ 7, G is 2-connected and Hi = G[ei], i = 1, 2, there
exists v ∈ J (T ) satisfying tG(v) ≥ 3. For u ∈ J (T ) \ {v}, we have tG(u) ≥ 2.
Firstly, we calculate w(T ). For w /∈ J (T ), we have tG(w) = 1. Thus nG(T ) =∑

v∈V (T )
1

tG(v) ≤ 1
3 + 1

2 + 2 · 1 = 17
6 . Combining |F3(T )| = 3, |E(T )| = 6 and

Observation 2, we have w(T ) ≤ 36(3+ 1
8 +

2
4)+9nG(T )−25|E(T )| ≤ 6. Secondly,

we calculate w(Hi) for i = 1, 2. Without loss of generality, let H1 = G[v1v5] and
H2 = G[v2v5]. Combining F2 ∈ F(Hi) for i = 1, 2, ℓ(F2) = 4 and Observation
10(1,2), we have w(H1) ≤ −5

2 and w(H2) ≤ −4. Let T ′
6 = {T,H1, H2}. Then∑

P∈T ′
6
wG(P ) ≤ 0.

When ℓ(F2) ≥ 8, by Observation 3(2), we have w(T ) ≤ 0.
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Subcase 6.2. |J (T )| = 3. Notice that F(T ) \ F3(T ) = {F1, F2, F3} and
|E(CFi)| = 1 for i = 1, 2, 3, by Observation 6(1), we have ℓ(Fi) ≥ 8 for i = 1, 2, 3.
By Observation 3(2), we have w(T ) ≤ 0.

Case 7. T ∼= T3. Let V (T ) = {v1, v2, v3}. Clearly, |E(T )| = 3, |F3(T )| = 1
and |J (T )| ∈ {2, 3}.

Subcase 7.1. |J (T )| = 2. Let J (T ) = {v1, v2}, ET (CF1) = {v1v2} and
ET (CF2) = {v2v3, v1v3}. If ℓ(F1) = 5, then |E(P T

F1
)| = ℓ(F1) − |ET (CF1)| = 4,

so G contains C6 = v1P
T
F1
v2v3v1, a contradiction. By Observation 5, we have

ℓ(F1) = 4 or ℓ(F1) ≥ 8, and ℓ(F2) ∈ {4, 5} or ℓ(F2) ≥ 8. Now we prove that
|E(CFi)| = ℓ(Fi) when ℓ(Fi) = 4, i ∈ {1, 2}. Suppose |E(CFi)| ̸= ℓ(Fi) for
i ∈ {1, 2}. Similar to the proof of Observation 9, we have 1 ≤ k(Fi) ≤ ℓ(Fi) −
|ET (CFi)| ≤ 3 and |E(CFi)| ∈ {5, 6, 7}, i ∈ {1, 2}. By Observation 4, we obtain
that G contains C6 or C7, a contradiction. So |E(CFi)| = ℓ(Fi) when ℓ(Fi) = 4,
i ∈ {1, 2}.

We consider the following two cases based on the value of ℓ(F1).

(1) Assume ℓ(F1) = 4. Recall that |E(CF1)| = ℓ(F1) = 4. Let v1, v4, v5, v2
denote vertices of CF1 in order.

Now we prove that v1v4, v4v5 and v2v5 are in trivial triangular blocks, respec-
tively. We claim that any two edges in {v1v4, v4v5, v2v5} are not in the same trian-
gular block. Suppose at least two edges in {v1v4, v4v5, v2v5} are in the same trian-
gular block. Assume all edges in {v1v4, v4v5, v2v5} are in the same triangular block
T ′. Since v1v2 ∈ E(T ), we have v1v2 /∈ E(T ′), thus T ′ contains at least five outer
edges. Clearly, T ′ = T 1

5 . Thus 4 ∈ LT ′(v1, v2). Since 2 ∈ LT (v1, v2), we see that
G contains C6, a contradiction. Assume exactly two edges in {v1v4, v4v5, v2v5} are
in the same triangular block T ′ and the other edge is in the triangular block T ′′,
T ′ ̸= T ′′. Notice that T ′ ̸= T2, we see that one edge in E(T ′) ∩ {v1v4, v4v5, v2v5}
is incident with a 3-face of T ′. Since the degree of any internal vertex of G is at
least 3, we see that two edges in E(T ′) ∩ {v1v4, v4v5, v2v5} are not incident with
the same 3-face of T ′. So 4 ∈ LT ′∪T ′′(v1, v2). Since 2 ∈ LT (v1, v2), we see that
G contains C6, a contradiction. So any two edges in {v1v4, v4v5, v2v5} are not in
the same triangular block. Let H1, H2 and H3 be triangular blocks containing
v1v4, v4v5 and v2v5, respectively. Suppose H1 is not in a trivial triangular block.
There exists a 3-face incident with v1v4, then 4 ∈ LH1∪H2∪H3(v1, v2), we see that
G contains C6 since 2 ∈ LT (v1, v2), a contradiction. So H1 is in a trivial triangu-
lar block. Similarly, Hi is in a trivial triangular block for i = 2, 3. So v1v4, v4v5
and v2v5 are in trivial triangular blocks, respectively.

Clearly, tG(vi) ≥ 2, i = 4, 5. Now we prove that ℓ(F2) ̸= 5. Suppose
ℓ(F2) = 5. Clearly, |E(P T

F2
)| = ℓ(F2) − |ET (CF2)| = 3. Notice that E(P T

F2
) ̸=

{v1v4, v4v5, v2v5}, otherwise |V (G)| = |V (T )∪V (H1)∪V (H2)∪V (H3)| = |{v1, v2,
v3, v4, v5}| < 7, a contradiction. Thus there exists C6 = v1v4v5v2P

T
F2
v1, a contra-
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diction. So ℓ(F2) ̸= 5, then ℓ(F2) = 4 or ℓ(F2) ≥ 8.

When ℓ(F2) = 4, then |E(CF2)| = ℓ(F2) = 4. Let v1, v3, v2, v6 denote vertices
of CF2 in order. Now we prove that v1v6 and v2v6 are in trivial triangular blocks,
respectively. We claim that v1v6 and v2v6 are in different triangular blocks.
Suppose v1v6 and v2v6 belong to a triangular block T ′. Clearly, T ′ ̸= T2. Since
|E(CF2)| = ℓ(F2), we have k(F2) = 0, i.e., T ′ ̸= T 4

5 . Since v1v2 ∈ E(T ), we
have v1v2 /∈ E(T ′), then T ′ ̸= T3. So T ′ ∈ {T 1

5 , T
2
5 , T

3
5 , T

1
4 , T

2
4 }. Notice that

3 ∈ LT ′(v1, v2), so G contains C6 since there exists a path v1v4v5v2 in CF1 ,
a contradiction. So v1v6 and v2v6 are in different triangular blocks. Let H4

and H5 be triangular blocks containing v1v6 and v2v6, respectively. Suppose H4

is not in a trivial triangular block. There exists a 3-face incident with v1v6,
then 3 ∈ LH4∪H5(v1, v2), we see that G contains C6 since there exists a path
v1v4v5v2 in CF1 , a contradiction. So H4 is in a trivial triangular block. Similarly,
H5 is in a trivial triangular block. So v1v6 and v2v6 are in trivial triangular
blocks, respectively. Clearly, tG(v6) ≥ 2. We next calculate w(T ) and w(Hi) for
i = 1, 2, . . . , 5. Since Hi is a triangular block for i = 1, 3, 4, 5, we have tG(vi) ≥ 3,
i = 1, 2. Firstly, we calculate w(T ). Since v3 /∈ J (T ), we have tG(v3) = 1. Thus
nG(T ) =

∑
v∈V (T )

1
tG(v) ≤ 2 · 1

3 + 1 · 1 = 5
3 . Combining |F3(T )| = 1, |E(T )| = 3

and Observation 2, we have w(T ) ≤ 36(1 + 1
4 + 2

4) + 9nG(T ) − 25|E(T )| ≤ 3.
Secondly, we calculate w(Hi) for i = 1, 2, . . . , 5. Recall that H1 = G[v1v4].
Since v1 ∈ J (T ), we have tG(v1) ≥ 2. Combining F1 ∈ F(H1), ℓ(F1) = 4 and
Observation 10(1), we have w(H1) ≤ −5

2 . Similarly, w(Hi) ≤ −5
2 for i = 2, 3, 4, 5.

Let T ′
7 = {T,H1, H2, H3, H4, H5}. Then

∑
H∈T ′

7
wG(H) ≤ 0.

When ℓ(F2) ≥ 8, by Observation 1, we have nG(T ) ≤ 2. Combining |F3(T )| =
1, |E(T )| = 3 and Observation 2, we have w(T ) ≤ 36(1 + 1

4 + 2
8) + 9nG(T ) −

25|E(T )| ≤ 0.

(2) Assume ℓ(F1) ≥ 8. When ℓ(F2) = 4, we have |E(CF2)| = ℓ(F2) = 4.
Let v1, v3, v2, v4 denote vertices of CF2 in order. Let H1 and H2 be triangular
blocks containing v1v4 and v2v4, respectively. Now we prove that |V (T )∪V (H1)∪
V (H2)| ≤ 6. Assume H1 = H2. By Corollary 1, we have |V (H1)| ≤ 5, we have
|V (T )∪V (H1)∪V (H2)| = |V (T )∪V (H1)| = |V (H1)|+1 ≤ 6. Assume H1 ̸= H2.
Clearly, |V (H1) ∩ V (H2)| = 1 and |V (Hi) ∩ V (T )| = 1 for i = 1, 2. Since viv4 is
an outer edge of Hi, i = 1, 2, we have {1, 2, . . . , |V (Hi)| − 1} ⊆ LHi(vi, v4), then
{2, 3, . . . , |V (H1)|+|V (H2)|−2} ⊆ LH1∪H2(v1, v2). By {1, 2} ⊆ LT (v1, v2), we see
that G contains Cj , j = 3, 4, . . . , |V (H1)|+ |V (H2)|, so |V (H1)|+ |V (H2)| ≤ 5. So
|V (T )∪V (H1)∪V (H2)| = |V (H1)|+|V (H2)| ≤ 5. So |V (T )∪V (H1)∪V (H2)| ≤ 6.
Since n ≥ 7 and G is 2-connected, there exists v ∈ J (T ) satisfying tG(v) ≥ 3.
For all u ∈ J (T ) \ {v} and w /∈ J (T ), we have tG(u) ≥ 3 and tG(w) ≥ 2. Thus
nG(T ) =

∑
v∈V (T )

1
tG(v) ≤ 1

3 + 1
2 + 1 = 11

6 . Combining |F3(T )| = 1, |E(T )| = 3

and Observation 2, we have w(T ) ≤ 36(1 + 1
8 + 1

2) + 9nG(T )− 25|E(T )| ≤ 0.

When ℓ(F2) ≥ 5, by Observation 1, we have nG(T ) ≤ 2. Combining |F3(T )| =
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1, |E(T )| = 3 and Observation 2, we have w(T ) ≤ 36(1 + 1
8 + 2

5) + 9nG(T ) −
25|E(T )| ≤ 0.

Subcase 7.2. |J (T )| = 3. Recall that F(T ) \ F3(T ) = {F1, F2, F3}. Clearly,
|ET (CFi)| = 1 for i = 1, 2, 3. Without loss of generality, we assume that ℓ(F1) ≤
ℓ(F2) ≤ ℓ(F3). By Observation 5, we have ℓ(Fi) ≥ 4 for i = 1, 2, 3. If ℓ(F2) = 4,
then ℓ(F1) = 4, notice that |E(P T

Fj
)| = ℓ(Fj) − |ET (CFj )| = 3 for j = 1, 2, so G

contains C7 since |E(T )\(E(CF1) ∪ E(CF2))| = 1, a contradiction; if ℓ(F2) = 5,
then |E(P T

F2
)| = ℓ(F2)− |ET (CF2)| = 4, so G contains C6 since 2 ∈ LT (u

T
F2
, vTF2

),
a contradiction. By Observation 5, we have ℓ(F1) ≥ 4 and ℓ(Fi) ≥ 8, i = 2, 3.
By Observation 1, we have nG(T ) ≤ 3

2 . Combining |F3(T )| = 1, |E(T )| = 3 and
Observation 2, we have w(T ) ≤ 36(1 + 1

4 + 1
8 + 1

8) + 9nG(T )− 25|E(T )| ≤ 0.

Case 8. T ∼= T2. Recall that |J (T )| = 2 and F(T ) \ F3(T ) = {F1, F2}.
Clearly, |ET (CFi)| = 1 for i = 1, 2. Without loss of generality, we assume that
ℓ(F1) ≤ ℓ(F2). By Observation 5, we have ℓ(Fi) ≥ 4 for i = 1, 2. If ℓ(F2) = 4, then
ℓ(F1) = 4, notice that |E(P T

Fi
)| = ℓ(Fi)−|ET (CFi)| = 3 for i = 1, 2, so G contains

C6, a contradiction. By Observation 5, we have ℓ(F2) = 5 or ℓ(F2) ≥ 8. If ℓ(F2) =
5, then ℓ(F1) = 5, otherwise ℓ(F1) = 4, then |E(P T

Fi
)| = ℓ(Fi)− |ET (CFi)| = i+2

for i = 1, 2, so G contains C7, a contradiction. By Observation 1, we have
nG(T ) ≤ 1. Combining |F3(T )| = 0, |E(T )| = 1 and Observation 2, we have
w(T ) ≤ 36( 1

ℓ(F1)
+ 1

ℓ(F2)
) + 9nG(T ) − 25|E(T )| = 36( 1

ℓ(F1)
+ 1

ℓ(F2)
) − 16. So

w(T ) ≤ 36(15 +
1
5)− 16 ≤ 0 when ℓ(F2) = 5 and w(T ) ≤ 36(14 +

1
8)− 16 ≤ 0 when

ℓ(F2) ≥ 8.

Let T i
1 , T i

2 , . . . , T i
pi be the sets of the triangular blocks, such that

⋃
T∈T i

j
T iso-

morphic to
⋃

T∈T ′
i
T is the subgraph ofG, j = 1, 2, . . . , pi and i = 1, 2, . . . , 7. Since∑

T∈T ′
i
w(T ) ≤ 0, we have

∑
T∈T i

j
w(T ) ≤ 0, j = 1, 2, . . . , pi and i = 1, 2, . . . , 7.

Let T ∗ = T (G) \
⋃7

i=1

⋃pi
j=1 T i

j . According to the above proof, we have w(T ) ≤ 0
for any T ∈ T ∗. Thus 36 |F (G)| + 9 |V (G)| − 25 |E(G)| =

∑
T∈T (G)(36fG(T ) +

9nG(T )− 25|E(T )|) =
∑

T∈T (G)w(T ) ≤ 0, as desired.

4. Proof of Theorem 5

By Theorem 4 and n = 22k + 10 > 21 for all k ≥ 1, we have exp(n, {C6, C7}) ≤
27
11n − 72

11 . Thus we only need to prove that exp(n, {C6, C7}) ≥ 27
11n − 72

11 for
n = 22k + 10. So now we prove that there exists a {C6, C7}-free planar graph
with n vertices and 27

11n− 72
11 edges.

For the convenience of proof, we construct a graph M on 12k−5 vertices. Let
P1, P2, P3 and P4 be four paths. Let Pi = vi1v

i
2 . . . v

i
2k−1+ i−1

2

when i = 1, 3 and

Pi = vi1v
i
2 . . . v

i
4k+1−i when i = 2, 4. Clearly, |P1| = 2k−1, |P2| = 4k−1, |P3| = 2k
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and |P4| = 4k−3. Let M be the graph obtained from the union of P1, P2, P3 and
P4 by adding edges v1j v

2
2j−1, v

3
j v

2
2j+1 and v3j+1v

4
2j−1 for j = 1, 3, . . . , 2k − 1. The

graph M is depicted in the figure composed of thin edges in Figure 4. By the
construction of M , we have |V (M)| =

∑4
i=1 |Pi| = (2k−1)+(4k−1)+2k+(4k−

3) = 12k−5. Let A1 = {v1j : j = 3, 5, . . . , 2k−3}, A2 = {v2j : j = 3, 5, . . . , 4k−3},
A3 = {v3j : j = 2, 3, . . . , 2k − 1} and A4 = {v4j : j = 5, 9, . . . , 4k − 7}. Clearly,

|A1| = |A4| = k − 2 and |A2| = |A3| = 2k − 2. Notice that V3(M) =
⋃4

i=1Ai, so
|V3(M)| =

∑4
i=1 |Ai| = 6k − 8. To construct a {C6, C7}-free planar graph on n

vertices, we consider the following two cases based on the value of n.

Case 1. n = 44k−12. In the first step, we construct a plane graph G1, which
satisfies that each face is an 8-face and the degree of each vertex is 2 or 3. Let
G1 be the graph obtained from M by adding edges v12k−1v

4
4k−4 and v1j+5

2

v4j for

j = 3, 7, . . . , 4k− 9; then adding a new vertex v and joining v and vi1 for i = 1, 4.
The graph G1 is depicted in Figure 4.

By the construction of G1, we have g(G1) = 8 and |V (G1)| = |V (M)| +
1 = 12k − 4. By Handshaking Theorem and each face of G1 is an 8-face, we
have 8 |F (G1)| = 2 |E(G1)|, i.e., |F (G1)| = 1

4 |E(G1)|. By Euler formula, we
have |V (G1)| − 2 = |E(G1)| − |F (G1)| = 3

4 |E(G1)| and therefore |E(G1)| =
4
3(|V (G1)| − 2) = 16k − 8. Let B1 = V (P1) \ (A1 ∪ {v12}) and B2 = {v4j : j =

3, 7, . . . , 4k−9}∪{v41, v44k−4}. Clearly, |B1| = |B2| = k. By the construction of G1,
we have V3(G1) = V3(M)∪B1∪B2, so |V3(G1)| = |V3(M)|+ |B1|+ |B2| = 8k−8.
Since V (G1) = V2(G1)∪V3(G1), we observe that |V2(G1)| = |V (G1)|−|V3(G1)| =
(12k − 4)− (8k − 8) = 4k + 4.

Figure 4. The graph G1 in Case 1.

In the second step, we construct a plane graph G2 based on G1. Let G2

be the plane graph obtained from G1 by adding a new vertex to each edge of
G1, and joining any two new vertices added to two adjacent edges of G1. The
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graph G2 is depicted in Figure 5. By the construction of G2, we have |V (G2)| =
|V (G1)|+ |E(G1)| = 28k−12; the degree of each new vertex of G2 is at least 4, so
Vi(G2) = Vi(G1) for i = 2, 3 and |V2(G2) ∪ V3(G2)| = |V (G1)| = 12k−4; we have
G2[NG2 [y]]

∼= Ki+1 for any y ∈ Vi(G2), i = 2, 3; for any two adjacent vertices u
and v of G1, we see that the graphs G2[NG2 [u]] and G2[NG2 [v]] are edge-disjoint
and their common vertices belong to V (G2) \ V (G1).

Figure 5. The graph G2 in Case 1.

In the third step, we construct a plane graph G3 based on G2. For any
z ∈ V2(G2) ∪ V3(G2), let NG2(z) = {z(1), z(2), . . . , z(dG2

(z))}. For any x ∈ V2(G2)
and y ∈ V3(G2), let G3 be the plane graph obtained from G2 by doing the
following. (1) for any x ∈ V2(G2), adding two adjacent vertices x(3) and x(4)

to the interior of (x, x(1), x(2))-face, adding edges xx(3), x(i)x(3) and x(i)x(4) for
i = 1, 2; (2) for any y ∈ V3(G2), adding a vertex y(4) to the interior of (y, y(2), y(3))-
face and adding edges yy(4) and y(i)y(4) for i = 2, 3. For some x0 ∈ V2(G2) and

y0 ∈ V3(G2), G3[x0, x
(1)
0 , x

(2)
0 , x

(3)
0 , x

(4)
0 ] and G3[y0, y

(1)
0 , y

(2)
0 , y

(3)
0 , y

(4)
0 ] are depicted

in Figure 6(a) and Figure 6(b), respectively. By the construction of G3, for any
z ∈ V2(G2)∪V3(G2), we have G3[z, z

(1), z(2), z(3), z(4)] ∼= K−
5 . So G3 is composed

of the union ofK−
5 s, where theseK−

5 s are edge-disjoint and their common vertices
(if have) belong to V (G2) \ V (G1). Since |E(K−

5 )| = 9, we have |V (G3)| =
|V (G2)|+2|V2(G2)|+ |V3(G2)| = (28k−12)+2(4k+4)+(8k−8) = 44k−12 = n
and |E(G3)| = 9|V2(G2) ∪ V3(G2)| = 108k − 36. Notice that n = 44k − 12, we
have |E(G3)| = 108k − 36 = 27

11n− 72
11 .

Now we prove that G3 is a {C6, C7}-free plane graph. Notice that except
the 3-faces in K−

5 , the degree of all other faces of G3 is more than 7. For any
e ∈ E(G3), the length of any cycle containing e is more than 7, unless all edges of
the cycle belong to oneK−

5 . Clearly, K−
5 is {C6, C7}-free. So G3 is a {C6, C7}-free

plane graph on n vertices and |E(G3)| = 27
11n− 72

11 for n = 44k − 12.
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Figure 6. The operations on G2 in the third step.

Case 2. n = 44k+10. In the first step, we construct a plane graph G1, which
satisfies that each face is an 8-face and the degree of each vertex is 2 or 3. Let
G1 be the graph obtained from M by adding the path v01v

0
2 . . . v

0
7; then adding

edges v01v
1
1, v

0
3v

3
1, v

0
6v

1
2, v

0
7v

4
1, v

1
2k−1v

4
4k−4 and v1j+5

2

v4j for j = 3, 7, . . . , 4k − 9. The

graph G1 is depicted in Figure 7.

By the construction of G1, we have g(G1) = 8 and |V (G1)| = |V (M)| +
7 = 12k + 2. By Handshaking Theorem and each face of G1 is an 8-face, we
have 8 |F (G1)| = 2 |E(G1)|, i.e., |F (G1)| = 1

4 |E(G1)|. By Euler formula, we
have |V (G1)| − 2 = |E(G1)| − |F (G1)| = 3

4 |E(G1)| and therefore |E(G1)| =
4
3(|V (G1)| − 2) = 16k. Let C1 = {v03, v06, v31}, C2 = V (P1) \ A1 and C3 = {v4j :

j = 3, 7, . . . , 4k − 9} ∪ {v41, v44k−4}. Clearly, |C1| = 3, |C2| = k + 1 and |C3| = k.

By the construction of G1, we have V3(G1) =
⋃3

i=1Ci ∪ V3(M), so |V3(G1)| =∑3
i=1 |Ci|+ |V3(M)| = 8k − 4. Since V (G1) = V2(G1) ∪ V3(G1), we observe that

|V2(G1)| = |V (G1)| − |V3(G1)| = (12k + 2)− (8k − 4) = 4k + 6.

Figure 7. The graph G1 in Case 2.

The second and third steps are the same as in Case 1, the resulting plane
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graph obtained through the second and third steps are denoted by G2 and G3,
respectively. By the construction of G2, we have |V (G2)| = |V (G1)|+ |E(G1)| =
28k + 2; the degree of each new vertex of G2 is at least 4, so Vi(G2) = Vi(G1)
for i = 2, 3 and |V2(G2) ∪ V3(G2)| = |V (G1)| = 12k + 2; we have G2[NG2 [y]]

∼=
Ki+1 for any y ∈ Vi(G2), i = 2, 3; for any two adjacent vertices u and v of G1,
we see that the graphs G2[NG2 [u]] and G2[NG2 [v]] are edge-disjoint and their
common vertices belong to V (G2) \ V (G1). By the construction of G3, for any
z ∈ V2(G2)∪V3(G2), we have G3[z, z

(1), z(2), z(3), z(4)] ∼= K−
5 . So G3 is composed

of the union ofK−
5 s, where theseK−

5 s are edge-disjoint and their common vertices
(if have) belong to V (G2) \ V (G1). Since

∣∣E(K−
5 )

∣∣ = 9, we have |V (G3)| =
|V (G2)|+2|V2(G2)|+ |V3(G2)| = (28k+2)+2(4k+6)+ (8k− 4) = 44k+10 = n
and |E(G3)| = 9 |V2(G2) ∪ V3(G2)| = 108k+18. Notice that n = 44k+10, we have
|E(G3)| = 108k+18 = 27

11n−
72
11 . By the same analysis as in Case 1, we know that

G3 is a {C6, C7}-free plane graph on n vertices and |E(G3)| = 108k+18 = 27
11n−

72
11

for n = 44k + 10.
In summary, for any integer k, we have exp(n, {C6, C7}) ≥ 27

11n − 72
11 for

n = 22k + 10. By Theorem 4, we have exp(n, {C6, C7}) = 27
11n − 72

11 for n ≡ 10
(mod 22), as desired.
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[6] D. Ghosh, E. Győri, R.R. Martin, A. Paulos and C.Q. Xiao, Planar Turán number
of the 6-cycle, SIAM J. Discrete Math. 36 (2022) 2028–2050.
https://doi.org/10.1137/21M140657X
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