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Abstract

Given two non-empty graphs GG, H and a positive integer k, the Gallai-
Ramsey number gr, (G : H) is defined as the minimum integer N such that
for all n > N, every k-edge-coloring of K, contains either a rainbow copy
of G or a monochromatic copy of H. Given a graph H, the k-color Ramsey
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number R (H) is the minimum number n such that every k-edge-coloring of
K, contains a monochromatic H. In this paper, we determine several exact
values and bounds for Gallai-Ramsey numbers gr,(G : H) and Ramsey
numbers R3(H), where G is a special tree and H is a union of stars.
Keywords: Ramsey number, Gallai-Ramsey number, edge-coloring.
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1. INTRODUCTION

All graphs considered in this paper are undirected, finite and simple. Any un-
defined concepts or notations can be found in [5]. Let G = (V(G), E(G)) be a
graph. For a vertex subset V of G, G\ V is obtained by deleting all vertices of
V. Let G[V] be the subgraph of G induced by V. For any vertex u € V(G), we
abbreviate G \ {u} as G — u. We denote the minimum degree of G by §(G). For
a bipartite graph K1 ; on t+1 vertices, the center vertex of the bipartite graph is
the vertex adjacent to the other ¢ vertices, and the remaining vertices are called
leaf vertices. Let [k] = {1,2,...,k}. The k-edge-coloring is ezact if every color
is used at least once. Let H be a disconnected graph and C(H) be the set of
connected graphs containing H as a subgraph. In this paper, we solely focus on
exact k-edge-colorings of graphs. An edge-colored graph is called rainbow if no
two edges share the same color. It is referred to as monochromatic if every edge
has the same color.

As we all know, Ramsey theory was introduced in 1930 (see [28]), and the
main subject of the theory are complete graphs whose subgraphs can have some
regular properties. Many results about the exact values and bounds for Ramsey
numbers have been obtained, which can be referred to a survey [27].

Definition. Given graphs Hy, Ha, ..., Hy, the multi-color Ramsey number R(Hj,
Hy, ..., Hy) is the minimum number n for which every k-edge-coloring of K,, con-
tains a monochromatic H; for some 1 <i <n. If H = Hy = --- = Hy, we write
the number as Ry (H).

Definition. Given two graphs G and H, the general k-edge-colored Gallai-
Ramsey number gr,(G : H) is the minimum integer m such that every k-edge-
coloring of the complete graph on m vertices contains either a rainbow copy of
G or a monochromatic copy of H.

Edge colorings of complete graphs that contain no rainbow triangle possess
very interesting and somewhat surprising structures. In 1967, Gallai [12] first
examined the edge colorings of complete graphs without rainbow triangle under
the guise of transitive orientations of graphs and it can also be traced back to [5].
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For this reason, edge-colored complete graphs without rainbow triangle are called
Gallai colorings. Gallai’s result was restated in [17] in the terminology of graphs.
Ramsey number has its applications on the fields of communications, information
retrieval in computer science, and decision-making; see [29,30]. For the following
statement, a trivial partition is a partition into only one part.

Theorem 1 [5,12,17]. For each edge coloring of a complete graph containing
no rainbow triangle, there is a nontrivial partition of the vertices (called a Gallai
partition) such that at most two colors are on the edges between the parts and
only one color is on the edges between each pair of parts.

The induced subgraph of a Gallai colored complete graph constructed by
selecting a single vertex from each part of a Gallai partition is called the reduced
graph. By Theorem 1, the reduced graph is a 2-colored complete graph. This
kind of restriction on the distribution of colors has led to a variety of interesting
results like [14].

With the additional restriction of forbidding rainbow copies of GG, we have
gri(G : H) < Ri(H) for any G. Till now, most research focuses on the case
of G = Ks; see [6,8,11,17,19, 21, 24-26, 32, 33]. Additionally, Gallai-Ramsey
numbers of hypergraphs were also studied by Li et al. [18] and Liu [22]. For more
details on the Gallai-Ramsey numbers, we refer to the book [23] and a survey
paper [9].

Some small trees have been studied. Li et al. [20] obtained the structural
theorems for complete bipartite graphs without rainbow 3-path and 4-path and
some exact values and bounds of gr,(Ps : K;). Fujita and Magnant [10] obtained
the structural theorem for G = S5 . Zou et al. [34] studied grj,(P5 : H). Zhou et
al. [35] got exact values or bounds of gry (K1 3: P3U K 4) for m, ¢ > 3, and the
Gallai-Ramsey number grj(Ps : PsUK; 4) for ¢ > 3. Thomason and Wagner [31]
obtained construct theorems without rainbow 3-path, rainbow Pf , rainbow 4-
path or rainbow K7 3. The subject has also been expanded through several other
publications including but certainly not limited to [11,16]. In particular, in [16],
the following general behavior of Gallai-Ramsey numbers was established.

Theorem 2 [16]. Let H be a fized graph with no isolated vertices. If H is
bipartite and not a star, then gri(Ks : H) is linear in k. If H is not bipartite,
then gr,(Ks : H) is exponential in k.

By Theorem 2, it is clear that gr, (K3 : H) is dependent on the variable k.
Motivated by the phenomenon, we will determine several exact values and bounds
for Gallai-Ramsey numbers gr;, (G : H) which is independent on the variable k,
where G is a special tree and H is a union of stars.
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Theorem 3. For positive integers n,t, k withn > 2, t = 3,4, k > 4, we have

=tn+n+1,
=tn+n+1,
=5n — 1,

(1) gr(Ps :nK14) ¢ € [6n — 1,9n + 20],

_ P+\/21+W1,

if2<n<4,4<k<tn+n,
ifn>5, |22 +1<k<tn+n,
ift=3n>54<k< |23,
if t =4, nis sufficiently large and
d<k<[252),
ifn>2,k>tn+n+1.

Theorem 4. For positive integers n,t, k withn > 2, t = 3,4, k > 3, we have

(2)
(= 6n,
=6n —1,

gri(Ki3 :nkKi4)Q = n+mn,
=1in +n,
=on —1,

_ {HWW ’

\

€ [6n — 1,9n + 20],

if k=3, n= odd,
if k=3, n= even,

€ [B|%] +8,9n+18], if t=4, nis sufficiently large and

n>"7k=3,where § =—-1 for
even n,otherwise, 8 = 2,

if 2<n<4,4< k< |optl]
if 25, "5+ 1<k< [P
if t=3,n>54<k< |2,
for t=4, sufficiently large n>13,
d<k< "7,

if n>2 k> || 4

Theorem 5. For positive integers n,t, k withn > 2, t = 3,4, k > 5, we have

(3)

=1in+n,
=tin +n,
=5n — 1,

gri(Pf s nK14) § ¢ (60— 1,9n + 20],

_ {HW-‘ 7

if2<n<4,5<k< [ ndpdl ]
ifn>5, |3 +1<k< |t
ift=3,n>55<k< |23,

if t =4, nis sufficiently large,

s< k< |20,

2. PRELIMINARIES

In this section, we will give several structure theorems and lemmas that will be

used in our main theorems.

Theorem 6 [31]. Let K,,, n >4, be edge colored so that it contains no rainbow
3-path Py. Then one of the following holds.

(a) At most two colors are used;
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(b) n =4 and three colors are used, each color forming a 1-factor.

For n > 1, let G1(n) be a 3-edge-coloring of K, satisfying that the vertices
of K, are partitioned into three pairwise disjoint sets Vi, Vo and V3 such that
for 1 < i < 3 (with indices modulo 3), all edges between V; and Vj;1 have color
1, and all edges connecting pairs of vertices within V11 have color ¢ or ¢ + 1.
Note that one of Vi, Vo and V3 is allowed to be empty, but at least two of
them are non-empty; otherwise, at most two colors can appear. For convenience,
for an k-edge-colored graph, we let E' be the set of all edges with color i for
i€{1,2,...,k}. We denote the set of all vertices, each of which is incident with
at least one edge of E’, by V.

Theorem 7 [31]. For positive integers k and n, if G is a k-edge-coloring of K,
without rainbow Pj, then after renumbering the colors, one of the following holds.

(a) k<3 orn<4;

(b) k=4 and G € {G2(n),G3(n)};

(¢) k>4 and G contains on rainbow K1 3. In particular, item (b) in Theorem 8
holds.

Theorem 8 [31]. Let K,, n > 5, be edge colored so that it contains no rainbow

4-path Ps. Then, after renumbering the colors, one of the following must hold.

(a) At most three colors are used;

(b) color 1 is dominant, meaning that the sets V*, i > 2, are disjoint;

(¢) K, — a is monochromatic for some vertex a;

(d)

d) there are three vertices a,b,c such that E*> = {ab}, E® = {ac}, E* contains
be plus perhaps some edges incident with a, and every other edge is in E';

(e) there are four vertices a, b, c,d such that {ab} C E? C {ab,cd}, E*> = {ac,bd},
E* = {ad,bc} and every other edge is in E';

(f) n =5, V(K,) = {a,b,c,d,e}, E* = {ad,ae,bc}, E* = {bd,be,ac}, E*> =
{cd, ce,ab} and E* = {de}.

Theorem 9 [2,31]. For positive integers k and n, if G is an k-edge-coloring of
K,, without rainbow K1 3, then after renumbering the colors, one of the following
holds.

(a) k<2o0rn<3;
(b) k=3 and G ~ G1(n);
(c) k>4 and item (b) in Theorem 8 holds.

Theorem 10 [3]. Let k and | be fized and let n be sufficiently large. Then

R(nKk,nKl) = n(k +1— 1) + R(Kk_l, Kl—l) — 2.
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We obtain the following corollary which will be used to prove Lemma 25.

Corollary 11. Let n be a sufficiently large integer. Then
R(TLK5, an,) = 9n + 16.

Proof. By Theorem 10, taking ¥ = | = 5, we have R(nK5,nK5) = 9n +
R(Kj_1,K;—1) — 2. Since R(4,4) = 18 by [13], R(nK5,nK5) = 9n + 16. ]

Theorem 12 [4]|. Let G and H be graphs. Then for m,n > 1 we have that
R(mG,nH) < (m+1)V(G) + (n—1)V(H) + R(G, H).
Theorem 13 [1,7]. 43 < R(5,5) < 48.

By Theorems 12 and 13, we have the following corollary which will be used
to prove Lemma 25.

Corollary 14. For positive integers m,n > 1, we have that

R(ng,,an,) < 5(m + 1) + 5(n — 1) + R(K5,K5) < bm + 5n + 48.

3. PROOF OF THEOREM 3

Lemma 15 [21]. Let H be a disconnected graph and C(H) be the set of connected
graphs containing H as a subgraph. If R3(H) > Ro(C(H)), then gry(Ps : H) =
Rs(H).

Lemma 16 [15]. Suppose that the edges of a graph G with §(G) > W are
2-colored. Then there is a monochromatic connected subgraph with order larger
than 6(G). This estimate is sharp.

We first give the proof of Theorem 20 using the following two lemmas.
Lemma 17. For 1 <m <n, R(C(nK;3),mKs) =4n+m — 1.

Proof. Let G be such a red-blue-coloring graph of Ky 4m,—2: we partition V(G)
into V1 and V3 such that G[V4] is a copy of K4,—1 and G[V3] is a copy of K;,—1.
All edges of G[V1] are colored by red, and the remaining edges of G are colored
by blue. It is easy to check that there is no red nKj3 or blue mKs in this
red-blue-coloring. So we have that R(C(nK3), mKs) > 4n+m — 2.

Next, we prove the upper bound by induction on m. It is trivial for m = 1.
Assume that it holds for m < k. Then we will prove it also holds for m = k + 1.
Let G be a red-blue coloring graph of Ky, ;1. If there is a red copy of the graph
of C(nKi3) in G, then the red copy of the graph of C(nk; 3) must occur in the
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edge-colored graph of Ky, k. If there is no red copy of the graph of C(nkj3)
in G, then G contains a blue copy of kK2 and the edge-colored graph of Ky,
also has it. In the following, we will show that there is a red copy of the graph
of C(nK,3) in the edge-colored graph of Ky, .

If some edges between each end of e; € E(kK3) and some vertices of X
(= V\V(kK3)) are colored by blue, then there will be a blue (k + 1)Ky by
replacing this e; with two independent blue edges. And it is easy to check that X
induces a red complete subgraph containing a red copy of the graph of C(nk; 3).
If there is a vertex, say a;, incident with e; for each edge e; € E(kK3) such that
all edges between the vertex a; and all vertices of X (= V\V(kK32)) are colored
by red. Owing to |X| = 4n + k — 2k = 4n — k > 3k + 4, there are 3k vertices
of X as leaf vertices and k vertices ai,aq,...,a; as center vertices of a red copy
of kK1 3. Since there are 4n + k — 2k — 3k = 4n — 4k vertices in the remaining
vertices of X, we can find a red copy of (n — k)K7 3 on those vertices. It is easy
to see that the nKj 3 are included in a connected red subgraph, which produces
the desired red copy of a graph in C(nkKj 3). |

Burr and Erdds [4] provided the Ramsey number of union of stars, and this
theorem played a significant role in the proof of Theorem 19.

Theorem 18 [4]. For m > n,m > 2, we have that
R(mKLg, TLK173) =4dm+n — 1.
Theorem 19. Forn > 2, 5n —1 < R(C(nK;3),C(nK;3)) < 6n.

Proof. By Theorem 18 with m = n, we have that 5n — 1 = R(nK;3,nK;3) <
R(C(nK13),C(nK;3)). For the upper bound, let G be an arbitrary red-blue-
coloring G of K (N = 6n). We assume that there is no monochromatic copy of
C(nK;3)in G. Clearly, there is a monochromatic connected subgraph of order N
by Lemma 16. Without loss of generality, suppose that there is a blue connected
subgraph of order V. If a minimal red subgraph of G, say H, contains a copy of
nki 3, then H must be disconnected.

Let X1, Xo,..., X be all the components of H with |X;| > [Xo| > --- >
| Xs| > 1 for s > 2. Note that all edges between those components must be blue.
If | X1] > 5n — 1, then there is a monochromatic C(nkK; 3) by Theorem 18 with
R(nK; 3,nK;3) =5n— 1. So we have that | X;| < 5n — 1. Now we consider the
following three cases.

Case 1. |X1| > 4n and | X3| > n. Let | X;| = 4n + k;. By Lemma 17, G[X1]
contains either a red C(nKj 3) or a blue (k; + 1)K>. Assume that there is no

red copy of C(nKj3). Then we will obtain a blue matching M = (k; + 1)K>3 in
G[X1]. We have that

|X1|—|V(M)]:4n+k1—2(kz1+1):4n—k1—223n—1,
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since k1 < n—1. If | X4]| — |V(M)| > 3n, then we choose n vertices as center
vertices from X5 and 3n vertices as leaves from G[X1]\ M. Thus, we get a blue
copy of C(nK13)in G. If | X1|—|V(M)| = 3n—1, then |V (Kn)\Xi| = n+1. Since
G[X1] has a blue copy of (k1 + 1)K2 = nKs, the two vertices of Ky from G[X1]
and two leaves from V(K ) \ X; will induce a blue K; 3. Moreover, there is a
blue copy of (n—1)K; 3 induced by all the remaining n—1 vertices in V(K )\ X
and 3n — 3 vertices from G[X1]\ M. Thus we still have a blue connected subgraph
C(nKLg).

Case 2. | X1| > 4n and |X2| < n. Let | X1| = 4n + k; and |X2| = n — ka. By
Lemma 17, we have that R(C(nkK13), (k1 + 1)K2) = 4n + k1. Assume that there
is a blue matching M = (k1 + 1)K in G[X;]. Then we have that

X1 = [V(M)| =4dn+ ki —2(ky +1) =4n — k1 — 2> 3n— 1,
since k1 < n — 1. Also, since |V (Ky) \ X1| > n + 1, we have that
|V(KN)\(X1UX2)‘ =6n—4dn—ki—n+ky=n—Fk +ky>ko+ 1.

Because there is a blue (k1 + 1)K by our assumption, two vertices of a blue copy
of Ky from G[X1] and two vertices, say ui,ug, of V(Kx) \ X; will induce a blue
copy of Kj 3. Since |V(Kn) \ (X1 U{ui,u2})| > n — 1, we choose n — 1 vertices
from V(Kn)\ (X1 U {u1,uz}) as the center vertices and 3n — 3 vertices as leaves
from X; \ V(M) to form a blue copy of (n — 1)K, 3. Thus we have a connected
blue C(nKj 3).

Case3. | Xi| <4n—1. If 3n < |X1| <4n—1, then 2n+1 < |V(G)\ X1| < 3n.
Thus we choose 3n vertices from X as leaves, n vertices from V(G)\ X as center
vertices to form a blue nKj 3. If 2n < |X;| < 3n—1, then 3n+1 < |[V(G)\ X1| <
4n. We choose 3n vertices from V(G) \ X; as leaves, n vertices from X; as center
vertices to form a blue nK; 3. If | Xi| < 2n and | X3| < n, then n > | X3| > | X3|
and n < | X9 U X3| < 2n. Then we choose 3n vertices from V(G) \ (X2 U X3) as
leaves, n vertices from Xy U X3 as center vertices to form a blue copy of nKj 3.
If | X1] < 2n and |X2| > n, then there is a vertex set X; for j > 2 satisfying

g:l |X;| < 3n—1 and ZZ;I | X;| > 3n. Thus we choose 3n vertices from
fill X, as leaves, n vertices from V(G) \ (Uf;l X;) as center vertices to form a
blue copy of nK 3. Thus we still have a connected blue copy of C(nK7 3) in this
case. This completes the proof. [

Theorem 20. For the positive integers k,n with n > 2, we have grs(Ps :
nkKi3) = R3(nKy3) > 6n if n is odd; R3(nk3) > 6n—1 if n is even.

Proof. To begin with, we prove R3(nkK;3) > 6n — 1 (respectively, R3(nkj3) >
6n — 2) for odd (respectively, even) number n. If n is odd, then we arrange such
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a 3-edge-coloring, denoted by G, for Kg,—_;: partition V (Kg,—1) into Vi, Vo, Vs,
and let G[V4] (respectively, G[Vz]) be a copy of the complete subgraph K, of
Ken—1 colored by 3 (colored by 2), let G[V3] be a copy of complete subgraph
Ko,—1 of Kg,—1 colored by at least one color from {2,3} and we color by 3
the edges between V; and V3 and we color by 2 the edges between V5 and V3.
It suffices to verify whether the edges between G[Vi] and G[V2] colored by 1
can induce a monochromatic copy of nKj 3. We denote by t; (respectively, t2)
the number of center vertices contained in V; (respectively, V52). Then, assume
that the sum, denoted by n, of t; and t2 is as large as possible. According
to the parity of n, we immediately have t; < L%J for i+ = 1,2. It is easy to
check that there is a monochromatic copy of (n — 1)K; 3 with color 1 and two
vertices of Vj(respectively, V3) are left not contained in the monochromatic copy
of (n—1)K; 3, say {U%,v%} € Vi (respectively, {U%,’U%} € V5). But the vertices as
leaves cannot induce a monochromatic copy of Kj 3. Thus, R3(nk;3) > 6n —1
for the odd n. By Lemma 15 and Theorem 19, we have the required result.

On the other hand, we prove that R3(nK;3) > 6n — 2 for the even n. We
denote by G such a 3-edge-coloring of Kg,,_o: partition V (Kg,—2) into V1, Vs, Vs,
and let G[Va] be a copy of the complete subgraph Ks,_; with color 2, and let
G[V3] be a copy of the complete subgraph Ky, 1 of Kg,—_2 colored by at least one
color from {2,3}, and let G[Vi] be a copy of complete subgraph Ks,, of Kg,_2
with color 3. The edges between V; and V5 are colored by 1, the edges between V5
and V3 are colored by 2 and the edges between V; and V3 are colored by 3. This
coloring can guarantee the fact that there is no monochromatic copy of nKj 3 in
Kegp—2. It is concluded that R3(nk; 3) > 6n—1 (respectively, Rz(nKj3) > 6n—2)
for odd (respectively, even) number n. |

Before proving more theorems, we give an observation utilized in some proofs
of theorems.

Observation 21. Let K, be a complete bipartite graph with vertex sets V' and
U, where |[V| =a>tn and |[U| =b>n. Then K, contains a copy of nKj ;.

Theorem 22. For positive integers n > 1,k > 4, and t = 3,4, we have that

tn+n+1, if2<n<4,4<k<tn+n,

(4) gri(Ps :nKy ) = { tmtn+l, ifn>5, LnTJrgJ Y1<k<tnin
Proof. We first prove gr(Ps : nK1 ) > tn+n. Let G be such a k-edge-coloring
graph of Ky,4n: we partition V(G) into Vi and V5 such that G[Vi] is a copy of
Kintn—1 and G[V3] is an isolated vertex v, where each edge of G[Vi] is colored
by color 1 and all edges between Vi and V5 are assigned arbitrarily by & — 1
colors, say 2,...,k. It is easy to check that neither a rainbow copy of P5 nor a
monochromatic copy of nKj; occurs in G. So gry(Ps : nKi4) > tn+n+ 1.
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Next, we prove gr,(Ps : nKi;) < tn+n+ 1. Let G be an arbitrarily k-edge-
coloring of K (N > tn+ n + 1) without a rainbow copy of Ps. Then it follows
Theorem 8(b). We partition V(G) into V1, ... V¥ with [V?| > ... > |[V*| > 2.
So it follows that [N/(k—1)] < |[VIUV? < N —2(k —2).

Casel. 2<n<4and4<k< [%]—1,orn25and L%%J+1§k‘§
[nint2] _

Clearly, we have that [N/(k—1)] < |[V'UV?| < tn+1. If the size of VI UV?
is n, then |V (Ky)\ (VIUV?)| = 3n+1 (similarly, if the size of VIUVZisn+1,
3n, or 3n+ 1, then |V (Ky) \ (V1 UV?)| will be 3n, n+ 1, or n, respectively). By
Observation 21, there is always a monochromatic copy of nkj; with color 1 in
G. If n+2 < |[VIUV?| <tn—1, then we claim that there is a monochromatic
subgraph nKj ¢ induced by edges between V! U V? and V(Ky) \ (VIUV?). In
order to prove it, we construct the monochromatic subgraph nK; when n+2 <
VIUV?| < [2E2E27 and [(tn+n+1)/2] < [VIUV?| < tn — 1, respectively.

Let z = |V! U V?2|. We denote the remainder of x/(t — 1) by 7o and denote
[V(Kn)\ (VIUV?)| by y. Clearly, z+y = tn+n+1 < N. Then, apparently, we
have that = tm+ro form = [z/(t —1)| <n—Tlandn—1<m+ry<n-+2.
If m4rg =n+1, then y = m +trg —t, and regard 9 — 1 vertices of V1 UV? and
m vertices of V(Kx) \ (V! UV?) as center vertices of a copy of nKj 3. Clearly,
there must exist a monochromatic copy of nKj; with color 1. If m + ro = n,
then y = m + trg + 1. We regard ro vertices of V! U V? and m vertices of
V(Kn) \ (V1 U V?) as center vertices of a copy of nKj3. So there must exist
a monochromatic copy of nKi; with color 1. If m +ry = n+2 and t = 4,
then y = m + 3, and x = 4m + 3. There at last exists one edge with color 1
of GIV(Ky) \ (VI UV?)], and we denote the edge by ujuz. Select arbitrarily
3 vertices, say {v1,v2,v3}, from VU V2 Clearly, {ujus, uivy, u1ve, urve} is a
monochromatic copy of Kj 4 with color 1in G[V (K y)\(V1UV?)]. By Observation
21, G contains a monochromatic copy of (n — 1)K, with color 1.

For m+rg=n—1and ¢t = 3, let w be a positive integer for w € {(n —m —
70)/2,(n —m —rg + 1)/2}. There is n — m + w vertices of V1 UV? and m — w
vertices of V(Ky) \ (V! U V?) as center vertices of a copy of nKj3. Clearly,
there must exist a monochromatic copy of nKj g with color 1. For [N/(k—1)] <
|[VIUV?2| < n—1,let [VIUV?| = cand |V3| = s+j where c+s = n. Hence, we have
[(3n+2)/(k—2)] < |V3] < n—1. Since S5, [V > N —2¢ > 2c+4s+1, there is
a monochromatic copy of sK1 3 with vertex set X having color 1 in G [ Uf:3 Vi] .
Let B=V(G)\ (XUV!UV?). Then there is a monochromatic copy of cKj 3 in
G [ Uf:4 Viy B]. By ¢+t = n, we have constructed the monochromatic copy of
nk; 3 with color 1 in G.

Case 2. [W] < k < tn+n. Since at least two vertices are contained in
each V* for 2 <i < [(tn +n)/2], let a;; € V' (1 < j < 2). Since (fn+n)/2 =0
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(mod t+1) for even n, then the edge set {az1a;1, aza:2 |3 < i < t+2} will induce
a monochromatic copy of 2K ; with color 1. Furthermore, there is n/2 copies of
2K with color 1.

For odd n, if t = 3 and n = 1 (mod 2), then n — 3 = 0 (mod 2) holds.
It follows that ([242] —6)/4 = (n — 3)/2, so, there is a monochromatic copy
of (n — 3)K1,3 with color 1 in G[V(G) \ (Uz:2 V#)] for even n — 3. Choos-
ing distinct vertices a;; € V* (2 < i < 7), the subgraph induced by edge set
{aglail, a220a392, 0922042, 422062, a61a52,a61b7j ‘ 3 < ) < 5} contains a monochro-
matic copy of 3K 3 with color 1 in G [ UZ:Q Vi]. Therefore, there is a monochro-
matic copy of nkj g with color 1. If t = 4 and (5n + 1)/2 = 3 (mod 5), then
(5n+1)/2—3 =0 (mod 5) holds. It follows that ([?:"]—-3)/5 = (n—1)/2, then
we find a monochromatic copy of (n— 1)K 4 with color 1in G[V(G)\ ( U?:Q V]
for n—1. The subgraph induced by edge set {az1a2;, azia4;} contains a monochro-
matic copy of Kj 4 with color 1 in G [U?:Q Vi]. Therefore, we find a monochro-
matic copy of nKi 4 with color 1, as desired.

If Theorem 8(c) holds, it is easy to check that there is a monochromatic copy
of K4, with color 1 containing a monochromatic copy of nK; 3. If Theorem 8(d)
for k = 4 holds, the subgraph induced by {via,v1b,vic,viv2} contains a K,
copy with color 1, where vertex v; € V(G) \ {a,b,c} (1 < i < 2). There is a
monochromatic (n —¢)K;; copy with color 1 in G\ K1 ;. Suppose that it follows
Theorem 8(e). We choose distinct vertices vy € V(Kn)\{a,b, c,d}. The subgraph
induced by the edge set {avy, bvy, cvi, dv; } will make up a monochromatic copy of
K+ of with color 1. And it is easy to see that there is a monochromatic copy of
K y_5 containing a monochromatic copy of (n—1)K; ; with color 1. Consequently,
a monochromatic copy of (n — 1)Ky, in Kn_5 is constructed, as desired. [ |

At the end of this section, we give the proof of Theorem 3 by Theorem 23
and Lemmas 24, 25.

Theorem 23 [34]. Let H be a graph of order n. For integers k > 7 and k > n+1,

we have that
1++v14+8k
) = [LEESE)

Lemma 24. For any positive integers n > 5 and 4 < k < ["THL we have that

gri(Ps : nKi3) =5n — 1.

Proof. We first prove that gr(Ps : nK;3) > 5n—2. Let G be a k-edge-coloring
of Ks,—2: we partition V(G) into Vi, ..., Vi_1 with [Va| > -+ > |Vj_1| > 2 such
that G[V1] is a monochromatic copy of Ky4,—1 with color 2, G[V;] is colored by i+1
for 2 <i < k—1, and all edges between V; and V; for all ¢ # j € [k —1] with color
1. It is easy to check that no rainbow Ps5 appears in the graph G. Furthermore,



982 Y. Gao, M. Ji, Y.P. MAO aND M. WEI

according to 25;22 |Vil = n — 1 the graph G contains no monochromatic copy
of nKjy3. As a consequence, G contains neither a rainbow copy of P5 nor a
monochromatic copy of nK; 3. So it admits gr(Ps : nKy3) > 5n — 1.

For the upper bound, let G be an arbitrary k-edge-coloring of Ky (N >
5n — 1) that contains no rainbow copy of Ps. Suppose that G satisfies Theorem
8(b), we divide V(G) into V1,..., V¥ with [V2|>... > |[VF| >2 (2<i<k—1).
We immediately have that [V UV?| > [N/(k —1)].

Case 1. 4n+1 < |[VIUV?| < 5n+3—2k. Ifdn+1 < |[VIUV?| < 5n+3—2k,
then it follows from Theorem 18 that R(nKi3,(n —j)Ki3) =bn—j—1(j =
V(KN)\ (VIUV?)|, n > 2). If there is a monochromatic copy of (n — j)Ki 3
with color 1 in G[V! U V2], then it is clear that j vertices of V(Ky)\ (VI UV?)
and 3j vertices of V! U V? induce a monochromatic copy of jK 1,3 with color 1,
which will lead to a monochromatic copy of nkj 3 with color 1 contained in G.
Otherwise, G[V! U V2] contains a monochromatic copy of nKj 3 with color 2.

Case 2. [VIUV? =4nand |[V(Ky)\ (VIUV?)| =n—1. If [VIUV? =4n
and |[V(Ky) \ (VI UV?)| = n — 1, then we have that R(nKy3, K13) = 4n by
Theorem 18. We assume that there is no monochromatic copy of nki 3 with
color 2 in G[V! U V?2]. Then there is a monochromatic copy of Kj 3 with color 1
in G[V!UV?. And then, we further choose all vertices of V(Ky) \ (VI UV?)
and all vertices of (V! U V?)\ V(K;3). It will form a monochromatic copy of
(n — 1)K, 3 with color 1.

Case 3. 3n < |VIUV?| <dn—Tandn <|V(Ky)\ (VIUV?)| <2n—1. If
3n < |[VIUV?| <4n—1landn < |V(Kn)\(VIUV?)| < 2n—1, then by Observation
21 we have |V(Ky)\ (VIUV?)| > n and |V UV?| > 3n. Clearly, we find a
monochromatic copy of nKj 3 with color 1. If 2n < [VIUV?2 <3n—1and2n <
[V(Kn)\ (VIUV?)| <3n—1, then let X = max{|VIUV?|,|[V(Ky)\ (ViUV}
and Y = min{|VIUV?|,|V(Kx)\(VIUV?)|} with |Y| > 2n—1 and | X| > 2n+1.
Now we construct a monochromatic copy of nKj 3 with color 1. We select {n/ 2]
vertices from Y and Ln/ 2J vertices from X, and S[n/ 2} vertices from X and
3{n/2J vertices from Y. It is easy to check that the vertices selected above
form a monochromatic copy of nKj 3 with color 1. If n < |V1 U V2] <2n-1
and 3n < |V(Ky) \ (V1 UV?)| < 4n — 1, then, by Observation 21, we find a
monochromatic copy of nkj 3 with color 1. If [VIUV? < n—1 and 4n <
V(KN)\ (VIUV?)|[ <5n—1—[N/(k—1)], then there is a vertex set V7 for
2 < j < k—1satisfying 77 [V <n—1and 77 [Vi > n. Let s = Y70 Vi)
and t = Zf;]-1+2 |V¥. Since |V/T! < |VJ| < n—1 and by Observation 21, we
find a monochromatic copy of nki 3 with color 1 in K,;. If k = 4, then it is
easy to see that we find a monochromatic copy of Ky, with color 1 containing a
monochromatic copy of nKj 3, as desired. [
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Lemma 25. For sufficiently large n with 4 < k < ("T%w , we have that
6n —1 < gry(Ps : nki4) < 9n+ 20.

Proof. For the lower bound, let G be a k-edge-coloring of K¢,—_2. Then partition
V(G) into V1, Va, ..., Vi—q with |Vi| > |Vig1| > 2 (1 <i <k —1). Let G[V1] be a
monochromatic Ks,—1 with color 2. And we color G[V;] by i+ 1 for 2 <i < k—2
and the remaining edges of G are colored by color 1. If E;:QI |Vi| =n—1, then G
contains no monochromatic copy of nki 4. Then there is neither a rainbow copy
of Ps nor a monochromatic copy of nKj 4 in G. So gry(Ps : nkj4) > 6n — 1.

For the upper bound, let G be an arbitrary k-edge-coloring of K (N > 9n+
20) without rainbow copy of Ps. For the case of Theorem 8(b), we divide V(G)
into V1,..., V¥ with [V2| > ... > |V¥| > 2. We have that [V!UV?| > [N/(k-1)].
If VU V?2| > 9n + 16, then it follows from Corollary 11 that R(nKs) = 9n + 16.
It is easy to check that there exists a monochromatic nK5 with color 1.

If 8n + 21 < [VIU V2 <9n+ 15, then 5 < |V(Ky) \ (VIUV?)| < 9n + 15.
Let [V(Ky) \ (VIUV?)| = 2. By Corollary 14, we have R(nKs, (n — 2)Ks5) >
10n + 38 — 5z. If there is a monochromatic copy of (n — z)K; 4 with color 1
in G[V! U V2], then it is clear that z vertices of V(Ky) \ (V! UV?) and 4z
vertices of V1 U V2 induce a monochromatic copy of 2K1 4 with color 1, which
lead to a monochromatic copy of nKj 4 with color 1 contained in G. Otherwise,
in G[V! U V? there is a monochromatic copy of nKj 4 with color 2.

If 4n < |[VIUV?| < 8n+20 and n < |[VIUV?| < 4n—1, then by Observation
21 we find a monochromatic copy of nK1 4 with color 1. If [N/(k—1)] < [V(Kn)\
(VIUV?)| < n—1, then there is a vertex set V7 for 2 < j < k — 1 satisfying

Vi <n—1and YU [V > n. Let s = YU (Vi and ¢ = Y50 Vi),

Since |[V/*| < |VJ| < n — 1 and by Observation 21, we find a monochromatic
copy of nKy 4 with color 1 in Kg;. If kK = 4, then it is easy to see that we find
a monochromatic copy of Kp, with color 1 containing a monochromatic copy of
nkKi 4, as desired. [ ]

4. PROOF OF THEOREM 4
We give the proof of Theorem 4 by proving several lemmas in the following.
Lemma 26. Forn > 2, we have

. [ 6n, if nis odd,
(5) gr3(Kiz:nky3) = { 6n —1, if nis even.

Proof. To begin with, we prove R3(K1 3 : nKj3) > 6n—1 (respectively, R3(K 3 :
nkKi3) > 6n — 2) for odd (respectively, even) number n. If n is odd, then we
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arrange such a 3-edge-coloring, denoted by G, for Kg,_1: partition V (Kg,—1) into
Vi, Va, V3, and let G[V1] (respectively, G[V2]) be a copy of the complete subgraph
Ky, of Kg,,—1 colored by 3 (colored by 2), let G[V3] be a copy of complete subgraph
Ko,—1 of Kg,—1 colored by at least one color from {2,3} and we color by 3 the
edges between V] and V3, we color by 2 the edges between V5 and V3 and we color
by 1 the edges between V7 and V5. We can check that there is no rainbow K3
for the edge-coloring. It suffices to verify whether the edges between G[V;] and
G[Va] colored by 1 can induce a monochromatic copy of nk; 3. We denote by t;
(respectively, t2) the number of center vertices contained in V; (respectively, V2).
Then, assume that the sum, denoted by n, of £; and t is as large as possible.
According to the parity of n, we immediately have ¢; < L%J for i = 1,2. It is easy
to check that there is a monochromatic copy of (n — 1)K 3 with color 1 and two
vertices of Vi (respectively, V3) are left not contained in the monochromatic copy
of (n — 1)Ky 3, say {v%,v%} € V1 (respectively, {v%,v%} € V3). But the vertices
as leaves cannot induce a monochromatic copy of K1 3. Thus, R3(K; 3 : nKj3) >
6n — 1 for the odd n.

On the other hand, we prove that R3(K; 3 : nKi3) > 6n — 2 for the even
n. We denote by G such a 3-edge-coloring of Kg,_o: partition V(Kg,—2) into
Vi, Va, V3, and let G[V3] be a copy of the complete subgraph Ko, 1 with color
2, and let G[V3] be a copy of the complete subgraph Ky, 1 of Kg,_2 colored
by at least one color from {2,3}, and let G[V1] be a copy of complete subgraph
Ko, of Kgn—o with color 3. The edges between V; and V5 are colored by 1,
the edges between V5 and V3 are colored by 2 and the edges between Vi and V3
are colored by 3. This coloring can guarantee the fact that there is no rainbow
copy of Ki 3 and monochromatic copy of nKi3 in Kg,—2. It is concluded that
R3(Ki3 : nKy3) > 6n — 1 (respectively, R3(K13 : nK;3) > 6n — 2) for odd
(respectively, even) number n.

For the upper bound, let G be an arbitrary 3-edge-coloring of K without a
rainbow copy of Kj 3. We divide V(G) into V1, Va, and V3 with |V1| > [Va] > |V3].
Let G[V1] be a 2-edge-coloring complete graph colored by at least one color from
{1,3}, and let G[V3] be a 2-edge-coloring complete graph colored by at least one
color from {1,2}, and let G[V3] be a 2-edge-coloring complete graph colored by at
least one color from {2,3}. We construct G by coloring all edges between G[V]
and G[Vz2] with color 1, all edges between G[V2] and G[V3] with color 2 and all
edges between G[V;] and G[V3] with color 3. Then the coloring satisfies Theorem
9(b). If nis odd, then N > 6n. Otherwise N > 6n— 1. We consider the following

two cases.

Case 1. |V3] = 0. We have that V1| > [N/2] = 3n. If [Vi]| > 5n — 1, then
R(nK;3) = 5n — 1 by Theorem 18. So there is a monochromatic copy of nki 3
with color 1 or color 3 in G[Vi]. If 3n < |[Vi] < bn—2and n+ 1 < |V,| <
3n — 1, then there is a monochromatic copy of nKi 3 with color 1 in G (V1 U V3]
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by Observation 21.

Case 2. |V3| > 1. In this case, we have that [Vi| > [N/3] > 2n. If [V}| >
5n — 1, then it is easy to check that there is a monochromatic copy of nk; 3 with
color 1 or 3 in G[Vi]. If dn + 1 < |Vi| < 5bn — 2 and |Va| > n, then there is a
monochromatic nK; 3 with color 1 by Observation 21. If 4n + 1 < |V;| < 5n — 2,
then |Va] < n —1. Let |V = m and |V3] < m. By Theorem 18, we have
R(nK3,(n—m)K;3) = 5n—m—1. It follows that |Vi| > R(nK; 3, (n—m)K; 3).
If there is a monochromatic copy of (n — m)K; 3 with color 1, then it is clear
that m vertices of Vo and 3m vertices of V; induce a monochromatic copy of
mK; 3 with color 1, which lead to a monochromatic copy of nk; 3 with color 1
in G. Otherwise, G[V}] contains a monochromatic copy of nK; 3 with color 3. If
3n < |Vi| < 4n and |Va| > [(N — |V4|)/2] = n, then there is a monochromatic
copy of nKj 3 with color 1 by Observation 21 in G[V; U V3].

Suppose that 2n + 1 < |V4| < 3n — 1. If n is odd, then we denote |V;| =
2n+1+20 (I = 0,1,2,...). Clearly, |Vo| > [(N —|V4|)/2] = 2n — 1. We
regard Ln/ 2J — 1 of Vi and {n/ 21 + 1 of V5 as center vertices and the remaining
vertices as leaves of the copy of nKj 3. Clearly, there is a monochromatic copy
of nK 3 with color 1. Suppose that n is even. If |Vi| =2n+2+2[ (i > 1), then
Vo] > [(N = |Vi])/2] = 2n — 1 — 1. We look on n/2 — [ vertices from V; and
n/2+1 vertices from V5 as center vertices and remaining vertices as corresponding
leaf vertices to from a monochromatic copy of nki 3 with color 1. If [ = 0, then
|Vi| =2n + 2 and |V2| > 2n — 1. Hence, there is a monochromatic copy of nkj 3
with color 1 in G[V;UV3], which contains n/2+1 center vertices in V; and n/2—1
center vertices in V5.

Suppose that |Vi| = 3n — 1. If [Vi| = 3n — 1 and |V3| > [(N — 3n +1)/2],
then [(N —3n+1)/2] > n + 2. Hence, there is a monochromatic copy of nkj 3
with color 1 in G[V5 U V3], which contains one center vertices in V; and n — 1
center vertices in V5.

Suppose that |Vi| = 2n. If n is odd, then we obtain |Vi| = V| = |V3]| = 2n.
Let |n/2| vertices be center vertices and 3|n/2] vertices be the leaves of V; (i =
1,2) (respectively, i = 1,3) of a copy of (n — 1)K 3. Clearly, there must exist a
monochromatic copy of (n—1)K; 3 with color 1 or color 3. It is obvious that there
are two vertices remaining in each vertex sets, denote these edges are uzlul2 eVi
(1 = 1,2,3). Clearly, {u%u%,u%u%} (¢ = 2,3) is a monochromatic copy of K3
with color 1 when uju? has color 1. On the other hand, there is a monochromatic
copy of Ki3 with color 3. We have constructed the monochromatic copy of
nkKi 3 with color 1 or 3 in G[V; U V3] or G[V; U V3]. If n is even, then we obtain
|Vi| = |Va| = 2n and |V3| = 2n— 1. There is a monochromatic copy of nk; 3 with
color 1 in G[V; U V3]. Let t; (respectively, t2) be the number of center vertices of
a copy of nKj 3 contained in V; (respectively, V3) and ¢ = t3 = n/2. It is easy
to check that there is a monochromatic copy of nki 3 with color 1. [
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Lemma 27. For sufficiently large n, we have

5
3 \‘;J + 5 < gr3(Ki3:nKi4) <9n+ 18,

where B = —1 if n is even, otherwise, § = 2.

Proof. On the one hand, we prove grs(Kj 3 : nKj4) > 3|5n/2|+1 (respectively,
gra(Ki3 : nKi4) > 3[5n/2] — 2) for odd (respectively, even) number n. If n
is odd, then 3[5n/2| + 1 = 15(n — 1)/2 + 1. Let G be a 3-edge-coloring of
Ki5(n—1)/241 as follows. We first partition V(Kj50,—1)/241) into V1, Va, and V3,
and let G[V1] and G[V2] be the copies of the complete subgraph Ks,_s)/243 of
Ki5(n—1)/2+41 colored by 3 and 2, respectively. Let G[V3] be a copy of complete
subgraph K(s,_1)/2—1 of Ki5(,—1)/241 With one color from {2,3}. It is obvious
that the edges between V) and V5 colored by 1 induce a monochromatic copy
of nK14. We choose n — 1 center vertices of a copy of (n —1)K;4 in Vi U V5.
Thus, there is a monochromatic copy of (n — 1)K; 4 with color 1. Two vertices
v}, v? € V; (i = 1,2) are not contained in the monochromatic copy of (n—1)Kj 4.
However, the remaining vertices will not induce a monochromatic copy of Kj 4.
Hence, gr3(K13: nKi4) > 3|5n/2| + 2 for the odd n.

On the other hand, we prove that grs(Ki 3 : nKj4) > 3L5n/2J — 1 for the
even n. Consider such a 3-edge-coloring of K5, /2_o and denote it by G: partition
V(Ki5n/2—2) into V1, Vo, V3, and let G[V5] be the copy of the complete subgraphs
K5,,/2-1 with color 2, and let G[V3] be the copy of the complete subgraph Ksn/2-1
of Kis,,/2—2 colored by at least one color from {2,3}. Let G[V1] be a copy of com-
plete subgraph K, /5 of Kys,/2_2 with color 3. There is no monochromatic copy
of nKj 4 in Ky5,,/5_2. We conclude that K35,/2)4+g contains no a monochromatic
copy of nKj 4.

For the upper bound of grs(Kis : nKi4), let G be an arbitrary 3-edge-
coloring of K (N > 9n+ 18) without a rainbow copy of K 3. Firstly, we divide
V(G) into V1, V2 and V3 with |Vi| > |Va| > |V3], where G[V4] is a complete
graph colored by at least one color from {1,3}, and G[V5] is a complete graph
colored by at least one color from {1,2}, and G[V3] is a complete graph colored
by at least one color from {2,3}. Then we color all edges between G[V;] and
G[Va] with color 1, all edges between G[V2] and G[V3] with color 2, and all edges
between G[V1] and G[V3] with color 3. Then the coloring satisfies Theorem 9(b).

Case 1. |V3| = 0. If |[V4]| > 9n + 16, then R(nK5) = 9n + 16 by Theorem 10.
It follows that there is a monochromatic copy of nKj 4 with color 1 or color 3.
Because of 4n < [N/2] < |[Vi| < 9n + 15, we obtain V2| > n. Hence, there is a
monochromatic copy of nKj 4 with color 1 by Observation 21.

Case 2. |V3| > 1. In this case, we have [Vi| > [N/3] = 3n+6. If [V4| > 9n+
16, then R(nK5) = 9n + 16 by Theorem 10. So there is again a monochromatic



RAMSEY AND GALLAI-RAMSEY NUMBERS FOR FORESTS 987

copy of nK 4 with color 1 or color 3. If 7n 4 18 < |Vi| < 9n + 15 with V5| > n,
then there is a monochromatic copy of nKj 4 with color 1 by Observation 21. If
Tn+18 < [Vi] < 9n+15 with |V2| < n—1, then we denote | V2| by m. By Corollary
14, we have that R(nKs, (n—m)K5) < 10n+38—5m. If there is a monochromatic
copy of (n —m)Ks with color 1 in G[V4], m vertices of Vo and 4m vertices of V}
induce a monochromatic copy of mK; 4 with color 1 in G. Otherwise, G[V1]
contains a monochromatic copy of nKi 4 with color 1. If 4n < |Vi| < Tn + 17,
then |V5| > [(N — |[Vi])/2] = n. So, there must exist a monochromatic copy of
nK; 4 with color 1 by Observation 21. If 3n + 6 < |Vj| < 4n — 1, then we have
3n+6 > |Vo| > [(N—|V1)/2] = [(5n+19)/2]. Clearly, |n/2]—1 center vertices of
V7 and [n / 2] +1 center vertices of V5 induce a monochromatic copy of nKj 4 with
color 1 in G[V; U V3. Consequently, we have that gr3(Ki3:nki4) <9In+18. m

Lemma 28. For positive integers n, k, and t = 3,4, we have that

tn+n, if2<n<4,4<k

< SLtn+n+lJ
tn+n, ifn>5 |23 +1<k< [

(6) gri(Ki13:nKi ) = {

Proof. For the lower bound, let G be a k-edge-coloring of Kiyqpn—1. We divide
V(G) into Vi, ..., Vi1 with |[Vi|=tn+n—-2k+3 and |V;| =2 (2<j<k-1).
Then the k-edge-coloring follows the rules: each edge of the subgraph G[V;] for
1 < j <k—1is colored by color j and the remaining edges of G are colored by
k. So, there is neither a monochromatic copy of nKj; nor a rainbow Kj 3.

For the upper bound, let G be an any k-edge-coloring of Knx (N > tn +n)
without a rainbow copy of K3 and we divide V(G) into Vi,...,V;. Then the
coloring satisfies Theorem 9(c). Without loss of generality, we assume that |V?| >
Vit >2 (2 <i<k—1). It implies that [N/(k—1)] < [VIUV?|<tn+n—
2(k—2). Let v € VI (2<i <k, j=1,2). If V' UV?| = n or tn, then there is a
monochromatic copy of nki; with color 1 by Observation 21. Now we consider
two cases.

Case 1. [VIUV? >n+1and t=3. If [VIUV?| —n = 2m for a positive
integer m, then we denote V' U V2 by B;. Next, we choose m center vertices
from V(Ky) \ (V1 UV?2) and n — m center vertices from Bj, which will form
a monochromatic copy of nKj 3 with color 1. If [VIU V2| —n = 2m £ 1, we
denote V! U V? by Bsy. Let vi € Vifori=2,3,4and j = 1,2. Then the edge
set {v?v%, vi’v% LUy vi‘} will 1nduce a monochromatic copy of Kj 3 with color 1. If
|Ba| = | B1| — 1, then both of the number of the center vertices in V! U V? for a
copy of (n— 1)K173 and those in By is n —m. If |Ba| = |B1|+ 1, then the number
of center vertices in V1UV? is n—m — 1, which is less than that of center vertices
of a copy of (n — 1)K; 3 in B;. Then there is a monochromatic copy of nkj 3
with color 1.



988 Y. Gao, M. Ji, Y.P. MAO aND M. WEI

Case?2. [VIUV?| > n+1andt = 4. If [VIUV?| = 4n—3m for m > 0, then m
center vertices from V1UV? and n—m center vertices from V(K y)\ (VIUV?) will
induce a monochromatic copy of nKj 4 with color 1. If [VIUV?| = 4n—3m+1 for
m > 0, there is a monochromatic copy of K 4 having color 1 in G [ Uf 1 Vi] Let
v; EVIUV2 v3 € V3 and v* € V4 for j = 1,2,3. Then the edge set {v 1)2 viv }
Wlll induce a monochromatic copy of Ki 4 with color 1. Then m center vertlces
from VIUV?2— 'U]Q- and n—m— 1 center vertices from V(Ky)\ (VIUV2U{v3 v*})
will induce a monochromatic copy of (n — 1)K 4 with color 1.

If [V1U V2| =4n —3m + 2 for m > 0, there is a monochromatic copy of
K1 4 having color 1 in G[U;1 1 Vi] Let v2 e VIuv? v? e V3 and v4 e V4 for
J = 1,2. Then the edge set {1)31)2 v v4} will induce a monochromatlc copy of
K1 4 with color 1. Then choose m center vertices from Vigv?— v] andn—m-—1
center vertices from V(Ky)\ (VIUV2U {03, v? ) will induce a monochromatic
copy of (n — 1)K 4 with color 1. Hence, in this case we have a monochromatic
copy of nKjy 4 with color 1.

If [N/(k—1)] <|[V'UV?| < n—1, then there is a vertex set V! for [ > 3
satisfying 201 [V <n —1and 32'_ |V > n—1. When !, [V = n and
[V(KEN)\ (Ui:1 V#)| = tn, there is a monochromatic copy of nKy; with color
1 by Observation 21. If 3>t [Vi| > n + 1, then we consider the following two
cases.

Subcase 2.1. Uli:1 Vi >n+1andt = 3. If Zizl V| —n = 2m for a
positive integer m, then we denote Ui:l V% by Bi. Next, we choose m center
vertices from V(Kn) \ (Uﬁzl V%) and n — m center vertices from Bj, which will
form a monochromatic copy of nKj 3 with color 1. If 22:1 Vi —n=2m=+1,
we denote Ul—1 Vi by Bs. Let v§ €Vifori=2/0,1+1and j =12 Then the
edge set {v vlvi+1 will induce a monochromatic copy of Ki 3 with color 1.
If | Ba| = |B1]| — 1, then both of the number of the center vertices in Uﬁzl Vi for a
copy of (n—1)Kj 3 and those in By is n—m. If |By| = |By|+ 1, then the number
of center vertices in Ui’:l V¥ is n—m— 1, which is less than that of center vertices
of a copy of (n — 1)K; 3 in Bi. Then there is a monochromatic copy of nkj 3
with color 1.

Subcase 2.2. 22:1 Vi >n+1and t = 4. If 22:1 VY = 4n — 3m for
m > 0, then m center vertices from Ui’:l Vi and n — m center vertices from
V(KnN)\ (Uiz1 V%) will induce a monochromatic copy of nKj 4 with color 1. If
22:1 |V = 4n — 3m + 1 for m > 0, then there is a monochromatic copy of Kj 4
having color 1 in G[U2 V7], Let v} e VIu V2 ot e VI and /12 € Vit2
for j = 1,2,3. Then the edge set {vl“ 2, v 12} will induce a monochromatic

copy of K14 with color 1. Then choose m center vertices from U§:1 Vi— UJQ- and
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n —m — 1 center vertices from V(Ky) \ (U'_; VU {v!*1,v!*2}) will induce a
monochromatic copy of (n — 1)K 4 with color 1.

If ‘ Ué:l Vi‘ = 4n —3m+2 for m > 0, there is a monochromatic copy of K 4
having color 1 in G[Uiﬁ V'], Let v]z e VIuv?, o+l e v+l and v§+2 € V2 for
7 =1,2. Then the edge set {UH_IUJQ-, v“‘lvéﬂ} will induce a monochromatic copy

of K1 4 with color 1. Then m center vertices from Ui:l Vi—vjz and n—m—1 center

vertices from V(K n)\ ( U§:1 Vi {le, v§+2}) will induce a monochromatic copy
of (n —1)K; 4 with color 1. Hence, in this case we have a monochromatic copy
of nK 4 with color 1. Thus, gr, (K13 : nK;3) <tn+n. [ ]

Lemma 29. For positive integersn > 5, and 4 < k < L"TJF?’J, we have
grk(Kl,g : TLKL?,) =bn — 1.

Proof. Basically, the proof is analogous to the proof of gr(Ps : nK;3) = 5n—1.
We first prove that gr, (K13 : nKj3) > 5n — 2. Let G be a k-edge-coloring of
Ksp—9: we partition V(G) into Vi,...,Vip_q with |Vo| > -+ > |Vi_1| > 2 such
that G[V1] is a monochromatic copy of Ky,—1 with color 2, G[V}] is colored by i+1
for 2 < i < k—1, and all edges between V; and V; for all ¢ # j € [k—1] with color
1. It is easy to check that no rainbow K 3 appears in the graph G. Furthermore,
according to Zf;; |[Vi] = n — 1 the graph G contains no monochromatic copy
of nKj 3. As a consequence, G contains neither a rainbow copy of Kj 3 nor a
monochromatic copy of nK 3. So it admits grj (K13 : nKi3) > 5n — 1.

For the upper bound, let G be an arbitrary k-edge-coloring of Ky (N >
5n —1) that contains no rainbow copy of K1 3. Suppose that G satisfies Theorem
9(c), we divide V(G) into V!,..., V¥ with |[V?| > ... > |V¥|>2(2<i<k—1).
We immediately have that [V UV?| > [N/(k —1)].

Case 1. 4n+1 < |[VIUV? < 5n+3—2k. Ifdn+1 < |[VIUV?| < 5n+3—2k,
then it follows from Theorem 18 that R(nK;3,(n —j)Ki13) =b5n—j—1(j =
[V(Kn)\ (VIUV?)|, n > 2). If there is a monochromatic copy of (n — j)Ki 3
with color 1 in G[V! U V2], then it is clear that j vertices of V(Kx)\ (VI UV?)
and 3j vertices of V! U V? induce a monochromatic copy of jK 1,3 with color 1,
which will lead to a monochromatic copy of nkj 3 with color 1 contained in G.
Otherwise, G[V! U V?] contains a monochromatic copy of nk; 3 with color 2.

Case 2. [VIUV? =4nand |[V(Ky)\ (VIUV?)| =n—1. If [VIUV? =4n
and |[V(Ky)\ (VI UV?)| = n — 1, then we have that R(nKy3, K13) = 4n by
Theorem 18. We assume that there is no monochromatic copy of nki 3 with
color 2 in G[V! UV?]. Then there is a monochromatic copy of Kj 3 with color 1
in G[V!UV?2]. Next, we further choose all vertices of V(Ky)\ (VU V?) and all
vertices of (VIUV?)\ V(K 3). It will form a monochromatic copy of (n— 1)K 3
with color 1.
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Case 3. 3n < |[VIUV? <4n—Tand n < |V(Kyn)\ (VIUV?)| <2n—1. If
3n < [VIUV? <4n—landn < |[V(Kn)\(VIUV?)| < 2n—1, then by Observation
21 we have |[V(Ky)\ (VIUV?)| > n and |[V!UV?| > 3n. Clearly, we find a
monochromatic copy of nKj 3 with color 1. If 2n < |V1 U V2] <3n—1and 2n <
[V(Kn)\ (VIUV?)| < 3n—1, then let X = max{|VIUV?|,|[V(Ky)\ (VUV}
and Y = min{|VIUV?|,|V(Kx)\(VIUV?)|} with |Y| > 2n—1 and | X| > 2n+1.
Now we construct a monochromatic copy of nKj 3 with color 1. We select [n/2]
vertices from Y and |n/2| vertices from X, and 3[n/2| vertices from X and
SLn/QJ vertices from Y. It is easy to check that the selected vertices above
form a monochromatic copy of nKj 3 with color 1. If n < [VIUV? < 2n—1
and 3n < |[V(Ky) \ (VI UV?)| < 4n — 1, then, by Observation 21, we find a
monochromatic copy of nkj 3 with color 1. If [VIUV? < n—1 and 4n <
V(KN)\ (VIUV?)|[ <5n—1—[N/(k—1)], then there is a vertex set V7 for
2 < j < k—1satisfying S0 [V <n—1and S0 Vi > n. Let s = Y71 Vi)
and t = Zf:_]-1+2 |Vi|. Since |[VJ*!| < |VJ| < n — 1 and Observation 21, we
find a monochromatic copy of nKj3 with color 1 in K,;. If & = 4, then it is
easy to see that we find a monochromatic copy of Ky, with color 1 containing a
monochromatic copy of nKj 3, as desired. [

Lemma 30. Let n be a sufficiently large integer. We have
6n —1 < gr (K3 :nki4) < 9In+ 20,
3
forda <k< L%J

Proof. Since grp(Ki3 : nKi4) = gri(Ps : nKy4), then we have 6n — 1 <
gri (K13 : nKi4) < 9n+ 20 by Lemma 25. [

Lemma 31. For positive integers n > 2 and k > L%J + 1, we have

1+ 1+ 8k
gri(Ki3 :nkiy) = {Qw .

Proof. Let M = PJ’* ‘21+8k—‘ For the lower bound, we have that gr, (K3 :

nkK ) > M, because every color occurs at least once. Hence, k < |E(Kj—1)| =

(M2_1), contradicting the fact that M = [Hi V21+8k-|

For the upper bound, let G be an arbitrary exact k-edge-colored Kj; without
a rainbow copy of K 3 for N > M. We divide V(G) into Vi, ..., V. The coloring
satisfies Theorem 9(c). Without loss of generality, we assume that [V > [Vi+1| >
2 (2 <i<k—1). Hence, there are only edges of color 1 among the parts. Since
k>2n+1and N > 2k — 2 > tn + n, the subgraph of G[VY] (2 <i < k—1)
contains a monochromatic copy of nKj ;. [
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5. PROOF OF THEOREM 5

In this section, we give the proof of Theorem 5 by Lemmas 32 and 33.

Lemma 32 [35]. For integers k > 5 and gri, (K13 : H) > 5, we have
gri(Kig: H) = gry(Py : H).

Lemma 33. For positive integers n > 2 and t = 3,4, we have
gra(P inKyy) =tn+n+2.

Proof. Let G1 be a k-edge-coloring of Ky,4+y,—1 with color 1 and z, y be two
isolated vertices. Assign color 3 to all edges between V(G1) and z, color 4 to
all edges between V(G1) and y, and color 2 to zy. We obtain a 4-edge-colored
Kypynt1 that contains neither a rainbow copy of Pj nor a monochromatic copy
of nKl,t-

For the upper bound, let G be a 4-edge-colored Ky where N > tn +n +
2. If G contains no rainbow copy of P;, then by Theorem 7(b) we get G €
{G2(N),G3(N)}. Clearly, there is a monochromatic copy of nKi; in G. If G =
G2(N), then unlike the lower bound we constructed. There is a monochromatic
copy of nKi; with color 1 of Gi. Let G3(INV) be a 4-edge-coloring of Kiy4pn42 in
which there is a rainbow K3 having colors 2,3 and 4. Suppose that every edge is
incident with at most one vertex in the rainbow K3 with color 1. Define the three
vertices of this rainbow K3 as a, b, c. Let G2 be a monochromatic copy of Kipqpn—1
with color 1. Taking the three vertices of a,b,c as the three center vertices of
monochromatic 3K 4, the edges connected to V' (Gz) form a monochromatic copy
of 3K, with color 1. Then there are |V(G2)| = tn +n — 3t — 1 vertices which
can form a monochromatic copy of (n — 3)K;,; with color 1. Consequently, we
have that gm(Pj nKy) <tn+4+n+ 2. [
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