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Abstract
An equitable (O, O, . .., O)-partition of a graph G, which is also called
—_——

m
an equitable k cluster m-partition, is the partition of V(&) into m non-empty
subsets V1, Vo, ..., Vi, such that for every integer i in {1,2,...,m}, G[V]
is a graph with components of order at most k, and for each pair of distinct
i,j in {1,...,m}, there is —1 < |V;| — [V}| < 1. In this paper, we proved
that every graph G with minimum degree 6(G) > 2 and maximum average
degree mad(G) < % admits an equitable (Og, Og, . . ., Og)-partition, for any
[
m
integer m > 3.
Keywords: equitable cluster partition, maximum average degree, discharg-
ing.
2020 Mathematics Subject Classification: 05C10, 05A18.

1. INTRODUCTION

All graphs considered in this paper are finite, simple and undirected. For a graph
G, we use V(G) to denote the vertex set. An equitable k-partition of a graph
G is a partition of V(@) into (Vi,..., V) such that —1 < |V;| — |V;| < 1 for all
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1 <i < j <k, a k-partition is ascending equitable if |Vi| < [Va| < -+ < |Vg| <
|Vi| + 1 and descending equitable if |Vi| > |Va| > --- > |Vi| > |Vi| — 1. Let G; be
a class of graphs for 1 < i < k. Given a graph G, an equitable (G1,Ga, ..., Gk)-
partition of graph G is an equitable k-partition of G such that for all 1 <i <k,
the induced subgraph G[V;] belongs to G;.

The G-equitable partition number of a graph G, denoted by x.g(G), is the
smallest integer k such that G has an equitable (Gy, ..., Gy)-partition with G; =
Gy = -+ = G = G. In contrast to the ordinary vertex partition, a graph
may have an equitable (G, ..., Gx)-partition, but no equitable (Gi, ..., Gk, Gry1)-
partition with G; = --- = Gy = Gr11 = G. The G-equitable partition threshold
of G, denoted by x5(G), is the smallest integer k such that G has an equitable
(G1,...,Gnm)-partition for all m > k with Gy =Go =--- =G, =G.

It is clear that x.g(G) < x;g(G). In fact, the gap between the two parameters
can be arbitrarily large. Let Z, O, T denote the class of edge-less graphs, the
class of graphs each of whose components has order at most k, the class of trees
whose components have order at most k, respectively. Z-partition is equivalent
to proper vertex coloring of graphs. And O-partition relax the requirement that
adjacent vertices are put in distinct vertex sets. Compared with vertex coloring,
we say that a partition of G has cluster k if each of Vi,...,V,, induces a graph
each of whose components has at most k vertices, and denote such a partition
by (O, Ok, ...,0Ok). Equitable tree partition is an equitable partition of V(QG)

into (V4,..., Vi), where G[V;] € T.. Let mad(G) denote the maximum average

degree of G, which is defined as mad(G) = max{ 2‘@%? ’H C G}.

Hajnal and Szemerédi [3] proved that for any graph G with maximum degree
A(G), there is x!7(G) < A(G) + 1. Chen, Lih and Wu [2] conjectured that
for any connected graph G different from K,,, Copq1 and Kopi12m+1, there is
X:7(G) < A(G). For planar graphs, Zhang and Yap [8] proved that for every
planar graph with A(G) > 13, there is x?7(G) < A(G). Wu and Wang [7] proved
that for every planar graph with 6(G) > 2 and ¢g(G) > 26, there is x}7(G) < 3
and, for every planar graph with §(G) > 2 and g(G) > 14, there is x’7(G) < 4.
Later, Luo, Sereni, Stephens and Yu [5] improved the above results by proving
that for every planar graph with 6(G) > 2 and g(G) > 14, there is x}7(G) < 3,
and for every planar graph with 6(G) > 2 and ¢g(G) > 10, there is x’,(G) < 4.

We are interested in the equitable (Ok,...,Og)-partition for any integers

—_———

m
m > 2 and k£ > 2. Such a partition was first studied in [6], under the name of
defective equitable coloring. The following results are rewritten using the notion
in the present paper.

Theorem 1 (Williams, Vandenbussche and Yu, [6]). Every planar graph G with
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minimum degree 6(G) > 2 and girth g(G) > 10 has an equitable (Og,...,02)-
|\ —

m

partition for any integer m > 3, that is x}p,(G) < 3.

Theorem 2 (Li and Zhang, [4]). Every planar graph G with minimum degree
3(G) > 2 and girth g(G) > 8 has an equitable (Os,...,O2)-partition for any
(R

m

integer m > 4, that is X}p,(G) < 4.

In this paper, we extend the equitable cluster partition to general graphs,
and obtain the following main result.

Theorem 3. FEvery graph G with minimum degree 6(G) > 2 and mazimum
average degree mad(G) < % admits an equitable (Og, O, . .., Og)-partition for

m

any integer m > 3, that is X}, (G) < 3.

By Euler’s formula, a planar graph G with girth ¢ satisfies mad(G) < 2%

g—2
[1]. According to Theorem 3, it is natural to infer the following corollary.

Corollary 4. Every planar graph G with minimum degree §(G) > 2 and girth
9(G) > 8 admits an equitable (Og, Og, . .., Og)-partition for any integer m > 3,

m

that is X}0,(G) < 3.

Though Corollary 4 is not a completely improvement of Theorems 1 and
2, it optimized the condition of g(G) and equitable cluster partition threshold,
respectively. And actually Corollary 4 gave an equitable tree partition threshold
by the condition g(G) > 8.

2. THE STRUCTURE OF MINIMAL COUNTEREXAMPLES

Let G be a counterexample to Theorem 3 with a smallest order. Before discussing
the structure of GG, we clarify some necessary definitions and notations firstly.

The degree of a vertex v in G, written by dg(v) or simply d(v) when there is
no confusion, is the number of edges incident with v in G. A k-vertex, k*-vertex
and k™ -vertex is a vertex of degree k, at least k and at most k, respectively. A
neighbor of vertex v with degree k, at least k and at most k is called a k-neighbor,
k*-neighbor and k™~ -neighbor of v, respectively.

A chain of G is a maximal induced walk whose internal vertices all have
degree 2. A t-chain is a chain with ¢ internal vertices. In a chain, the 3"-vertex
is called endvertex. Specially, a cycle with exactly one 3T-vertex and all other
vertices of degree 2 is also called a chain, in this case, the endvertices of chain are
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identical. Let x be an endvertex of a chain P, y be a vertex in P, if the distance
between x and y on P is [+ 1, then we say that y is loosely l-adjacent to x. Thus
“loosely 0-adjacent” is the same as usual “adjacent”.

Let x be a vertex with d(z) > 3, then x is the endvertex of d(z) different
chains. Set T'(x) = (ag, a1, ag), where a; is the number of i-chains incident with
xz, i € {0,1,2}. Let A(z) be the vertex set consisting of all 2-vertices in its
incident chains, then ¢(z) = |A(x)| = 2a2 + a;. We define several kinds of 3-
vertices that we will use in the following proof. We call a 3-vertex x bad 3-vertex
if T(x) = (0,2,1), terrible 3-vertex if T'(z) = (0,3,0) or T'(z) = (1,1,1), A-3-
vertex if t(z) = 1 and it is adjacent to a bad 3-vertex, B-3-vertex if t(z) = 0
and it is adjacent to two bad 3-vertices, C-3-vertez if t(x) = 1 and it is adjacent
to an A-3-vertex. If a neighbor of the vertex v is A-3-vertex, B-3-vertex or C-3-
vertex, then we call it an A-3-neighbor, B-3-neighbor or C-3-neighbor of v. We
use hollow dots to represent 3T -vertices that the degree is unfixed, use solid dots
to represent the vertices that its degree is fixed and the degree is the number of
edges incident with it. These kinds of 3-vertices are shown in Figure 1.

Yoy

bad 3-vertex

terrible 3-vertex terrible 3-vertex
X
A-3-vertex B-3-vertex C-3-vertex

Figure 1. Several kinds of 3-vertices.

For convenience, let m(mod m) = m for any positive integer m. In the whole
paper, all the integers m we mentioned are not less than 3, and there is an obvious
fact that if G; C G, then mad(G1) < mad(G). For brief, we will not mention
them again.
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Lemma 5. The graph G is connected.

Proof. On the contrary, let Hy, Hs, ..., Hi be the components of G, where k > 2.
By the minimality of G, both H = HiUH>U- - -UH}_1 and Hy, admit an equitable
6 cluster m-partition. An ascending equitable 6 cluster m-partition of H with
\Vi(H)| < --- < |Vio(H)| and a descending equitable 6 cluster m-partition of
Hj, with |Vi(Hg)| > -+ > |V (Hg)| generate an equitable 6 cluster m-partition
(Vi(H)UVA(Hg), ..., Vin(H)UV,(Hy)) of G, which contradicts the choice of G. m

Lemma 6. If G has a t-chain, then t < 2.

Proof. Suppose to the contrary that G has a t-chain P = wvguy - - - vyvp41 with
t > 3, where d(vg),d(ve+1) > 3. Let G1 = G —{v1,..., v}

If vg # vi41 or v9 = vy and d(vg) > 4, then 6(G1) > 2. By the minimality
of G, the graph G has an equitable 6 cluster m-partition with |[Vi| < --- < |V,,].
We can extend the partition of G7 to an equitable 6 cluster m-partition of G as
follows. First put the vertex v; into the part Viimoq ) for each i € {1,2,...,t}.
Swap the positions of v; and vy if vy and vy are put in the same part, and further
swap the positions of v;—1 and vy if v; and vy41 are put in the same part.

Now suppose that vg = v41 and d(vg) = 3. Let x be the neighbor of vy
in Gy. If d(z) > 3, consider Go = G — {vg,v1,...,v}, there is 6(Ga) > 2.
By the choice of G, the graph G2 has an equitable 6 cluster m-partition with
[Vi| < -+ < |Vin|. We can extend the partition of G to an equitable 6 cluster
m-partition of G as follows. First put the vertex v; into the part Vi i(mod m) for
each i € {0,1,...,t}. Swap the positions of vy and v if the vertices vy and =
are put in the same part (the partition of {vg,v1,...,v;} generated in this way
admits that the order of each component of each part is at most 2). If d(x) = 2,
then let ) = wox122-- 242441 be the chain with g = vo, x1 = 2, ¢ > 1.
Consider the graph Gz = G — {zo,x1,...,%q,v1,...,0t}, there is §(Gz) > 2. By
the minimality of G, the graph (G3 has an equitable 6 cluster m-partition with
V1] < -+ < |Vin|. We first extend the partition of G3 to G to obtain an equitable
6 cluster m-partition of G — {v1,...,v:} as follows. First put the vertex z; into
the part Vi immoa m) for each i € {0,1,...,q}. If z, and 441 are put in the
same part, swap the positions of x,_1 and z,. Next we put the vertex v; in the
part Vi iii(mod m) for each i € {1,2,... ¢}, then swap the vertices similarly to
the case that vg = vy11 and d(vg) > 4 if necessary. In any case, we can always
get an equitable 6 cluster m-partition of G. This contradicts the choice of G.
Hence, there is no ¢-chain with ¢ > 3. In other words, there are only 1-chains and
2-chains in G. [ |

Let H be a subgraph of G, for x € V(H), if « has no neighbors in G — H,
then we call it free vertex, otherwise we call it non-free vertex, the neighbors
of x in G — H are called outer neighbors of x. Let s(H) denote the number of
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non-free vertices in H, s;(H) denote the number of non-free vertices with exactly
i outer neighbors in G — H, i > 1, f(H) denote the number of free vertices in H,
and n(H) denote the number of vertices in H.

Next, we use Hall’s Theorem to analyze the reducible structures, allowing
us to avoid lengthy case analysis. [n(H)] = {1,2,...,n(H)}. Our method is to
construct an auxiliary bipartite graph B(H) = (V(H), [n(H)]) in such a way that
u € V(H) is adjacent to i € [n(H)] if and only if no neighbor of v in G — H is put
into the part Vjmod m)- A perfect matching in the auxiliary graph corresponds
to a descending equitable partition of H. We first show that B(H) has a perfect
matching by Hall’s Theorem, then modify it to obtain an equitable 6 cluster m-
partition of H and further obtain an equitable 6 cluster m-partition of G. This
approach may somewhat simplify the proofs in the area of equitable partition.

Let H be a reducible structure of G. By the minimality of G, the graph G— H
has an equitable 6 cluster m-partition. Let ¢: V(G — H) — {Vi,...,V,,} be an
ascending equitable 6 cluster m-partition. We claim that ¢ can be extended to an
equitable partition of G (but the number of clusters is uncertain) such that the
vertices of H that are non-free are put into the part that their outer neighbors
are not put in. As long as there is a way of partition such that the number of
clusters in H does not exceed 6, we can get that G has an equitable 6 cluster
m-partition. Therefore, H cannot appear in G.

We observe a few facts about the graph B(H).

3 m

1, then B(H) has a perfect matching. (By Hall’s Theorem, B(H) has a perfect
matching if and only if for any S C V(H), |[N(S)| > |S|. Note that if S contains
a free vertex, then |[N(S)| = n(H). Thus if B(H) contains no perfect matching,
then there exists a set Sp such that |Sp| > |N(Sp)|, obviously, Sy only contains
non-free vertices. If Sy = {x}, where z is the vertex which has two outer neigh-
bots, |So| = 1, [N(So)| > n(H) — [%H)] x 2 > 1, now |So| < |N(So)|, which
contradicts the choice of Sy. If Sy contains the vertex which has one outer neigh-
bor, s(H) > |So| > |N(So)| > n(H) — {nf)-‘, a contradiction. Hence B(H) has

a perfect matching.)

(F1) If s(H) = s, (H)+s2(H) < n(H)— [M] (g n(H) — [@D and so(H) <

(F2) A perfect matching in B(H) gives rise to a partition ¢’ of V/(H) such that
(i) no vertex is put in the same part with its outer neighbors;
(ii) ¢’ is descending equitable.

3
so(H) < 1, (i) f(H) > {@} (z [@D (i) {@} < 6 hold at the
same time, then the perfect matching of B(H) induces an equitable 6 cluster
m-partition of H that is descending equitable.

(F3) If (i) s(H) = sy(H) + so(H) < n(H) — {”Uﬂ (g n(H) — [@]) and



EQUuITABLE CLUSTER PARTITION OF GRAPHS 1001

Next we use these facts to prove the following structural lemmas. In order
to ensure (G — H) > 2, before the proof, we first provide a remark.

Remark. Let H be one of the reducible structures of G. If s(H) = s1(H)+s2(H)
and so(H) < 1, then we will proceed as follows. For the non-free vertices v and w
in H, if the outer neighbors of them in G— H are identical, three cases on the outer
neighbor, say v, to consider. If dg_g(v) > 2, then the method of constructing H
is the same as in the case when the outer neighbors are different. If dg_pg(v) = 1,
after deleting the reducible structure, in order to ensure that the minimum degree
of the subgraph of G is at least 2, we need to perform the following processing.
Let Q = wov1---v4 be the chain in G — H, where vg = v, 1 < ¢ < 3. Let
H' = H U{vo,v1,...,v9-1}, if dg—pg(v) =1 and dg_p'(v) > 2, we will use H' as
a new reducible structure; if dg_pg(v) = 1 and dg_pg+(v) = 1, we will continue to
take the chains incident with v, in G — H’, and update H’ and vertices involved
according to the aforementioned construction method until dg_pg/(v) > 2. In
each step of processing, record the update reducible structure as H' and the pre
updated structure as H, repeat this process until the conditions are met. Due to
the fact that the structures in every lemma are explicit, it is evident that H can
be obtained within a finite number of steps. Finally, if dg_pg(v) = 0, in other
words, the vertex v is isolated in G — H, we can always find an equitable partition
that meets the requirements. In the process of determining H' at each step, H'
compared to the one before updating only increases the number of free vertices
without increasing the number of non-free vertices, this operation increases the

order of H by at most 3. If s(H) < n(H) — [nf -‘7 f(H) = [@1, then

s(H') < s(H) < n(H) — [@] < n(H") [ ] and f(H') [%H)] It

@ <5, then "(TH/)-‘ < 6. After proving Lemma 7(1), we will know that the

case d(v) =3 and t(v) >4 or T'(v) = (1,0, 2) is impossible to exist.

By (F1), if H has an equitable 6 cluster 3-partition, then H must have an
equitable 6 cluster m-partition for any integer m > 4. Therefore, we only need
to prove H admits an equitable 6 cluster 3-partition. And we will find that the
structures H in Lemmas 7-26 satisfy s(H) = s1(H) + s2(H) and so(H) < 1.
Lemma 7. The following cases of 2-vertex on the chain incident with x hold.
(1) If d(x) = 3, then t(x) <3 and T(x) # (1,0, 2);

(2) If d(x) =4, then t(x) <4 and T(x) # (2,0,2);

(3) If d(x) =5, then t(x) <6 and T'(x) # (3,0,2), T(x) # (2,1,2);

(4) If d(x) =6, then t(x) <7 and T(x) # (3, 1,2)

(5) If d(z) =7, then t(x) <9 and T(z) # (3,2,2), T'(z) # (4,1,2).

Proof. For each case of the lemma, we suppose to the contrary as follows: (1)
d(@) = 3, t(x) > 4 or T(x) = (1,0,2); (2) d(z) = 4, t(z) > 5 or T(x) = (2,0,2);
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(3) d(z) = 5, t(x) > 7Tor T(z) = (3,0,2) or T(x) = (2,1,2); (4) d(z) = 6,
t(x) > 8 or T(x) = (3,1,2); (5) d(x) = 7, t(x) > 10 or T'(x) = (3,2,2) or
T(x) = (4,1,2). Let H be the graph induced by x and the 2-vertices in its
incident chains. Lemma 6 implies that x is not incident with t¢-chains for any
t > 3. By Remark, (G — H) > 2 or §(G — H') > 2. Then we will refer to the
following tables for some computations.

WIW| = | N[
W =~ W

DN W DN |t

n(H) 516789
nH) 212/3[3|3
n(H)— ("] 1314 |4]5]6
s(H) 34444
F(H) 212345
Table 2. d(z) =4
n(H) 67891011
n(H) 2(3(3|3|4]4
n(H)— ("D b 4la)5|6]6 |7
s(H) 4145|555
F(H) 2(3[3[4]5 6
Table 3. d(z) = 5.
n(H) 8 10111213
(i) 3 41445
n(H)— |"@ ) V51 6 | 6| 7|8]8
s(H) 5|56 6|66 |6
F(H) 3/43[ 4567

Table 4. d(z) = 6.
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n(H) 9710 11 [12][13]14] 15
nf) 3444|555
n(H)— "B\ 16| 6| 7 |8[8]9]10
s(H) 616|677 777
F(H) 3145456 7]8

Table 5. d(z) =

By (F1), (F3) and the above tables, we can observe that s(H) < n(H) —
{@—‘ (< n(H) - {@—‘ ), so B(H) has a perfect matching. And we can know
that f(H) > {@—‘ and [@—‘ < 5, combining Remark, the perfect matching of

B(H) induces a descending equitable 6 cluster m-partition of H or H'. Thereby,
we get an equitable 6 cluster m-partition of GG, this leads to a contradiction. m

Lemma 8. If x is a bad 3-vertez, where T'(z) = (0,2, 1), and y is the 3T -neighbor
of x, then

(i) d(y) =3 with t(y) <1, or

(i) d(y) =4 with t(y) <1 or T(y) = (0,2,2),(0,3,1), (1,1,2), o
(iii) d(y) =5 with t(y) <3 or T'(y) = (0,4,1),(1,2,2), or
(iv) d(y)

| \/

Proof. Let z be a bad 3-vertex, and y is the 3T-neighbor of x. Suppose to
the contrary that d(y) = 3 with t(y) > 2, d(y) = 4 with ¢(y) > 2 and T(y) #
(0,2,2),(0,3,1),(1,1,2), and d(y) = 5 with t(y) > 4 and T'(y) # (0,4,1),(1,2,2).
By Lemma 7(1)-(3), if d(y) = 3, then 2 < t(y) < 3 and T'(y) # (1,0,2), if
d(y) =4, then 2 < t(y) < 4 and T'(y) # (2,0,2),(0,2,2),(0,3,1), (1,1,2) and if
d(y) = 5, then 4 < t(y) < 6 and T'(y) # (3,0,2),(2,1,2),(0,4,1), (1,2,2). Let
H be the graph induced by x, y and the 2-vertices in their incident chains. By
Lemma 6, y is only incident with 1-chains and 2-chains. By Remark, 6(G—H) > 2
or 6(G — H') > 2. Then we can get the following table.

n(H) 6[7[8][9]10
n(H) 2(3(3|3] 4
n(H)— " 14 l4|5]6]| 6
s(H) 4[4[5]6]6
f(H) 2333 4

Table 6. The 3T-neighbors of bad 3-vertex.
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Similarly to the proof of Lemma 7, we can obtain an equitable 6 cluster m-
partition of GG, this leads to a contradiction. [ |

Lemma 9. FEvery 3-vertex y with t(y) = 0 is adjacent to at most two bad 3-
vertices.

Proof. Suppose to the contrary that there is a 3-vertex y with #(y) = 0 that is
adjacent to three bad 3-vertices x1, x2 and x3. Let H be the graph induced by x1,
x9, x3, y and the 2-vertices in their incident chains. By Remark, 6(G — H) > 2
or 6(G— H') > 2. By the minimality of G, the graph G — H or G — H' admits an
ascending equitable 6 cluster m-partition. s(H) = d(z1) + d(z2) + d(x3) —3 =6,
n(H) = t(x1) + t(x2) + t(x3) + 4 = 10. By calculation, we have s(H) < n(H) —
{@—‘ <n(H)-— {@w, so B(H) has a perfect matching. And we know that

f(H)> {@—‘ and {@w < 5, thus the perfect matching induces an equitable 6

cluster m-partition of H or H'. Thereby, we get an equitable 6 cluster m-partition
of GG, this leads to a contradiction. [ |

Lemma 10. Let x be a B-3-vertex, where d(x) = 3, t(x) =0, and z is adjacent
to two bad 3-vertex x1 and xo. If y is the 3T -neighbor of x other than x1 and x4,
then

(i) d(y) =4 with T(x3) = (0,0,4) or T(y) = (0,2,2), or

(i) d(y) > 5.
Proof. Suppose to the contrary that d(y) = 3, d(y) = 4 with T'(y) # (0,0,4)
and T'(y) # (0,2,2). By Lemma 7(1)(2) and Lemma 9, if d(y) = 3, then 0 <
Hy) < 3 and T(y) # (1,0,2),(0,2,1), if d(y) = 4, then #(y) < 4 and T(y) %
(0,0,4),(0,2,2),(2,0,2). Let H be the graph induced by x, x1, x2, y and the
2-vertices on their incident chains. By Lemma 6, y is only incident with 1-chains

and 2-chains. By Remark, (G — H) > 2 or §(G — H') > 2. Then we can get the
following table.

n(H) 8910 11 | 12
n(H) 3(3|4/] 4|4
n(H)— "1 1 516|6| 7|8
s(H) 566 677
J(H) 3[3]4[54]5

Table 7. The other neighbors of B-3-vertex x.

Similarly to the proof of Lemma 7, we can obtain an equitable 6 cluster m-
partition of GG, this leads to a contradiction. [ |
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Lemma 11. Let y be an A-3-vertex, where d(y) = 3, t(y) = 1, and z is a bad
3-vertex that is adjacent to y. If z is a 3™ -vertez that is adjacent to y other than
x, then

(i) d(z) = 3 with t(z)
(ii) d(z) =4 with t(z) <2 and T(2) # (1,0,3), or
(i) d(z) > 5.

1, or

Proof. Suppose to the contrary that d(z) = 3 with t(z) =0or t(z) > 2, d(z) = 4
with t(z) > 3 or T'(z) = (1,0,3). By Lemma 7(1)(2), if d(z) = 3, then ¢(2) =0
or 2 < t(z) < 3 and T(z) # (1,0,2); if d(z) = 4, then 3 < #(z) < 4 and
T(z) # (2,0,2), or T(z) = (1,0,3). Let H be the graph induced by =z, y, 2
and the 2-vertices in their incident chains. By Lemma 6, z is only incident with
1-chains and 2-chains. By Remark, 6(G — H) > 2 or 6(G — H') > 2. Then we
can get the following table.

n(H) 68 10

n(H

n(H) 2|3 4
n(H)— ["D] 1 4]5| 6 |6

s(H) 41556 6

F(H) 2343 4

Table 8. The other neighbors of A-3-vertex y.

Similarly to the proof of Lemma 7, we can obtain an equitable 6 cluster m-
partition of G, this leads to a contradiction. [ |

Lemma 12. Let x be a C-3-vertex, where d(x) = 3, t(x) =1, and x is adjacent
to an A-3-vertex y. If z is the 3T -neighbor of x other than y, then

(i) d(z) =4 with T'(z) = (0,0,4) or T'(z) = (0,2,2), or
(i) d(z) > 5.

Proof. Suppose to the contrary that d(z) = 3, d(z) = 4 with T(z) # (0,0,4)
and T'(z) # (0,2,2). By Lemma 7(1)(2), if d(z) = 3, then #(z) < 3 and T'(z) #
(1,0,2), if d(z) = 4, then t(2) < 4 and T'(z) # (0,0,4),(0,2,2) and (2,0,2). Let
H be the graph induced by z, y, z and the 2-vertices on their incident chains. By
Lemma 6, z is only incident with 1-chains and 2-chains. By Remark, 6(G—H) > 2
or (G — H') > 2. We can get the following table.
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n(H) 8[9[10] 11 |12
niH) 334/ 4|4
n(H)— "B 15066 | 7 |8
s(H) 5166 |67 7
F(H) 3(3[4[54]5

Table 9. The other neighbors of C-3-vertex x.

Similarly to the proof of Lemma 7, we can obtain an equitable 6 cluster m-
partition of G, this leads to a contradiction. [ |

Lemma 13. Let x be a terrible 3-vertex with T'(xz) = (0,3,0), and let y be a
vertex that is loosely 1-adjacent to x, then

(i) d(y) =4 with T(y) = (0,1,3) or T'(y) = (0,3,1), or
(ii) d(y) > 5.

Proof. Suppose to the contrary that d(y) = 3, d(y) = 4 with T'(y) # (0,1,3)
and T'(y) # (0,3,1). By Lemma 7 (1)(2), if d(y) = 3, then t(y) < 3 and T'(y) #
(1,0,2),if d(y) = 4, then t(y) < 4and T'(y) # (0,1,3), (0,3,1), (2,0,2). Let H be
the graph induced by x, y and the 2-vertices on their incident chains. By Lemma
6, y is only incident with 1-chains and 2-chains. By Remark, 6(G — H) > 2 or
d(G — H') > 2. Then we can get the following table.

n(H) 51678
) 21233
n(H)— |28} 131445
s(H) 3141415
F(H) 2233

Table 10. The vertices that are loosely 1-adjacent to terrible 3-vertex x with
T(z) = (0,3,0).

Similarly to the proof of Lemma 7, we can obtain an equitable 6 cluster m-
partition of GG, this leads to a contradiction. [ |

Lemma 14. Let x be a terrible 3-vertex with T'(z) = (1,1,1), and let y be the
3T -vertex that is loosely 1-adjacent to x, then

(i) d(y) =4 with T(y) = (0,1,3) or T'(y) = (0,3,1), or
(i) d(y) > 5.
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Proof. Suppose to the contrary that d(y) = 3, d(y) = 4 with T'(y) # (0,1,3)
and T'(y) # (0,3,1). By Lemma 7(1)(2), if d(y) = 3, then t(y) < 3 and T'(y) #
(1,0,2); if d(y) = 4, then t(y) <4 and T'(y) # (0,1, 3), (0,3,1), (2,0,2). Let H be
the graph induced by x, y and the 2-vertices on their incident chains. By Lemma
6, y is only incident with 1-chains and 2-chains. By Remark, §(G — H) > 2 or
§(G — H') > 2. Then we can get the following table.

n(H) 516|718
n(H) 2(2(3|3
n(H)— [ 1314 |4]5
s(H) 314(14|5
f(H) 212133
Table 11. The vertices that are loosely 1-adjacent to terrible 3-vertex x with
T(x) =(1,1,1).

Similarly to the proof of Lemma 7, we can obtain an equitable 6 cluster m-
partition of GG, this leads to a contradiction. [ |

Lemma 15. Let x be a terrible 3-vertex with T(x) = (1,1,1), and let y be the
3T -vertex that is adjacent to x, then

(i) d(y) =4 with T(y) = (0,0,4) or T'(y) = (0,2,2), or
(i) dy) > 5.

Proof. Suppose to the contrary that d(y) = 3, d(y) = 4 with T'(y) # (0,0,4)
and T'(y) # (0,2,2). By Lemma 7 (1)(2), if d(y) = 3, then t(y) < 3 and T'(y) #
(1,0,2), if d(y) = 4, then t(y) < 4 and T(y) # (0,0,4),(0,2,2) and (2,0,2). Let
H be the graph induced by x, y and the 2-vertices on their incident chains. By
Lemma 6, y is only incident with 1-chains and 2-chains. By Remark, 6(G—H) > 2
or 0(G — H') > 2. Then we get the following table.

n(H) 5167 9
nH) 223 3
n(H)— ("] 1314 4] 5 |6
s(H) 3[4 4[45]5
F(H) 223434

Table 12. The neighbors of terrible 3-vertex z with T'(z) = (1,1,1).

Similarly to the proof of Lemma 7, we can obtain an equitable 6 cluster m-
partition of GG, this leads to a contradiction. [ |
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Lemma 16. Let x be a terrible 3-vertex with T'(x) = (1,1,1) or T'(x) = (0, 3,0)
and let y be a 4-vertex with T'(y) = (0,3,1) that is loosely 1-adjacent to x. If z
is the 3T -neighbor of y, then

(i) d(z) =4 with T(z) = (0,0,4) or T(y) = (0,2,2), or
(ii) d(z) > 5.

Proof. Suppose to the contrary that d(z) = 3, d(z) = 4 with T(z) # (0,0,4)
and T'(z) # (0,2,2). By Lemma 7(1)(2), if d(z) = 3, then t(z) < 3 and T'(2) #
(1,0,2), if d(z) = 4, then t(2) < 4 and T'(z) # (0,0,4),(0,2,2) and (2,0,2). Let
H be the graph induced by z, ¥, z and the 2-vertices on their incident chains. By
Lemma 6, z is only incident with 1-chains and 2-chains. By Remark, 6(G—H) > 2
or 6(G — H') > 2. Then we get the following table.

n(H) 8[9[10] 11 | 12
n(H) 3[3| 4| 4|4
n(H)— ™01 15166 | 7|8
s(H) 516|667 7
F(H) 3(3[4 [54]5

Table 13. The neighbors of some 4-vertex.

Similarly to the proof of Lemma 7, combined with the Remark, we can obtain an
equitable 6 cluster m-partition of GG, this leads to a contradiction. [ |

Lemma 17. Every 4-vertex y with T'(y) = (0,3,1) is
(1) loosely 1-adjacent to at most one terrible 3-vertex x;

(2) not loosely 1-adjacent to a terrible 3-vertex and adjacent to a bad 3-verter,
a A-3-vertex, a B-3-vertex or a C-3-vertex at the same time.

Proof. (1) Suppose to the contrary that there exists a 4-vertex y with T'(y) =
(0,3,1) that is loosely 1-adjacent to at least two terrible 3-vertices x; and ws.
Let H be the graph induced by y, x1, xo and the 2-vertices on their incident
chains. By Remark, §(G — H) > 2 or §(G — H') > 2. By the minimality of G,
the graph G — H or G — H' admits an ascending equitable 6 cluster m-partition.
n(H) = t(y) + t(z1) + t(x2) + 1 = 10, s(H) = d(y) + d(x1) + d(z2) — 4 = 6.
By calculation, we obtain s(H) < n(H) — @—‘ Combining with Remark,

B(H) or B(H') has a perfect matching. And we know that f(H) > [@—‘ and
{@ < 5. Thus, the perfect matching induces an descending equitable 6 cluster

m-partition of H or H’'. Thereby, we get an equitable 6 cluster m-partition of G.
This leads to a contradiction.
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(2) Suppose to the contrary that there exists a 4-vertex y with T'(y) = (0, 3,1)
that is loosely 1-adjacent to a terrible 3-vertex x; and a bad 3-vertex, an A-3-
vertex, a B-3-vertex or a C-3-vertex zo at the same time. Let H be the graph
induced by y, x1, x2 and the 2-vertices on their incident chains. By Remark,
0(G—H)>2or §(G— H') > 2. We get the following table.

n(H) 101214

n(H

) 40415
n(H)— (") 16 | 8|9

s(H) 6|78

F(H) 156

Table 14. The possible 4-vertices with three 1-chains.

Similarly to the proof of Lemma 7, we can obtain an equitable 6 cluster m-
partition of G. This leads to a contradiction. [ |

Lemma 18. Every 4-vertex y with T'(y) = (0,1, 3) is

) adjacent to at most two bad 3-vertices;

—_

2
3

) adjacent to at most one terrible 3-vertex;
)
4) not adjacent to B-3-vertez;
)

)

adjacent to at most one A-3-vertex;

)
6

not adjacent to C'-3-vertex;

o~ o~ o~ o~ o~ o~

not adjacent to a bad 3-vertex and (loosely 1-)adjacent to a terrible 3-vertex
at the same time;

(7) not adjacent and loosely 1-adjacent to terrible 3-vertex at the same time;

(8) not adjacent to two bad 3-vertices and adjacent to an A-3-vertex at the same
time;

(9) not adjacent to an A-3-vertex and (loosely 1-)adjacent to a terrible 3-vertex
at the same time.

Proof. In the nine cases of the lemma, we suppose to the contrary as follows.
(1) there exists a 4-vertex y with T'(y) = (0, 1,3) that is adjacent to three bad
3-vertices x1, xo and x3; (2) y is adjacent to at least two terrible 3-vertices x;
and x9; (3) y is adjacent to at least two A-3-vertices z1 and x2; (4) vy is adjacent
to at least one B-3-vertex x; (5) y is adjacent to at least one C-3-vertex x; (6) y
is adjacent to a bad 3-vertex z; and (loosely 1-) adjacent to a terrible 3-vertex o
at the same time; (7) y is adjacent to a terrible 3-vertex x1 and loosely 1-adjacent
to a terrible 3-vertex xo at the same time; (8) y is adjacent to two bad 3-vertices
x1 w9 and adjacent to an A-3-vertex xs at the same time; (9) y is adjacent to
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an A-3-vertex z; and (loosely 1-) adjacent to a terrible 3-vertex xo at the same
time. Let H be the graph induced by the vertices involved and the 2-vertices on
their incident chains. By Remark, 6(G — H) > 2 or (G — H') > 2. We get the
following table.

n(H) 8 1011 ]12]13
(i) 3 41445
n(H)— ["H 15] 6 | 6| 7]8]S8
s(H) 51566 | 7838
fF(H) 3[43|4 |44 5

Table 15. The possible cases for a 4-vertex y with one 1-chain.

Similarly to the proof of Lemma 7, we can obtain an equitable 6 cluster m-
partition of G. This leads to a contradiction. [ |

Lemma 19. Every 4-vertex y with T(y) = (0,2,2) is

) adjacent to at most one bad 3-vertex;

—

2
3
4

) adjacent to at most one terrible 3-vertex;
)

)
5) adjacent to at most one A-3-vertez;
)

)

loosely 1-adjacent to at most one terrible 3-vertex;

adjacent to at most one B-3-vertex;

6
7

adjacent to at most one C-3-vertex;

~ o~ o~ o~ o~ o~ o~

not adjacent to a bad 3-vertex and adjacent to or loosely 1-adjacent to a
terrible 3-vertex or adjacent to a B-3-vertex or adjacent to an A-3-vertex or
adjacent to a C-3-vertex at the same time;

(8) not loosely 1-adjacent to a terrible 3-vertex and adjacent to a terrible 3-vertex
or a B-3-vertex or an A-3-vertex or a C-3-vertex at the same time;

(9) not adjacent to a terrible 3-vertex and adjacent to a B-3-vertex or an A-3-
verter or a C-3-vertex at the same time;

(10) not adjacent to a B-3-vertex and adjacent to an A-3-vertex or a C-3-vertex
at the same time;

(11) not adjacent to an A-3-vertex and adjacent to a C-3-vertex at the same time.

Proof. In the eleven cases of the lemma, we suppose to the contrary as follows.
(1) there exists a 4-vertex y with T'(y) = (0,2,2) that is adjacent to two bad
3-vertices x; and x2; (2) y is adjacent to two terrible 3-vertices z1 and x2; (3) y
is loosely 1-adjacent to two terrible 3-vertices x1 and z2; (4) y is adjacent to two
B-3-vertices z1 and x3; (5) y is adjacent to two A-3-vertices z1 and x2; (6) y is
adjacent to two C-3-vertices x1 and x2; (7) y is adjacent to a bad 3-vertex x; and
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adjacent to or loosely 1-adjacent to a terrible 3-vertex or adjacent to a B-3-vertex
or adjacent to an A-3-vertex or adjacent to a C-3-vertex x2 at the same time; (8)
y is loosely 1-adjacent to a terrible 3-vertex x; and adjacent to a terrible 3-vertex
or a B-3-vertex or an A-3-vertex or a C-3-vertex xa at the same time; (9) y is
adjacent to a terrible 3-vertex x1 and adjacent to a B-3-vertex or an A-3-vertex
or a C-3-vertex zy at the same time; (10) y is adjacent to a B-3-vertex x; and
adjacent to an A-3-vertex or a C-3-vertex x2 at the same time; (11) y is adjacent
to an A-3-vertex x1 and adjacent to a C-3-vertex xo at the same time. Let H be
the graph induced by the vertices involved and the 2-vertices on their incident
chains. By Remark, 6(G — H) > 2 or 6(G — H') > 2. We get the following table.

n(H) 9 10 11 [12[13[14[15 |17
n(H) 344|445 |5]|5]6
n(H)— ("D V6 | 6| 7|8 |8]9]|10]11
s(H) 56 6 67|78 |8]9]10
f(H) 434 (545|566 |7

Table 16. The possible cases for a 4-vertex y with two 1-chains.

n(f)—‘ = 6, because of f(H) =7, we can always

When |V (H)| = 17, although {
find a way to partition such that H admits an equitable 5 cluster m-partition.
Similarly to the proof of Lemma 7, we can obtain an equitable 6 cluster m-

partition of G. This leads to a contradiction. [ |

Lemma 20. Every 4-vertex y with T(y) = (1,1,2) is adjacent to at most one
bad 3-vertex.

Proof. Suppose to the contrary that there exists a 4-vertex y with T(y) =
(1,1,2) that is adjacent to two bad 3-vertices x1 and zo. Let H be the graph
induced by x1, 2 and the 2-vertices on their incident chains. By Remark,
0(G—H) > 2or 6(G— H') > 2. By the minimality of G, the graph G — H
or G — H' admits an ascending equitable 6 cluster m-partition. s(H) = d(y) +
d(z1) + d(z2) —4 =6, n(H) = t(y) + t(x1) + t(z2) + 3 = 10. By calculation, we
obtain s(H) < n(H) — [%11)1 <n(H) - [M-‘, so B(H) has a perfect match-

ing. And we can know that f(H) > {@ [@-‘ < 5, thus the perfect

matching induces an equitable 6 cluster m-partition of H or H'. Thereby, we get
an equitable 6 cluster m-partition of G. This leads to a contradiction. [ |

-‘ and

Lemma 21. Every 5-vertex y with T'(y) = (0,3,2), T(y) = (0,4,1), T(y) =
(1,2,2), T(y) = (0,5,0) or T'(y) = (1,3,1) is loosely 1-adjacent to at most one
terrible 3-vertex.
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Proof. Suppose to the contrary that there exists a 5-vertex y with T'(y) =
(0,3,2), T(y) = (0,4,1), T(y) = (1,2,2), T(y) = (0,5,0) or T(y) = (1,3,1)
that is loosely 1-adjacent to at least two terrible 3-vertices z; and xo2. Let H be
the graph induced by y, x1, x2 and the 2-vertices on their incident chains. By
Remark, §(G— H) > 2 or (G — H') > 2, and by the minimality of G, the graph
G — H or G — H' admits an ascending equitable 6 cluster m-partition. We get
the following table.

n(H) 10 [ 11 | 12

n(H
(H) 40 4 |4
n(H)— M8\ 16 | 7|38
s(H) 6|67 7
F(H) 4545

Table 17. Some 5-vertices y.

Similarly to the proof of Lemma 7, we can obtain an equitable 6 cluster m-
partition of G. This leads to a contradiction. [ |

Lemma 22. Every 5-vertex y with T(y) = (1,4,0) is not loosely 1-adjacent to
terrible 3-vertex.

Proof. Suppose to the contrary that there exists a 5-vertex y with T(y) =
(1,4,0) that is loosely 1-adjacent to a terrible 3-vertex x. Let H be the graph in-
duced by z, y and the 2-vertices on their incident chains. By Remark, §(G—H) >
2 or §(G — H') > 2. By the minimality of G, the graph G — H or G — H' ad-
mits an ascending equitable 6 cluster m-partition. s(H) = d(y) + d(xz) — 2 = 6,
n(H) = t(y) +t(z) + 1 = 10. By calculation, we obtain s(H) < n(H) — {@—‘ <

n(H) — {%w, so B(H) has a perfect matching. And we know that f(H) >

{@—‘ and {@—‘ < 5, thus the perfect matching induces an equitable 6 cluster

m-partition of H or H'. Thereby, we get an equitable 6 cluster m-partition of G.
This leads to a contradiction. [ |

Lemma 23. Every 5-vertex y with T(y) = (2,2,1) is not loosely 1-adjacent to
terrible 3-vertez.

Proof. Suppose to the contrary that there exists a 5-vertex y with T'(y) =
(2,2,1) that is loosely 1-adjacent to a terrible 3-vertices x. Let H be the graph in-
duced by z, y and the 2-vertices on their incident chains. By Remark, §(G—H) >
2 or §(G — H') > 2. By the minimality of G, the graph G — H or G — H' ad-
mits an ascending equitable 6 cluster m-partition. s(H) = d(z) + d(y) —2 = 6,
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n(H) = t(z) +t(y) +2 = 10. By calculation, we obtain s(H) < n(H) — {”(3{{)—‘ <
n(H) — %1, so B(H) has a perfect matching. And we know that f(H) >
[n(;{ )-‘ and [@-‘ < 5, thus the perfect matching induces an equitable 6 cluster

m-partition of H or H’'. Thereby, we get an equitable 6 cluster m-partition of G.
This leads to a contradiction. [ |

Lemma 24. Fvery 6-vertex y with T(y) = (0,5,1), T(y) = (0,6,0) or T'(y) =
(1,4,1) is loosely 1-adjacent to at most one terrible 3-vertex.

Proof. Suppose to the contrary that there exists a 6-vertex y with T'(y) =
(0,5,1), T(y) = (0,6,0) or T(y) = (1,4,1) that is loosely 1-adjacent to at least
two terrible 3-vertices x1 and x2. Let H be the graph induced by y, z1, x2 and the
2-vertices on their incident chains. By Remark, 6(G — H) > 2 or 6(G — H') > 2.
By the minimality of G, the graph G — H or G— H' admits an ascending equitable
6 cluster m-partition. We get the following table.

n(H) 1213

n(H
() 1] s
n(H) - [®H] | 8 | 8
s(H) 8] 8
F(H) 115

Table 18. Some 6-vertices y.

Similarly to the proof of Lemma 7, we can obtain an equitable 6 cluster m-
partition of G. This leads to a contradiction. [ |

Lemma 25. Every 6-vertex y with T(y) = (1,5,0) or T(y) = (2,3,1) is not
loosely 1-adjacent to terrible 3-vertex.

Proof. Suppose to the contrary that there is a 6-vertex y with T'(y) = (1,5,0)
or T(y) = (2,3,1) that is loosely l-adjacent to a terrible 3-vertex xz. Let H
be the graph induced by x, y and the 2-vertices on their incident chains. By
Remark, 6(G — H) > 2 or 6(G — H') > 2. By the minimality of G, the graph
G — H or G — H' admits an ascending equitable 6 cluster m-partition. s(H) =
dz)+d(y) —2 =7, n(H) = t(x) + t(y) + 1 = 11. By calculation, we obtain
s(H)<n(H)— {@—‘ <n(H) - {n(H)—‘ so B(H) has a perfect matching. And

we know that f(H) > [@

an equitable 6 cluster m-partition of H or H'. Thereby, we get an equitable 6
cluster m-partition of GG. This leads to a contradiction. [ |

and {@—‘ < 5, thus the perfect matching induces
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Lemma 26. Fvery T-vertex y with T(y) = (0,7,0), T(y) = (1,6,0) or T'(y) =
(2,5,0) is loosely 1-adjacent to at most one terrible 3-vertex.

Proof. Suppose to the contrary that there exists a 7-vertex y with T(y) =
(0,7,0), T(y) = (1,6,0) or T'(y) = (2,5,0) that is loosely 1-adjacent to at least
two terrible 3-vertices x1 and x2. Let H be the graph induced by y, x1, x5 and the
2-vertices on their incident chains. By Remark, §(G — H) > 2 or §(G — H') > 2.
By the minimality of G, the graph G — H or G— H' admits an ascending equitable
6 cluster m-partition. We get the following table.

n(H) 14 [ 15 | 16

n(H

) 5156
n(H) - [2H1 19 |10 10

s(H) 91919

F(H) 516 |7

Table 19. Some 7-vertices y.

When |V(H)| = 16, although {@—‘ = 6, because of f(H) = 7, we can always
find a way to partition such that H admits an equitable 5 cluster m-partition.
Similarly to the proof of Lemma 7, we can obtain an equitable 6 cluster m-
partition of G. This leads to a contradiction. [ |

3. DISCHARGING

wloo

Consider the minimal counterexample G to Theorem 3, we know mad(G) <
For any « € V(G), let u(z) = d(x) — § be the initial charge. We have

> ww)= Y ()~ 5) <0

zeV(G) zeV(G)

Next, we redistribute the charges among vertices according to the following
rules.

(R1) Every 3"-vertex gives % to each 2-vertex on its incident chains.

R2) Every 3T-vertex y gives % to each bad 3-vertex x which is adjacent to y.

)
(R2)
(R3) Every 3T-vertex except bad 3-vertex gives % to each of its A-3-neighbor.
(R4) Every 4"-vertex gives % to each of its B-3-neighbor.

(R5)

R5) Every 4'-vertex gives % to each of its C-3-neighbor.
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(R6) Every 4T-vertex y gives 2 to the terrible 3-vertex  with T'(z) = (0,3,0)

which is loosely 1-adjacent to y.
(R7) Every 4%-vertex y gives 3 to the terrible 3-vertex = with T'(z) = (1,1,1)
which is adjacent to y.

(R8) Every 4*-vertex y gives % to the terrible 3-vertex « with T'(z) = (1,1,1)

which is loosely 1-adjacent to y.

Let ¢/ (x) be the final charge of = after applying rules R1-R8. Then, we prove
W' (z) >0 for all z € V(G), and next are some cases to be discussed.

Case 1. d(x) = 2. If d(z) = 2, by Lemma 6, A(G) > 3, then p/(z) =
(2-8)+1x2=0DbyRL

Case 2. d(x) = 3. If d(x) = 3, by Lemma 7(1) ¢(z) < 3 and T(z) # (1,0,2),
and according to discharging rules 3-vertex only sends charge to 2-vertex, bad
3-vertex and A-3-vertex. Then we will discuss several kinds of situations that
may appear.

Case 2.1. t(x) = 0. Lemma 9 and Lemma 11 imply that every 3-vertex y
with t(y) = 0 is adjacent to at most two bad 3-vertices and it is not adjacent
to any A-3-vertex. By Lemma 10, the neighbor of B-3-vertex except for the
two bad 3-vertices adjacent in the definition of B-3-vertex is 4T-vertex, then
@ (x) > (3—5) —3x2+3x1=0by R2and R4

Case 2.2. t(x) = 1. Lemma 11 implies that every 3-vertex y with ¢(y) = 1
is adjacent to at most one bad 3-vertex and A-3-vertex is not adjacent to the
other bad 3-vertices except for the bad 3-vertex in the definition of A-3-vertex.
By Lemma 12, the neighbor of C-3-vertex except for the A-3-vertex and 2-vertex
adjacent in the definition of C-3-vertex is 4-vertex, then p/(z) > (3 — %) — % X
1—4x1+1x1=0Dby Rl, R2, R3 and R5.

Case 2.3. t(x) = 2. According to Lemma 8, we know bad 3-vertex is not
adjacent to bad 3-vertex, and Lemma 11 implies that A-3-vertex is not adjacent to
the other bad 3-vertices except for the bad 3-vertex in the definition of A-3-vertex,
in other words, bad 3-vertex x is not adjacent to A-3-vertex that is adjacent to
the other bad 3-vertices different from z, so p/(z) > (3= 5) =4 x24+ 3 x1=0
by R1 and R2.

Case 2.4. t(x) = 3. Lemmas 13, 14 and 15 imply that the neighbor of terrible
3-vertex is 4T-vertex and the vertex that loosely 1-adjacent to terrible 3-vertex is
4t -vertex. If T'(z) = (0,3,0), then p/(z) = (3—5) — 3 x34+ 3 x3=0by Rl and
R6. If T(xz) = (1,1,1), Lemma 8 implies that terrible 3-vertex is not adjacent
to bad 3-vertex, and Lemma 11 implies that terrible 3-vertex is not adjacent to
A-3-vertex, then p//(z) > (3—5) =42 x34+ 4 x 143 x 1 =0by Rl and R7 and
RS8.
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According to discharging rules, 4T-vertex may send charge to 2-vertex, bad
3-vertex, B-3-vertex, A-3-vertex, C-3-vertex and terrible 3-vertex.

Case 3. d(z) = 4. If d(x) =4, by Lemma 7(2), t(z) < 4 and T'(z) # (2,0,2),

next we will analyze various possible situations.
Case 3.1. t(z) = 0. p/(z) > (4— %) — 1 x4 =0 by R2-R5 and RT.

Case 3.2. t(z) = 1. According to Lemma 18, we have p/(z) > (4 — §) —  x

1—4 x2=1%by RI-R8.

Case 3.3. t(x) = 2. If T(xz) = (0,2,2), then according to Lemma 19, we
have p/(z) > (4— %) — 3 x2—4 x1=1by RI-R8. If T(z) = (1,0,3), then
according to Lemmas 8, 15, 11, 10 and 12, we obtain that every 4-vertex x with
T(z) = (1,0,3) is not adjacent to bad 3-vertex, terrible 3-vertex, A-3-vertex,
B-3-vertex or C-3-vertex, then p/(z) > (4 — %) - % X 2= % by RI.

Case 3.4. t(x) = 3. If T(z) = (0,3, 1), then according to Lemmas 16 and 17,
we obtain 4/(z) > (4—5) =4 x3—1x1=0by RI-R8. If T(z) = (1,1,2), then
according to Lemmas 15, 11, 10, 12, 13 and 14, we obtain that every 4-vertex x
with T'(z) = (1,1, 2) is not adjacent to a terrible 3-vertex, A-3-vertex, B-3-vertex
or C-3-vertex, and it is not loosely 1-adjacent to a terrible 3-vertex, combining
with Lemma 20, we get p/(z) > (4 — %) — % X 3 — % x 1 =0 by Rl and R2.

Case 3.5 t(x) = 4. If T(x) = (0,4,0), then according to Lemma 13 and
Lemma 14, we know that every 4-vertex x with T'(x) = (0,4,0) is not loosely
l-adjacent to terrible 3-vertex, then p'(z) > (4 — %) - % x4 =0 by R1. If
T(z) = (1,2,1), then according to Lemmas 8, 15, 11, 10, 12, 13 and 14, we know
that every 4-vertex x with T'(xz) = (1,2, 1) is not adjacent to bad 3-vertex, terrible
3-vertex, A-3-vertex, B-3-vertex or C-3-vertex, and it is not loosely 1-adjacent
to terrible 3-vertex, then 4/(z) > (4 — ) — & x 4 =0 by RIL.

Case 4. d(z) = 5. If d(x) =5, by Lemma 7(3), t(z) < 6 and T'(z) # (3,0,2),
T() # (2.1,2)

Case 4.1. t(z) =0. p/(z) > (5—§) — 3 x5 =2 by RI-R8.
Case 4.2. t(z) =1. p/(z) > (5—5) — 3 x1— 1 x5=1 by R1-R8.
) =2 z) > (5-5)—3%x2—3x5=0
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by R1-R8. If T(z) = (1,0,4), then 4/(z) > (5—§) =1 x2—3 x4 =1 by R1-R5
and R7.

Case 4.4. t(x) = 3. If T'(z) = (0, 3,2), according to Lemma 21, then /() >
(5—-58) —3x3—-3x1-4%x2=3by RI-R8. If T(z) = (1,1,3), then
@(x)>(5—%) — 3 x3—3x4=0Dby RI-R8.

Case 4.5. t(x) = 4. If T(z) = (0,4, 1), according to Lemma 21, then p/(z) >
(5-8)—3x4—-3x1-4x1=3by RI-R8. If T(z) = (1,2,2), according
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to Lemma 21, then p/(z )2(5 %)—7x4—§><1—7><2_0byR1 ~R8. If

T(x) = (2,0,3), then,u )>(5-8) —1x4-1x3=0by Rl-R5 and RT.

Case 4.6. t(x) = 5. If T'(z) = (0,5,0), according to Lemma 21, then p/(z) >
(5 - %) — % X 5 — % X 1 = % by R1, R6 and R8. If T'(z) = (1,3, 1), according to
Lemma 21, then 4/(z) > (5—3) =1 x5—1x1—1x1=0by RI-RS.

Case 4.7. t( ) =6. If T(z) = (1,4,0), according to Lemma 22, then /() >
(5—%)—1x6=2by RL If T(z) = (2,2,1), according to Lemma 23, then
w(z)>(5-3%) - % x 6 — 1 x1=0by RI-R5 and RT.

Case 5. d(z) = 6. If d(x) = 6, by Lemma 7(4), t(z) < 7 and T'(z) # (3,1,2).

C»J

Case 5.1. t(z) <4. p/(z) > (6 —5) — 3 x4— 1 x 6 =0 by RI-R8.

Case 5.2. t(x) = 5. If T'(x) = (0,5,1), according to Lemma 24, then p/(z) >
6-38)—2x5-2x1—-1x1=2=1by RI-R8. If T(z) = (1,3,2), then
fW(x) > (6-5) —1x5—12x5=0by RI-R8. If T(z) = (2,1,3), then
p(z)>(6-5)—%x5—12x4=1Dby RI-RS.

Case 5.3. t(x) =6. If T'(z) = (O, 6,0), according to Lemma 24, then p/(z) >
(6—8)—2x6—%x1=3=1by Rl, R6 and R8. If T'(x ) (1,4,1), according
to Lemma 24, then p/(z) > (6 — 5) — §><6—7><1—7><1— 2 by R1-R8.
If T(z) = (2,2,2), then p/(z) > (6 — 5) — % x 6—%x4=0 by R1-R8. If
T(z) = (3,0,3), then p/(z) > (6 — 3) — % 1x 3 =1 by R1-R5 and RT.

Case 5.4. t(x ) 7. If T(x) = (1,5,0), accordmg to Lemma 25, then p/(x) >

(6—5)—2ix7=2=1by Rl If T'(x ) (2,3,1), according to Lemma 25, then
w(x) > (6-3%)— §><7—7><1—2byR1 ~R5 and RT.

Case 6. d(z) =7. If d(x) =7, by Lemma 7(5), t(z) <9 and T'(z) # (3,2,2),
T(z) # (4,1,2).

—eoleo

Case 6.1. t(z) <6. p/(z) > (T—5) — 3 x6— % x 7=0by R1-R8.

Case 6.2. t(x) ="7. If T(x) = (0,7,0), according to Lemma 26, then p/(z) >
(7-%) —%x?—%x 1 = 2 by Rl, R6 and R8. If T(z) = (1,5,1), then
w(x) > (7T-8)—2x7—L1x6=00by RI-R8. If T(x) = (2,3,2), then
w(z) > (7—%) —?% X 7—%>< 5 = % by RI-R8. If T(z) = (3,1,3), then
u’(m)Z(?—%)—%x?—% :2byR1 R8.

Case 6.3. t(x) = 8. If T(x) = (1,6,0), according to Lemma 26, then u/(z)
(7-8)—3x8—3x1= 4 by R1-R8. If T(z) = (2,4,1), then p// () > (7—§) -1
8—§x5 _ObyR ~R8. IfT( ) = (4,0,3), then p//(z) > (7—5) -1 x8—1x3
by R1-R5 and RT.

Case 6.4. t(x ) =9. If T(z) = (2,5,0), according to Lemma 26, then p'(x) >
(7— f) — 9-L1x1= 1 by R1, R6 and R8. If T(x) = (3,3,1), then

i ) =
7-8)—4x9—1x4=0Dby R1-R8.

1
3

w\»—A
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Case 7. d(x) > 8. If d(x) > 8, then p/(x) > (d(z) —
1 x d(z) — % >0 by R1-R8.

wlco

)—%xd(m)— xd(x) =

Ll

We have proved that p'(z) > 0 for all z € V(G), then 3, ' (x) > 0.
This contradicts the fact that 3,y gy #(x) < 0. This completes the proof.
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