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Abstract

Let D be a digraph with vertex set V(D) and arc set A(D). An antidi-
rected spanning trail of D is a spanning trail in which consecutive arcs have
opposite directions and each arc of D occurs at most once. Let ao(D) =
max{|X|: X C V(D) and D[X] has no 2-cycle} be the az(D)-stable num-
ber. When as(D) = 2, we have demonstrated that every weakly connected
digraph D with ay(D) = 2 has an antidirected Hamiltonian path, and have
provided a necessary and sufficient condition for strongly connected digraph
D with as(D) = 2 to have an antidirected Hamiltonian cycle. In this paper,
we first determine two families D; and D of well-characterized strongly
connected digraphs with as-stable number 3 such that, for any strongly
connected digraph D € D; U Dy, D does not have an antidirected spanning
trail. And, we further prove that every strongly connected digraph D with
as(D) = 3 has an antidirected spanning trail if and only if D ¢ Dy U Ds.

Keywords: as-stable set, antidirected spanning trail, complete graph, di-
graph.
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1. INTRODUCTION

For standard terminology and notation in graph theory and digraph theory, not
specifically defined in this paper, the reader is referred to [2] for graphs and [1]
for digraphs. All graphs G = (V(G), E(G)) with vertex set V(G) and edge set
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E(G), and all digraphs D = (V(D), A(D)) with vertex set V(D) and arc set A(D)
considered in this paper are finite, loopless and without parallel edges or arcs.
We use (z,y) to denote an arc oriented from a vertex x to a vertex y of D and
use zy to denote an edge in GG incident with both vertices x and y. Sometimes,
we also use x — y to denote an arc oriented from a vertex x to a vertex y of D.
A digraph D with n vertices is complete digraph if, for any two distinct vertices
z,y € V(D), we have (z,y), (y,z) € A(D), denoted by K.

We shall adopt the following notational convenience. For vertex subsets
X,Y CV(D), define

(X,Y)p = {(=, AD):ze X,yeY}and [X,Y]p = (X, Y)pU(Y,X)p

If X = {x} (respectively, Y = {y}), then we often use (z,Y)p (respectively,
(X,y)p) for (X,Y)p. Hence (x,y)p = ({=},{y})p. For a vertex = € V(D), let
Ni(z)={y € V(D) : (z,y) € A(D)} and N (z) = {y € V(D) : (y,x) € A(D)}.
Thus, df(z) = [N} (2)| and dj,(z) = |Np ()] are the out-degree and the in-degree
of vertex x in D, respectively. For vertex subset X C V(D), D — X denotes the
subdigraph of D whose vertex set is V(D) \ X and whose arc set consists of all
arcs of D which have both end-vertices in V(D) \ X. D[X] denotes the vertex
induced subdigraph of D induced by X whose vertex set is X and whose arc set
consists of all arcs of D which have both ending vertices in X. The corresponding
notation for graphs are similarly defined. In particular, for a graph G and vertex
subsets X, Y CV(G), [X,Y]g={2y € E(G) :z € X,y € Y}.

Let D = (V(D),A(D)) be a digraph. An alternating sequence of vertices
and arcs in D, beginning and ending with vertices, is called a walk. If all arcs in
a walk are distinct, then the walk is called a trail, and if, in addition, the vertices
are also distinct, then the trail is a path. A path in which the beginning and
end-vertices are the same will be said to be cycle. A cycle that contains k arcs
is called a k-cycle. A trail (respectively, path) from a vertex x to a vertex y is
often called an (x,y)-trail (respectively, (x,y)-path). And we say that x and y
are the ending vertices of this trail (respectively, path). If a digraph D contains
a path which includes all the vertices of D, then the path is called a Hamiltonian
path of D. A cycle in D is a Hamiltonian cycle of D if the cycle contains all
vertices of D. D is Hamiltonian if D has a Hamiltonian cycle. A digraph D is
strongly connected if, for any two distinct vertices x and y of D, there exist an
(z,y)-walk and a (y,x)-walk in D. D is weakly connected if underlying graph
G(D) is connected, where the underlying graph G(D) of D is the graph obtained
from D by erasing all orientations on the arcs of D.

A digraph D is k-strongly connected if |V(D)| > k + 1 and there exists no
vertex subset X7 of D with less than k vertices such that D — X is not strongly
connected, and a graph G is k-connected if |V(G)| > k + 1 and there exists no
vertex subset Xo of G with less than k vertices such that G — X5 is not connected.
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The largest integer k£ such that digraph D is k-strongly connected is the vertex
connectivity of D (denoted by (D)), and the largest integer k such that graph
G is k-connected is the vertex connectivity of G (denoted by x(G)). Let D be a
digraph and D be a digraph family. Digraph D is D-free if D does not have a
vertex induced subgraph isomorphic to a member in D.

For digraphs, we may consider the following definition. Given a digraph
D = (V(D),A(D)) and a vertex subset X C V(D), X is an ao(D)-stable set of
D if D[X] has no 2-cycles. Define ay(D) = max{|X|: X is an ay(D)-stable set
of D} to be the aa(D)-stable number. Readers interested in problems and results
on this subject can refer to the well structured survey of Jackson and Ordaz [10].
Let M5 and M3 denote the digraph families as depicted in Figure 1. Chakroun
and Sotteau [5] proved that every 2-strongly connected digraph with ay(D) < 2
is Hamiltonian except if D is isomorphic to a digraph of the family My, and
every 3-strongly connected digraph with ag(D) < 3 is Hamiltonian except if D is
isomorphic to a digraph of the family M3. It is easy to check that every digraph
in families My and M3 has a Hamiltonian path. Hence, it is routine to deduce
that if ag(D) < k(D) and ay(D) < 3, then D has a Hamiltonian path.
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Figure 1. Digraph families My and Mg with p,q > 2, r,s,t >3 and p+ g > 5.
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The notion of an antidirected Hamiltonian path was introduced by Griinbaum
in [8] and defined as follows: a path in a digraph D = (V(D), A(D)) is an
antidirected path, provided that every two adjacent arcs of the path have opposing
orientations. An antidirected Hamiltonian path (respectively, cycle) in D is an
antidirected path (respectively, cycle) containing all vertices of D. Let x; —
To < ---x3 be an antidirected Hamiltonian path of D, z1 is called a starting
verter and zy, is called a starting vertex (respectively, terminal vertex) of this
path if k is odd (respectively, even).

There have been lots of investigations on antidirected Hamiltonian path and
cycle problems. The first result about antidirected Hamiltonian path was given
by Griinbaum [8], Griinbaum indicated concerning the existence of antidirected
Hamiltonian paths in tournaments and proved that except for T5, T§ and T¢ (see
Figure 2), every tournament contains an antidirected Hamiltonian path. In 1972,
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Rosenfeld [13] improved proof of Griinbaum’s theorem concerning the existence
of antidirected Hamiltonian paths in tournaments. And he further proved that
for every tournament 7" with n > 12 vertices, there is an antidirected Hamiltonian
path starting at any vertex. In 1974, Rosenfeld [14] showed that every tournament
T with n = 2k > 28 vertices has an antidirected Hamiltonian cycle, as conjectured
by Griinbaum [8]. In 1983, Petrovié¢ [11] proved that any even tournament with
at least 16 vertices has an antidirected Hamiltonian cycle, which was the best
result supporting this conjecture by far. In [16], we showed that every weakly
connected digraph with as(D) = 2 has an antidirected Hamiltonian path. We
also gave a necessary and sufficient condition for a strongly connected digraph D
with aa(D) = 2 to have an antidirected Hamiltonian cycle. Additional researches
on antidirected Hamiltonian problem can be found in [3, 4, 6, 9, 11, 12, 15], among
others.

T3 T 17

Figure 2. Three distinct tournaments 1%, T and T7.

An antidirected trail in a digraph is a trail that alternates between forward
and backward arcs. If both the beginning vertex and end-vertex of an antidirected
trail are the same, then it is called an antidirected closed trail. A trail that starts
and ends with forward arcs and alternates between forward and backward arcs is
referred to as a forward antidirected trail. Similarly, a forward-backward antidi-
rected trail is a walk that begins with a forward arc and ends with a backward arc,
with no repeated arcs, and where the arcs alternate between forward and back-
ward directions. A backward-forward antidirected trail is defined analogously. If
an antidirected trail contains all vertices of a digraph, then the antidirected trail
is called antidirected spanning (ADS) trail of the digraph. An ADS trail with
beginning vertex and ending vertex being same, is called ADS closed trail of di-
graph. If  — 21 < ---y (respectively, z < z1 — ---y) is an ADS trail in D,
then z is also called a starting vertex (respectively, terminal vertez). Both = and
y are called ending vertices of this antidirected trail.

The purpose of this paper is to seek a sufficient and necessary condition
for digraph D with ag(D) = 3 which has an ADS trail. The rest of the paper
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is arranged as follows. In section 2, we summarize and develop some of the
preliminaries that will be needed in the proofs. In section 3, we construct well-
characterized strongly connected digraph families Dy and Dy, which are then
applied to show that every strongly connected digraph D with as(D) = 3 has an
ADS trail if and only if D € Dy U Ds.

2. PRELIMINARIES

First, let us review the following results that will be applied later, and then
introduce additional findings that will support our arguments.

Theorem 1 [7]. Let G be a graph with n > 3 vertices. If a(G) < k(G), then G
is Hamiltonian.

Theorem 2 [7]. Let G be a graph with n vertices andn # 2. If a(G) < k(G) —1,
then for any two vertices x,y € V(G), G contains a Hamiltonian path such that
x and y are ending vertices.

The proof of the following lemma is very similar to that of Lemma 1 in [16],
and hence we omit it.

Lemma 3. Let D be a complete digraph with n vertices. Then each of the fol-
lowing holds.

(i) D contains a forward ADS trail with x as the starting vertex and y as the
terminal vertex for any two distinct vertices x,y € V(D) if and only if n > 2.
(ii) D contains a forward-backward ADS trail with x and y as starting vertices
and contains a backward-forward ADS trail with x and y as terminal vertices
for any two distinct vertices x,y € V(D) if and only if n > 3.
(iii) D contains an ADS closed trail starting at x and contains an ADS closed
trail terminating at x for any vertex x € V(D) if and only if n # 2.

(iv) D contains a forward ADS trail with starting at x and terminating at x if
and only if n > 3.

In the following, a special graph from the digraph D will be introduced, which
plays a key role in our arguments.

Definition 4. Given a digraph D = (V(D), A(D)), the graph Gp of D is con-
structed as follows. The vertex set of Gp is V(D) and two distinct vertices = and
y of Gp are adjacent if and only if (z,y), (y,z) € A(D).

A digraph D can be covered by k vertex-disjoint complete digraphs if V(D)
can be partitioned into k vertex-disjoint vertex subsets X1, X, ..., X} such that
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DI[X;] is a complete digraph for any i € {1,2,...,k}. A graph G that can be
covered by k vertex-disjoint complete graphs is defined analogously. In [16], the
following result was presented.

Lemma 5 [16]. Let G be a connected graph with k(G) < 2 and o(G) = 2. Then
G can be covered by two vertex-disjoint complete graphs.

3. ANTIDIRECTED SPANNING TRAILS IN DIGRAPHS WITH «3-STABLE
NUMBER 3

In this section, a sufficient and necessary condition will be provided for strongly
connected digraph with ae(D) = 3 to have an ADS trail. To complete our proof,
the following notation will be defined.

Let D be a digraph and Gp be a graph defined as in Definition 4. We say
that 7 = (T,T',T") is a spanning 3-tuple of mized trails, if T is a trail of Gp
with z and 2’ as ending vertices, T” is a trail of Gp with y and 3/ as end-vertices
and T” is an antidirected trail of D with 2’ and 3’ as end-vertices such that
V(T)nv(T) ={"}, V(T nVT") ={y'}, V(T)nV(T") =0 for |V(T")| > 2
or V(T)NV(T") =V (T") for |V(T")| =1, and V(T) UV (T")UV(T") = V(D).

By the definition of Gp, for any edge 22’ € E(Gp), we have that (z, 2'), (¢, 2)
€ A(D). Thus, for any trail z122--- 2, of Gp, D has an antidirected trail with

z1 as the starting vertex which contains all vertices in {z1, 22, ..., 2}, and has
an antidirected trail with z; as the terminal vertex which contains all vertices in
{z1,22,...,2K}. Therefore, we conclude the following.

(1) If T is a spanning 3-tuple of mixed trails, then D contains an ADS trail.

Especially, if |[V(T")| = 1, then T U T"” is a spanning trail of Gp. Thus, by
(1), we also conclude that as follows.

(2) If Gp contains a spanning trail, then D contains an ADS trail.

We now consider two special digraph families of digraphs, referred to as D
and Dy. Let D1 = {D; : 1 <i <16} U{C3} denote the collection of all digraphs
depicted as in Figure 3.

Definition 6. Let Hi, Hy and H3 be three vertex-disjoint complete digraphs with
V(Hz) = {ha, hl,}. We construct a digraph family Dy such that every digraph D €
Dy satisfies V(D) = V/(Hy) UV (Hz) UV (Hs), (V(H1), V(Ha))p = (V(Hi), ha)p,
(V(H), V(Hs))p = (ha, V(H))p, (V(Hs), V(H2))p = (V(Hy), W)p, (V(Hy),
V(H1))p = (hh, V(Hy))p and [V (Hy),V (Hs)|p = 0 (see Figure 4).
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Dy Dy D3 Dy
Ds Dg D~ Dg
Dy Dyg D1y Dq2
D13 D14 D15 D16
Figure 3. The sixteen digraphs D1, Ds, ..., Dig.
ha
H, Ho H;

T
Figure 4. Digraph family Ds.

Let D be a digraph. By the definition of ADS trail, if D contains an
ADS trail T, then all arcs in ADS trail T' of D are distinct, and there exist
at most two distinct vertices z,y € V(D) such that max{d},(z),dp(z)} = 1 and
max{dl';(y),dl_)(y)} = 1. Thus, every digraph in {D;, Dy, D3, D4, Dy, D1, D13,
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D14, D15, D1} does not contain an ADS trail. It is also not difficult to check that
every digraph in (Dl — {Dl, DQ, D3, D4, Dg, D107 D13, D14, D15, Dlﬁ}) U DQ does
not contain an ADS trail. Therefore, we conclude the following.

(3) Every digraph D € D; U Dy does not contain an ADS trail.

Let us state a proposition that is a particular case of Theorem 9 and is useful
to make the proof of the theorem more clear.

Proposition 7. Let D be a strongly connected digraph with as(D) = 3 and
D & D1 UDy. If D can be covered by three vertex-disjoint complete digraphs
Hy, Hy and Hs, then D contains an ADS trail.

Proof. Let D be a strongly connected digraph with ag(D) = 3 and D ¢ D1 UD,,
and let us consider graph Gp of D defined as in Definition 4. Clearly, as(D) =
a(Gp) = 3. Assume that D can be covered by three vertex-disjoint complete
digraphs Hi, Hy and Hz. Then Gp[V(H;)] is a complete graph for any i with
i € {1,2,3}, denoted by H/. By contradiction, assume that D does not con-
tain an ADS trail. Since D is strongly connected, we may assume that ei-
ther (V(Hy),V(H2))p # 0, (V(Hz),V(Hs))p # 0 and (V(Hy), V(H))p +#
0, or (V(H),V(H2))p # 0, (V(Hs),V(H3))p # 0, (V(Hs),V(H2))p # 0,
(V(H2),V(H1))p # 0 and [V(Hy),V(H3)]p = 0. Next, we will consider the
following two cases.

Case 1. (V(H1),V(Hs))p # 0, (V(Hs),V(Hs))p # 0 and (V(Hs), V(H1))p
0.

Then we have the following Claim.

Claim 8. (i) There exist vertices h; € V(H;) for any i € {1,2,3} such that
(V(H1),V(Hz))p = {(h1,h2)}, (V(H2),V(Hs))p = {(h2,h3)} and (V(Hs),
V(H1))p = {(hs,h1)}.

(ii) |V(H);| <2 for any i with i € {1,2,3} and there exists a complete digraph
H; with i' € {1,2,3} such that |V (Hy)| = 2.

(i) For any vertex h € V(H;)\{hi}, (hl, hit2), (hi—2,h}) & A(D) (consider
module 3).

Proof. If there exists a complete digraph, says Ho, and two distinct vertices
h21,h22 € V(Hg) such that (V(Hl),hzl)p 7é @ and (hQQ,V(Hg))D 7& @, then let
arcs (hll,hgl) S (V(Hl),hzl)[) and (hgg,hgl) € (hQQ,V(Hg))D. It is clear that
H{ contains a Hamiltonian path with hj; as the ending vertex, denoted by Pﬁn,
and HY contains a Hamiltonian path with h3; as the end-vertex, denoted by Pf:fgl'
It follows by Lemma 3(i) that Ha contains a forward ADS trail with hgo as the
starting vertex and ho; as the terminal vertex, denoted by hos — -+ — hoj.
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Thus, (P,}u,hll — hop < -+ < hog — ha31, P,iﬂ) is a spanning 3-tuple of mixed
trails, and so by (1), D contains an ADS trail, a contradiction. This proves (i).

By (i), assume that there exist vertices h; € V(H;) for any i with i € {1, 2,3}
such that (V(Hl),V(HQ))D = {(hl,hg)}, (V(HQ),V(Hg))D = {(hg,hg)} and
(V(H3),V(H1))p = {(hs,h1)}. It is clear that H] contains a Hamiltonian path
with h; as the end-vertex, denoted by P};i for any ¢ with i € {1,2,3}.

To prove (ii). If there exists a complete digraph, says Hs, such that |V (Hs)| >
3, then by Lemma 3 (iv), Hs contains a forward ADS trail such that starting at hs
and terminating at hs, denoted by hg — --- — hs. Thus, (P,i, ho — hg -+
hs — hi, P,}l) is a spanning 3-tuple of mixed trails, and so by (1), D contains an
ADS trail, a contradiction. Hence for any H; with ¢ € {1,2,3}, |V(H;)| < 2. If
\V(H1)| = |V(H2)| = |V(H3)| = 1, then, as D is Cs-free, we may assume that
(h1,h3) € A(D). Thus, hg < hy — hg is an ADS trail of D, a contradiction.
Hence (ii) holds.

To prove (iii). If there exists a vertex h; € V(H;)\ {h;} for some j with
j € {1,2,3} such that (A}, h;j12) € A(D) (consider module 3), then by Lemma
3(i), H; contains a forward ADS trail with A as the starting vertex and h; as

the terminal vertex, denoted by h’ — --- — hj;. Thus, (P/1?,
: J J h]+2

- h; — hjto hj+1,Pflj++11) is a spanning 3-tuple of mixed trails, and

hj+2 — h]’ <

so by (1), D contains an ADS trail, a contradiction. If there exists a vertex
Wy, € V(Hj )\ {h;} for some j" with j' € {1,2,3} such that (hj_o, k) € A(D)
(consider module 3), then by Lemma 3(i), Hj contains a forward ADS trail
with hj as the starting vertex and h;., as the terminal vertex, denoted by h; —

i119 i’—2 .
co+ = hf,. Thus, (13,{j/++2,hj,+2  hyg = Wy 4 hy =y B ) s
a spanning 3-tuple of mixed trails, and so by (1), D contains an ADS trail, a
contradiction. This proves (iii) and completes the proof of Claim 8. U

By Claim 8(ii), without loss of generality, we assume that |V (Hs)| = 2. Let
V(Hs) = {hs, h}. Assume first that |V (H;)| = 2 and |V (H2)| = 2. Let V(H;) =
{h1,h}} and V(Hz) = {he, h}. If there exist two distinct integers i1, i2 € {1,2,3}
such that (hs,, hi,—1), (h,, hi, 1)p € A(D) (consider module 3), then assume that
(h,hs) € A(D). Thus, hy < hy — hy <= h}f — hf < hz or hy < h] — hf <
hg — ha « Rl is an ADS trail of D, a contradiction. Therefore, for any integer i €
{1,2,3} (consider module 3), if (hs, hi—1) € A(D), then (hj y,h}), (R 9, hi 1) &
A(D), and if (h;,h;fl) € A(D), then (hjy1,h;), (hit2,hiv1) € A(D), and so by
Claim 8(i) and (iii), D € {D1, Ds, ..., Ds}, contrary to D ¢ D;.

Assume now that |V(Hp)| = 1. It is clear that Hy contains an ADS trail

with ho as the starting vertex, denoted by ho — ---, and contains an ADS
trail with hy as the terminal vertex, denoted by hy < ---. If (hy, hg) € A(D),
then hf — hg < h; — hg < --- is an ADS trail of D, a contradiction. If

(ha,h1) € A(D), then hf < hs — hy < hy — ---is an ADS trail of D, a
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contradiction. Hence (hi1, h3), (he, h1) & A(D), and so by Claim 8(i) and (iii), the
out-degree and in-degree of hy are 1 in D. Again by Claim 8(i) and (iii), we have
that (he, hY), (hf, he) & A(D) and if |V (Haz)| = 2, choose hi, € V/(Hz) \ {h2}, then
(hh, h3), (hs, hb), (hhy, hs) & A(D). As D is {Dg, D1g, D11, D12, D13 }-free, we have
that |V(Hz)| = 1 and (hs, ha) € A(D). Thus, hl < hg — hy + hy is an ADS
trail of D, a contradiction.

Finally, assume that |V(H;)| = 2 and |V (H2)| = 1. Let V(H;) = {h1,h}}.
If (he,h1) € A(D), then hf — h3 < hy — hy < R} is an ADS trail of D; if
(hs, h2) € A(D), then hfy <= h3 — hg <= hy — h} is an ADS trail of D. In both
cases, a contradiction occurs. Hence (hg, hy), (hs, ho) € A(D) and by Claim 8(i)
and (iii), the out-degree and in-degree of hy both are 1 in D. Again by Claim
8(i) and (iii), we have (hi, h%), (h%, h1), (hs, b)), (hs, hY), (R], hs) & A(D), and so
D € {Dy, D19, D11, D12}, contrary to D ¢ D;.

Case 2. (V(H1)7 V(HZ))D 7'é (Dv (V(H2)> V(H3))D 7& 07 (V(H3)7 V(HZ))D 7£ wa
(V(Hy),V(Hy))p # 0 and [V (Hy),V (H3)|p = 0.

If there exist two distinct vertices ha1, hoo € V(Hz) such that (V(Hy), he1)p #
@ and (hQQ,V(Hg))D 75 @, or (V(Hg),th)D 7& @ and (hQQ,V(Hl))D 7& @, then we,
without loss of generality, assume that (V(Hi),ho1)p # 0, (hao, V(Hs))p # 0
and (hlla hgl), (hgg, hgl) € A(D) with h1q € V(Hl) and h3; € V(Hg) It is clear
that H/ contains a Hamiltonian path with hi; as the end-vertex, denoted by P}}n,
and HY contains a Hamiltonian path with h3; as the end-vertex, denoted by Pg’gl.
It follows by Lemma 3(i) that Ha contains a forward ADS trail with hgo as the
starting vertex and ho; as the terminal vertex, denoted by hos — -+ — hoj.
Thus, (P,%ll,hu — hop < -+ < hoy — hsq, P,?Sl) is a spanning 3-tuple of mixed
trails, and so by (1), D contains an ADS trail, a contradiction.

Hence assume that there exist two vertices has, hos € V(Hz) such that
(V(H1),V(Hz))p = (V(Hi), hes)p, (V(Hz2),V(H3))p = (hes, V(Hs))p, (V(Hs),
V(HQ))D = (V(Hg), h24)D and (V(Hg), V(Hl))D = (h24, V(Hl))D. Let (hlg, h23)
€ (V(H1),h23)D and (hgg,h24) S (V(Hg),h24)p with his € V(Hl) and hzo €
V(Hs). It is clear that Hj contains a Hamiltonian path with hio as the end-
vertex, denoted by Pﬁm, and Hj contains a Hamiltonian path with hss as the
end-vertex, denoted by Pg’m. If |V(H2)| # 2, then by Lemma 3(ii) or (iii), Ha
contains a backward-forward ADS trail with hog and hos as terminal vertices,
denoted by h23 — = h24. Thus, (Pf}m’ h12 — h23 — = h24 — h32’P’§32)
is a spanning 3-tuple of mixed trails, and so by (1), D contains an ADS trail, a
contradiction.

Hence assume that |V (Hz)| = 2. As D & Dy, we have hag = hog. Let
hos € V(Hz) \ {haes}. Since D is {D14, D15, D1 }-free, we have that there exists
a complete digraph, says Hj, such that either |V(Hi)| > 3 or, |V(H1)| = 2
and for any vertex hy € V(Hy), [h,V(Ha)|p # 0. If [V(Hy)| > 3, then let
(ha3, hig) € (has, V(Hi))p. By Lemma 3(i) or (iv), H; contains a forward ADS
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trail with hio as the starting vertex and hi3 as the terminal vertex, denoted by
hig — -+ — hiz. Thus, (hashas, hos — hig < -+ < hig — haz « hs, P )
is a spanning 3-tuple of mixed trails, and so by (1), D contains an ADS trail, a
contradiction. If |V(H;)| = 2 and for any vertex hy € V(Hy), [h1,V(H2)|p #
(), then assume that V(Hy) = {h),h]} such that (h),hos), (hes,hY]) € A(D)
as (V(H1),V(Hz))p = (V(H1), ho3)p and (V(Hz),V(H1))p = (he3,V(H1))p.
Thus, (hashas, has — hY < h} — has < hsa, P;:’?)Q) is a spanning 3-tuple of mixed
trails, and so by (1), D contains an ADS trail, a contradiction. This proves the
theorem. [

Theorem 9. Let D be a strongly connected digraph with as(D) = 3. Then D
contains an ADS trail if and only if D & D1 U Ds.

Proof. 1f D € Dy U Dy, then by (3), D does not contain an ADS trail. Hence
assume that D ¢ Dy U Dy, we want to prove that D contains an ADS trail. Let
D be a strongly connected digraph with ay(D) = 3 and let us consider graph Gp
of D defined as in Definition 4. Clearly, as(D) = a(Gp) = 3. As as(D) = 3,
we have |V(D)| = |[V(Gp)| > 3. If k(Gp) > 3, then by Theorem 1, Gp has a
Hamiltonian cycle, and hence by (2), D contains an ADS trail. Assume now that
k(Gp) < 2. Let S be a minimum vertex cut of Gp. Then |S| < 2 and Gp — S has
at least two connected components and one of the them, says K, is a complete
graph since a(Gp) = 3.

Let H=Gp—S—V(K). We have a(H) < 2. Otherwise, if a(H) > 3, then
let {hi, ho, hs} be an independent set of H and let k1 € V(K) be an arbitrary
vertex. Since K and H are connected components of Gp — S, we have that
hiky, hoki, hsk1 ¢ E(Gp). Thus {hi,he, hs,k1} is an independent set of Gp,
contrary to a(Gp) = 3.

If a(H) = 1, then H is complete graph, and so H contains a Hamiltonian
cycleor G is an edge; if a(H) = 2 and k(H) > 2, then |V (H)| > 3 and by Theorem
1, H contains a Hamiltonian cycle. In both cases above, either H contains a
Hamiltonian cycle or G is an edge. If H contains a Hamiltonian cycle, then let
C=hihg---hp,h1 be a Hamiltonian cycle of H and let Chlhn2 = hihg - hp,; if
H is an edge, then let hihy € E(H).

First, we investigate the case in which |S| = 0. Then [V(K),V(H)]p # 0 as
D is strongly connected. Without loss of generality, assume that (V(K),V(H))p
# (0 and (k,h1) € (V(K),V(H))p as the case when (V(H),V(K))p # 0 can
be justified by a similar argument. It is clear that K contains a Hamiltonian
path with k£ as the end-vertex, denoted by Pj. Thus, (P, k — hlachlhn2) or
(Pg,k — hi,hihg) can serve as a spanning 3-tuple of mixed trails. It follows by
(1) that D contains an ADS trail.

We now investigate the case in which |S| = 1. Let S = {s}. Since S is a
minimum vertex cut of Gp, we have [V(K), s|g, # 0 and [V (H), slg, # 0, says
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ks,his € E(Gp). It is clear that K contains a Hamiltonian path with k as the
end-vertex, denoted by P,. Thus, P, U ksh; U C’hlth or P, Ukshi Uhihy can
serve as a Hamiltonian path of Gp. By (2), D contains an ADS trail.

Finally, we investigate the case in which |S| = 2. Then x(Gp) = 2. Let
S = {s1,s2}. As S is a minimum vertex cut of Gp, we have that there exist
edges h@Sl, hg/SQ, klsl, koso € E(GD) with hg, hzl € V(H) and ]{71, ko € V(K) such
that hy # he if |V(H)| > 2 and ky # ko if |V(K)| > 2. Tt follows by Theorem
2 that K contains a Hamiltonian path Py %, with k; and k2 as end-vertices.
Thus, s1k1 U P, U kosahghgyq -+ hpyhy---hp—1 or s1ky U Pk, U kosahg hy is
a Hamiltonian path of Gp, and so by (2), D contains an ADS trail.

So let us now assume that o(H) = 2 and k(H) < 1. Then by Lemma 5, H
can be covered by two vertex-disjoint complete graphs, denoted by H; and Hs.
If |S| = 0, then Gp can be covered by three vertex-disjoint complete graphs K,
H, and H,, and so D can be covered by three vertex-disjoint complete digraphs.
It follows by Proposition 7 that D contains an ADS trail. In the remaining proof,
we assume that 1 < |S] < 2 and we will now divide the proof into several cases,
depending on the connectivity of H.

Case 1. k(H) = 1. Then [V(H1),V(H2)]c, # 0. As a(H) = 2, we have
V(H)| = 3.

Subcase 1.1. |S| = 1. Let S = {s}. As S is a minimum vertex cut of Gp,
we have [s,V(H)]g, # 0 and [s,V(K)]g, # 0. If Gp[K US| is a complete
graph, then Gp can be covered by three vertex-disjoint complete graphs, and so
D can be covered by three vertex-disjoint complete digraphs. By Proposition 7,
D contains an ADS trail. Hence assume that Gp[K US] is not a complete graph.
Let ski € [s,V(K)]gy- It is clear that K contains a Hamiltonian path with k;
as the end-vertex, denoted by P, .

If there exist H; with ¢ € {1,2} and three distinct vertices hj1, hio € V(H;)
and h(g,i)l S V(Hg_i) such that hilh(g,i)l S [V(Hl),V(HQ)]GD and hjs €
[V (H;), s]ap, then H; contains a Hamiltonian path Py h., With ki and hgo as
end-vertices, and Hj3_; contains a Hamiltonian path with h3_;); as the end-
vertex, denoted by Pg’(;:)l. Thus, Pf?(::im U hg—irhi U mehi2 U hjoski U Py, is
a Hamiltonian path of Gp, and so by (2), D contains an ADS trail.

Hence assume that there exist two distinct vertices h; € V(Hy) and hy €
V(HQ) such that [V(Hl),V(HQ)]GD = {hl,V(HQ)]GD, h1h2 € [hlaV(HZ)]GD and
i [, V(H2)|op| = L, then [s, V(H)]ap = [s, {1 haYlay: if b1, V(Ho)lap| > 2.
then [s,V(H)]lg, = [s,h]ey,- Since [s,V(H)]g, # 0, we may assume that
his € [s,V(H)]g,- It is clear that Hs contains a Hamiltonian path with hs as
the end-vertex, denoted by P}?Q. If |V(Hy)| = 1, then P}%Q U hohisky U Py, is a
Hamiltonian path of Gp, and so by (2), D contains an ADS trail. If |V (H;)| > 2,
then, as a(Gp) = 3 and Gp[K U S| is not a complete graph, we have that
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|[h1, V(H2)|ap| = 1, she € [s,V(H)|g, and |V (Hz2)| = 1. It is clear that H;
contains a Hamiltonian path with h; as the end-vertex, denoted by Pﬁl. Thus,
P,%l U hihaski U Py, is a Hamiltonian path of Gp, and so by (2), D contains an
ADS trail.

Subcase 1.2. |S| = 2. Then k(Gp) = 2. Let S = {s1,s2}. As S is a
minimum vertex cut of Gp, we have that there exist edges his1, hasa, k151, kaso €
E(GD) with hl,hg € V(H), k‘l,kg S V(K) and h1 7& h2 such that kl 7& kg if
|[V(K)| > 2. Assume that h; € V(H;). If hg € V(H3), then it is clear that
H, contains a Hamiltonian path with h; as the end-vertex, denoted by P,%l, Hy
contains a Hamiltonian path with hy as the end-vertex, denoted by P,%z, and
K contains a Hamiltonian path Py, with k1 and k2 as end-vertices. Thus,
P,fQ U hasaka U Py, U ki1sihy U P,%l is a Hamiltonian path of Gp, and so by (2),
D contains an ADS trail.

Hence assume that he € V(Hy). As [V(Hy),V(Hs2)|g, # 0, we may assume
that there exists edge hi1ho1 € [V (H1), V(H2)|g, with hiy # hy. It is clear that
H, contains a Hamiltonian hiihi-path P,}n hyo K contains a Hamiltonian path
Py, k, with k1 and ko as end-vertices, and H> contains a Hamiltonian path with
ho1 as the end-vertex, denoted by P,fﬂ. Thus, P,%Ql U ha1h11 U P,%th U hisiki U
Py, k, Ukasa is a Hamiltonian path of Gp, and so by (2), D contains an ADS trail.

Case 2. kK(H) = 0. Then [V(H;),V(H2)lg, =0 and |V(H)| > 2. If |S| =1,
then, as a(Gp) = 3, we have that Gp[V (K)US] is a complete graph or Gp[V (H;)
U S] is a complete graph for some i with i € {1,2}. Thus, Gp can be covered by
three vertex-disjoint complete graphs, and so D can be covered by three vertex-
disjoint complete digraphs. By Proposition 7, D contains an ADS trail.

Hence assume that |S| = 2. Then k(Gp) = 2. Let S = {s1,s2}. As Sis a
minimum vertex cut of Gp, we have that there exist edges sihi, sahl, s1ha, s2hb,
Slk‘,Sle c E(GD) with hl,hll S V(Hl),hg,hé S V(Hz) and k,k’l S V(K) such
that hy # hy if |V(Hy)| > 2, he # kb if [V(H3)| > 2 and k # k' if |V(K)| > 2.
Since Hy, Hy and K are complete graphs, we have that H; contains a Hamiltonian
path Pfiihg with h; and h] as ending vertices for any i with ¢ € {1,2} and K

1, U
1h1
h1s1ho U P}ihé Uhksok’ U Py is a spanning trail of Gp, and so by (2), D contains

contains a Hamiltonian path Py with k and &’ as end-vertices. Thus, P}}

an ADS trail. This completes the proof of the theorem. [
Using the definitions of D; and Ds, along with Theorem 9, the following
corollaries can be immediately obtained.

Corollary 10. Let D be a 2-strongly connected digraph with as(D) = 3. Then
D contains an ADS trail if and only if D 2 Dr.

Corollary 11. Every 3-strongly connected digraph D with as(D) = 3 contains
an ADS trail.
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