Discussiones Mathematicae
Graph Theory 45 (2025) 725-754
https://doi.org/10.7151 /dmgt.2558

SOME RESULTS ON THE GLOBAL TRIPLE ROMAN
DOMINATION IN GRAPHS

GUOLIANG HAO®, ZHIHONG XIE®!

XIAODAN CHEN® AND SEYED MAHMOUD SHEIKHOLESLAMI®
¢ School of Mathematics and Statistics
Heze University, Heze 274015, P.R. China

bSchool of Business
Heze University, Heze 274015, P.R. China

¢College of Mathematics and Information Science &
Center for Applied Mathematics of Guangzi
Guangxi University, Nanning 530004, Guangzi, P.R. China

4 Department of Mathematics
Azarbaijan Shahid Madani University
Tabriz, I.R. Iran

e-mail: guoliang-hao@163.com
xiezh168@163.com
x.d.chen@live.cn
s.m.sheikholeslami@azaruniv.ac.ir

Abstract

A triple Roman dominating function (TRDF) on a graph G with vertex
set V is a function f : V — {0,1,2,3,4} such that for any vertex v € V
with f(v) < 3, 2 en@ugey f(@) = {z € N(v) : f(z) = 1} + 3, where
N (v) is the open neighborhood of v. The weight of a TRDF f is the value
> vev f(v). A global triple Roman dominating function (GTRDF) on G is
a TRDF on both G and its complement. The minimum weight of a GTRDF
on G is called the global triple Roman domination number v437](G) of G.
We first show that for any tree T on n > 5 vertices, v435(T) < 7n/4 and
characterize all extremal trees. We also show that for any graph G on n
vertices, v,43g)(G) # 3n — 3, and further characterize all graphs G with
Ygi3r)(G) = 3n — k for each k € {4,5,6, 7}, which improves the results given
by Nahani Pour et al. (2022).
Keywords: global triple Roman domination, triple Roman domination,
complement, characterization.
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1. INTRODUCTION

In this paper, G is a simple graph with vertex set V(G) and edge set F(G). For
v € V(Q), the open neighborhood of v is the set N(v) = Ng(v) = {u € V(G) :
wv € E(G)} and its closed neighborhood is the set N[v] = Ng[v] = N(v) U {v}.
We denote the degree of a vertex v in G by d(v) = dg(v) = |N(v)|. The minimum
degree among all vertices of G is denoted by 0. For u,v € V(G), the length of a
shortest (u,v)-path in G is the distance d(u,v) between u and v. The diameter
diam(G) of G is the maximum distance among all pairs of vertices. A shortest
path whose length equals diam(G) is called a diametral path of G.

We write G[S] for the subgraph induced by a subset S of V(G). A clique of
a graph G is a complete subgraph of G. The maximum order of a clique of G is
called the clique number of G and denoted by w(G). A vertex of degree one is
called a leaf and a vertex adjacent to (exactly) one leaf is called a (weak) support
verter. For r;s > 1, a double star S(r,s) is a tree with exactly two adjacent
vertices that are not leaves, one of which is adjacent to r leaves and the other is
adjacent to s leaves. As usual, the path, cycle and complete graph with n vertices
are denoted by P,, ), and K, respectively. We denote by K, s the complete
bipartite graph having partite sets of cardinality » and s.

We denote by G — e the graph obtained from G by deleting one edge e. The
complement of a graph G is the graph G, where V(G) = V(G) and uwv € E(G) if
and only if uv ¢ E(G). The union Hy U Hs of two graphs H; and Hs is the graph
with vertex set V(H;) UV (Hz2) and edge set E(H;) U E(H2). We denote by kG
a disjoint union of k copies of a graph G. The weight of a real-valued function
h:V(G) = R is the value w(h) = 3 cy () h(z)-

A function f : V(G) — {0,1,2} is a Roman dominating function (RDF)
on a graph G if any vertex assigned 0 under f is adjacent to at least one vertex
assigned 2. The minimum weight of an RDF on G is called the Roman domination
number of G. The literature on Roman domination and its variations have been
surveyed and detailed in two book chapters and three surveys [4-8].

Beeler et al. [3] introduced a stronger version of Roman domination, namely,
double Roman domination. A function f: V(G) — {0,1,2,3} is a double Roman
dominating function (DRDF) on a graph G if any vertex assigned 0 under f is
adjacent to at least one vertex assigned 3 or two vertices assigned 2, and any
vertex assigned 1 under f is adjacent to at least one vertex assigned at least 2.
The minimum weight of a DRDF on G is called the double Roman domination
number of G. The double Roman domination, with its many variations, is now
well studied [2,9,11-13,15,17-19].

Recently, Abdollahzadeh Ahangar et al. [1] proposed a generalization of the
Roman domination and double Roman domination, namely, [k]-Roman domina-
tion. Let k be a positive integer. A [k]-Roman dominating function ([k]-RDF)
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on a graph G is a function f : V(G) — {0,1,...,k + 1} such that for any
vertex v € V(G) with f(v) < k, > canwup} f(@) = [AN(@)| + k, where
AN(w) = {z € N(v) : f(z) > 1} is the active neighbourhood of a vertex v in
G. The [k]-Roman domination number of a graph G equals the minimum weight
of a [k]-RDF on G. It is worth pointing out that [1]-Roman domination is the
Roman domination and [2]-Roman domination is the double Roman domination.

In [1], [3]-Roman domination was also called triple Roman domination, which
can be stated in the following equivalent but more explicit form. A triple Roman
dominating function (TRDF) on a graph G is a function f : V(G) — {0, 1,2, 3,4}
such that

(1) any vertex assigned 0 under f must be adjacent to one vertex assigned 4, or
two vertices assigned 3, or one vertex assigned 2 and one vertex assigned 3,
or three vertices assigned 2;

(2) any vertex assigned 1 under f must be adjacent to one vertex assigned at
least 3, or two vertices assigned 2;

(3) Any vertex assigned 2 under f must be adjacent to one vertex assigned at
least 2.

The minimum weight of a TRDF on a graph G is called the triple Roman dom-
ination number of G, denoted by 7|3x)(G). Triple Roman domination has been
studied by several authors (see for instance [10,16]).

A global triple Roman dominating function (GTRDF) on a graph G is a
TRDF on both G and its complement G. The global triple Roman domination
number 3] (G) of G is the minimum weight of a GTRDF on G. A GTRDF on G
with weight ~435)(G) is called a y4(3g)(G)-function. For a sake of simplicity, any
Y4(3R) (G)-function f will be represented by the ordered partition (Vof , Vlf ey V4f )
of V(G) induced by f, where Vi = {v € V(G) : f(v) = i} for i € {0,1,...,4}.
Nahani Pour et al. [14] introduced the global triple Roman domination and de-
rived some results as follows.

Proposition A [14]. For any connected graph G on n > 3 vertices, v43r)(G) <
3n with equality if and only if G = K.

Proposition B [14]. There are no connected graphs G on n > 3 wvertices such
that v43r)(G) = 3n — 1.

Proposition C [14]. For any connected graph G on n > 3 vertices, v435)(G)
=3n — 2 if and only if G = K,, — e.

Our purpose in this paper is to continue the study of the global triple Roman
domination in graphs. We give an upper bound on this domination parameter
for trees and characterize the extremal trees attaining this bound. Moreover,
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we improve the results presented in [14] and prove that for any graph G on
n vertices, vy3r)(G) # 3n — 3 and characterize all graphs G with 435/ (G) €
{3n—4,3n —5,3n —6,3n — 7}.

2. AN UpPPER BOUND FOR TREES

In this section we present an upper bound on the global triple Roman domination
number of trees and characterize all extremal trees. For this purpose, we first
give some needed results.

Observation 1. Let T be the tree obtained from a disjoint union of two trees
T1 and Ts by joining exactly one vertex of 11 to exactly one vertex of To. Then

Yo3r) (1) < Yg3r)(T1) + Yg3r)(12)-

Proof. For each i € {1,2}, let g; be a vy3g)(Ti)-function. One can check that
the function h defined by h(z) = g1(z) for each x € V(T}) and h(x) = go(x) for
each z € V(13), is a GTRDF on T and so yy35)(T) < w(h) = w(g1) +w(g2) =
Yo13R)(T1) + Ygi3m) (T2), as desired. |

If at least one of T} and T5 is a path on three or four vertices, then the upper
bound of Observation 1 can be improved slightly.

Observation 2. Let T be the tree obtained from a tree T' on at least two vertices
by adding a path P3 and joining exactly one vertex of T' to exactly one leaf of Ps.
Then vg3r)(T) < Yoi3r)(T") + 4.

Proof. Let u be a vertex of T', P3 = wujugug and let wu; € E(T). Now let
g be a yy3p (T")-function and let V; = {z € V(T')\{u} : g(z) = i} for each
i € {0,1,2,3,4}. If |[Va| > 3, or if |Vo| > 1 and |V3] > 1, or if V3| > 2, or if
|[Va| > 1, then the function h defined by h(ui) = h(us) = 0, h(uz) = 4 and
h(x) = g(x) for each x € V(T"), is a GTRDF on T and so 7,3g)(T) < w(h) =
w(g) +4 = vy3r (T") +4, as desired. Hence we may assume that V4 = () and one
of the following holds.

(1) |Va| € {0,1,2} and |V3] = 0.
(2) [Va| =0 and |V3] = 1.

First, suppose that (1) holds. Note that |V(T")\{u}| > 1 and V5 =V, = (.
Thus if |Va| € {0,1}, then it is a contradiction to our assumption that g is a
Ygi3r)(T")-function. This forces [V2| = 2 and hence we conclude from the definition
of vgi3r)(T")-function that g(u) > 3. Then the function f defined by f(u1) =0,
f(ug) = f(ug) = 2 and f(x) = g(x) for each x € V(T"), is a GTRDF on T,
implying that vg35)(T) < w(f) = w(g) +4 = vg3r)(T") + 4, as desired.
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Second, suppose that (2) holds. It is clear that V(T")\{u} = Vo U V; U V3.
Moreover, since |V3| = 1, it follows from the definition of 435 (7")-function that
g(u) > 3 and hence the function f defined earlier is a GTRDF on T, implying
that yg3r)(T) < w(f) = w(g) +4 = vg3r)(T") + 4, as desired. |

Observation 3. Let T be the tree obtained from a tree T' by adding a path Py
and joining exactly one vertex of T' to exactly one vertex of Py. Then Ye3r)(T) <

Yoizr)(T") + 7.

Proof. Let u be a vertex of T" and let Py = ujusuguy. Without loss of generality,
assume that uu; € E(T) for some i € {1,2}. Let g be a vy,3x)(T")-function and
for each i € {2,3,4}, let V; = {x € V(T") : g(x) = i}. If |V4| = |V3| = 0 and
[V2| < 1, then it is a contradiction to our assumption that g is a vyg3r)(T")-
function. Hence we may assume that |Vy| > 1, or |[V3| > 1, or |Vo| > 2. Then it
is easy to check that the function h defined by h(ui) = h(u2) = 2, h(us) = 0,
h(ug) = 3 and h(z) = g(x) for each x € V(T"), is a GTRDF on T and so
Yop3r)(T) S w(h) = w(g) + 7= vypr (T") + 7, as desired. u

For the global triple Roman domination number of paths, Nahani Pour et
al. [14] showed the following result.

Proposition 4 [14]. Forn > 6,

4|n/3], ifn=0 (mod 3),
’79[3R](Pn) = 4\_”/3J +3, fn=1 (mOd 3)7
4n/3] +4, ifn=2 (mod 3).

Theorem 5. For any tree T on n > 5 vertices, vy35)(T) < Tn/4.

Proof. We proceed by induction on n. Let P = uguy - - - ugjam(7) be a diametral
path of T If diam(7T) = ¢ € {2,3}, then the function h defined by h(u;—2) =
h(ui—1) = 4 and h(z) = 0 otherwise, is a GTRDF on T" and hence 7,35(T) =
8 < 7n/4. Hence we may assume that diam(7") > 4. If n = 5, then 7' = P and
hence the function g defined by g(u1) = g(u4) = 4 and g(up) = g(uz) = g(ug) =0,
is a GTRDF on Ps, implying that v,35(FP5) < 8 < Tn/4. Assume, then, that
n > 6 and that for any tree 7" with 5 < [V(T")| < n, y43r)(T") < 7|V(T")|/4.
Let T be a tree on n > 6 vertices with diam(7") > 4.

If T = P, that is, if T is a path on n vertices, then by Proposition 4, we
have y435)(T) < 7n/4. So in the following we may assume that 7" # P. This
forces that there must exist some vertex of P = ugus - -+ Ugjam(r) With degree at
least three. Let u; be the first vertex of P with degree at least three. Without
loss of generality, we choose the path P satisfying that t is as small as possible.
According to the values of ¢, we now consider the following four cases.
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Case 1. t = 1. Let T" be the connected component of T'— ujus that contains
ug. Since diam(T") > 4, we have |V(T")| > 3. If |V(T")| = 3, then diam(T) = 4
and so the function h defined by h(u;1) = h(us) =4 and h(z) = 0 otherwise, is a
GTRDF on T, implying that

Yoi3r)(T) < w(h) =8 < Tn/4.

Now let |V(T")] = 4. Moreover, since diam(7") > 4, it is clear that diam(T) €
{4,5}. If diam(T") = 4, then either 7" = K; 3 or T" = uuguguy is a path on four
vertices (where wu is the unique leaf adjacent to ug in 7'), and hence the function
h defined by h(u1) = h(uz) = h(us) = 4 and h(x) = 0 otherwise, is a GTRDF on
T; and if diam(T") = 5, then T" = ugusuqus is a path on four vertices and hence
the function h defined by h(ui) = h(uz) = h(us) = 4 and h(z) = 0 otherwise, is
a GTRDF on T. In either case, we have

Vo) (T) < w(h) =12 < Tn/4.

Suppose next that [V/(T")] > 5. Let g = (Vi/, V{, ..., V/) be a y435)(T")-function.
By considering the case when V§ # 0, (respectively, Vj = 0 and VJ # 0,
Vi =V = 0) it follows from the definition of ~y(35)(T")-function that one of
the following holds. (1) [V{| > 1; (2) |V{| > 1 and |V{| + |VJ| > 2; (3) |V5| > 3.
Thus one can check that the function i defined by h(u;) = 4, h(x) = 0 for each
x € N(up)\{uz} and h(z) = g(x) for each x € V(T"), is a GTRDF on T and so
by the induction hypothesis, we have

Yoi3r)(T) S w(h) =w(g) +4 < TIV(T")|/4+4 <T7(n—3)/4+4 < Tn/4.

In the following, we may assume that ¢ > 2. Before going further, we let
T (respectively, T5) be the connected component of T' — ugus that contains us
(respectively, u3z). Since diam(7T") > 4, we have |V (T3)| > 2. Moreover, it follows
from the choice of the diametral path P that d(ugiam(r)—1) = 2-

Case 2. t = 2 and |V (T1)| = 4. In this case, ug is a weak support vertex
of T and Ty is a path on four vertices. Note that [V (T3)| > 2. If |V(T3)| = 2,
then diam(7T) = 4 and Ty = uguy is a path on two vertices, implying that the
function h; defined by hq(ug) = hi(us) = 3, h1(u1) = hi(ug) = 0 and hy(z) = 2
otherwise, is a GTRDF on T and hence

Yg[3R) (T) < w(hl) =10< 7n/4.

If |V(T2)| = 3, then since d(ugjam(r)—1) = 2, we have that diam(7T") = 5 and
T> = uzuqus is a path on three vertices, implying that the function ho defined by
ha(u1) = ha(u2) = ha(us) = 4 and ha(x) = 0 otherwise, is a GTRDF on T' and
hence

Yg[3R] (T) < w(hQ) =12< 7n/4.
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If |V(T2)| > 5, then by Observation 3 and the induction hypothesis, we have
79[3R](T) < Yg[3R] (Tg) +7< 7|V(T2)|/4 + 7= 7(n — 4)/4 +7= 7n/4.

Now we consider the last case that [V (T2)| = 4. Since d(ugiam(r)—1) = 2, it
is clear that either diam(7") = 6 and T» = usugusug is a path on four vertices or
diam(7) = 5 and Th = uusugus is a path on four vertices (where u is the unique
leaf adjacent to us in T'). If the former holds, then the function hy defined earlier
is a GTRDF on T, implying that

Vo) (T) < w(ha) =12 < Tn/4.

If the latter holds, then the function hg defined by hs(ug) = hs(us) = 3, hg(u2) =
hs(us) = 4 and hz(x) = 0 otherwise, is a GTRDF on 7', implying that

Vo) (T) < w(hg) =14 = Tn/4.

Case 3. t = 2 and |V(T1)| > 5. Since |V (T1)| > 5, we conclude from the
induction hypothesis that

(1) Yoi3r)(T1) < 7|V (T1)|/4.

Note that |V(T3)| > 2. According to the values of |V (T3)|, we distinguish the
following two subcases.

Subcase 3.1. |V (T2)| € {2,3}. If [V(T2)| = 3, then since d(ugiam(r)-1) = 2,
we have that diam(7") = 5 and 75 = uguqus is a path on three vertices and hence
by Observation 2 and (1),

s (T) < Yr (T1) +4 < TIV(TD|/4+ 4 =Tn — 3)/4 + 4 < Tn/4.

Now we assume that |V(7)| = 2. This forces that diam(7") = 4 and 7o = ugus
is a path on two vertices. If every vertex of N(ug2)\{ui,us} is a leaf, then the
function h defined by h(u1) = h(u2) =4, h(us) = 3 and h(z) = 0 otherwise, is a
GTRDF on T and hence

Vo) (T) < w(h) =11 < Tn/4.

So in the following we may assume that N(uz)\{u1,us} has a support vertex.
Moreover, since t = 2, it follows from the choice of the diametral path P that
every support vertex in N (ug)\{u1,us} is a weak support vertex. Thus if ug is
a support vertex, then the function h defined by h(u2) = 4, h(x) = 0 for each
x € N(uz) and h(x) = 3 otherwise, is a GTRDF on T and so

Yoi3r|(T) S w(h) <3(n—2)/2+4 < Tn/4;
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and if ug is not a support vertex, then every vertex in N(ug) is a weak support
vertex and so the function h defined by h(x) = 0 for each x € N(uz2) and h(z) = 3
otherwise, is a GTRDF on T, implying that

Yo (T) < w(h) =3(n—1)/24 3 < Tn/4.

Subcase 3.2. |V (Tz)| > 4. If |V (Ty)| = 4, then since d(ugiam(T)—1) = 2, We
have that either diam(7) = 6 and Tb = usususug is a path on four vertices or
diam(7") = 5 and Ty = uusuqus is a path on four vertices (where w is the unique
leaf adjacent to us in T'). In either case, it follows from Observation 3 and (1)
that

’Yg[3R](T) < 'yg[gR}(Tl) +7< 7|V(T1)|/4 +7= 7(71 — 4)/4 +7= 7n/4.

If [V(Ty)| > 5, then by the induction hypothesis, v435)/(T2) < 7|V (12)[/4 and
hence by Observation 1 and (1),

Voi3r)(T) < Ygi3r)(T1) + Ygp3m) (T2) < 7IV(T1)|/4 + 7|V (T2)|/4 = Tn/4.

Case 4. t > 3. In this case, we conclude from the choice of the diametral
path P that diam(7T") > 6 and so |V (T2)| > 5. Note that 17 = ugujus is a path
on three vertices. Then by Observation 2 and the induction hypothesis, we have

PYg[SR](T) < Yg[3R] (TQ) +4 < 7|V(T2)’/4 +4 = 7<TL — 3)/4 +4 < 7n/4
This completes the proof. [

Next, we shall characterize the trees attaining the upper bound of Theorem
5. In order to state the characterization, let 7 be the family of trees obtained
from the disjoint union of I > 2 paths P} = vl ubuiu’ (1 <i <) by adding [ — 1
edges incident with ub’s such that the resulting graph is a tree (for [ = 5, a tree
in the family 7 is shown in Figure 1).

Figure 1. A tree in the family 7.
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Proposition 6. For any tree T' € T on n vertices, vy35)(T) = Tn/4.

Proof. Let T € T be the tree obtained as described above and let g be a
Vg3r) (T)-function. By the definition of v ;35 (T)-function, it is easy to check
that g(u}) + g(ub) > 3 and g(u) + g(u}y) > 3 for each i € {1,2,...,l}. Moreover,
it is not possible that there exists some i € {1,2,...,1} such that g(u})+g(u) =

g(ud) +g(uy) = 3 (for otherwise, g(u}) = g(u}) = 3 and g(u) = g(u}) = 0, a con-
tradiction to our assumption that g is a g3 R]( )-function). Thus we have that
for each i € {1,2,...,1}, g(u}) + g(ub) > 4 or g(u}) + g(ul)) > 4, implying that

g(ut) + g(ub) +g(u3) +g(u}) > 7 and so Y3r)(T) = w(g) > Tn/4. On the other
hand, the function h defined by h(u}) = h(u}) = 0, h(u}) = 4 and h(u}}) = 3 for
each i € {1,2,...,l}, is a GTRDF on T and so v435/(T) < w(h) = Tn/4. As a
result, we obtam Yo3r) (1) = Tn/4. |

Theorem 7. For any tree T' on n > 5 vertices, yg35)(T) = Tn/4 if and only if
TecT.

Proof. By Proposition 6, the sufficiency is trivial. To show the necessity, we
demand to the proof of Theorem 5. Let v,35)(T) = Tn/4. Clearly n = 0 (mod 4).
The proof is by induction on n. Now let n = 8. From the proof of Theorem
5, there is only one case, namely, a subcase of Case 2, where it is possible to
achieve equality. Using the terminology from this proof, we have t = 2, |V (T1)| =
|V (T2)| = 4, diam(T") = 5 and T» = uugugus is a path on four vertices (where u
is the unique leaf adjacent to ug in T"). This forces T' € T. Assume, then, that
n > 8 and that for any tree 7" with 5 < |[V(T")| < n, if y435/(T") = 7|V(T")|/4,
then TV € T. Let T be a tree on n > 8 vertices. From the proof of Theorem 5,
there are only two cases, namely, a subcase of Case 2 and Subcase 3.2 of Case 3,
where they are possible to achieve equality.

First, suppose that the tree T satisfies the conditions of the subcase of Case
2. Using the terminology from the proof of Theorem 5, we have that 7" is the
tree satisfying that ¢ = 2, |V/(11)| = 4 and |V(T3)| > 5. Note that that wus
is a weak support vertex of degree 3 in T and 77 is a path on four vertices.
Then by Observation 3 and Theorem 5, Tn/4 = v,3r/(T) < Yy3r/(T2) + 7 <
7NV (T)|/44+7="T(n—4)/4+7 = Tn/4 and so we must have equality throughout
this inequality chain. In particular, y435(T2) = 7|V (12)|/4 and hence by the
induction hypothesis, 75 € 7. Thus if dp,(u3z) > 3, then since uz is a weak
support vertex of degree 3 in T and T} is a path on four vertices, it is easy to
check that 7" € T. So in the following we may assume that dr, (ug) € {1,2}. Now
let T} (respectively, T4) be the connected component of 7' — uguy that contains
us (respectively, u4). Since T5 € T, we have |V(T2)| > 8. If dp,(ug) = 1, then
\V(T))| = |[V(T1)|+1=5and |[V(T3)| = |V(T2)| — 1 > 7 and if dp, (ug) = 2, then
\V(T))| = |[V(Th)| +2 =6 and |V(T3)| = |V (T2)| — 2 > 6. In either case, T] ¢ T
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for i € {1,2}. Moreover, by Observation 1 and Theorem 5,
T4 = sy (T) < Yyism) (T1) + Yggsry (T3) < TIV(T])|/4+ TV (T3] /4 = Tn /4

and so we must have equality throughout this inequality chain. In particular,
Yoisr)(T;) = 7|V (T})|/4 for each i € {1,2} and hence by the induction hypothesis,
we have T! € T, which is a contradiction to the fact that T/ ¢ T.

Second, suppose that the tree T satisfies the conditions of Subcase 3.2 of
Case 3. Using the terminology from the proof of Theorem 5, we have that T is
the tree satisfying that ¢ = 2, |V/(T1)| > 5 and |V(T3)| > 4. By the choice of
the diametral path P, we have diam(7}) € {3,4} and hence 71 ¢ 7. Then by
Theorem 5 and the induction hypothesis,

(2) Yoiar)(T1) < TIV(T1)] /4.

Recall that d(ugiam(r)—1) = 2- Thus if [V(T2)| = 4, then either diam(7") = 6 and
Ty = ugugusug is a path on four vertices or diam(7') = 5 and Ty = uuguqus is a
path on four vertices (where u is the unique leaf adjacent to uz in 7T"). In either
case, it follows from Observation 3 and (2) that

a contradiction. If [V/(T2)| > 5, then by Theorem 5, vy35)(T2) < 7|V (T2)|/4 and
hence by Observation 1 and (2),

Yoi3r)(T) < Vgi3r)(T1) + Vg3r)(T2) < 7|V(T1)|/4 + 7|V (12)]/4 = Tn/4,

a contradiction. This completes the proof. [

3. GRAPHS WITH LARGE GLOBAL TRIPLE ROMAN DOMINATION NUMBER

In this section, we shall improve the results of Propositions A, B and C by
characterizing graphs with large global triple Roman domination number.

Lemma 8. For any graph G' on n vertices with diam(G) > 4, v3r)(G) < 3n—7
with equality if and only if G = Ps.

Proof. Let P = ugu1 - - - Ugiam(c) be a diametral path of G. If diam(G) > 5, then
the function h; defined by hi(ug) = hi(u2) = hi(usz) = hi(us) = 0, hi(u;) =
hi(us) = 4 and hy(x) = 3 otherwise, is a GTRDF on G and hence v 3r)(G) <
w(h1) =3(n —6) +8 = 3n — 10. Next, assume that diam(G) = 4.

If d(usq) > 2 (the case d(ug) > 2 is similar), then assume, without loss of
generality, that us € N(u4)\{us} and therefore the function h; defined earlier
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is a GTRDF on G, implying that vg3r/(G) < w(hi) = 3n — 10. If d(uz) > 3
(the case d(uj) > 3 is similar), then assume, without loss of generality, that
us € N(ug)\{u2,us} and therefore the function hg defined by ho(u1) = ha(uz) =
ha(ug) = ha(us) = 0, ha(ug) = ho(us) = 4 and hy(z) = 3 otherwise, is a GTRDF
on G, implying that y435)/(G) < w(h2) = 3(n — 6) + 8 = 3n — 10. Hence we may
assume that d(ug) = d(us) = 1 and d(u1) = d(uz) = 2. If d(uz) > 3, then assume,
without loss of generality, that us € N(ug2)\{u1,us} and therefore the function
h3 defined by hg(’u,l) = h3(U3) = 0, hg(’u,g) = h3(U5) =2and hg(l‘) =3 otherwise,
is a GTRDF on G, implying that v,3)(G) < w(h3) = 3(n—4) +4 = 3n—8. Now
let d(ug) = 2. Clearly G = P5. Let h be a v4(3g)(P5)-function. By the definition of
Yg3r) (P5)-function, one can check that h(uo) + h(u1) > 3 and h(uz) + h(ug) > 3.
If at least one of h(ug)+h(u1) and h(us)+h(ua), say h(ug)+h(u1), equals 3, then
it follows from the definition of y4(3 5 (P5)-function that h(ug) = 3 and h(u1) =0,
implying that h(uz) > 2 and so vy3g)(P5) = w(h) > 8. If h(ug) + h(u1) > 4
and h(us) + h(us) > 4, then yy3p/(FP5) = w(h) > 8. In either case, we have
Yg138)(FP5) = 8. On the other hand, it follows from the proof of Theorem 5 that
Yoi3r) (F5) < 8. Thus vg3r)(P5) = 8 = 3n — 7. This completes the proof. |

Proposition 9. For each G € {Py, S(1,2), Hi, Hy, H3} of order n,

3n—4, if G = Py,
’)/g[gR](G): 3%—6, ifG:H17
3n—17, if G e {S(1,2), Hy, H3},

where Hy and H; (i € {2,3}) are illustrated in Figures 2 and 3, respectively.

Figure 3. The graphs Ho and H3z with v43r)(H2) = Y4[3r)(H3) = 3n — 7.
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Proof. For each G € {Py,S(1,2), Hi}, let h = (V2 V], ... V]) be a Vo138 (G)-
function. First, suppose that G = Py = ujususuy. By the definition of 'yg[3R](G)-
function, we have h(u1) + h(uz) > 3 and h(us) + h(us) > 3. If at least one of
h(u1)+h(usz) and h(us)+h(ug), say h(ui)+h(uz), equals 3, then clearly h(u;) = 3
and h(ug) = 0. This forces h(uz) > 2 and h(us) = 4, implying that v,435/(G) =
w(h) > 9. If h(u1) + h(uz) > 4 and h(us) + h(us) > 4, then v3)(G) = w(h) > 8.
In either case, we have y,35)(G) > 8. On the other hand, one can check that the
function g defined by g(u2) = g(u3) =4 and g(u1) = g(usa) = 0, is a GTRDF on
G and hence v,435)(G) < 8. This forces v,35(G) =8 = 3n — 4.

Second, suppose that G = S(1,2). If there exists some vertex v € Voh,
then by the definition of v,;3p)(G)-function, we have }_ .y, h(z) > 4 and
> zgnpy () = 4, implying that v35/(G) = w(h) = h(v) + > cn h(®@) +
>_z¢n[y P(z) = 8. Hence we may assume that Ve =0.If V" = 0, then y,35(G) =
w(h) = 2V + 3V + 4[V]| = 2(]V3| + [V + V') = 2|V(G)] = 10. So in the
following we may assume that there exists some vertex v € V{*. Then by the def-
inition of (35 (G)-function, we have >y, h(®) = 3 and 3 oy, h(x) = 3. If
at least one of 3 ¢ () M(@) and 3 o vp,) M(2) equals at least 4, then v,35/(G) =
> zgny () = 3. It follows from the definition of ~,3z)(G)-function that there
exist two vertices u € N(v) N V{* and w € (V(G)\N[v]) N V4. Moreover, since
V" = 0, this forces that for each x € V(G)\{u,v,w}, h(x) > 1. Thus Yo3R) (G) =
w(h) > 9. In the above cases, we have 435 (G) > 8. On the other hand, one
can check that the function g defined by g(z) = 4 for each support vertex x and
g(x) = 0 otherwise, is a GTRDF on G and hence 7,35 (G) < 8. This forces
Yo3R)(G) =8 =3n —T.

Third, suppose that G = Hp, where V(G) = {uj,u,...,us} and E(G) =
{u1ug, ugus, usug, ugus, uzus }. By the definition of v,35(G)-function, we have
h(u1) + h(uz2) > 3 and h(uz) + h(us) > 3. If at least one of h(u1) + h(ug) and
h(us) + h(uy), say h(ui) + h(usz), equals 3, then clearly h(u1) = 3 and h(ug) = 0.
This forces at least one of h(ug) and h(us) equals at least 2 and h(uy) = 4,
implying that y435)(G) = w(h) > 9. Suppose next that h(u1) + h(uz) > 4 and
h(ug) + h(us) > 4. If at least one of h(u1) + h(ug) and h(ug) + h(us) equals at
least 5, then vy3r)(G) = w(h) > 9. Now let h(u1) + h(uz) = h(uz) + h(ug) = 4.
If hus) > 1, then v435/(G) = w(h) > 9. Assume that h(us) = 0. It follows from
the definition of y4(35)(G)-function that h(u1)+h(us) > 4 and h(ug) +h(usz) > 4.
If h(uy) + h(us) = h(uz) + h(us) = 4, then since h(us) = 0, we have that one of
h(uz) and h(uz) equals 4 and the other equals 0, say h(u2) = 4 and h(us) = 0.
This forces that h(u1) = 0 and h(ug) = 4, a contradiction to our assumption that
h is a vg3r)(G)-function. Thus at least one of h(u1) + h(us) and h(uz) + h(usz)
equals at least 5, and hence v,35)/(G) = w(h) > 9. In the above cases, we have
Vo138 (G) = 9. On the other hand, one can check that the function g defined
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by g(u1) = g(u2) = g(us) = g(ua) = 2 and g(us) = 1, is a GTRDF on G and
hence v435)(G) < w(g) = 9. This forces y435(G) = 9 = 3n — 6. Using a similar
argument we can obtain that if G € {Hz, H3}, then vg35)/(G) = 3n — 7. |

Lemma 10. For any connected graph G on n vertices with diam(G) = 3,

'yg[gR}(G) < 3n —4.

Furthermore, the following hold.

(a) ’yg[gR](G) =3n—4 if and only if G = Py,

(b) Yg3m)(G) # 3n —

(¢) YR (G) = 3n — zf and only if G = Hy,

(d) Ygir)(G) = 3n — 7 if and only if G € {S(1,2), Hy, H3} or G € {9(1,2),

H,, H3},

where Hy and H; (i € {2,3}) are illustrated in Figures 2 and 3, respectively.

Proof. 1f n = 4, that is, if G = P4, then by Proposition 9, v435(G) = 3n — 4
Suppose next that n > 5. Let P = ujususuy be a diametral path of G. Without
loss of generality, we may assume that d(u;) < d(ug). If d(uy) > 2 or d(ug) > 3,
then d(u1)+d(us) > 4 and the function h defined by h(u1) = h(us) =4, h(x) =0
for each x € N(u1)UN(uyg) and h(z) = 3 otherwise, is a GTRDF on G, implying
that y43)(G) < w(h) = 3(n — d(u1) — d(us) — 2) + 8 < 3n — 10. Hence we may
assume that d(u1) =1 and d(u4) € {1, 2}.

Claim 1. If d(u1) = d(ua) = 1, then vy3r)(G) < 3n — 6 with equality if and only
if G = Hyi. Moreover, vy3r)(G) = 3n — 7 if and only if G € {S(1,2), Hz}.

Proof. If d(us) > 5, then the function h defined by h(ui) = h(us) =4, h(z) =
for each x € N(u3)\{uz2} and h(z) = 3 otherwise, is a GTRDF on G and so
Yoi3r)(G) < w(h) = 3(n — d(uz) — 1) +8 < 3n — 10. Thus we may assume that
d(uz) < 4. Similarly we may assume that d(ug) < 4. This forces | N (u2) NN (u3)| €
{0,1,2}. Consider the following three cases.

Case 1. |N(uz2) N N(uz)| = 0. If n = 5, then clearly G = S(1,2) and
hence by Proposition 9, ’Yg[gR](G) = 3n — 7. Now let n > 6. Moreover, since
d(u1) = d(us4) = 1, we have d(ug2)+d(us) > 5. Suppose now that d(uz)+d(us) = 5.
Without loss of generality, we may assume that d(ug) = 2 and d(usg) = 3. Let
N (ug)\{uz,us} = {v}. Since n > 6, this forces that there must exist some vertex,
say w, in N(v)\{us}. Note that w ¢ N(ui) U N(u2) U N(u3) U N(uyg). This
implies that d(u;,w) = 4 > diam(G), a contradiction. Thus d(u2) + d(ug) > 6.
Recall that |N(uz) N N(us)| = 0. One can check that the function h defined by
h(uz) = h(ug) =4, h(z) = 0 for each € (N (u2) UN (u3))\{uz,us3} and h(z) =3
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otherwise, is a GTRDF on G and so v,35(G) < w(h) = 3(n—d(uz)—d(u3))+8 <
3n — 10.

Case2. |N(uz)NN(us)| = 1.If n =5, then G = H; and hence by Proposition
9, Vg3r)(G) = 3n — 6. Now let n > 6 and let N(u2) N N(u3) = {w}. Without
loss of generality, assume that d(uz) > d(us). Note that d(us) > 3. If d(uz) =
d(uz) = 3, then since n > 6 and d(u;) = d(ug) = 1, there must exist some
vertex, say v, in V(G)\{u1, ug, u3, us, w} such that v € N(w) and so the function
h defined by h(ug) = h(uz) = 0, h(v) = h(w) = 2 and h(z) = 3 for each
r € V(G)\{uz,u3,v,w}, is a GTRDF on G, implying that v,;35/(G) < w(h) =
3(n—4)4+4 = 3n—38. So in the following we may assume that d(us) > 4. Moreover,
since d(ug) < 4 by our earlier assumptions, this forces d(uz) = 4. Further, we
note that d(us) € {3,4} since d(us) < d(u2).

If d(us) = 4, then since N(u2) N N(us) = {w}, one can check that the
function h defined by h(uz) = h(us) = 4, h(z) = 0 for each x € (N(uz) U
N (u3))\{uz,u3,w} and h(z) = 3 otherwise, is a GTRDF on G and so v435)(G) <
w(h) = 3(n—6)+8 = 3n—10. Suppose next that d(us) = 3. Let N (u2)\{w1, us, w}
= {v}. Note that v ¢ N (u3).

First, suppose that n = 6. If vw € E(G), then the function h defined by
h(u1) = h(ug) = 2, h(uz) = h(w) = 0 and h(ug) = h(v) = 3, is a GTRDF on G
and 50 Yg3r)(G) < w(h) = 10 = 3n — 8. If vw ¢ E(G), then clearly G = Hs and
hence by Proposition 9, v435/(G) = 3n — 7.

Second, suppose that n > 7. Since d(u;) = d(us) = 1, d(uz) = 4 and
d(uz) = 3, this forces that xw € E(G) for each z € V(G)\{u1,u2,us, us, v, w}
(for otherwise, diam(G) > d(x,us) > 4, a contradiction). It is easy to see that
the function h defined by h(uz) = h(us) = h(w) = 4 and h(z) = 0 otherwise, is
a GTRDF on G and so y,35)(G) <w(h) =12 < 3n - 9.

Case 3. |N(u2) N N(ug)| = 2. In this case, one can check that the function
h defined by h(u1) = h(uz2) = h(ug) = h(us) = 2, h(z) = 1 for each z €
N(uz) N N(uz) and h(z) = 3 otherwise, is a GTRDF on G and so 7435)(G) <
w(h) =3(n—6)+ 10 = 3n — 8.

Claim 1 holds. O
Claim 2. If d(u1) = 1 and d(us) = 2, then vy35)(G) < 3n — 7 with equality if
and only if G = Hy or G € {S(1,2), Hy, H3}.

Proof. Let N(u4q)\{us} = {v}. According to the values of |N(v) N {ug,us}|, we
distinguish the following three cases.

Case 1. |N(v) N{ua,us}| = 0. In this case, there must exist some vertex, say
w, in V(G)\{u1, u2, us, us, v} adjacent to both v and us (for otherwise, diam(G) >
d(ui,v) > 4, which is a contradiction). Observe that the function h defined by
h(u1) = h(uz) = h(uyg) = h(v) = 2, h(ug) = h(w) = 1 and h(z) = 3 otherwise, is
a GTRDF on G and so v,35)(G) < w(h) = 3(n —6) +10 = 3n — 8.
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Case 2. |N(v) N{ug,us}| = 1. If n =5, then it is not difficult to check that
G = H3 or G = Hj, and hence by Proposition 9, Yo13R] (G) = Vg[3R] (G)=3n—1.
Now let n > 6. Recall that d(u;) =1 and d(u4) = 2. This forces that there must
exist some vertex, say w, in V(G)\{u1,u2,us, us,v} adjacent to at least one of
ug, ug and v. Note that |N(v) N {ug,us}| = 1. Thus if w € N(u;)\N(us—;) for
some i € {2,3}, then the function h defined by h(uz) = h(uz) = 4, h(u1) =
h(us) = h(w) = h(v) = 0 and h(x) = 3 otherwise, is a GTRDF on G and so
Yo3R)(G) S w(h) = 3(n —6) + 8 = 3n — 10; and if w € N(uz) N N(u3), then the
function h defined by h(ui) = h(u2) = h(ug) = h(ug) = 2, h(w) = h(v) = 1 and
h(z) = 3 otherwise, is a GTRDF on G and so 7,35 (G) < w(h) = 3(n—6)+10 =
3n — 8. So in the following we may assume that w € N(v)\(N(u2) U N(u3)).
Recall that |N(v) N {uz,us}| = 1. If N(v) N {ug,us} = {uz}, then the function
h defined by h(uz) = h(v) = 0, h(ug) = h(ug) = 2 and h(z) = 3 otherwise,
is a GTRDF on G and so v,35(G) < w(h) = 3(n —4) +4 = 3n — 8; and
if N(v) N {uz,us} = {us}, then the function h defined by h(ui) = h(v) = 4,
h(uz) = h(us) = h(usg) = h(w) = 0 and h(z) = 3 otherwise, is a GTRDF on G
and s0 vg3g)(G) < w(h) =3(n — 6) + 8 = 3n — 10.

Case 3. |N(v) N {ug,us}| = 2. If n = 5, then clearly G = S(1,2) and hence
by Proposition 9, v,3r)(G) = Yg3r(G) = 3n — 7. Assume next that n > 6. If
d(ug) > 5, then the function h defined by h(ui) = h(u2) = 4, h(z) = 0 for
each z € N(u2)\{ui1} and h(x) = 3 otherwise, is a GTRDF on G and hence
Yoi3r)(G) < w(h) = 3(n — [N (uz)| — 1) +8 < 3n — 10. So in the following we may
assume that d(ug) € {3,4}. Note that d(u1) = 1 and d(us4) = 2. Thus if n > 7,
then it is not difficult to verify that the function h defined by h(us) = 1 and
h(z) = 2 for each x € V(G)\{ua}, is a GTRDF on G and so v,3r)(G) < w(h) =
2n — 1 < 3n — 8. Therefore it suffices for us to consider the case when n = 6.
Let V(G)\{u1, u2,us,us,v} = {w}. This forces w € N(uz) U N(u3)U N(v) and
w ¢ N(ui)U N (uyg). Recall that d(usz) € {3,4}.

First, suppose that d(uz) = 3. It is clear that w € (N(u3) U N(v))\N (u2).
If w € N(uz)\N(v), then define the GTRDF h on G by h(uz) = h(v) = 0,
h(us) = h(w) = 2 and h(u;) = h(ug) = 3; if w € N(v)\N(us), then define the
GTRDF h on G by h(u2) = h(us) =0, h(v) = h(w) = 2 and h(u;) = h(us4) = 3;
and if w € N(u3) N N(v), then define the GTRDF h on G by h(u1) =4, h(ug) =
h(usz) = h(v) = 0 and h(ug) = h(w) = 3. In the above three cases, we have
’yg[gR}(G) <w(h) =10=3n - 8.

Second, suppose that d(ug) = 4. This implies that w € N(ug). If w ¢ N(uz)U
N (v), then define the GTRDF h on G by h(ui) = h(uz) = 2, h(uz) = h(v) =0
and h(ug) = h(w) = 3; if w € N(v)\N(us), then define the GTRDF h on
G by h(u1) = h(v) = 2, h(uz2) = h(ug) = 3 and h(us) = h(w) = 0; and if
w € N(ug)\N(v), then define the GTRDF h on G by h(u1) = h(us) = 2, h(ug) =
h(v) = 3 and h(us) = h(w) = 0. In the above cases, we have v,35(G) < w(h) =
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10 = 3n — 8. If w € N(ug) N N(v), then it is easy to see that G = Hy and hence

by Proposition 9, v43r)(G) = v43r)(G) = 3n — 7. Thus Claim 2 holds. O
This completes the proof. [
In the following, we shall consider the graphs with diameter two. Let H be

the family of all graphs on five vertices with minimum degree one and maximum
degree four.

v o4 v e 4 v e 4
0 0
0 w9 0 0 w9 0 0 w9 0
w1 w3 w1 w3 w1 w3
Hy Hs Hg

Figure 4. The graphs Hy to Hg with vg3p)(H;) = 3n — 7.

Proposition 11. For each G € HU{Hy, Hs, He} of order n, v435)(G) = 3n—7,
where Hy, Hs and Hg are illustrated in Figure 4.

Proof. For each G € HU{Hy}, let h = (V{", VI",..., V]") be a y,35 (G)-function.
First, suppose that G € H. If there exists some vertex w € Voh, then by the
def.initiOJ.a of vy3r)(G)-function, we have > () h(@) = 4 and 3 4 np, h(z) =
4, implying that vy3r)(G) = w(h) = h(w) + 3 ey M@) + DN M(@) = 8.
Next, assume that VJ* = . Let u and v be two vertices of G with d(u) = 4
and d(v) = 1. Then v € V& U VP If uw € V), then since V' = 0, we have
Ygi3r)(G) = w(h) > 8. Now let u € Vi If v e VUV UV, then since V= 0,
we have yy35)(G) = w(h) > 8. If v € V}*, then since h is also a TRDF on
G, we have that v must be adjacent to at least one vertex of VJ* U V}* or two
vertices of VJ* in G. implying that Yg3R)(G) = w(h) > 9. In the above cases,
we have y,435(G) > 8. On the other hand, one can check that the function g
defined by g(u) = g(v) = 4 and g(z) = 0 otherwise, is a GTRDF on G and hence
Y137 (G) < 8. This forces y435)(G) =8 =3n —T.

Second, suppose that G = Hy. Since h is a fyg[gR](G)—function, we have that h
is a TRDF on G. We next consider the complement G. In the complement G, one
can check that h(wsz) + h(v) > 3, h(w1) + h(v2) > 3 and h(vy) > 3. If h(ws) > 2,
then vy3r)(G) = w(h) > 11.

Now assume that h(ws) = 0. If at least two of h(wsz) + h(v), h(w1) + h(ve)
and h(v1) equal at least 4, then v,3z)(G) = w(h) > 11. Suppose next that at least
two of h(wz) + h(v), h(wi) 4+ h(v2) and h(vi) equal 3. Without loss of generality,
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we may assume that f(ws2)+ f(v) = 3. By the definition of ;35 (G)-function, we
have h(ws2) = 3 and h(v) = 0. Moreover, since h(ws) = 0, we have h(w;) = 4 and
so h(v1) = 3. If h(va) > 1, then v,35/(G) = w(h) > 11. If h(ve) = 0, then since v
is adjacent to exactly two vertices v; and vy in G with h(v) = 0 and h(vy) = 3,
it is a contradiction to our assumption that h is a ;35 (G)-function.

Next assume that h(ws) = 1. If h(wz) + h(v) = h(w1) + h(ve) = 3, then
by the definition of v,3)(G)-function, we have h(wsz) = h(v2) = 3 and h(v) =
h(wy) = 0, a contradiction to our assumption that h(ws) = 1. Thus at least one of
h(wz2)+h(v) and h(w1)+h(ve) equals at least 4, and hence v,35)(G) = w(h) > 11.

In each case, we have y,435](G) > 11. On the other hand, one can check that
the function g defined by g(v) = g(v1) =4, g(v2) = 3 and g(z) = 0 otherwise, is
a GTRDF on G and hence v435)(G) < 11. This forces y435(G) = 11 = 3n — 7.
Using a similar argument we can obtain that if G € {Hs, He}, then v,35(G) =
3n—T. [ ]

Lemma 12. Let G be a connected graph on n > 5 vertices with diameter two. If
0 <n—4, then
Yo3r)(G) < 3n =7

with equality if and only if G € H U {Hy, Hs, Hs}, where Hy, Hs and Hg are
illustrated in Figure 4.

Proof. Let v be a vertex of G having minimum degree §. Since G has diameter
two, we have that every vertex in V(G)\N|[v] is adjacent to some vertex in N (v).
If 6 < n — 5, then the function h defined by h(z) = 3 for each x € N[v] and
h(z) =1 for each z € V(G)\N[v], is a GTRDF on G and so v,3r)(G) < w(h) =
304+1)+(n—6—1) =n+25+2 < 3n— 8. Thus it suffices for us to restrict our
attention to the graphs with 6 =n — 4.

If n =5, then 6 = n —4 =1 and since G has diameter two, we have G € H
and so by Proposition 11, "}’g[gR](G) = 3n — 7. Hence we may assume that n > 6.
Let V(G)\N[v] = {w1,wa, w3}. If [N (w;) N N(v)| > 2 for each i € {1,2,3}, then
the function h defined by h(v) =4, h(w1) = h(wz) = h(ws) = 0 and h(z) = 3 for
each z € N(v), is a GTRDF on G and so 435 (G) < w(h) = 30 +4 = 3n — 8.
Moreover, note that |N(w;) NN (v)| > 1 for each i € {1, 2,3} since G has diameter
two. So in the following we may assume that there exists some vertex, say wi,
in {wy, w2, ws} such that |N(w;) N N(v)| = 1. This forces n < 7 (for otherwise,
d(w;) > 6 = n —4 > 4, implying that |[N(w;) N N(v)| > 2, a contradiction).
Moreover, if n = 7, then § = n — 4 = 3 and so w; must be adjacent to both ws
and ws in G (noting that |N(wi) N N(v)| = 1). One can check that the function
h defined by h(v) = h(wi) = 4, h(z) = 3 for z € N(w;) N N(v) and h(z) = 0
otherwise, is a GTRDF on G and hence v,35(G) < w(h) = 11 < 3n—7. Suppose
next that n = 6.
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Note that § = n—4 = 2. Let N(v) = {v1, v2}. Recall that |N(w;)NN(v)| = 1.
Without loss of generality, assume that N(w;) N{vy,v2} = {v1}. Moreover, since
d = 2, we have wyws € E(G) or wiws € E(G). Without loss of generality, assume
that wiwe € E(G). We proceed further with the following claims.

Claim 1. If wiws, wows ¢ E(G), then v435)(G) < 3n — 8.

Proof. Since § = 2, we have N(w3) = {v1,v2}. If wave € E(G), then the function
h defined by h(wsz) = h(v) = 0, h(wi) = h(v2) = 2 and h(w2) = h(v1) = 3, is
a GTRDF on G and so v,3g)(G) < w(h) = 10 = 3n — 8. Assume next that
wovg ¢ E(G). Moreover, since wov, wows ¢ E(G), wow, € E(G) and § = 2,
we have wyvy € E(G). Then the function h defined by h(wse) = h(ws) = 0,
h(wy) = h(v2) = 2 and h(v1) = h(v) = 3, is a GTRDF on G and so 435 (G) <
w(h) =10 = 3n — 8. Thus Claim 1 holds. O

N

As shown earlier, [N (w;) NN (v)| > 1 for each i € {2, 3}, this forces | N (w;)
{vla U2}| € {1’ 2}

Claim 2. If wiws ¢ E(G) and waws € E(G), then v435(G) < 3n — 7 with
equality if and only if G = Hy.

Proof. Recall that |N(w;) N {vi,v2}| € {1,2} for each i € {2,3}. If |[N(w3) N
{v1,v2}| = 1, then define the GTRDF h on G by h(w;) = h(ws) = 0, h(wz) =
h(v) = 2 and h(v1) = h(v2) = 3 and hence 7,35)(G) < w(h) = 10 = 3n — 8. So in
the following we may assume that |N(ws) N {v1,va}| = 2.

First, suppose that vivy ¢ E(G). If viwe € E(G), then define the GTRDF h
on G by h(wy) = h(wz) = h(ws) = h(v2) = 0 and h(v1) = h(v) = 4; and if viwy ¢
E(G), then define the GTRDF h on G by h(wi) = h(w2) = h(v2) = h(v) =0
and h(ws) = h(v1) = 4. In either case, we have vy3)(G) < w(h) =8 <3n 7.

Second, suppose that vive € E(G). If vywe ¢ E(G), then define the GTRDF
h on G by h(w2) = h(ws) = h(vz) = h(v) = 0 and h(w;) = h(v1) = 4 and if
viwg € E(G) and vowy ¢ E(G), then define the GTRDF h on G by h(w;) =
h(v) = 0, h(wz) = h(vy) = 2 and h(ws) = h(vy) = 3. In either case, we have
Yoi3r)(G) < w(h) <10 = 3n — 8. If viwsg, vowy € E(G), that is, if G = Hy, then
by Proposition 11, v,3g)(G) = 3n — 7. Thus Claim 2 holds. O

Claim 3. If wiwg € E(G) and wows ¢ E(G), then vy3p(G) < 3n — 7 with
equality if and only if G = Hs.

Proof. First, suppose that vivy ¢ E(G). Note that 6 = 2. If | N (v1) N{wga, w3}| =
0, then clearly vows,vows € E(G) and define the GTRDF h on G by h(ws) =
h(ws) = 0, h(v1) = h(ve) = 2 and h(w;) = h(v) = 3, and if | N (v1)N{we, ws}| = 2,
then define the GTRDF h on G by h(w;) = h(w2) = h(ws) = h(v2) = 0 and
h(vi) = h(v) = 4. In either case, we have 7,35/ (G) < w(h) < 10 = 3n — 8.
Suppose now that |[N(vi) N {wa,w3}| = 1. Without loss of generality, assume
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that vjwe ¢ E(G) and viws € E(G). Moreover, since wows, wav ¢ E(G), waw; €
E(G) and ¢ = 2, we have vawy € E(G). Observe that the function h defined by
h(wy) = h(v1) =0, h(wz) = h(v) = 2 and h(ws) = h(v2) = 3, is a GTRDF on G
and s0 v43g)(G) < w(h) =10 = 3n - 8.

Second, suppose that vivy € E(G). Note that |N(w;) N {vi,v2}| € {1,2} for
each i € {2,3}. If |[N(w2) N{v1,v2}| = |N(ws) N {vi,v2}| = 1, then define the
GTRDF h on G by h(wz) = h(ws) =0, h(w1) = h(v) = 2 and h(vy) = h(vy) = 3
and hence 43 (G) < w(h) = 10 = 3n—8. So in the following we may assume that
|N (ws)N{v1,va}| = 2 (the case |N(wz)N{vy,v2}| = 2 is similar). If wev, ¢ E(G),
then define the GTRDF h on G by h(wi) = h(ws) = h(vi) = h(v) = 0 and
h(we) = h(ve) = 4; and if wov; € E(G) and wovy ¢ E(G), then define the
GTRDF h on G by h(ws) = h(vz) =0, h(w1) = h(v) = 2 and h(wz) = h(v1) = 3.
In either case, we have v435)(G) < w(h) < 10 = 3n — 8. If wav, wavy € E(G),
that is, if G = Hj, then by Proposition 11, v,35/(G) = 3n — 7. Thus Claim 3
holds. (]
Claim 4. If wiws,wews € E(G), then vg3r)(G) < 3n — 7 with equality if and
only if G = Hg.
Proof. Note that |N(w;) N{v1,v2}| € {1,2} for each i € {2,3}. Thus if |[N(ws) N
{v1,v2}| = 1, then define the GTRDF h on G by h(w;) = h(ws) = 0, h(wz) =
h(v) =2 and h(v1) = h(ve) = 3; if |[N(w3)N{v1,v2}| = 2 and [N (w2) N{v1,va}| =
1, then define the GTRDF h on G by h(wi) = h(w2) =0, h(ws) = h(v) = 2 and
h(v1) = h(ve) = 3; and if |N(ws3) N {v1,v2}| = |[N(w2) N {v1,v2}| = 2 and vivy ¢
E(G), then define the GTRDF h on G by h(w;) = h(wz) = h(ws) = h(v2) =0
and h(v1) = h(v) = 4. In the above cases, we have v3z)(G) < w(h) <10 = 3n-8.
If [N (w3)N{v1,v2}| = |N(w2)N{v1,v2}| = 2 and vjve € E(G), that is, if G = Hg,
then by Proposition 11, v435/(G) = 3n — 7. Thus Claim 4 holds. O

This completes the proof. [

We next consider the graphs G on n vertices different from K, — e with
diam(G) =2 and § € {n — 3,n — 2}.

Lemma 13. For any connected graph G on n vertices different from K, —e with
diam(G) = w(G) =2 and § € {n —3,n — 2},
Yg3R (G) < 3n — 4.
Furthermore, the following hold.
(a) Vg3r)(G) = 3n —4 if and only if G = K13 or G =2P;.
(b) vyism) (G) # 3n — 5.
(¢) Yg13R)(G) = 3n — 6 if and only if G = Cs.
(d) Yg3r)(G) = 3n — T if and only if G = P, UCs.
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Proof. If n = 3, then since diam(G) = 2, we have G = P; = K3 — e, a contra-
diction. So in the following we may assume that n > 4. Let v be a vertex of G
having minimum degree . Since G has diameter two, we have that every vertex
in V(G)\N|v] is adjacent to some vertex in N(v). Moreover, since w(G) = 2, we
have that G[N(v)] is empty.

We first assume that § = n — 2. If n = 4, then § = 2, implying that G is the
cycle Cy (noting that the complement of Cy is 2P) and v,3r)(G) = 8 = 3n — 4.
If n > 5, then since G[N(v)] is empty, we have d(x) < 2 for each z € N(v), a
contradiction to the fact that d(x) >d=n—2 > 3.

Suppose next that § = n—3. Note that every vertex in V(G)\NV[v] is adjacent
to some vertex in N(v) and w(G) = 2. Thus if n = 4, then § = 1, implying that
G is the graph K3 and therefore v,35(G) = 8 = 3n — 4; and if n = 5, then
6 = 2, implying that G' € {C5, K23} and so vg3g)(K2;3) = 8 = 3n — 7 (noting
that the complement of Ky 3 is P, U C3). Now let G = C5 = wiws - - - wsw; and
let h = (VJ, VI, ..., V]") bea Ygi37) (G)-function. If there exists some vertex, say
wy € V!, then by the definition of Yg137] (G)-function, we have h(wsa) + h(ws) > 4
and h(ws)+h(wg) > 4. If at least one of h(wq)+h(ws) and h(ws)+h(ws) equals at
least 5, then 435 (G) = w(h) > 9. Now let h(wsa) + h(ws) = h(ws) + h(ws) = 4.
Since w1 € V!, we may assume that wy € V' and ws € VJ'. This forces that
wy € V' and w3 € Voh, a contradiction to our assumption that h is a v435(G)-
function. Thus Voh = (). Suppose that there exists some vertex, say w; € Vlh.
Since h is a GTRDF on G, we have that either {ws,ws} N (V§# U V}*) # 0 or
wa, ws € VP, and so h(wz) + h(ws) > 4 (noting that Vo = (). Similarly, since h
is also a GTRDF on G, we have h(ws3) + h(ws) > 4. Thus y,35(G) = w(h) > 9.
Next, assume that V}* = (). Moreover, since V' = (), we have Yo3R)(G) = w(h) =
21VE + 3|V + 4|V > 2(]VJ| + |VJ| + |V]) = 10. In each case, we have
Y938 (G) = 9. On the other hand, one can check that the function g defined by
g(w1) = 1 and g(r) = 2 otherwise is a GTRDF on G and hence v,35/(G) < 9.
This forces v435)(G) = 9 = 3n — 6.

Assume next that n > 6. Since G[N(v)] is empty, we have that for each
x € N(v), 3 >d(x) > =n—32> 3, implying that d(x) = 3 and n = 6. Let
V(G) \ N[v] = {w1,ws}. It is clear that N(z) = {v,w;,wy} for each z € N(v).
Further, since w(G) = 2, we have wjwy ¢ E(G). This forces G = K33 and
Y4138)(G) = 8 = 3n — 10. This completes the proof. |

In order to state the following results, we shall introduce some additional
notations. For any graph G with diam(G) = 2 and w(G) > 3, let X denote a
subset of the vertex set of G such that G[X] is a clique with w(G) vertices and
let Y =V(G)\X.

Observation 14. Let G be a connected graph on n wvertices with diam(G) = 2,
w(G) >3 and 6 € {n—3,n—2}. Then for each v €Y, | X\N(v)| € {1, 2}.
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Proof. If there exists some vertex, say v, in Y such that | X\ N (v)| = 0, then since
G[X] is a clique, we have that G[{v} U X] is also a clique with |X|+1=w(G)+1
vertices, a contradiction. Moreover, if there exists some vertex, say v, in Y such
that [ X\N(v)| > 3,then § < d(v) < n —|X\N(v)| — 1 < n — 4, a contradiction.
Thus | X\N(v)| € {1,2} for each v € Y, as desired. |

Proposition 15. Let G be a connected graph on n > 5 vertices. If G € {C3 U
(n—3)K1, PyU (n —4)K1}, then vg3g)(G) = 3n — 5.

Proof. For each G € {C3U (n — 3)K1,PyU (n — 4)K1}, let h be a y,35)(G)-
function. First, suppose that G = C3 U (n — 3) K7, where C3 = wjwswzwi. Since
h is a TRDF on G, we have that > zev(cy) (@) = 4 and h(z) = 3 for all other
vertices x of G. Thus 7,35 (G) = w(h) > 4+3(n—3) = 3n—5. On the other hand,
one can check that the function g defined by g(w1) = 4, g(ws) = g(ws) = 0 and
g(x) = 3 otherwise, is a GTRDF on G and hence vy35)(G) < 4+3(n—3) = 3n—5.
This forces v43r)(G) = Y135 (G) = 3n — 5.

Second, suppose that G = P, U (n — 4)K1, where Py = wjwowswy. Since h
is a TRDF on G, we have h(w) + h(w2) > 3, h(ws) + h(wy) > 3 and h(z) > 3
for all other vertices z of G. If h(wy) + h(w2) = h(ws) 4+ h(wy) = 3, then it is
easy to see that h(wi) = h(ws) = 3 and h(ws) = h(ws) = 0, a contradiction
to our assumption that h is a TRDF on G. Thus at least one of h(w;) + h(ws)
and h(ws3) 4 h(wy) equals at least 4, implying that y,p3p(G) > 4 + 3 + 3(n —
4) = 3n — 5. On the other hand, one can check that the function g defined by
g(w1) = g(wy) = 2, g(ws) = 0 and g(z) = 3 otherwise, is a GTRDF on G and

hence 435 (G) < 4+ 3(n —3) = 3n — 5. Thus y435)(G) = Yyp3r(G) =3n—5. =

Lemma 16. Let G be a connected graph on n vertices different from K, — e
with diam(G) = 2, w(G) > 3 and § € {n —3,n — 2}. If G[Y] is an empty graph
with Y| > 2, then G € {C3U (n —3)K; (n >5),P,U(n—4)K; (n >5)} and
Yoi3r)(G) = 3n — 5.

Proof. 1t follows from Observation 14 that | X\N(v)| € {1,2} for each v € Y.
Moreover, since G[Y] is an empty graph with |Y| > 2, we have that for each
v ey,
d<dw)=n—-1Y|—-|X\N@)| <n-3

and since 0 € {n — 3,n — 2}, we obtain 6 = n — 3, |Y| =2 and |X\N(v)| = 1.
Further, we note that n = |X|+ |Y| = w(G) +2 > 5. Let Y = {vy,v2}. It is
clear that | X\ N (v1)| = | X\ N (v2)| = 1. Therefore, if X\N(v1) = X\N(v2), then
G =C3U(n—3)K; (n >5) and if X\N(v1) # X\N(v2), then G = PyU(n—4)K;
(n > 5). Thus by Proposition 15, v,435(G) = 3n — 5. |

By the method similar to Proposition 15, we can verify the following propo-
sition. The details are omitted.
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Proposition 17. Let G be a connected graph on n vertices.

(a) If G e {P3sUK1,2P, U (n—4)Ky (n>5)}, then vy3p)(G) = 3n — 4.

(b) If G € {C4 UK,P3U(n—3)K; (n >5),P,U(n—4)K, (n > 5)}, then
Ygi3r)(G) = 3n — 5.

(c) If Ge{3P,U(n—6)K; (n>6),CsU(n—4)K; (n>6)}, then vy3p)(G) =
3n — 6.

(d) IfGe{PsU(n—-5K; (n>5),PRUPsU(n—5K; (n>5),PRUPU(n—
6)K1 (n > 6)}, then vg3r)(G) =3n — 7.

Lemma 18. Let G be a connected graph on n vertices different from K, —e with
diam(G) =2, w(G) > 3 and § € {n —3,n —2}. If G[Y] is a clique, then

Yoi3r] (G) < 3n — 4.

Furthermore, the following hold.

(a) Yg3m)(G) =3n —4 if and only if G € {P3UK1,2P, U (n —4)K; (n > 5)}.

(b) v93r)(G) = 3n — 5 if and only if G € {C4UK1,P3U(n—3)K; (n>5), P,U
(n—4)K; (n>5)}.

(€) Yoi3m)(G) = 3n—6 if and only if G € {3P,U(n—6)K} (n > 6),C4U(n—4)K,
(n>6)}.

(d) Yg3m)(G) = 3n—T if and only if G € {PsU(n—5)K; (n > 5), BUPsU(n—5) K,
(n > 5),P2 uUPyuU (n — 6)K1 (n > 6)}

Proof. Note that G is a graph different from K,, — e with § € {n — 3,n — 2}.
Thus if |Y| = 1, then since G[X] is a clique, we have that G is the graph obtained
from the complete graph K, by deleting two adjacent edges, implying that G =
PsU(n—3)K; (n = |X|+ Y] =w(G)+ 1 > 4) and hence by Proposition 17,
Yoi3r)(G) = 3n — 4 when n = 4 and 7,35 (G) = 3n — 5 when n > 5. So in
the following we may assume that [Y| > 2. Let Y = {v1,v2,...,v,_(@)}- By
Observation 14, we have | X\N(v;)| € {1,2} for each i € {1,2,...,|Y|}.

Claim 1. If|Y] =2, then y435(G) < 3n — 4. Moreover,

(a) Yy13mr)(G) = 3n — 4 if and only if G = 2P, U (n — 4)K; (n > 5),

(b) Y13m)(G) = 3n — 5 if and only if G € {C4 U Ky, PyU (n — 4)K; (n>5)},

(c) Yg3r)(G) = 3n — 6 if and only if G = C4 U (n — 4)K; (n > 6),

(d) (@)

d) vg3r)(G) = 3n =T if and only if Ge{PsU(n—5)K;1 (n>5),LUP3U(n—
5)K1 (n>5)}.

Proof. Clearly, n = | X|+|Y| = w(G)+2 > 5. Recall that | X\ N (v;)| € {1, 2} for
each i € {1,2}. First, assume that |X\N(v1)| = |X\N(v2)| = 1. If X\N(v1) =
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X\N (v2), then since both G[X] and G[Y] are cliques, we have that G[{vi,v2} U
(N(v1) N X)] is also a clique with |X|+ 1 = w(G) + 1 vertices, a contradiction.
Therefore X\ N (v1) # X\ N (vq), implying that G = 2P, U (n —4)K; (n > 5) and
so by Proposition 17, y435)(G) = 3n — 4.

Second, assume that |X\N(v1)] = |[X\N(v2)| = 2. If (X\N(v1)) N (X\
N(vg))| = 2, that is, if G = C4 U (n — 4)K1 (n > 5), then by Proposition
17, vg3r)(G) = 3n — 5 when n = 5 and 7,35 (G) = 3n — 6 when n > 6. If
[(X\N(v1)) N (X\N(v2))| = 1, that is, if G = Ps U (n — 5)K; (n > 5), then by
Proposition 17, vg3r)(G) = 3n — 7. If [(X\N(v1)) N (X\N(v2))| = 0, that is, if
G =2P;U (n—6)K; (n > 6), then clearly ~,p35/(G) = 3n — 10.

Finally, assume that one of |X\N(v1)| and |X\N(v2)| equals one and the
other equals two. If (X\ N (v1))N(X\N(vq)) = 0, that is, if G = PB,UPsU(n—5)K;
(n > 5), then 435/ (G) = 3n — 7 and if (X\N(v1)) N (X\N(v2)) # 0, that is, if
G =P U(n—4)K; (n>5), then v,35/(G) = 3n — 5. Thus Claim 1 holds. O

Claim 2. If|Y] > 3, then y435(G) < 3n — 6. Moreover,
(a) Y3m)(G) = 3n — 6 if and only if G = 3P, U (n — 6)K1 (n > 6),
(b) vg3r)(G) = 3n — 7 if and only if G=P,UPyU(n—6)K; (n>6).

Proof. Clearly, n = |X| + |Y| = w(G) + |Y| > 6. Note that | X\N(v;)| €
{1,2} for each i € {1,2,...,|Y]|}. We first assume that |[X\N(v;)| = 1 for each
i € {1,2,...,]Y]}. If there exist two vertices, say v; and vy, in Y such that
X\N(v1) = X\N(v2), then G[(X N N(v1)) U {vi,v2}] is a clique with |[X|+ 1 =
w(G) + 1 vertices, a contradiction. Therefore, we have X\ N (v;) # X\N(v;) for
i # j, implying that G = |Y|P, U (n — 2|Y|)K; (n > 2|Y]). If [Y| = 3, that is,
if G =3P, U(n—6)K; (n > 6), then by Proposition 17, v,35/(G) = 3n — 6.
Now let |Y| > 4. One can check that the function h defined by h(x) = 2 for each
vertex with degree one in G and h(x) = 3 otherwise, is a GTRDF on G and hence
Va13R)(G) = Yg3R)(G) S w(h) = 4[Y[+3(n = 2|Y]) = 3n - 2|Y| < 3n — 8.

So in the following we may assume that there exists a vertex, say vy, in Y
such that |X\N(v1)| = 2. Let X\N(v1) = {wi,w2}. If X\{wi, w2} C N(v;)
for each ¢ € {2,3,...,|Y]}, then G[V(G)\{w1,w2}] is a clique with n — 2 =
| X+ Y| —2 > w(G) + 1 vertices, a contradiction. Thus there must be two
vertices, say ws € X\{wi,wz} and vy € Y, such that wsve ¢ E(G). Moreover,
since | X\N(v2)| € {1,2} and X\N(v1) = {wy,we}, this forces [(X\N(v1)) N
(X\N(v2))| € {0,1}. We distinguish several cases.

Case 1. | X\N(v2)| = 2 and [(X\N(v1)) N (X\N(v2))| = 0. Recalling that
X\N(v1) = {w1, w2} and wzvy ¢ E(G), there must exist some vertex, say wy, in
X\{w1, w2, w3} such that X\ N (ve) = {ws,ws}. One can check that the function
hi defined by hi(vi) = hi(v2) = 4, hi(w;) = 0 for each i € {1,2,3,4} and
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hi(xz) = 3 for each x € V(G)\{v1,v2, w1, w2, ws,ws}, is a GTRDF on G and
hence v435)(G) < w(h1) = 3(n — 6) +8 = 3n — 10.

Case 2. |X\N(v2)| = 2 and [(X\N(v1)) N (X\N(v2))| = 1. Note that
X\N(v1) = {wi, w2} and wsvy ¢ E(G). Without loss of generality, we may
assume that X\N(vy) = {w1,ws}. Recall that both G[X] and G[Y] are cliques.
Moreover, since viwy,vow; ¢ E(G) and 0 € {n — 3,n — 2}, we have Y\N(w;) =
{v1,v2}. Thus if vgwy ¢ E(G), then the function hy defined by ho(wz) = ha(vs) =
4, ho(wy) = ha(ws) = ha(v1) = ha(vs) = 0 and ha(z) = 3 otherwise, is a GTRDF
on G and therefore v,35/(G) < w(h2) = 3(n —6) +8 = 3n — 10. So in the
following we may assume that vswe € E(G). Moreover, since vsw; € FE(G)
and |X\N(v3)| € {1,2}, this forces that there exists some vertex, say w, in
X\{w1,ws} such that wvs ¢ E(G). Thus if w = ws, then define the GTRDF
hs on G by h3(ws) = hs(vi) = 4, hg(w1) = h3(ws) = h3(v2) = h3(vs) = 0
and hg(x) = 3 otherwise and if w # ws, then define the GTRDF hy on G by
h4(w3) = h4(w) = h4(111) = 4, h4(w1) = h4(w2) = h4(v2) = h4(’U3) = 0 and
ha(x) = 3 otherwise. In either case, it is easy to check that y435)/(G) < 3n —9.

Case 3. | X\N(v2)| = 1. Noting that wsve ¢ E(G), this implies that X\ N (v2)
= {ws}. Recall that X\N(v1) = {w1,ws}. If vsws ¢ E(G) (respectively, vsw ¢
E(G), where w is a vertex of X \{w;, w2, ws}), then the function h3 (respectively,
hy) defined earlier is a GTRDF on G and hence v,435/(G) < 3n — 9. Note that
| X\N(v3)] € {1,2}. Hence we may assume that X\N(v3) C {wq,wa}.

First, suppose that X\ N (v3) = {w1, wa}. Recalling that X\ N (vy) = {w1,wa}
and X\ N (vy) = {ws}, it is easy to see that the function hy defined by hs(ve) = 4,
hs(v1) = hs(vs) = hs(ws) = 0 and hs(x) = 3 for each z € V(G)\{v1, v2, v3, w3},
is a GTRDF on G and hence v,35(G) < w(hs) =3(n —4) +4 =3n — 8.

Second, suppose that X\ N (v3) = {w;} (the case X\ N (v3) = {wo} is similar).
Since wyvi, wivs ¢ E(G) and 6 € {n — 3,n — 2}, we have Y\N(w1) = {v1,vs3}.
Let |Y| > 4. Note that X\N(v1) = {w1, w2}, X\N(ve) = {ws}, X\N(v3) = {w1}
and Y\N(w;1) = {v1,v3}. Moreover, since | X\N(vyq)| € {1,2} as shown earlier,
one can check that the function hg defined by hg(wi) = 0, hg(wa) = he(ws) =
he(vi) = he(v2) = he(va) = 2 and hg(z) = 3 otherwise, is a GTRDF on G and
therefore vy3r)(G) < w(hg) = 3(n — 6) + 10 = 3n — 8. Now let [Y| = 3. Recall
that X\N(v1) = {w1,ws}, X\N(ve) = {ws} and X\N(v3) = {w;}. It is easy to
see that G = L UP,U(n—6)K; (n = |X|+ Y| = w(G) +3 > 6) and so by
Proposition 17, v,35(G) = 3n — 7. Thus Claim 2 holds. O

This completes the proof. [

By the method similar to Proposition 15, we can verify the following propo-
sition. The details are omitted.
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Proposition 19. Let G be a connected graph on n > 6 vertices. If G € {Ps U
C3U(n—5)K1,RUP U (n—6)K1}, then vg3p(G) = 3n —T7.

Lemma 20. Let G be a connected graph on n vertices different from K, —e with
diam(G) = 2, w(G) >3 and 6 € {n—3,n—2}. If G[Y] is neither an empty graph
nor a clique, then

V3R (G) <3n =7

with equality if and only if G € {P,UC3U (n—5)K; (n >6), RPUP,U(n—6)K;
(n>6)}.

Proof. It follows from Observation 14 that |X \ N(v)| € {1,2} for each v € Y.
Moreover, since G[Y] is neither an empty graph nor a clique, we have |Y| > 3.
Thus, if G[Y] is disconnected, then there must exist some vertex, say v, in Y such
that |Y \ N[v]| > 2 and hence 6 < d(v) =n—|X\N(v)|—|Y\ N[v]| -1 <n—4,
a contradiction. Therefore G[Y] is connected. Moreover, since G[Y] is not a
clique, we have that G[Y] has a path, say P3 = vjvyvs, on three vertices as
an induced subgraph. Note that vivs ¢ E(G) and |X \ N(v;)| € {1,2} for
each i € {1,2,3} as shown earlier. Further, since § € {n — 3,n — 2}, we have
| X\ N(v1)] = |X\N(v3)| = 1. In fact, 6 = n—3. Recall that | X \ N(v2)| € {1, 2}.
According to the values of | X \ N(v2)|, we have the following claims.

Claim 1. If [X \ N(v2)| = 2, then v43g)(G) < 3n — 8.

Proof. Note that | X \ N(v1)| = |X \ N(v3)| = 1. Therefore, |(X \ N(v2)) N (X \
N(v;))| € {0,1} for each i € {1,3}. If [(X \ N(v2)) N (X \ N(v;))| = 0 for some
i € {1,3}, then the function h defined by h(v;) = h(v2) = 4, h(z) = 0 for each
x € {vg—i JU(X\ N(v2))U(X\ N(v;)) and h(z) = 3 otherwise, is a GTRDF on G
and therefore v,35(G) < w(h) = 3(n — 6) +8 = 3n — 10. So in the following we
may assume that [(X \ N(v2)) N (X \ N(v1))] = (X \ N(v2)) N (X \ N(v3))| = 1.
Without loss of generality, assume that (X \ N(v2)) N (X \ N(v1)) = {w1} and
(X \ N(v2)) N (X \ N(v3)) = {wa}. Note that w; # wa (for otherwise, since
v1,v2,v3 ¢ N(wy), we have § < d(w;) < n — 4, a contradiction). This forces
X\N(v1) ={wy}, X\N(v2) = {wy,ws} and X\ N(v3) = {ws}. Then the function
h defined by h(wa) = h(vs) = 2, h(v1) = h(ve) = 0 and h(xz) = 3 otherwise, is
a GTRDF on G and therefore v435/(G) < w(h) = 3(n —4) + 4 = 3n — 8. Thus
Claim 1 holds. ]

Claim 2. If | X \ N(v2)| = 1, then v,35)/(G) < 3n —T7 with equality if and only if
Ge{PUC3U(n—5K; (n>6),RUP,U(n—6)K; (n>6)}.

Proof. Note that |X \ N(v1)| = |X \ N(v2)| = |X \ N(vs)| = 1. If there exists
some ¢ € {1,3} such that X \ N(v;) = X \ N(v2), then G[(N(v2) N X) U{v;, va}]
is a clique with |[N(vo) N X|+2 = |X|+ 1 = w(G) + 1 vertices, a contradiction to
the fact that the clique number is w(G). So in the following we may assume that
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either X \ N(v1) = X\ N(v3) # X \ N(v2) or three sets X \ N(v1), X \ N(vz) and
X\ N(v3) are distinct. Let Y \ {v1,v2,v3} = {v4,v5,. .., Vp_y@)} When Y] > 4.

First, suppose that X \ N(v1) = X \ N(v3) # X \ N(vz). Moreover, since
I X\ N(v1)| =|X \ N(vz2)| = |X \ N(v3)| =1, we may assume that X \ N(v1) =
X\N(v3) = {w;1} and X\ N (v2) = {wa}, where w; and wy are distinct. If [Y| > 4,
then the function h defined by h(wi) = h(w2) = 4, h(v1) = h(va) = h(vs) = 0,
h(vy) = 2 and h(z) = 3 otherwise, is a GTRDF on G (noting that |X \ N(v4)| €
{1,2} by Observation 14) and hence v43x)(G) < w(h) = 3(n — 6) + 10 = 3n — 8.
If |[Y|=3,then G=P,UC3U(n—5)K; (n=|X|+|Y]=w(G)+3 >6) and so
by Proposition 19, v435(G) = 3n — T.

Second, suppose that three sets X \ N(v1),X \ N(v2) and X \ N(v3) are
distinct. Moreover, since | X \ N(v1)| = |X \ N(v2)| = | X \ N(v3)| = 1, we may
assume that X \ N(vy) = {wi1}, X \ N(v2) = {we} and X \ N(v3) = {ws},
where wy,we and ws are distinct. If |Y| > 4, then the function h defined by
h(wz) = h(ws) = h(ve) = h(vs) = h(vs) = 2, h(v1) = 0 and h(z) = 3 otherwise, is
a GTRDF on G (noting that | X\ N(v4)| € {1,2} by Observation 14) and therefore
Yoi3r) (G) < w(h) = 3(n—6)+10 = 3n—8.If [Y'| = 3, then G = P,UP;U(n—6)K;
(n = |X|+ Y| = w(G) + 3 > 6) and so by Proposition 19, v435/(G) = 3n — 7.
Thus Claim 2 holds. ]

This completes the proof. [

Theorem 21. For any connected graph G on n vertices,

(a) Vg3r)(G) # 3n =3,

(b) vg3r)(G) = 3n —4 if and only if G € {Py, K13} or G € {PsUK1,2P, U (n—
4Ky (n = 4)},

(€) Yoi3mr)(G) = 3n—5 if and only if G € {C4 UK, P3U(n—3)K; (n>5),C3U
(n=3)K; (n>5),P,U(n—4)K; (n >5)},

(d) vg3R)(G) = 3n—6 if and only if G € {H1,Cs} or G € {3P,U(n—6)K; (n >
6),CsU(n—4)K1 (n >6)},

(€) Ypr(G) = 3n — 7 if and only if G € {5(1,2),Ps} UH U U, {H;} or
G € {S(1,2), Hy, H3,P;U(n—5)K; (n >5), ,UP3U(n—5)K; (n >5), P,U
C3U (n — 5)K1 (n > 5), P, U Py U (n — 6)K1 (n > 6)},

where Hy, H; (i € {2,3}) and H; (i € {4,5,6}) are illustrated in Figures 2, 3 and

4, respectively.

Proof. 1f diam(G) = 1, then by Proposition A, v435/(G) = 3n (n > 3). If
diam(G) = 2, then by Proposition C and Lemmas 12, 13, 16, 18 and 20, v,435(G)
< 3n — 2 and the following hold.

(a) Yy3p)(G) = 3n —2if and only if G = K, —e (n > 3),
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(b) 3r (G) # 3n — 3,

(c) Yg3r)(G) =3n—4if and only if G = K13 or G € {P3UK,2P, U (n —4)K;
(n=4)},

(d) Yyi3r)(G) =3n—>5if and only if G € {C3U(n—3)K1 (n >5), ,U(n—4)K;
(n > 5),04 UK, P3U (n — 3)K1 (n > 5)},

(€) Yg3r)(G) = 3n — 6 if and only if G = Cs or G € {3P, U (n —6)K; (n > 6),
CiU(n—4)K; (n>6)},

(£) Ygi3m)(G) = 3n—Tif and only if G € HU{Hy, Hs, H} or G € {PsU(n—5)K;
(nZS),PQUP3U(n—5)K1 (nZ 5),P2UP4U(’I7,—6)K1 (7126),P2UC3U
(n—=>5)K; (n>5)}.

If diam(G) = 3, then by Lemma 10, v43)(G) < 3n — 4 and the following hold.
(a) Vg3R) (G) 3n — 4 if and only if G = Py,

(b) Yg3r)(G) # 3n —

(¢) Yy3m)(G) =3n —6 1f and only if G = Hy,

(d) Yyi3r)(G) = 3n — 7 if and only if G € {S(1,2), Ho, H3} or G € {5(1,2),

H,, Hs}.

If diam(G) > 4, then by Lemma 8, vy35)(G) < 3n — 7 with equality if and only
if G = Ps. By considering all the above cases, the statement is trivial, which
completes our proof. [

Note that v43r)(G) = Vg3rR] (G) and if G is a disconnected graph, then its
complement G is a connected graph. Together with Theorem 21, we have the fol-
lowing characterization of any graphs with large global triple Roman domination
number.

Corollary 22. For any graph G on n vertices,

(a) Yg3r)(G) #3n—3

(b) v93r)(G) = 3n — 4 if and only if one of G and G belongs to {Py, K13, P3 U
Ki,2P, U (n - 4)K1 (n > 4)},

(¢) vg3r)(G) = 3n — 5 if and only if one of G and G belongs to {Cy U K1, PyU
(n—=3)K; (n>5),C3U(n—3)K; (n>5),PLU(n—4)K; (n>5)},

(d) v93m)(G) = 3n — 6 if and only if one of G and G belongs to {Hy,C5,3P, U
(n—6)K; (n>6),CsU(n—4)K; (n>6)},

(€) Yoi3mr)(G) = 3n — 7 if and only if one of G and G belongs to {S(1,2), Ps U
(n—5)K1 (7125)PzUPgU(TL—5)K1(nZ5)P2UC3U(n—5) (
5),P,UPyU(n—6)K; (n>6)}UHUUL{H?},
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where Hy, H; (i € {2,3}) and H; (i € {4,5,6}) are illustrated in Figures 2, 3 and
4, respectively.
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