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Abstract

In this paper, factorizations of the complete symmetric digraph K into
uniform factors consisting of directed even cycle factors are studied as a
generalization of the undirected Hamilton-Waterloo Problem. It is shown,
with a few possible exceptions, that K can be factorized into two noniso-
morphic factors, where these factors are uniform factors of K, involving K3
or directed m-cycles, and directed m-cycles or 2m-cycles for even m.
Keywords: The Directed Hamilton-Waterloo Problem, 2-factorizations, di-
rected cycle factorizations.
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1. INTRODUCTION

In this paper, edges and arcs are denoted by using curly braces and parentheses,
respectively. Throughout this paper, we denote by K(,.,) a complete equipar-
tite graph having y parts of size x each. Also, for a simple graph G, we use
G* to denote the symmetric digraph with vertex set V(G*) = V(G) and arc set
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E(G*) = U{m,y}eE(G){(xvy)v (y,x)}. Hence, K} and K(*l,:y) respectively denote
the complete symmetric digraph of order v and the complete symmetric equipar-
tite digraph with y parts of size z. We also use (x,y)* to denote the double arc
which consists of (x,y) and (y, z).

A k-factor of a graph G is a k-regular spanning subgraph of G. A k-
factorization of a graph G is a partition of the edge set of G into k-factors;
in other words, it is a partition (decomposition) of the edge set of G into edge-
disjoint k-factors. It is easy to see that a 2-factor consists of an Hamilton cycle,
which is a cycle that visits each vertex exactly, or union of vertex-disjoint cycles.
If a 2-factor consists only of cycles (directed cycles) of length m, it is called a
Cp-factor (6m—fact0r). Furthermore, in the special case where m = 2, this fac-
tor becomes a Ko-factor. There are two well-studied 2-factorization problems.
The Oberwolfach Problem asks for the existence of a decomposition of Ko,41 or
Ko, — I (i.e., Ko, with the edges of the 1-factor I removed) into copies of a given
2-factor F'. The uniform version of the Oberwolfach Problem in which there is
only one type of cycle in the factor F' has been mostly solved, see [4, 5, 24, 31]. In
the Hamilton-Waterloo Problem, there are two types of 2-factors. The uniform
version of the Hamilton-Waterloo Problem asks for a 2-factorization of K, (or
for even v, 2-factorization of K, — I) in which r of its 2-factors consist of only
m-cycles and the remaining s of its 2-factors consist of only n-cycles, and we
will denote it by HWP(v;m”,n®). Any of its solutions will be referred to as a
{C},, C; }-factorization of K, (or K, — I for even v).

Initially, small cases such as (m,n) € {(4,6),(4,8), (4,16),(8,16),(3,5),
(3,15),(5,15)} are studied and solved with a few exceptions by Adams et al.
[2], and later the cases where the cycle sizes are non-constant are investigated.
The Hamilton-Waterloo Problem is nearly completely solved when both m and
n are simultaneously either even or odd [10, 11, 15, 16]. When the parity of m
and n is different, one of the cycle sizes is usually fixed. For instance, the cases
(m,n) € {(3,v),(3,3x), (4,n)} have been studied, see [6, 20, 25, 29]. For more re-
cent results on this problem, we refer the reader to [12, 13, 14]. Also, there exists
an asymptotic solution (for sufficiently large v) [21] for the general form of the
Oberwolfach and the Hamilton-Waterloo Problems. However, this asymptotic
solution does not provide an explicit lower bound that guarantees the solvability
of the problem. In [34], Traetta constructs solutions to the Oberwolfach Problem
whenever F' contains a cycle of length greater than an explicit lower bound.

The concept of factor and factorization can be applied to digraphs and one
can consider the directed version of the Oberwolfach and Hamilton-Waterloo
Problems. In the directed version of these problems, factorization of the com-
plete symmetric digraph K, into directed cycle factors is studied. The Directed
Uniform Oberwolfach Problem is denoted by OP*(mF*) where each 2-factor is
composed of k directed m-cycles.
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The following theorem summarizes the previous results on the Directed Ober-
wolfach Problem that will be used in this paper.

Theorem 1 [1, 3, 7, 9, 17, 18, 26, 33]. Let m and k be nonnegative integers.
Then, OP*(m*) has a solution if and only if (m, k) ¢ {(3,2), (4,1),(6,1)}.

The directed Oberwolfach Problem for complete symmetric equipartite di-
graphs and uniform-length cycles was solved by Franceti¢ and Sajna in [19].

When it comes to the Directed Hamilton-Waterloo Problem, here K is de-
composed into two types of directed 2-factors. If these factors consist of directed
cycles of sizes m and n, respectively, the notation HWP*(v; m”,n®) is used to
denote the Directed Uniform Hamilton-Waterloo Problem.

In [35], the necessary conditions for the existence of a solution to the Directed
Hamilton-Waterloo Problem are given.

Lemma 2 [35]. If HWP*(v;m”,n®) has a solution, then the following statements
hold:

(i) ifr >0, v=0 (mod m),
(ii) if s >0, v =0 (mod n),
(iii) r+s=v—1.

Additionally, the cases (m,n) € {(3,5),(3,15),(5,15), (4,6), (4,8), (4,12),
(4,16),(6,12),(8,16)} are solved with a few possibly exceptions in [35].

In [30], factorizations of K, into Ks-factors and Cy,-factors are studied, and
also new solutions to HWP(2m; m”, (2m)®) are given. Here, the problem of
decomposing K into Kj-factors and Cm-factors will be examined where Cyy, is
the directed cycle of order m. Since K3 can be considered as 62, this problem
can be included in the HWP*(v; 2", m?®). Afterwards, HWP*(v;m", (2m)®) will
be studied.

In Section 2, we give some basic definitions and present some preliminary
results that will be used in the next sections. In Section 3, we focus on finding
solutions to HWP*(v; 2", m®) for even m with r + s = v — 1. Also a solution is
denoted as a {(K3)", 8;“71}—factorization of K. In Section 4, we will concentrate
on solving HWP*(v;m”, (2m)?®) for even m with r 4+ s = v — 1. Here are our main
results.

Theorem 3. Let r, s be nonnegative integers, and let m > 4 be even. Then
HWP*(v; 2", m®) has a solution if mlv, r +s = v —1, s # 1, (r,v) # (0,6),
(m,7,v) # (4,0,4), and one of the following conditions holds:

(i) m>4, s#3 and m =0 (mod 4),

(i) m >4, m =2 (mod 4), and s # 3 when - is odd,
(iii) m =4 and v=0,8,16 (mod 24),
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(iv) m =4, v =12 (mod 24) and s ¢ {3,5},
(v) m=4, v=4,20 (mod 24) and r is odd.

Theorem 4. Let r, s be nonnegative integers, and let m > 4 be even. Then
HWP*(v;m", (2m)®) has a solution if and only if m|v, r+s=v—1 and v > 4
except for (s,v,m) € {(0,4,4),(0,6,3),(0,6,6)}, and except possibly when s €
{1,3}.

2. PRELIMINARY RESULTS

First, let us start with some definitions and notations that we will use throughout
the paper.

Let G be a graph and Go,G1,...,Gr—1 be k vertex disjoint copies of G
with v; € V(G;) for each v € V(G). Let G[k] denote the graph with ver-
tex set V(GIk]) = V(Go) UV (G1) U--- UV (Gi-1) and edge set E(Glk]) =
{{us,vj} : {u,v} € E(G) and 0 < 4,5 < k —1}. It is easy see that there is
an H[k]-factorization of G[k| if the graph G has an H-factorization. Note that
K(m:y) = Ky[l']

If G; and G are two edge-disjoint graphs with V(G1) = V(G3), then we
use G1 @ Gy to denote the graph on the same vertex set with E (G ® Ga) =
E (G1) U E(G2). We will denote the vertex disjoint union of a copies of G' by
aG.

The above definitions can be extended to digraphs. Let D be a digraph and
Dy, D1,...,Dp_1 be k vertex disjoint copies of D with v; € V (D;) for each v €
V(D). Then D[k] has the vertex set V(D[k]) =V (Do) UV (D1)U---UV (Dg_1)
and arc set E(D[k]) = {(u;,v;) : (u,v) € E(D) and 0 <14,j <k —1}.

Let G be a digraph and R(G) denote the digraph on the same vertex set as
G but the arcs are taken in opposite directions.

Let us define some special factors and cycles that will be used throughout this
article. Let F,,, be a 1-factor of K, with edge set E (F;,) = {{0 m/2},{i,m—i}:
1<i<(m/2)—1}andletC = (0,1,2,m—1,3,m—2,..., 8 —1,F+2, 2,5 +1)
be an m-cycle, which are the same as in Wlacki’s constructlon Also we define a
factor F} as a K;-factor of K}, with E(E}) = {(0,m/2)*, (i,m —i)*:1<1i <
(m/2) — 1} and C* is the symmetric version of the C.

Using the above factors and cycles, we can define I';,, and I'}, as C[2] @ F,[2]
and C*[2] @ F} [2], respectively. We use these notations for the rest of the paper.

Let A be a finite additive group and let S be a subset of A, where S does
not contain the identity of A. The Directed Cayley graph X (A;S) on A with
connection set S is a digraph with V(X (A S)) = A and E(X (A S)) = {(z,vy) :
z,y€ Ajy—x € S}.



THE DIRECTED UNIFORM HAMILTON-WATERLOO PROBLEM 619

Let m be an even integer and the vertex set of K5, be Za,,. Let I;  be a
Kj-factor of K3, with E(I5,,) = {(i,m+14)* : 0 <i < m — 1} and define the
bijective function f : Zop, — Zo X Z,, with

£i) = {(O,i) if i < m,

(1,i) if i >m.

Then E (I3,,) can be restated as a set {((0,4), (1,4))" : 0 <i <m—1} on ZsxZy,
using this bijective function.

We will represent C, [2] and C, [2]® 15, as the directed Cayley graphs X (Zax
Zm,S) and )?(Z2 X Zm, SU{(1,0)}) where S = {(0,1),(1,1),(0,-1), (1, -1)}.

Also, the arc set of F) which is denoted by E (F), can be expressed as
{((0,0),(0,m/2))", ((0,4), (0,m—1i))" : 1 <4 < (m/2) — 1} using above bijective
function. Thus, we can represent the vertex set and the edge set of I';, as V(') =
Zy X Ly and B(T3,) = U7 {((,9), 6,5+ 1)", ((6,9), (i+ 1,5+ 1)) YU E (Fy)
for ¢ = 0, 1, respectively.

Héggkvist used G[2] to build 2-factorizations that include even cycles [22].

Lemma 5 (Héggkvist Lemma). Let G be a path or a cycle with n edges and
let H be a 2-regular graph on 2n vertices with all components even cycle. Then
G2]| = G' @& G" where G' = G" = H. Therefore, G[2] has an H-decomposition.

The following proposition, which is useful for transferring the results of undi-
rected graphs to digraph and symmetric digraph, states that if we have an H-
factorization of the undirected graph G, then using this factorization an H*-
factorization of G* can be obtained.

Proposition 6. Let G be a graph and let H be a subgraph of G. If G has an H-
factorization, then G* has an H*-factorization.

It is known that Ko, has a l-factorization [32]. Therefore, as a natural
consequence of Proposition 6, the following proposition can be stated.

Proposition 7. The complete symmetric digraph K3, has a K3-factorization for
every integer x > 1.

The following result of Liu on equipartite graph has been helpful in solving
the Oberwolfach and Hamilton-Waterloo Problems. We will use this result to
obtain a 6m—factorization of K(*x:y).

Theorem 8 [27]. The complete equipartite graph K ..,y has a Cp,-factorization
form >3 and x > 2 if and only if m|xy, x(y — 1) is even, m is even if y = 2
and (xz,y,m) # (2,3,3),(6,3,3),(2,6,3),(6,2,6).
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The necessary and sufficient condition for the existence of a 1-factorization
of a complete equipartite graph K., is given by Hoffman and Rodger [23].

Theorem 9 [23]. The complete equipartite graph K., has a 1-factorization if
and only if xy is even.

The following lemma is a straightforward consequence of Proposition 6 and
Theorem 9.

Lemma 10. The complete symmetric equipartite digraph KE“x:y) has a K35 -factori-
zation if and only if even xy.

The following two well-known results of Walecki imply that K,, (a 1-factor
removed graph of K,, when m is even) decomposes into Hamilton cycles. We
will use these results and Proposition 6 to factorize K}, into symmetric Hamilton
cycles in Section 3.

Lemma 11 [28]. For all odd m > 3, K, decomposes into (mT_l) Hamilton cycles.

Lemma 12 [28]. For all even m > 4, K, — Fy,, has an Hamilton cycle decomposi-

tion with prescribed cycles {C,o (C), 0 (C), ... ot (C)} foro=(0)(1,2,3...,
m—2,m-—1).

Lemmata 13 and 14 show the existence of the {C},, C5, }-factorization of the
Cn[2] and (C & F,) 2] for 74+ s = 2 and r + s = 3, respectively. They will be
used to find a {(K3)", 5371}—factorization of the C},[2] for r € {0,2,4}, r +s =14
and a Cap-factorization of Iy =C 2] ® F} 2]

Lemma 13 [30]. Let m be an integer with m > 3. Then Cy,[2] has a {C},,,C5, }-
factorization for nonnegative integers v and s with r + s = 2 except when m is
odd and r = 2, and except possibly when m is even and r = 1.

Lemma 14 [30]. Let m > 4 be an even integer and Iy, = C[2]® F),[2]. Then Ty,
has a

(i) Cam-factorization,
(ii) Cp-factorization when m =0 (mod 4), and
(iii) {CZ,C3,,}-factorization when m =2 (mod 4).

Lemma 15 [18J Let m > 4 be an even integer and x be a positive integer. Then
K(*MQ) has a C,-factorization.
¥

Theorem 16 [8]. The complete symmetric equipartite digraph Kz‘x:y) has a 83—
factorization if and only if 3|xy and (x,y) # (1,6) with possible exceptions
(x,y) = (x,6), where x ¢ {m : m is divisible by a prime less than 17}.
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Theorem 8 states that K, has a Cj,-factorization with a few exceptions.
This result will be used to show that K *x:y has a 6m—factorization. However,
some of the exceptions in the undirected version do not exist in the symmetric
version. It is shown that there is actually a solution for these exceptions in the
ngmetric version. Franceti¢ and Sajna gave the following general result for the
C'-factorization of K . . The necessity part of this theorem is a consequence of
Lemma 15, Prop081t10n 6 and Theorems 8 and 16.

Theorem 17 [19]. Let x,y, and t be integers greater than 1, and let g = ged(y, t).
Assume one of the following conditions holds:
(i) z(y — 1) is even; or
(ii) g ¢ {1,3}; or
(iii) g=1, and y =0 (mod 4) or y =0 (mod 6); or
(iv) g =3, and if y = 6, then x is divisible by a prime p < 37.
Then the complete symmetric equipartite digraph K(*a;:y) has a 8t—fact07"izatz'0n if

and only if t | xy and t is even in case y = 2.

The following theorem presents a solution for the Directed Hamilton-Waterloo
Problem for small even cycle factors. It will also help us in solving HWP*(v; m”,
2m?) in Section 4, when m = 4.

Theorem 18 [35]. For nonnegative integers v and s, HWP*(v;m”™,n®) has a
solution for (m,n) € {(4,6),(4,8),(4,12),(4,16),(6,12),(8,16)} if and only if
r+s=wv—1 and lem(m,n)|v.

Using Lemmata 11 and 12, Km m and Km m—Fm factorize into ( T ) Cm cycles
and (724) Cm cycles, respectlvely Also, Km is 1somorph1(: to %[2] . Hence,
using Proposition 6, Lemmata 11 and 12, we will obtain a {( m[2 ]) m (2] ©

2 2

I,ﬁl}—factorization and a {(C’*% 2]) m%m, C*% 2]e I}, F*% }—factorlzation of K, de-
pending on whether m=0 or 2 (mod 4). Later, we will use these factorizations
to obtain a {(K3)", C%, }-factorization of K,,. Furthermore, we will need to have
a {(K3)", _)gm}—factorization of C} [2] in order to factorize K}, into Kj-factors
and 5m—factors.

Lemma 19. Let m > 4 be an integer. Then C},[2] has a {(K3)", ggm}—factori—
zation for r € {0,2,4} and r + s = 4.

Proof. First, note that C),[2] has a decomposition into two Cap,-factors by
Haggkvist Lemma and each Cy,,-factor has a decomposition into two 1-factors.

Case 1. (r = 4) Decompose C,[2] into four 1-factors by using Cop,-factors.
Then a Kj-factorization of C,[2] is obtained by Proposition 6.
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Case 2. (r = 2) Decompose Cy,[2] into one Cs,, and two 1-factors. By Propo-
sition 6, we get a {(K3)?, C3,, }-factorization of C},[2] and also C3,, has a Com-
factorization with two Cip-factors. So, we obtain a {(K3)?, 6%m}—factorization
of C} 12].

Case 3. (r = 0) Obtain a Cj, -factorization of CJ [2] by Proposition 6.
Since C5,, has a 52m—factorization with two 62m—factors, C} [2] has a 62m—
factorization. ™

Since I3, and F};, are Kj-factors, the following result can be derived from
Lemma 19.

Corollary 20. Let m > 4 be an even integer. Then T, has a {(K3)", —)gm}—
factorization for r € {0,2,4,6} with r + s = 6.

Proof. F},[2] decomposes into two Kj-factors. Therefore, I';, has a {(K3)",
ﬁ‘gz)n}—factorization for r € {2,4,6} with r + s = 6 by Lemma 19. Also, I'}, has
a (9 -factorization by Lemma 14 and Proposition 6. [ |

The following lemma is quite useful in solving the Directed Hamilton-Waterloo
Problem for n = 2 and even m when the values of r are even.

Lemma 21. Let m > 5 be an integer. Then C},[2] & I3, has a {(K3)", —)gm}—
factorization for r € {0,1,3,5} andr 4+ s =5.

Proof. The cases r € {1,3,5} can be directly obtained from Lemma 19.
When r = 0, we will examine the problem in two cases: m is odd or even.

Case 1. (odd m > 5) Define five directed 2m-cycles in C}, [2] ® I, as follows.

Cé% = (o, V1, - .., Vam—1) Where v; = (| £, i),
C;}”r)z = (uo, u1, . .., uzm—1) where,
(0, 20) if 0<i<mA
Ui =
(0,-2i—1) if L <i<m-—1,
and

(1L,2i+1) if 0<i< ™3
U2i+1 =
l (1,-2i—2) if ™= <i<m-—1,

(2)
Cs,n = (xo,, 21, ..., Tam—1) where

) if i=0,3 (mod 4),

2 for 0 <i<2m — 3,
(L,m—[%]) if i=1,2 (mod 4),
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and x99 = (1,1), xom—1 = (0,1). Also, C’éi{ = (Y0,,Y1,- - - Y2m—1) Where
yi =u; +(1,2) for 0<i<m-—3and m+2<i<2m-—1,

Ym—-2 = (170)7 Ym—-1 = (07 1)7 Ym = (]-7 ]-)7 Ym+1 = (O’O)

Finally, 6&2 = (20, 21,- .., 22m—1) where
zi =x; + (1,0) for 3 <i <2m —4,

20 = (270)7 21 = (O,TI’L), 22 = (070)7 22m—1 = (171)7 22m—2 = (172>7 22m—-3 =
(0,1).

Then, {C5),Co). C9) CH)

2m> 2m’ 2m? ~ 2m>

C (4)} is a Cam-factorization of crli2l e I3,

Case 2. (even m > 6) Let Cén)l be the same as in Case 1 and define the
directed 2m-cycles in C},[2] & I3, as follows.

652 = (z0,71,...,%2m—1) where 29 = (0,0) and
0,m— |2 ifi=1,2 (mod 4),
T = ( LQ J) ( ) for 1 <i<<2m—38,
(L,m— |22 +1) ifi=0,3 (mod 4),

and xo;,—g4+2; = (0,3 —14) for 0 < i < 2 and x9m—742; = (1,3 —14) for 0 < i < 3.
Also, 8&2 = (up,u1,...,Usm—1) where uy = (0,0), u; = (1,0), ug = (0,m — 1)
and

((),m —
U; =

(1,m —
(0,4 —[2]) if j = 0,2 (mod 4),

U2m—8+4+j5 =
Tl (La-[2]) it =1,3 (mod 4),
us = (1,5) and we only use above piecewise function. C( ) _ = (Y0, Y15+ -+ Y2m—1)
where yo;19 = (0,m — i) for 1 < i <m —4, yoi+1 = (1, m—z) for 1 <¢<m-—3,
Yo = (070)7 Y1 = (17 1_))7 Y2 = (170)7 Yom—4 = (172)7 Yom—-3 = (073)7 Yom—2 = (072)
and yo,,—1 = (0,1). C’gg = (20,21 .., 22m—1) where zgy9; = (0,4+7) for 1 <i <
m—>5, z104+2; = (1,4+14) for 0 < i <m—6, zp = (0,0), z1 = (1,m—1), 2z = (1,0),
23 = (07 1)5 24 = (1?2)a 25 = (17 1)7 Z6 = (07 2)a zZ7 = (1a3>7 zZ8 = (054)7 z29 = (053)
Then {8(0) ci } is a Cam-factorization of Crl2l® I3, ]

@

|52 —1) ifi=0,1 (mod 4),

J for 3 <i<2m —9,
|5]) ifi=2,3 (mod 4),
|

.

for 0 < j <7, and when m = 6,

2) 2(3) A4

> Cs Comns s G

By Lemma 13, we can decompose C,[2] into two Cp,-factors for even m.

So, we obtain the following lemma similar to Lemma 19. Also, the following
corollaries are obtained as a result of this lemma.
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Lemma 22. Let m > 4 be an even integer. Then C},[2] has a {(K3)", 6%}—
factorization for r € {0,2,4} with r + s = 4.

Corollary 23. Let m > 4 be an even integer. Then C}[2] ® I3, has a {(K3)",
67571}—fact0rizatz'0n forr e {1,3,5} withr+ s =>5.

Corollary 24. Let m > 4 be an even integer. Then I}, has a {(K;)T,C’)fn}—
factorization for r € {2,4,6} with r + s = 6.

Recall that I}, is C*[2] @ F[2].

Lemma 25. Let m > 4 be an even integer. T}, has a {(K3)", 6fn}—fact0rizatz'0n
form =2 (mod 4) and r € {1,2,3,4,6} with r + s = 6.

Proof. The cases r € {2,4,6} are obtained by Corollary 24.
For r = 1, we define the following m-cycles.

(0)

6m = (’UQ,’Ul,..wvmfl) where Vi = (0’7/) for 0 < ¢ g m= 1’
- 0.8 ifii
CW) = (uo,u1, ..., um—1) where u; = (0,9 Lo
(1,4) if 7 is odd,
i) = (20,21, ,@p-1) where zo = (0,0) and for 1 < i <m 1
(#% ~ L%J) ifi=1,2 (mod 4),
Ti = i
(1—(2—1) Jm g L%J) if i =0,3 (mod 4),
cP = (20,21, -+, 2m-1) where 2, = (1,m — 1), 21 = (0,0) and
0,3/ +1) ifi=0 (mod4),
ifi=1 d4
2 = ( [1 ) lZ (mod 4), forOSZSm-
(0,m — i) if i=2 (mod 4), 2
(1,m — i) if i=3 (mod 4),

Let us choose the factor Fy as isomorphic to F @ (F) + (1,0)), then Fj
becomes a K3-factor. Using the above m-cycles, we obtain five m-cycle factors:
= 652) U (6£)(1)) + (LO))? Fy = R(F1)7 F3 = 6’)grlL) UR(a}%) + (170))> Fy =
CPURCY +(1,0), and Fs = C U (C' + (1,0)). Then {Fy, Fy, Fy, Fs,
Fy, Fs}is a {(K3)", 8;21}-fact0rization of I'},.

For r = 3, F1 @ F» is a ()}, -factor of I'}, and has a factorization into two
K3-factors of T, say F, and Fy. Then {Fy, F|, Fy, F3, Fy, Fs} is a { (K3)%,C3, )
factorization of I'y,.
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3. SoLuTioNs TO HWP*(v; 2", m?®)

NOWL> we can give solutions to the Directed Hamilton-Waterloo Problem for K5
and C',,, when even m.

Theorem 26. Let r, s be nonnegative integers, and let m > 6 be even. Then
HWP*(v; 2", m®) has a solution if and only if m|v, r+s=v—1 and v > 6 except
for s =1 or (r,v) = (0,6), and except possibly when at least one of the following
conditions holds:

(i) s=3 and m =0 (mod 4),
(i) s =3, m=2 (mod 4) and - is odd.

Proof. Take (v—2) disjoint K;-factors of K, say H, H;, ..., H;_,. It is obvious
that K; — (Hf @ Hy & --- @ H;_,) is a Kj-factor in K}. Thus, there is no
{(K3)"2, 6}},1}—factorization of K. Therefore, we may assume s # 1.

Since HWP*(v; n", m®) has a solution for » = 0 except for (v,m) = (6,6) by
Theorem 1, we may assume that r > 1.

Let v = ma for a positive integer x. Partition the vertices of K, into 2z
sets of size %, represent each part of 3 vertices in K, with a single vertex and
represent all double arcs between sets of size 5 as a single double arc, to get a
K3,.. By Proposition 7, K3, has a decomposition into (2x — 1) Kj-factors. Then
construct a K, -factor of K}, from one of the Kj-factors, and a K Z‘%:z)—factor of
K} . from each of the remaining (2x —2) K;-factors. Then K7, can be factorized

into a K -factor and (2z — 2) K{'m o)-factors.

m.o

By Lemmata 10 and 15, K(*%Q:Q) decomposes into 5§ Kj-factors or 6m—
@)ctors, respectively. As a result, we must decompose K, into K;-factors and
C'y,-factors.

Case 1. (odd r) By Lemma 12, factorize K, into an F,,-factor and (mT_Q)
Cp-factors. So, K, can be factorized into an F};,-factor and (msz) C;, -factors
by Proposition 6. R

Since C};, can be decomposed into two K;-factors or two C',-factors for even

m, K}, has a {(K3)?*! 6251}—factorization where 7 + 51 = ™2
’ m 2 »~'m 1 1= "9

(2z—2)
Since K, has a {Kfn, (K(*mg)> }—factorization, placing a K3-factoriza-
n.

tion on rg of the K (* factors for rg even and 0 < rg < 2z—2, a 5m—factorization

%:2) N

on so of the Kim o where ro + so = 22 — 2, and taking a {(K3)2tt 2 -
2 —>

factorization of K}, give a {(K3)", C%, }-factorization of K}, where r = Zrg +

2ri+1and s = Bsg+2s; withr4+s = B (ro+s9)+2(r1+s1)+1=mx—1=v—1.

Since any nonnegative odd integer 1 < r < mx — 1 can be written as r =

1o+ 2r1 + 1 for integers 0 < rg < 2r —2 and 0 < 7 < mTﬂ, a solution to
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HWP*(v; 2", m?) exists for each odd » > 1 and s > 1 satisfying r+s =mz —1 =
v—1.

Case 2. (even r)

(a) Assume m = 0 (mod 4). Therefore, 2t is even. Each K (m .9 decompose
m

12

— —
into % Kj3-factors or g C'y,-factors. For this reason we need a {(K3)",C7, }-
factorization of K}, for even r.

m—4
Also, K}, can be factorized as @, *, C;@® Fi where each C} is isomorphic to
2 2

m—4

Ch. Then, K7, [2] = @, Cr2|®F%[2]. Also, K}, is isomorphic to K7 [2]@1,.
2 2 2 2

(2
m—12

Therefore, K, has a {(C*m 2]) T ,Cadl;h }-factorization. By Lemma 19,
2 2

2

each of 212 C*% [2]-factors has a {(K3)™, 6’:372 }-factorization for vy € {0,2,4}
and 79 + sp = 4. By Lemma 21, C’*% [2] @ I}, has a {(K3)™, 6,5,,%}—factorization
for m € {0,1,3,5} and 1 4+ s1 = 5. By Corollary 20, I'}, has a {(K;)T’Q,afg }-
factorization for evenmandry € {0,2,4,6} with ro+s9 :26. Those factorizations
give a {(K;‘)T,,Cf,lb}—factorization of K, where r' = (2)rg + ry 4+ ry and
s = (22)s0 + s1 + so satisfying v’ + ' = (22)4+ 5+ 6 = m — 1 with
0 <7, s <m—1. If we choose r; =0 , we obtain a {(K;)’",, 8?,;}—fact0rization
of K, for even 7’. Since we cannot get 7o = 1, 71 = 2 or r9 = 3 from the above
factorizations, it can be seen that ' = m — 4 cannot be obtained.

Placing a Kj-factorization on r” of the K(*mg)—factors for 0 < " < 2z — 2,
i

a Cp-factorization on s of the K(m . for v’ + s = 2z — 2, and taking a
i

{(K;)T/,a%}—factorization of K}, give a {(K;)%T”“’ﬁ,%” i }—factorization
of Ky, where Tr” + 1/ is even.

Any even integer 1 <7 < max — 1 can be written as r = Z'r” + ¢/ for integers
r’ € [0,m—1] and 0 < 7" < 22—2. Since 1’ # m—4, a solution to HWP*(v; 2", m?)
exists for each even r > 2 except possibly r = mx —4 = v—4 and s > 1 satisfying
r+s=v-—1

(b) Assume m = 2 (mod 4). By Lemma 11, factorize K, into (%5%) C,-
factors for odd n, and get a C}-factorization of K by Proposition 6. Also, K},

m—2
can be factorized as K*% [2] @ I};,. Since % is odd, K;;, has a {(C’*% [2]) * ,Ir*n}—
factorization. By Lemma 19, each of C [2]-factors has a {(K3)™, C59 }-factori-
2
zation for ro € {0,2,4} and 79 + so = 4. By Lemma 21, Ch[2] & I}, has
N 2

{(K3)™, C51 }-factorization for i € {0,1,3,5} and r + s = 5.

Those factorizations give a {(K3)™2, C2}-factorization of K, for ry = -8
ro + 11 and s9 = mT_Gso + s1 with 79 4+ s9 = m — 1. Since we cannot get rg = 1
or r; = 2 from the above factorizations, it can be seen that ro = m — 4 cannot
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be obtained.
Placing a Kj-factorization on r’ of the K(*m_Q) factors for 0 < 7' < 2x—2 where
a¥

we choose 7’ is even, a am—factorization on s of the K(*m,2) with 7’ + s’ = 22 — 2,
o

and taking a {(K3)", 6%}-factorization of K}, give a {(K;)%T””?, gzt }_

factorization of K, where r = B0’ +ry and s = s’ 4 s3. Also, we obtain the
requested even integer r € [1,ma — 1], from the sum of %1’ and 7 for integers
0 <7’ <2z—2andry € [0,m—1]. Since 1y # m—4, a solution to HWP*(v; 2", m?)
exists for even r > 2 except possibly r = mx —4 = v —4 and odd s > 1 satisfying
r+s=uv-—1

If z is even, say x = 2t, factorize K, into a K3, -factor and_>(2t -2) (m:2)”
factors. K, o) has a Ky-factorization with m Kj-factors and a C',-factorization
with m Bm—factors by Leglmata 10 and 15, respectively. So, we must decompose
K3, into Kj-factors and C'p,-factors. As before, K3, can be factorized as K}, [2]®

m—4

I5... So, K3, hasa {(C;; 2]) =, I3, F;}-factorization. By Lemma 22, each of
C;,[2]-factors has a {(K3)™, 6’)fn0}—factorization for 7o € {0,2,4} and ro+ 5o = 4.
By Corollary 23, C},[2] ® I5,, has a {(K;)’”l, Cfﬁ}-factorization for 1 € {1,3,5}
and r; + s1 = 5. By Lemma 25, I', has a {(K3)™, Cs2 }-factorization for m = 2
(mod 4) and 79 € {1,2,3,4,6} with ro + so = 6. Using these factorizations, we
obtain a solution to the problem for r = 2mt —4 = ma — 4 when m = 2 (mod 4)
and even z. As a result, HWP*(v; 2", m®) has a solution for r = v — 4 and even
~ when m =2 (mod 4). |

Lemma 27. C}[2|® 1§ has a {(K;)’", 62}-fact0rization forr € {0,1,2,3,5} with
r4+s=>5.

Proof. We represent C}[2] & I as the directed Cayley graph X (Zs, S) with
connection set S = { + 1,43, 4}.

For r = 0, we define a Cs-factorization of Cil2] & I3:

Fl = { [(0’ 1’ 27 3)’ (4’ 5’ 67 7)]7 [(07 37 27 1)7 (47 77 67 5)]7 [(07 57 17 4)7 (27 77 37 6)]7 [(0; 47
3,7),(1,5,2,6)],[(0,7,2,5),(1,6,3,4)] }.
(

For r = 2, we define a {(K3})?, 62}-fact0rization of Cj[2] & I3:

Fo = {[(0,4)*,(1,5)*,(2,6)*,(3,7)*], [(0,7)*, (1,6)*, (2,5)*, (3,4)*], [(0,1,2,3),
(4,5,6,7))],(0,3,6,5),(1,4,7,2)], [(0,5,4,1),(2,7,6,3)] }.

The remaining cases are obtained from Corollary 23 for m = 4. |

Lemma 28. K7, has a {(K;)T, _)j}-factorization forre{0,1,2,3,4,5,7,9,11}
with r + s = 11.
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Proof. The cases r = 0 and r = 11 are obtained by Theorem 18 and Proposition
7, respectively. Since K15—1I has a Cy-factorization where I is a 1-factor of K19, by
Proposition 6, K7, can be factorized into five Cj-factors and one I*-factor which
is a K3-factor of Ki,. Also, Cj has a C s-factorization and Kj5-factorization. So,
we obtain a { (K3)" C4} factorization of K7, for r € {1 3,5,7,9} with r+ s = 11.
We represent K7, as the directed Cayley graphs X (Z12, S) with connection
set S = {£1,£2,43,44,45,6}, and define the following factorizations of K7,
for r = 2,4, respectively.
Fio= {[(0,6)* (1,7)%, (2,8)*,(3,9)*, (4,10)%,(5,11)*], [(0,10)*,(4,6)*, (1,5)*
(7,11)*, (2 9) ,( 8)*],[(0,1,2,3), (4,5,6,7), (8,9,10,11)], [(0,2,1,4), (3,5,7,6),
(8,11,10,9)], | ,3,1,8) (2,4,11,6), (5,9,7,10)], [(0,4,2,11), (1,6,8,10), (3,7

(
(0 5,9,7,10)]
5), [(0,5,8,7), (1,3,4,9), (2,10,6, 11)] [(0,7,5,2), (1 10,8,4),

9 ( (37
[(0,8,6,1), (2,5,10,7), (3,11,9,4)], [(0,9,6,5), 1,11,4,8), (2,7,3,10)], [(0,11,
1,9), (2,6,10,3), (4,7,8,5)]},

Fa = {10,6)%, (1,7)*, (2,8)%, (3,9)*, (4,10)*, (5,11)*], [(0,10)*, (4,6)*, (1,5)*,
(7,11)", (2,9)%, (3 8)*] [( 8)%, (2,6)%, (1,10)*, (4,7)*, (3,11), (5,9)*], [(0,1)*,
(2a3) (4’ )*7 77)*a( ) ) ( Oa ) ] [(O 2’173)’ (4’871179)a (5777 1076)]7 [(0737
10,5), (1,8,6,11), (2,4,9,7)], [(0,4,11,2), (1,6, 10,9), (3,5,8,7)], [(0,5,6,9), (1,2,
11,4), (3 7,8,10)], [(0 7,9,11), (1,4,3,6), (2,10,8,5)], [(0,9,10,7), (1,11,6,8),
(2,5,

3,4)], [(0,11,8,4), (1,9,6,3), (2,7,5,10)]}.

Therefore, K}, has a {(K3)", 53}-factorization forr €{0,1,2,3,4,5,7,9,11}
with r + s = 11. [ |

Lemma 29. K&:g) has a {(K;)T, _)j}-factorization forr €{0,1,2,4,6,8} with
r+s=28.

Proof. The cases r = 0 and r = 8 are obtained by Theorem 17 and Lemma 10,

respectively. By Theorem 8, K(4.3) has a Cy-factorization and so, K (1:3) has a

Cj-factorization by Proposition 6. Since Cj has a Kj-factorization and a C'y-
factorization, K(4.3) can be factorized into two Kj-factors and six C4 factors.

Similarly, a {(K3) ,C'4}—factor1zat10n of K43 is obtained for r € {4,6} with
r4+s=28.

Finally, let V(K4 = UZ_ {44, 4i41,4i 42, 4i+3} with the obvious vertex
partition, and define the following factorization of K E‘ 1:3) for r = 1.

Fi = {1(0,4,2,5), (1,8,3,11), (6,9,7,10)], [(0,5,1,7), (2,9,4,11), (3,8,6,10)],
[(0,7,1,9), (2,4,3,10), (5,11,6,8)], [(0,8,1,10), (2,7,3,5), (4,9,6,11)], [(0,9,
2,11), (1,5,3,6), (4,10,7,8)], [(0,10,4,8), (1,11,5,9), (2,6,3,7)], [(0,11,3,4),
(1,6,2,10), (5,8,7,9)], [(0,6)*, (1,4)*, (2.8)", (3,9)", (5,10)", (7,11)*]}.  m

In Theorem 26, we have given the necessary and sufficient conditions for the
existence of a solution for HWP*(v;2",m®) for even m > 6. The construction
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in Theorem 26 is not valid when m = 4, therefore we also examine the case of
m = 4 in the following theorem.

Theorem 30. Let r, s be nonnegative integers. Then HWP*(v;2",4%) has a
solution if and only if r +s = v —1 except for s =1 or (r,v) = (0,4), and except
possibly when at least one of the following conditions holds:

(i) 7> 2 even and v = 4,20 (mod 24),

(ii) s € {3,5} and v =12 (mod 24).

Proof. If you remove (v — 2) disjoint K;-factors from K3 then the remaining
factor must be a Kj-factor in K;. Thus, there is no {(K3 )” 2 C1 1 }-factorization
of K. So, we may assume s # 1.

Since HWP*(v; n", m®) has a solution for r = 0 except for (v,m) = (4,4)
by Theorem 1, HWP*(4;2",4%) has no solution for » = 0. As a result, we may
assume that r > 1.

Case 1. (v =0 (mod 8)) Let v = 8k for a positive integer k. Note that, KJ,
can be factorized as K7, [2]® I, . Also, K}, [2] can be factorized into C} [2]-factors
and a K3 [2]-factor. The graph kC[2]® 3, can be considered as (Cj[2]®I3)-factor
in K},. Therefore, K, has a {(Cj} [2})%71,Ig,K;[Z]}—factorization. Also, C}[2]
has a {(K;)TO, 530 }-factorization for ro € {0,2,4} where rg + sg = 4 by Lemma
22. Since Kj[2] = Cf, K;[2] has a {(KQ*)Tl,521}—factorization for m € {0,2}
and r1 + s; = 2. By Lemma 27, C}[2] & I has a {(K3)™, 622 }-factorization for
ro € {0,1,2,3,5} where ro + so = 5. These factorizations give a {(K;)T, —)j}-
factorization of Kg, for r # 8k — 2 with r + s = 8k — 1.

Then, HWP*(v;2",4%) has a solution for r+s =v —1, s # 1 and v = 0
(mod 8).

Case 2. (v =4 (mod 8)) Let v = 8k + 4 for a nonnegative integer k.

(a) Assume 7 is odd. Partition the vertices of Kg; , into 4k + 2 sets of size
2, represent each set of size 2 vertices in K,  , with a single vertex and represent
all double arcs between sets of size 2 as a single double arc, to get a Kj; ,,. By
Proposition 7, K}, , has a decomposition into 4k+1 Kj-factors. Construct a Kj-
factor from one of the K3-factors and a K. (2:2) -factor from each of the remaining
4k Kj-factors. Then, factorize K, into a Kj-factor and (4k) K, -factors.
K} 4 has a decomposition into one K3 and two C s-factors or three K3-factors, and

Ky, has a { (K3)™ CSO} factorization for ro € {0,2} satisfying r + s = 2. So,

Kg;.. 4 has a { (K3)", C4}—factor1zat10n for odd r. Therefore, HWP*(v; 2", 4%) has
a solution for odd r and v =4 (mod 8).

(b) Assume r is even, and also let k =1 (mod 3). Then, we have v = 241+ 12
for some nonnegative integer .



630 F. YETGIN, U. ODABASI AND S. OZKAN

Representing each part of 4 vertices in K3y, 1, with a single vertex and all
double arcs between parts of size 4 as a single double arc, we have a Kg;_ ;. Since
a Kirkman triple system exists for orders 6/ + 3, we have a Cs-factorization of
Kgi13. Then a Cj-factorization of K 5 is obtained by Proposition 6.

Construct a Kiy-factor from one of the C3-factors and K(*4:3)—factor from
each of the remaining 3/ C3-factors. Then get a {Kik% (K(*4:3))3l}—factorization
of K3y 15~ By Lemma 28, K7, has a {(K;)TO,8?,‘2}—factorization for ro €
{0,1,2,3,4, 5,7,9,11} with r9 + sop = 11. Also, K(*4:3) has a {(K;)T1 ,6721}_
factorization by Lemma 29 for r; € {0,1,2,4,6,8} with 7 + s; = 8. Those
factorizations give a {(K3)", 621}—factorization of K34, 1o where 7 = 19 + ar
and s = sg + bsy satisfying r+s =24+ 11 =v -1 with 1 <r,s <v—1 and
a + b = 3l. We obtain the requested even r € [0,v — 1] except for r = v — 6 and
r = v — 4, from the sum of rg and ary;. Then HWP*(v;2",4°) has a solution for
r+s=v-—1,s¢{3,5} and v =12 (mod 24). |

Proving Theorem 3 was accomplished by proving Theorems 26 and 30.

4. SovruTiOoNs TO HWP*(v;m", (2m)*)

In this section, we prove that for even m, a solution to HWP™*(v; m”, (2m)?®) exists
for r + s = v — 1 and except possibly when s € {1, 3}.

Firstly, factorize K3, . into a K; -factor and (2z — 2) K (o) -factors. K¢ o
has a {a’»fn, _)gm}—factorization for r € {0,m} and r + s = m. Using Lemma
12 and Proposition 6, a {(C:‘n[2])mT_4,I§‘m, I }-factorization of K3, is also ob-
tained. Therefore, in order to factorize K3, into C m-factors and é)gm—factors,
I, Cr2]® I, and C},[2] must be factorized into Cm-factors and Cap,-factors.
The following lemmata examine the existence of a { 6”;1, —)gm}—factorization of
these graphs for r + s € {4,5,6}.

Lemma 31. Let m > 4 be an even integer. Then I'}, has a {C’)Tm, _bgm}-factori—
zation for r € {0,6} and r + s = 6.

Proof. Case 1. (r = 0) By Lemma 14(i) and Proposition 6, I'}, has a Cam-
factorization.

Case 2. (r = 6) By Lemma 14(ii) and Proposition 6, I'}, has a C m-factori-
zation for m =0 (mod 4).

When m = 2 (mod 4), define the following m-cycles. Also, let 6’)29) and 65,11)
be the cycles 6’12) and 6')7(7%) respectively, as stated in Lemma 25.
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R Im—-1—4) if 0<i< 2
a2 _ UQ, UL,y - - -, Um—1) Where u; = (1, -
m (uo, u1 m—1) i (O,m—1—4) if Z24+1<i<m-—1
ng) = (Z/anla- < 7ym—1) where Yo = (070)7 Y1 = (0’ %)’ Y2 = (1’ % + 1)7 Y3 =

—~
[u—

,%—1) and

- { (1,2 + (=)L [2])if i=0,1 (mod 4),

L o ford<i<m-—1.
(0,%+(71)Z L%J) if i=2,3 (mod4),

6%) = (20,21, -, 2m—1) where

Ym_i + (1,0) if 1<i<m—3,
z; =
' Yrmi it m—2<i<m.

Using the above m-cycles, we obtain the following m-cycle factors. Fy =
CVU(CY +(1,0), i = CY URCY +(1,0), F, = R(F), Fs = C) @
(C2 + (1,0)), Fy = CP U (CH + (1,0)) and F5 = C U (CS) + (1,0)).

Then {Fy, F1, Fy, F3, Fy, F5} is a 6m-fact0rization of I';,. So, I'y, has a Cy,-
factorization for even m > 4. [ |

Lemma 32. Let m > 4 be an even integer. Then Cy,[2]® 15, has a {6%, —)gm}_
factorization for r € {1,3} and r + s = 5.

Proof. Case 1. (r = 1) Let 852) = (vo,v1,...,Um—1) be a directed m-cycle
of C},12] ® I5,,, where v; = (0,7) for 0 < i < m — 1, and it can be checked
that F; = CW U (6')52) + (1,0)) is a directed m-cycle factor of Cj,[2] & I,,.
Also, let 652 = (ug, u1,...,u2m—1) be a directed 2m-cycle of C},[2] & I3,,, where
ug; = (0,4), and w9y = (1,7) for 0 < i < m — 1. Similarly, it can be checked
that F» = 5;}1 and F3 = C gln)l + (1,0) are arc disjoint directed 2m-cycle factors
of Cr 12| ® I5,,.

Let 6&2 = (20,21, ...,T2m—1) be a directed 2m-cycle of C} [2] ® I3,,, where
zo = (0,0), zm = (1,0), xig1 = (0,m —1—1i) for 0 <i <m — 2 and Tj414m =
(ILm—-1—j)for0<j<m-—2.

Let 65’% = (Y0, Y1, - - -, Y2m—1) be a directed 2m-cycle of C},[2] & I3,,, where
ym = (1,0),

for 0<i<m—1,

o (0,m —1i) if i is even,
TN (m—d) it s odd,

and

(1,2m —14) if 4 is even, _
Yi = for m+1<4i<2m-—1.

(0,2m —1i) if ¢ is odd,
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The factors Fy = 6&2 and Fy = 6&2 are arc disjoint directed 2m-cycle
factors of Cy,[2] @ I3,,. Then {Fy, F», F3, Fy, F5} is a {C},, C3,, }-factorization of
Crl2] e I3,

Case 2. (r = 3) Let Fy, F; and F3 be the same as in Case 1. Using the arcs
of Fy U F5, we obtain two new 8m—factors.

The factor Fy, = R(F}) is a Cn-factor of Crl2l @15, Let C = (Yo, Y1y - -
Ym—1) be a directed m-cycle of C,[2] & I}, where

for 0 <i<m-—1.

- J(0,i) if i is even,
YT () it s odd,

It can be checked that Fi = R(a) U R(a +(1,0)) is a directed m-cycle factor of
Col2) © I, o
So, {Fl, By, F3,Fi, FE’)} is a {Cfn, C%m}—factorization of Cr 12| & I5,,. [ |

Lemma 33. Let m > 4 be an even integer. Then C},[2] has a {6Tm,_)§m}—
factorization for r € {0,2,4} and r+ s = 4.

Proof. The cases r € {0,4} are obtained by Lemmata 19 and 22. Let 6;2 =
(uo,ut,...,uzm—1) be a directed 2m-cycle of C},[2], where

(0,i) if 0<i<m-—1,
U =
i) fm<i<2m-—1.

And it can be checked that F} = 852 is a 82m‘f30tor of Cp,[2]. Let 6’»%)1 =

(vo,v1,...,v2m—1) be a directed 2m-cycle of C [2], where
U; if ¢ is even,
v =
" w4 (1,0) if i is odd.

The factor Fy = 852 is a Capm-factor of C#,[2]. Let Fy and F§ be the same as in
Lemma 32. Then {Fy, F3, Fy, F5/} is a {C%,,C3, }-factorization of Cy,[2]. |

The proof of Theorem 4 can now be given.

Theorem 4. Let r, s be nonnegative integers, and let m > 4 be even. Then
HWP*(v;m”, (2m)®) has a solution if and only if mlv, r+s=v—1 andv > 4
except for (s,v,m) € {(0,4,4),(0,6,3),(0,6,6)}, and except possibly when s €

(1,3).
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Proof. By Theorem 18, HWP*(v;4",8°) has a solution for » +s = v — 1, so
we may assume that m > 6. Furthermore, by Theorem 1, a solution to the
HWP*(v;m", (2m)®) exists when » = 0 or s = 0 and except for (s,v,m) €
{(0,4,4), (0,6,3),(0,6,6)}.

Factorize K3, . into a K3, -factor and (2 — 2) K{,,.2)-factors. By Theorem

17, K(*m;z) decomposes into m aﬂ—factors or m 82m—factors. So, K3, must be de-

composed into gm—factors and 62m—factors. As before, K3, can be factorized as
m—4

K}, [21® I3,,. Consequently, K3, has a {(Cp,[2]) % ,I3,,, T}, }-factorization. By
Lemma 33, each of C [2]-factors has a {8:;2, 6;%}—factorization for ro € {0,2,4}
and ro + so = 4. By Lemmata 32 and 21, C}[2] & I3, has a {8%,6;;,1 -
factorization for r; € {0,1,3} and r; + s; = 5. By Lemma 31, I'}, has a
{8%,6;%}-factorization for ro € {0,6} with ro + so = 6. Those factoriza-
tions give a {6&,6§m}—factorization of K3, where r = (Z5%)rg + ri + 1y
and s = (mT_(j)so + s1 + so satisfying r + s = (mT_(j)éL +54+6 = 2m — 1 with
0<rs<2m—1ands¢ {13}

Placing a C,,-factorization on 7’ of the KE“mZQ)-factors for 0 <7’ <2z — 2,

a 62m—factorization on s’ of the K(*m:Z) for v’ + s’ = 22 — 2, and taking a {65,“

—)‘gm}—factorization of K5, give a {8%’“/”, 5?£/+5}—fact0rization of K3,,... Then
HWP*(v;m”,2m?) has a solution except possibly when s € {1, 3}. [ |
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