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Abstract

For graphs G and H, the multicolor Ramsey number ry1(G; H) is de-
fined as the minimum integer N such that any edge-coloring of Ky by
k + 1 colors contains either a monochromatic G in the first k£ colors or a
monochromatic H in the last color. We shall write two color Ramsey num-
bers as (G, H). For graphs F, G and H, let F — (G, H) signify that any
red/blue edge coloring of F' contains either a red G or a blue H. Define
the star-critical Ramsey number r*(G, H) as max{s | K, \ K1, — (G, H)}
where r = R(G,H). A fan F,, is a graph that consists of n copies of K3
sharing a common vertex, and a book B,(Lp ) is a graph that consists of n
copies of K, sharing a common K,,. In this note, we shall show the upper
bounds for ry41(Ky s Fp), re+1(Ka,s; Fn), me+1(Cay; F), some of which are
sharp up to the sub-linear term asymptotically. We also obtain the value of
r*(Fm,B,(Lp)) as n — 00.

Keywords: multicolor Ramsey number, star-critical Ramsey number, fan,
book.
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1. INTRODUCTION

For simple graph G, let v(G) = |V(G)| and e(G) = |E(G)|, respectively. For
graphs G and H, the multicolor Ramsey number r1(G; H) is defined as the
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minimum integer N such that any edge-coloring of Ky by k + 1 colors contains
either a monochromatic G in the first k£ colors or a monochromatic H in the
last color. We shall write two color Ramsey number ro(G; H) as (G, H). Let
r(G,G) = r(G) be the diagonal Ramsey number. Then we call r(G, H) the off-
diagonal Ramsey number when G # H. For graphs F', G and H, let F' — (G, H)
signify that any red/blue edge coloring of graph F' contains a red subgraph G or
a blue subgraph H. Call graph F' a Ramsey graph if F — (G, H) and v(F) =
r(G,H). Let K, \ F denote the graph obtained from K, by deleting the edges of
F from K, where F is viewed as a subgraph of K.

A new problem in Ramsey theory to consider is that the largest surplus
graph F such that K, \ F remains a Ramsey graph. Thus we shall define F' as a
surplus subgraph of (G, H). If we consider F' as a star, then we have the following
definition.

Definition [26]. The definition of star-critical Ramsey number is
(G, H) =max{s | K, \ K1, — (G,H)},
where r = r(G, H).

In this problem, one may ask how to add an extra vertex u and connect v with
s vertices of K,_1 completely such that the resultant graph remains a Ramsey
graph of (G, H). Let K,_; U K, signify the graph that consists of a complete
graph K,_; and an extra vertex u obtained by connecting vertex v with random s
vertices from V(K,_1) completely. Hook and Isaak [14] introduced the definition
of the star-critical Ramsey number first as r.(G, H) = min{s | K, U Ky, —
(G,H)}, where r = r(G, H).

By above definitions, (G, H) = r*(G,H) + r.(G, H) + 1. The study of
star-critical Ramsey numbers attracts much interests, see [17, 21, 28, 30].

For a vertex u € V(G) and set U C V(G), let Nf(u,U) and NB(u,U) de-
note the sets of neighbors of w in set U in graph R and B, respectively. Define
d®(u,U) = |[NE(u,U)| and dP(u,U) = |[NB(u,U)|. Let x(G) denote the chro-
matic number of G. Let §(G) and A(G) be the minimum degree and maximum
degree of G, respectively. Let V1,Va,...,V (g) be the color classes of G' with
|V1| S |V2| S tee S |Vx(G)| Define S(G) = |V1|, and

7(G) = min min 2S?SHXI%G) |Na(v) NV,
V1l=s(G)
in which the first minimum takes over all proper vertex colorings of G.
For graphs G and H, where H is connected with v(H) > s(G), if r(G,H) =
(x(G) = 1)(v(H) — 1) + s(G), then Burr [3] defined that H is G-good. Hao and
Lin [13] gave a general upper bound for r*(G, H).



MULTICOLOR RAMSEY NUMBERS AND STAR-CRITICAL RAMSEY NUMBERS ...397

Lemma 1 [13]. For graph G with x(G) > 2 and connected graph H with v(H) >
s(@), if H is G-good, then

(G, H) < max{s(G) —2,v(H) + s(G) —0(H) — 7(G) — 1}.

Call a graph B,‘f ) to be a book that consists of n copies of K11 sharing a
common K, and a graph Fj, to be a fan that consists of n copies of K3 sharing
a common vertex. Book and fan graphs play important roles in graph Ramsey
theory. It was shown by Rousseau and Sheehan [23] that r(B,) = 4n + 2 for
infinitely many n. Moreover, Conlon [5] obtained T(Bgm)) ~ 2Mn as n — o0.
Chen, Yu and Zhao [4] improved the bound of r(F,) as %n -5 < r(F,) <
%n + 6. Recently, Dvofdk and Metrebian [6] improved the upper bound as
r(F,) < 3n+15. For the results about the off-diagonal cases, see [29).

It is difficult to determine the exact values of Ramsey numbers involving
fans. The case of multicolor Ramsey numbers involving fans is even worse. In
this note, we focus on the multicolor Ramsey numbers and star-critical Ramsey
numbers involving fans.

For positive functions f(n) and g(n), we write f(n) = o(g(n)) if % — 0
as n — oo, and f(n) = ©(g(n)) if c1g(n) < f(n) < cog(n) for some constants
c1,c3 > 0 and all large n.

Theorem 2. Let s >t >3 and k > 1 be fixed integers. If € > 0, then
i1 (Kps; Fr) < 20+ (14 €)k(s — t + 1)Y{(2n) 71/
for all sufficiently large n.
Then we consider a special case of 71 (K¢ q; Fy).

Theorem 3. Let s > 2 and k > 1 be fized integers. Let a = r(Ka). If € >0,
then

Tht1(Ka,s; Fn) < 2n+ [k (s —1)2n+ k:(k:s—zlﬁ—l) + 6—‘ +a

for all sufficiently large n.

Theorem 4. Let k,t > 1 be fixed integers. If n is large, then
Tr+1(Co; F) <2n+ (1 + O(l))CtkTLl/t
where ¢; > 0 is a constant depending on t only.

By the above results, we can get the following theorem.
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Theorem 5. Let k,t,s > 1 be fized integers. Then there are infinitely many

n such that r1(Kos; Fn) = 2n+ (14 o(1))k+/(s — 1)2n and ri41(K33; Fn) =
2n+ (1+0(1))k(2n)%/3 as suchn — oo, and 74 1(Car; Fy) = 2n+ (1+0(1))cikn'/?
for all sufficiently large n where ¢, > 0 is a constant depending on t only.

Recently, Liu and Li [20] showed that for fixed integers m, p,
(1) r (Fm,ng) —2(n+p—1)+1

for large n. The star-critical Ramsey numbers involving large books also receive
much attention, see [13, 18, 19]. It is determined in [19] that r*(K2+G, ng)) ~n
for given graph G and fixed integer p as n — oo where K+ G is the join of graphs
Ky and G by connecting all the vertices of K2 and all that of G completely. In

this note, we also obtain the asymptotic value of r*(F,, Bflp )) as follows.

Theorem 6. If m and p are fived integers, then
*(Fpy BP)) ~

as n — OQ.

2. PROOFS

For a graph G whose edges are colored by red and blue, let R and B denote the
subgraphs of G induced by red and blue edges, respectively.

The Turan number ex(n, H) of H is defined as the maximum e(G) of an
H-free graph G of order n. A well known argument called double counting of
Kovari, Sés and Turan [16] shows that

) ex(N, Kys) < % [(s = )N> Y 4 (- )N
for s >t > 3. Furthermore, Fiiredi [12] obtained

ex(N, Kp4) < % [(s )NV N tNH/t} ,
which improves (2) for s >t > 3.

Erdés, Fiiredi, Gould and Gunderson [10] showed that for n > 1 and N >

50n2,
2

N
ex(N, F,) < {4J +n? — en,

where ¢ = 1 for odd n and ¢ = 3/2 for even n.
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For even cycles Cy, Bondy and Simonovits [2] proved that for any ¢ > 2,
ex(N,Cy) < e N1/t

for large N, where ¢; > 0.

Proof of Theorem 2. Let £ = (1 + €)k(s —t + 1)"/4(2n)"Y* and N = 2n + ¢
where ¢ > 0. Color the edges of Ky by colors 1,2,...,k + 1. Denote by G;
the spanning subgraph of order N induced by edges of Ky in color i. To prove
Tht1(Kes; Fr) < N, it suffices to show that k - ex(N; K 5) + ex(N; F,) < (];[)
Otherwise 1f( )= ijll e(G;) > k- ex(N; K s)+ex(N; F,), then either e(G;) >
ex(N; Kt s) for some 1 < i <k, or e(Gry1) > ex(N; Fy,). Thus we get a Ky in
color 7 or an F;, in color k + 1. Then we have
N(N-1) k

N2
5 > 5 {(sftJr 1)1/tN2_1/t+tN+tN2_2/t} + {4J +n? —cn,

where ¢ = 1 for odd n and ¢ = 3/2 for even n. Equivalently,
IN? — 2N > 2k(s — t + D)YVIN?V L 9kt N + 2kt N?~2/t 4 N2 + 4(n? — cn).
So it holds

242kt 2k(s—t+ 1Y 2kt 4(n? —cn)
(3) — > + + :
N N1/t N2/t N2

— 1/ — 1/t .
Note that 1 — 2+T2kt >1-— zgikt, Qk(sNﬁﬁ) ' < 2]42(?2;)-}1—/12 . The third term on
right side of (3) is

4(n* —cn) _ 4n2—4cn:<1 )<1+ £>2

N2 (2n + £)? 2
c 1 et l l
_(1—n)<1—+@<2> @(7#).
The second term on right side of (3) 13’;; @( )

L+ Kkt  2k(s—t+1)V c+l e 1
1-— 1-—
o @)/t + - + 0 +0 o

Since E G(ﬁ) = 0( 2

~ t), we only need to show that

1+kt<_2k(s—t+1)1/t ctl o 1
n (2n)1/t n n2/t
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Namely,
14kt <ctl—k(s—t+1)Y{(2n)"t — 0 (nl_Q/t) .

Then
(> k(s—t+ )Y 2n) "V + 0 (nl_Q/t> +1+kt—c

Since ©(n!~%t) = o(n!~1/!), we have that if ¢ > 0 and ¢ = (1 + €)k(s — ¢ +
1)1/t(2n)' =1/t then the claimed statement follows for large n. |

Lemma 7 [27]. Let s > 2 be an integer. Then

1 N
ex(N; Ko ) < 3 (\/s —1N3/2 4 5 ) .

Proof of Theorem 3. Let { = {k‘ (s — 1)2n+w+ew and N = 2n+/{+a
where € > 0. Color the edges of K by colors 1,2,...,k + 1. Denote by G; the
spanning subgraph of order N induced by edges of Ky in color i. Let d'(v) be
the number of neighbors that are adjacent to v by color i for 1 <i <k + 1.

We claim that if (2n + £ + a)l > 2k - ex(N; Ko 5), then rpi (Ko o Fp) < N.
For any vertex v € V(K y), we have d**1(v) < 2n+4a— 1. Otherwise if d**!(v) >
2n + a, then Nk“(v) can only contain at most n — 1 copies of K in color k + 1,
otherwise we have an F}, in color k4 1. So the graph induced by N*+1(v) contains

a K,12, whose edges are colored by ¢ = 1,...,k. Then we get a K5 in color ¢
for some i =1,...,k since a = ri(K2 ). Then
k .
Y di(w)=N-1-@2n+a—1) ="
i=1
Thus

- 2n+L+a)l

e(Gy) > 5 >k-ex(N; Kas)

1=

—_

such that e(G;) > ex(N; Kas) for some ¢ = 1,..., k. Then we only need to prove
(2n + €+ a)l > 2k -ex(N; Ka). Namely, (2n + ¢+ a)l > k(vs —1(2n + € +
a)3/ 24 %) Equivalently,

k(ks —k+1)

k —1)2
(s )2n + 5

k
+e>k\/(3—1)(2n+€+a)+§.

So
ks;’f+£> Vis=1)@n++a)— /(s —1)2n,
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which is true since

Vs—1(+ a) _Vs—u . k(s—1)
V2n+l+a+V2n  2V/2n 2

as n — oQ. |

V(s—1)(2n++a) —/(s—1)2n =

Proof of Theorem 4. Let £ = (1+0(1))c;kn'/t and N = 2n + £. Denote by G;
the spanning subgraph of order N induced by edges of Ky in color ¢. Similarly,
it suffices to show that

N
k-ex(N;Coy) + ex(N; F,) < <2>
Namely,

N? _ 92N > 4kctN1+1/t + 4(n2 — cn)

where ¢ =1 for odd n and ¢ = 3/2 for even n, which is

2 S 4kcy 4(n? — cn).

1- N = N1-1/t + N2

Since1— % >1-1 dker o ke ang AnPoen) g fhe @(%)7 we have

n) N1-1/t (2n)1-1/t (2n+6)2 — n n
1 4I€Ct {+c 12
1-->——41—-—+4+0 = ).
n — (2n)t-1/t * no <”2>

Thus

l+c—1 4kcy J4
> — .
. = (2n)1-1/t +0 (n2>

Therefore it holds
14
(+c—12>2ke(2n)/ + 0 <) )
n
Note that @(%) = @(#) = o(nl/t). We shall get the desired upper bound,

nl-1/t
completing the proof. [

Lemma 8 [27]. Let k,s > 1 be fized integers. Then there are infinitely many n
such that

Tk+1(K2,s§ KLQn) =2n + (1 + O(l))k\/ (S — 1)2n.

Lemma 9 [27]. Let k > 1 be fized integer. Then there are infinitely many n such
that

i1 (K33 K1) = 2n 4 (14 0(1))k(2n)%/3.
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Lemma 10 [27]. Let H be a bipartite graph with ex(N, H) > ¢N?7" as N — oo,
where ¢ and 1 are positive constants. If there are extremal graphs Gy of order N
for ex(N, H) such that §(Gn) ~ A(Gyn) as N — oo, then

Thr1(H; K1) > n+ (1 — €)2ken' ™"
for large n, where € > 0.

Proof of Theorem 5. By Lemma 8 and Theorem 3, we have 741 (Ko s; Fy) =
2n+(1+0(1))k+/(s — 1)2n for infinitely many n as n — oo since ry41 (Ko s; Fp) >
1 (K265 K1.2n)-

By Lemma 9 and Theorem 2, we have 144 1(K3,3; Fn) = 2n+(1+0(1))k(2n)%/3
for infinitely many n as n — oo since ry41(K33; Fy) > 1541 (K3.3; K1 2,).

By Lemma 10 and Theorem 4, we have rj,1(Cos; F) = 2n+ (1+0(1))cikn!/t
for sufficiently large n since 7441(Cas; F) > 754+1(Cor; K1,2n)- [

In terms of the proof of Theorem 6, the basic tool we mainly used is the
stability theorem from Erd&s and Simonovits. Intuitively, stability theorem de-
scribes that the structure of large graph G that has no subgraph G is similar to
that of K;(N/q) where x(G1) = ¢+ 1 if e(G) — e(K4(N/q)) is very small.

Lemma 11 [8, 9, 24]. Let G be a given “forbidden” graph with x(G) = k + 1.

For each & > 0, there exist 6 = §(§) > 0 and No = No(d) > 0 such that if H is a

graph with v(H) = N > Ny and e(H) > ’“2—761]\72 — 6N? that contains no G, then

there is a partition of V(H) into classes V1, Va, ..., Vi such that

(i) N/k—&EN <|Vil < NJk+EN for eachi=1,2,... k;

(ii) all but at most EN? pairs (u,v) with u € V; and v € V; (i # j) belong to
E(H);

(iii) at most EN? pairs (u,v) with u,v € V; belong to E(H);

(iv) no vertex is adjacent to fewer vertices in some other class than the number
of vertices to which it is adjacent in its own class.

The following Regularity Lemma is due to Szemerédi. For graph G, let
X,Y C V(G) be nonempty subsets and X NY = (. Let ¢(X,Y) be the number

of edges between sets X and Y. Denote by d(X,Y) = T%DX;I) the density of pair
(X,Y). A pair (U, V) is called eregular if |d(U,V) — d(X,Y)| < e whenever

U C X,V CY such that |[U| > €| X| and |V| > €]Y| for € > 0.

Lemma 12 [25]. For positive integer ¢ and real €, there is a large integer N =
N (¢, €) such that the vertex set V(G) of any graph G has a partition | JI_, Vi with
¢ < q < N if n=v(G) is large enough, where [Vo| < en, |Vi| = Vo] = --- = |V]
and all but at most eq® pairs (Vi,V;), 1 <i # j < q, are e-reqular.

Before proceeding to proof, we also need to introduce the following lemmas.
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Lemma 13 [7]. Let integers t > 3,p > 2. There exists a c¢;p, > 0 such that
if G is a Ki-free graph of order n > R(Ky, Kp), then G contains at least ¢t pn?
independent p-sets.

Lemma 14 [15]. Let 0 < e < < 1 and (n — €)?~2 > €. Suppose G is a graph
and V(G) =V UWVIU---UVy is a partition with |V | = |Vi| = --- = |Vi| such that
each pair (V,V;) is e-regular and e(V,V;) > n|V||Vi|, 1 <i < k. Furthermore, G
has at least

kIV[(m — ep[V[?)(n — €)”

cliques w with |w| = p+ 1 and |w N V| = p, where m denotes the number of all
cliques of size p of V.

Lemma 15 [15]. For 0 < € < n < 1 and an integer s > 1, let H be a graph
obtained from a given graph F' by replacing each vertex in V(F') by s vertices and
E(F) with e-reqular pairs of density at least n. Let G be a subgraph of F with
mazimum degree A > 0. If e < (n—€)/(A +2), then G is a subgraph of H.

Lemma 16 [11]. Suppose integer k > 2 and € > 0. Then there is ng = no(k, €)
that has the following property. If a graph G with n = v(G) > ng and

@ (1))

then Ki(¢) is a subgraph of G for some ¢ > celogn.
Lemma 17 [1]. For integerst > 1 and s > 2, r(tKy, Ks) = 2(t — 1) + s.

Proof of Theorem 6. By Lemma 1, we only need to prove the lower bound.
Take ¢ to be a sufficiently small number and let £ < (. By (1), let r =

r(Fm,BT(Zp)) =2(n+p—1)+ 1. We may assume that there is neither a red

Fy nor a blue BY in G = K, \ Ky where M = (1 — £)n and & > 0 is suffi-
ciently small.

Claim 1. The number of the red edges in graph Ky is at least (1/4 — o(1))N?
in which N =r — 1.

Proof. Since the proof is similar to [22] by Nikiforov and Rousseau, and the
version in terms of r(Fm, BﬁLp )) can also be found in [20], we only give a sketch
of the proof. First, apply Lemma 12 on red subgraph of Ky, and we shall get
a partition of V(Ky) = Vo U Vi U--- UV, such that almost all pairs (V;,V}) are
e-regular for 1 < i < j < ¢q. For any e-regular pair (V;,V}), we say it is dense
e-regular if d(V;, V) > a for some positive constant a, and we can get the number
of these dense pairs in blue subgraph of Ky is at least (1/4 4 o(1))g?. Otherwise
by Lemmas 15 and 16, we can get a red F,,,. By Lemma 13, there are ©(/N?) blue
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cliques of size p in each set V; for 1 < ¢ < ¢q. By Lemma 14, almost all vertices
in V; can form the pages of a p-book for every dense e-regular pair (V;,V;) in
blue subgraph of K, and the base of each p-books is in one V;. Then each
e-regular pair (V;,V;) with d(V;, V) not very close to 1 yields many additional

pages to such books. Note that K contains no blue B7(Lp ). So there are at least

(1/4 — o(1))q? e-regular pairs (V;, V;) with d(V;, V;) close to 1. Thus the number
of the red edges is at least (1/4 — o(1))N2. O

Then by Lemma 11, V(Ky) namely V(R) can be divided into two classes
Vi,Vo and for i =1, 2,
(i) N/2— &N < |[Vi| < NJ/2+ €N
(i) all but at most EN? pairs {u,v} with u € V;, v € V3_; are colored red;
(iii) at most EN? pairs {u,v} with u,v € V; are colored red;
(iv) for any vertex z € V;, df(z, Vi) < d®(z, Va_;).
Let V7 = {2 € Vi | d™(z, Vi) > (1 — 2v/E)[Va i[} for i = 1,2,
Claim 2. |V/| > (1 = 3V9)|Vi| fori=1,2.
Proof. We shall only prove |V/| > (1 — 3y/¢)|Vi| by symmetry. Suppose to
the contrary, |V{| < (1 — 3v/€)|[V4]. Then |V; \ V{| > 3/€|V4|. For any vertex
z € Vi \ V], df(z,Va) < (1 — 2\/&)|Va|l. So dB(z,Va) > 2y/€|Va|. Note that
[Vi] > (1/2 — £)N. Therefore the number of blue edges between V; and V5 is at
least dP(z, V) - V1 \ V]| > € N2, which contradicts to (ii). O
Select Cj1 from V; \ V/ such that Cjy = {z € V; \ V/ | df(2,V§_,) > ¢|V4_.|}
and let Cja be the set of the remaining vertices of V; \ V/ for ¢ = 1, 2.
Claim 3. Fori = 1,2, we have d®(z,V/) <m — 1 for any vertex z € Cj.
Proof. By symmetry, suppose to the contrary that df(z, V{) > m for some vertex
z € Cy1. Select m vertices in Nf(z, V{) and denote by Z = {z1, 22, ..., zm }. Note
that
d¥(z, V) = d(z,Va) = V2 \ V3| = (1 = 2V/©)[Va| = 3V/E|Val = (1 - 5/ W2l

fori=1,2,...,m. Thus we have

m NR(Z’L" VQ,)
zieW

Since df(z,VJ) > ¢|V3), it follows that

|< ﬂ NR(Z%VZI)> QNR(ZJG/)

z, €W

>m (1 - 5\/5) Va| — (m — 1)|Va| = (1 - 5m\/£> V).

Y

(1 - 5mvE) Val + V3] - V3|

Y

(éc— Zm%é—%%é) N>m
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for large n. Therefore R contains an Fj,, a contradiction. O
Claim 4. |Cj| < ¢ with ¢ = r(Fp,, K;,) — 1.

Proof. We shall only prove |Ci2| < ¢ as symmetry. Suppose to the contrary,
|C12| > ¢+ 1. Note that for any vertex z € C1a, d®(z, Vy) < ¢|V4|. Apply Claim
2, we can obtain that

d™(z, V) < d(z,W1) < d"(z,Va) <d"(2,V3) + [Va \ V3]
3v¢
< Vsl + ——=|V5| < 2¢|Vy
< (] 2|+1—3\/§| 2| < 2¢|V4|
since £ < (. Therefore
P (2, Vi UV5) = V| + V5| = (d (=, V) + d"(2,13))
> (1=3¢) (V] + V3]).
Since |C12| > r(Fm, Kp) and R contains no F,, there is a blue K, in Cia.
Then the number of common blue neighbors of p-clique in V] U V3 is at least
(1= 3p¢) (V3] + 1V3]) = (1= 3p¢) (1 = 3v/€) (IVa] + |Val)
>2(1-4pQ)(n+p—1) =>n

for large n. Thus B contains a Bflp ), a contradiction. O

Since R contains no Fj,, the graph induced by N R(u,Vi') contains no red
mK5 for each vertex u in Vg_i. Note that

[NE(u, V)] = [N, V)| = VA V] = (1= 5V Vil
By Lemma 17, each set V; contains a blue clique X; with

X > (1= 5V |Vi| — (2m —2) > (1 — 6/ |Vi]

for large n. Similar to the proof of Claim 3, we have dgr(u,V]) < m — 1 for each
vertex u € V. Then we can put all the vertices of V/\ X; into Cj1, and redefine
sets V1 and V5 as

Vi=X1UC11 UCyy;
Vo = Xo U Cy1 U Cha.

Then we can find a subset XZ( C X; and each vertex in V; \ X{ is blue-adjacent to
X; completely with

1X1| = |X1| = m|Ci1| — ¢|Caal |V/]

> (1= 6y/€)Va| = m- 6y/EVa| = ¢ - VA
> (% —2cC)N >p
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for large n. Similarly, we can obtain |X}| > p. Note that [Vi|+|Va| = 2(n+p—1).
If there exists a set V; such that |V;| > N/2+1, then B contains a B Therefore,
we conclude that |Vi| = |Va| = n+ p — 1, and each set V; contains a blue B,(fﬁl
fori=1,2.

Now we consider a new vertex v. Since B contains no blue BﬁLp ), then
dB (v, X!) < p— 1. Thus there are at least

2
r—1-M=Y |[V;\ X{| —2d®(v,X]) > N — (1 - &)n—4c(N — 2p +2
=1
1
> (1-9e¢— e+ &)n>5n

red edges between v and X]UX} for large n. Now we may assume that d®(v, X}) >
d(v, X!) without loss of generality. By choosing & = &(¢) suitably, we can get
that

(v, X]) > 7= 1= M —[Vo| = [Vi\ X{| = (p— 1)
>2n+p-1)—(1—-&)n—(n+p-1)—4dcf(n+p-1) = (p—1)
> (€ — 5el)n > m
for large n. Note that df(v, X}) > % . %n = in. Then select m vertices from

NE(v, X!) and denote them by L = {l1,l2,...,ln}. Note that d®(l;, X}) >
| X5 — (p — 1), otherwise there is a blue BY). We can obtain that

liEL

>m (|X3] = (p— 1)) = (m — DIX5| = |X3| —m(p - 1).

Moreover, we have

1
> |X3| = m(p— 1)+ 7n — |X3

‘( ﬂ NR(li,X§)> N Ng (v, X5)

l,eH

1
= Zn—m(p—l) >m
for large n. Hence we find a red F,. [
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