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1. INTRODUCTION

Given a digraph D, N}, (z) and Np,(z) denote the sets of out-neighbors and in-
neighbors, respectively, of a vertex z in D. The nonnegative integers |N;)(z)|
and |Np(x)| are called the outdegree and the indegree, respectively, of x and
denoted by d} (z) and d, (), respectively. When no confusion is likely, we omit
D in Nj(z), Ny (), df(z), and dp(z), to just write N+ (z), N~ (z), d*(x), and
d~(zx), respectively.

The competition graph C(D) of a digraph D is the (simple undirected) graph
G defined by V(G) = V(D) and E(G) = {w | u,v € V(D),u # v, Nj(u) N
Nzg(v) # (}. Competition graphs arose in connection with an application in
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ecology (see [4]) and also have applications in coding, radio transmission, and
modeling of complex economic systems. Early literature of the study on compe-
tition graphs is summarized in the survey papers by Kim [11] and Lundgren [13].

For a digraph D, the underlying graph of D is the graph G such that V(G) =
V(D) and E(G) = {uv | (u,v) € A(D)}. An orientation of a graph G is a digraph
having no directed 2-cycles, no loops, and no multiple arcs whose underlying
graph is G. A tournament is an orientation of a complete graph. A k-partite
tournament is an orientation of a complete k-partite graph for some positive
integer k > 2.

The competition graphs of tournaments and those of bipartite tournaments
have been actively studied (see [1,2,5-9], and [12] for papers related to this topic).

Recently, the authors of this paper began to study competition graphs of
k-partite tournaments for k > 2 and figured out the sizes of partite sets of mul-
tipartite tournaments whose competition graphs are complete [3].

In this paper, following up those results, we study triangle-free graphs which
are competition graphs of multipartite tournaments. We show that a connected
triangle-free graph is the competition graph of a k-partite tournament if and
only if £ € {3,4,5}, and list all the connected triangle-free graphs which are
competition graphs of multipartite tournaments (Theorem 2.19).

We also show that a disconnected triangle-free graph is the competition graph
of a k-partite tournament if and only if k € {2, 3,4}, and list all the disconnected
triangle-free graphs which are competition graphs of multipartite tournaments
(Theorems 3.4, 3.9, and 3.10).

2. THE CONNECTED TRIANGLE-FREE COMPETITION GRAPHS OF
MULTIPARTITE TOURNAMENTS

Lemma 2.1. Let D be an orientation of Ky, n,n, whose competition graph has
no isolated vertex for some positive integers ni,na, and ns. Then at least two of
ni,no, and ng are greater than 1.

Proof. Suppose, to the contrary, that at most one of ni,ns, and ng is greater
than 1, that is, at least two of n1,ne, and ng equal 1. Without loss of generality,
we may assume that n; = ng = 1. Let {u}, {v}, and V be the partite sets of D
with |V| = n3. Since D is an orientation of K, n,ny, either (u,v) € A(D) or
(v,u) € A(D). By symmetry, we may assume that (u,v) € A(D). Since C(D)
has no isolated vertex, v is adjacent to some vertex. Since (u,v) € A(D), v is
not adjacent to any vertex in V. Thus u and v are adjacent in C'(D) and so u
and v have a common out-neighbor w in V. Then neither u nor v is an out-
neighbor of w and so N (w) = (). Therefore w is isolated in C(D), which is a
contradiction. [ ]
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Lemma 2.2. Let D be a digraph with n wvertices for a positive integer n. If
the competition graph C(D) of D is triangle-free, then |E(C(D))| < |A(D)|/2 <
V(D).

Proof. Suppose that the competition graph C(D) of D is triangle-free. Then

d~(v) < 2 for each vertex v in D. Therefore

[A(D)|
2

[E(C(D)] < {veV(D)[d (v) =2} < < V(D).

Lemma 2.3. There is no orientation of Ki21 whose competition graph is
triangle-free.

Proof. Suppose, to the contrary, that there exists an orientation D of K421
whose competition graph is triangle-free. Then |A(D)| = 14. Since C(D) is

triangle-free, each vertex has indegree at most 2. Then, since |V(D)| = 7 and
[AD)| = 14,
(1) d~(v) =2

for each vertex v in D. Let Vi = {x1,z2, 23,24}, Va = {y1,y2}, and V3 = {z} be
the partite sets of D. By (1), each vertex in V; is a common out-neighbor of two
vertices in Vo U V3 and so has outdegree 1. We note that if a vertex a in Vo U V3
is an out-neighbor of a vertex b in Vi, then b is a common out-neighbor of the
two vertices in Vo U V3 \ {a} and so they are adjacent in C'(D). Therefore there
must be a vertex in V5 U V3 which is not an out-neighbor of any vertex in V; to
prevent from creating a triangle y;y2z in C(D). By (1), such a vertex in Vo U V3
must be z and

N7 (2) = {y1, p2}.

Then N*t(z) = V4. By (1) again, each of y; and y3 is a common out-neighbor of
two vertices in V;. Since each vertex in V; has outdegree 1, N~ (y1) NN~ (y2) = 0.
Without loss of generality, we may assume N~ (y;) = {x1,z2} and N~ (y2) =
{z3,24}. Then N*(z1) = N (22) = {11} and Nt (z3) = N (z4) = {92}, so

N~ (1) ={y2, 2} and N~ (z3) = {y1, 2}.
Hence {y1,y2, 2z} forms a triangle in C (D), which is a contradiction. |

Lemma 2.4. Let n1, ne, and n3 be positive integers such that ny > no > ns.
Suppose that there exists an orientation D of Ky, n,n, whose competition graph
C (D) is triangle-free. Then one of the following holds.

(a) ny =ng=nzg =2;
(b) n1 <3, n2 =2, andng =1;
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(C) Ng = ng = 1.
In particular, if C(D) is connected, then the case (c) does not occur.

Proof. 1t is easy to check that |A(D)| = nina + nans + nsny. Then, by Lemma
2.2,

ning + nanz + nang < 2(ny + ng + ng).
Thus
(2) nl(n2—2)+n2(n3—2)—|—n3(n1 —2) <0

and so at least one of n; —2, no —2, and ng—2 is nonpositive. Since ni > ny > ng,
n3—2 < 0. Suppose n3 = 2. Then, by (2), n1nz < 4 and so (n1,n2,n3) = (2,2, 2).
Now we suppose n3 = 1. Then, by (2), (n1 — 1)(ne — 1) < 3. Since n; > ng,
ny < 2. Suppose ng = 2. Then n; < 4. If ny = 4, then (n1,n9,n3) = (4,2,1),
which contradicts Lemma 2.3. Therefore nq; < 3 and so (b) holds. If ny = 1, then
n3 = 1 and so (c) holds. If C(D) is connected, then C(D) has no isolated vertices
and so none of ny and ns equals 1 by Lemma 2.1 and so the “in particular” part
is true. [ |

The following lemma is an immediate consequence of Lemma 2.4.

Lemma 2.5. For a connected triangle-free graph G of order n, if G is the com-
petition graph of a tripartite tournament, then n € {5,6}.

Lemma 2.6. For a positive integer n > 3, a cycle Cy, of length n is the compe-
tition graph of a tripartite tournament if and only if n = 6.

Proof. Let D be the digraph in Figure 1 which is an orientation of K9 9. It is
easy to check that C(D) = Cgs. Therefore the “if” part is true.

D C(D)

Figure 1. A digraph D which is an orientation of K352 and whose competition graph is
isomorphic to Cj.

Now suppose that a cycle C), is the competition graph of a tripartite tour-
nament T for a positive integer n > 3. If n = 3, then the only possible size of
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partite sets is (1,1, 1) which is impossible by Lemma 2.1. Therefore n > 4. Thus
n =5 or n =6 by Lemma 2.5. Suppose, to the contrary, that n = 5. Then T is
an orientation of K1 by Lemma 2.4. Since C(T) is triangle-free, d~(v) < 2 for
each v € V(T'). Moreover, since each edge is a maximal clique and there are five
edges in C(T'), each vertex has indegree 2 in T'. Therefore

8=|AMT)= > d (v)=10

veV(T)
and we reach a contradiction. Thus n = 6. [ ]

Lemma 2.7. For a positive integer n > 3, a path P, of length n — 1 is the
competition graph of a tripartite tournament if and only if n = 6.

Proof. Let D be the digraph in Figure 2 which is an orientation of K32 1. It is
easy to check that C(D) = Ps. Therefore the “if” part is true.

D C(D)

Figure 2. A digraph D which is an orientation of K351 and whose competition graph is
isomorphic to Fs.

Now suppose that a path P, is the competition graph of a tripartite tour-
nament 7" for a positive integer n > 3. Since P, is connected and triangle-free,
by Lemma 2.5, n € {5,6}. Suppose, to the contrary, that n = 5. Then T is an
orientation of K91 by Lemma 2.4. Let Vi, V5, and V3 be the partite sets with
|[Vi| = |[Va] = 2 and |V3] = 1. Since C(T) is triangle-free, d~(v) < 2 for each
v € V(T). Since there are four edges in C'(T'), there are four vertices of indegree
2in T. Since |A(T)| = 8 and n = 5, there exists exactly one vertex of indegree 0
in T. Let u be the vertex of indegree 0 in T'. If V3 = {u}, then N*(u) = V; U Va.
Otherwise, either N (u) = Vo U V3 or N*(u) = V1 U V5. Therefore d™(u) = 3 or
4. Thus u is incident to at least three edges in C(T"), which is impossible on a
path. Hence n = 6. [

Lemma 2.8. Let D be an orientation of K321 whose competition graph is con-
nected and triangle-free. Then the following are true.

(1) There is no vertex of indegree 0 in D;
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(2) There are ezactly five vertices with indegree 2 in D no two of which have the
same in-neighborhood.

Proof. Since C(D) is triangle-free, d~(v) < 2 for each v € V(D). If there is
a vertex of indegree 0 in D, then 11 = 3 - pyd™(v) < 10 and we reach a
contradiction. Therefore the statement (1) is true and so the indegree sequence
of Dis (2,2,2,2,2,1). Meanwhile, since C'(D) is connected, the number of edges
of C(D) is at least 5. Thus there are exactly five vertices with indegree 2 in D

no two of which have the same in-neighborhood. [
o O I o)
G1 GQ
O O I O O O O O I O
Gg G4

Figure 3. Connected triangle-free graphs mentioned in Lemma 2.9.

el

Figure 4. Two digraphs D; and D which are orientations of K3 5 1 and whose competition
graphs are isomorphic to G; and G, respectively.

Lemma 2.9. Let G be a connected and triangle-free graph with n vertices. Then
G is the competition graph of a tripartite tournament if and only if G is isomor-
phic to a graph belonging to the following set

{G1,Ga}, ifn=>5,
{G37G47P6706}7 an:6;
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where G; is the graph given in Figure 3 for each 1 <1 < 4.

D3 D4

Figure 5. Two digraphs D3 and D4 which are orientations of K3 5 1 and whose competition
graphs are isomorphic to G3 and Gy, respectively.

Proof. Let D be a tripartite tournament whose competition graph is G. Since
G is triangle-free,

(3) d (v) <2

for each v € V(D) and n € {5,6} by Lemma 2.5. If G is a path or a cycle, then,
by Lemmas 2.6 and 2.7, G is isomorphic to Ps or Cg. Now we suppose that G is

neither a path nor a cycle. Then, there exists a vertex of degree at least three in
C (D).

Case 1. n = 5. Then, by Lemma 2.4, D is an orientation of K52 1. Since
|A(D)| = 8 and C(D) is connected, by (3), there are exactly four edges in C(D).
Therefore C(D) is isomorphic to Gy or Gy in Figure 3. Thus the “only if” part is
true in this case. To show the “if” part, let D and Dy be the digraphs in Figure
4 which are some orientations of Kg9 1. It is easy to check that C(D;) = G and

C(D2) = Go. Hence the “if” part is true.

Case 2. n = 6. Then, by Lemma 2.4, D is an orientation of K321 or
K322. Suppose that D is an orientation of K322. Since Zvev(D) d=(v) =12,
by (3), d~(v) = 2 for each v € V(D) and so d*(v) = 2 for each v € V(D).
Therefore every vertex has degree at most 2 in C' (D), which is a contradiction to
the assumption that G is neither a path nor cycle. Thus D is an orientation of
K351. By Lemma 2.8, there are exactly five edges in C(D). Let Vi, V3, and V3
be the partite sets of D with |V;| =i for each i = 1,2, and 3.

Suppose that there is a vertex w of degree at least 4 in C'(D). Then, by (3),
w has outdegree at least 4 in D. Thus w belongs to V; or V5. If w belongs to V2,
then the indegree of w is 0, which contradicts Lemma 2.8(1). Therefore w € V3
and so Vi = {w}. Moreover, the outdegree of w in D is 4 by Lemma 2.8(1). Then
the indegree of each vertex in D except w is exactly 2 by Lemma 2.8(2). If three
out-neighbors of w belong to the same partite set, then two of them share the
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same in-neighborhood, which contradicts Lemma 2.8(2). Therefore two of the
out-neighbors of w belong to Vo and the remaining out-neighbors belong to V3.
Since the indegree of each vertex in D except w is exactly 2 by Lemma 2.8(2),
each vertex in V5 has exactly one in-neighbor in V3. Thus there is one vertex in
V3 which is not an in-neighbor of any vertex in V5. Then w is the only its out-
neighbor and so it is isolated in C(D). Hence we have reached a contradiction
and so the degree of each vertex of C'(D) is at most 3.

L

Figure 6. A graph considered in the proof of Lemma 2.9.

Now suppose that there are at least two vertices x and y of degree 3 in C (D).
Then, since the number of edges in C(D) is exactly 5, C'(D) is isomorphic to the
tree given in Figure 6. By (3), d™(x) > 3 and d* (y) > 3. If z or y belongs to Vs,
then d~(x) = 0 or d~(y) = 0, which contradicts Lemma 2.8(1). Therefore x and y
belong to V; or Va. Suppose that Vo = {x,y}. Then, since |V; U V3| = 4, there are
at least two vertices of indegree 2 in V3 U V3 which have the same in-neighborhood
{z,y}, which contradicts Lemma 2.8(2). Thus one of z and y belongs to V; and
the other belongs to V5. Without loss of generality, we may assume that x € V}
and y € V5. Then V; = {z} and, by Lemma 2.8(1), d~(y) # 0, so d*(y) = 3.
If N*(y) = V3, then y is adjacent to at most two vertices in C(D), which is a
contradiction. Therefore N (y) N Vs = {z1,22} for some vertices z; and 25 in
V3 and (y,x) € A(D). Since C(D) is isomorphic to the tree given in Figure 6,
x and y have a common out-neighbor in V3. By Lemma 2.8(2), exactly one of
z1 and z9 can be a common out-neighbor of z and y in D. By symmetry, we
may assume that z; is a common out-neighbor of = and y and (z9,z) € A(D).
Then Nt (z) = {y/, 21,23} for the vertices ¥ other than y in V5 and z3 other
than z; and 2z in V3. Therefore, by (3), (21,y') € A(D) and so, by (3) again,
N*(y') = {22, 23}. Then ¥/ is adjacent to y and = in C(D) and so {z,y, '} forms
a triangle in C'(D), which is a contradiction. Thus we have shown that there
is the only one vertex of degree 3 in C(D) and so C(D) is isomorphic to G5 or
G4 in Figure 3. Hence the “only if” part is true. To show the “if” part is true,
let D3 and D4 be two digraphs given in Figure 5 which are isomorphic to some
orientations of K3o1. It is easy to check that C(D3) = G5 and C(D4) = Gy.
Hence the “if” part is true. [

The following lemma is immediately true by the definition of the competition
graph.
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Lemma 2.10. Let D be a digraph and D' be a subdigraph of D. Then the
competition graph of D' is a subgraph of the competition graph of D.

Lemma 2.11. For a positive integer k > 6, each competition graph of a k-partite
tournament contains a triangle.

Proof. Suppose that D is a k-partite tournament for a positive integer k£ > 6.
Let V1, Va, ..., Vi be the partite sets of D. Then we take a vertex v; in V; for each
1 <4 <6. Then {vy,...,vs} forms a 6-tournament 7". Since T has 15 arcs, there
exists a vertex in 7' whose indegree is at least 3. Therefore C'(T) has a triangle
and so, by Lemma 2.10, C'(D) contains a triangle. |

Proposition 2.12 (Fisher et al. [9]). For n > 2, the minimum possible number
of edges in the competition graph of an n-tournament is (g) —n.

An n-tournament is regular if n is odd and every vertex has outdegree (n —
1)/2. Fisher et al. [10] and Cho et al. [1] showed that a path on four or more
vertices is not the domination graph of a tournament and that the domination
graph of a regular n-tournament (n > 3) is either an odd cycle or a forest of two
or more paths, respectively. Here, the domination graph of a tournament T is
the complement of the competition graph of the tournament formed by reversing
the arcs of T'. Accordingly, their results can be restated as follows.

Proposition 2.13 (Fisher et al. [10]). A path on four or more vertices is not the
complement of the competition graph of a tournament.

Proposition 2.14 (Cho et al. [1]). For a regular n-tournament (n > 3) T, the
complement of the competition graph of T is either an odd cycle or a forest of
two or more paths.

Lemma 2.15. If the competition graph C(D) of a 5-partite tournament D is
triangle-free, then D is a regualr 5-tournament and C(D) is isomorphic to a
cycle of length 5.

Proof. Suppose that D is a 5-partite tournament whose competition graph is
triangle-free. Let Vi,..., Vs be the partite sets of D. To show |V (D)| = 5 by
contrary, suppose |V(D)| > 6. Then there exists a partite set whose size is at
least 2. Without loss of generality, we may assume |V;| > 2. We take v; in V; for
each 1 <7 < 5. Then we may take a vertex v} distinct from v; in V; so that the
subdigraph T induced by {v1,v],va,...,v5} is a 5-partite tournament. Since T'
has 14 arcs and |V (T")| = 6, there exists a vertex of indegree at least 3 in 7', which
is a contradiction. Thus V; = {v;} for each 1 <7 < 5. Then D is a tournament.

Since |V(D)| = 5, |[E(C(D))| > 5 by Proposition 2.12 and so, by Lemma
2.2, we have |[E(C(D))| = 5. Then, since |V(D)| = 5, each vertex has indegree
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exactly 2 and so each vertex has outdegree 2. Thus D is a regular 5-tournament.
Since it is easy to check that a regular 5-tournament is unique up to isomorphism
as shown in Figure 7, C(D) is isomorphic to a cycle of length 5.

Figure 7. A regular 5-tournament. -

Lemma 2.16. Let D be a multipartite tournament whose competition graph is
triangle-free. If two vertices u and v with outdegree at least one have the same
out-neighborhood or in-neighborhood, then u and v belong to the same partite set
of D and form a component in C(D).

Proof. Suppose, to the contrary, that there are two vertices u and v with out-
degree at least one such that N*(u) = NT(v) or N~ (u) = N~ (v) but u and
v belong to the distinct partite sets. Then (u,v) € A(D) or (v,u) € A(D).
Without loss of generality, we may assume (u,v) € A(D). Then u € N~ (v)
but w ¢ N~ (u). Therefore N~ (u) # N~ (v) and NT(u) # N*(v), which is a
contradiction. Thus u and v belong to the same partite set. Then, since D is a
multipartite tournament, NT(u) = N (v) if and only if N~ (u) = N~ (v). There-
fore N*(u) = NT(v) # 0 by the hypothesis. Since C'(D) is triangle-free, v and v
are the only in-neighbors of each vertex in N*(u) and so they form a component

in C(D). |

Lemma 2.17. Let ni,no,n3,ng be positive integers such that ny > --- > ny. If
D is an orientation of Ky, nynsns whose competition graph is triangle-free, then
n <2 andno =ng =ny = 1.

Proof. Suppose that there exists an orientation D of K, n, nsn, Whose compe-
tition graph is triangle-free. Let Vi,..., V) be the partite sets of D with |V;| = n;
for each 1 < i < 4. We take a vertex v; in V; for each 1 < i < 4. Suppose,
to the contrary, that ne > 2. Then n; > 2. We may take a vertex v] (respec-
tively, v5) distinct from vy (respectively, vg) in Vi (respectively, V2) so that the
subdigraph induced by {v1, v}, ve, v}, vs,v4} is a 4-partite tournament 7. Then
T has 13 arcs. Since |V (T')| = 6, at least one vertex of T" has indegree at least
3, which is a contradiction. Thus at most one partite set of D has size at least
2. Hence ng = ng = ng = 1. Therefore |A(D)| = 3n; + 3. By Lemma 2.2,
|A(D)| <2(|V(D)]) = 2(n1 + 3). Thus 3n; +3 <2(n1 +3),son; < 3.
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To reach a contradiction, suppose n; = 3. Then D is an orientation of
Ks311,. Since |V(D)| =6 and |A(D)| = 12,

(4) d~(v) =2

for each vertex v in D. We note that |E(C(D))| < 6 by Lemma 2.2. Suppose
|E(C(D))| = 6. Then, since |V (D)| = 6, each pair of vertices shares at most one
common out-neighbor in D. Since n; = 3 and each vertex in V; has indegree
2 by (4), each vertex in Vi is a common out-neighbor of v; and v; for some
i,j € {2,3,4}. Therefore v; and v; have a common out-neighbor in V; for each 2 <
i # j < 4. Thus {vg,v3,v4} forms a triangle in C(D), which is a contradiction.
Hence |E(C(D))| # 6 and so |E(C(D))| < 5. Then, there exists at least one
pair of vertices which has two distinct common out-neighbors by (4). Since each
vertex in V] has outdegree 1 by (4), such a pair of vertices belongs to {ve, vs,v4}.
Without loss of generality, we may assume {vg,v3} is such a pair. Let z and y
be their distinct common out-neighbors of v and vs. Then

N7 (z) = N~ (y) = {vz, vs}

by (4). Since each vertex in D has outdegree at least 1 by (4),  and y belong to
the same partite set by Lemma 2.16 and so {z,y} C Vi. Thus NT(x) = N*(y) =
{v4}. Hence {z,y} € N~ (vq4) and so, by (4), N~ (v4) = {z,y}. Therefore
N*t(vy) = {vg,v3,2} where z is a vertex in D distinct from x and y in V3.
Without loss of generality, we may assume

(1)3, 1)2) < A(D)

Then v9 is a common out-neighbor of v3 and vs. Therefore by (4), (ve, 2) € A(D).
Hence z is a common out-neighbor of ve and vy. Thus {vy, v3,v4} forms a triangle
in C(D), which is a contradiction. Therefore |V;| # 3 and so |V;| < 2. |

Proposition 2.18 (Kim et al. [12]). Let D be an orientation of a bipartite graph
with bipartition (V1,Va). Then the competition graph of D has no edges between
the vertices in Vi and the vertices in V5.

Theorem 2.19. Let G be a connected and triangle-free graph. Then G is the
competition graph of a k-partite tournament for some k > 2 if and only if k €
{3,4,5} and G is isomorphic to a graph belonging to the following set

{G1,G2,G3,Gy4, Ps,Cs}, if k=3,
{P57K1,37G2}1 ka:47
{05}7 ka = 5}
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where K13 is a star graph with four vertices and Gi1,Go,G3, and G4 are the
graphs given in Figure 3.

Proof. Let D be a k-partite tournament whose competition graph is connected
and triangle-free for some k > 2. Then, k € {3,4,5} by Proposition 2.18 and
Lemma 2.11. If £k = 3, then C(D) is isomorphic to a graph in {G1, G2, Gs, Gy,
Ps,Cg} by Lemma 2.9. If k = 5, then C'(D) is isomorphic to C5 by Lemma 2.15.

Suppose k = 4. Let Vi, V5, V3, and Vy be the partite sets of D. Without
loss of generality, we may assume n; > ng > ns > ng where |V;| = n; for each
1<¢<4. Then n; <2 and ny =ng =n4 =1 by Lemma 2.17.

Case 1. ny = 2. Then |V(D)| =5 and |A(D)| = 9. Therefore |[E(C(D))| < 4
by Lemma 2.2. Since C(D) is connected, |E(C(D))| > 4 and so |E(C(D))| = 4.
Therefore C(D) is a tree. Thus C(D) is isomorphic to a path graph, Ga, or a
star graph. Suppose, to the contrary, that C(D) is a star graph. Then there
exists a center v in C(D). Since v has degree 4 in C(D), d*(v) > 4. Then
veVaUV3UV, and so dF(v) =4 and d~(v) = 0. Since C(D) is triangle-free,
each vertex in D has indegree at most 2. Therefore |A(D)| < 8 and so we have
reached a contradiction. Thus C(D) is isomorphic to Ps or Ga.

Case 2. n; = 1. Then |A(D)| = 6 and so, by Lemma 2.2, |[E(C(D))| < 3.
Since C'(D) is connected, |[E(C(D))| > 3 and so |E(C(D))| = 3. Therefore C(D)
is a path graph or a star graph. If C'(D) is a path graph, then the complement
of C'(D) is a path graph, which contradicts Proposition 2.13. Therefore C'(D) is
a star graph K7 3.

Ds Dg Dy

Figure 8. Three digraphs D5, Dg, and D7 which are orientations of Kj 11,1, K2,1,1,1, and
K 11,1, respectively, and whose competition graphs are isomorphic to K 3, Ps, and G,
respectively.

Now we show the “if” part. The competition graph of the 5-tournament
given in Figure 7 is C5. For the 4-partite tournaments D5, Dg, and D7 given in
Figure 8, it is easy to check that C(Ds) = K3, C(Ds) = Ps, and C(D7) = Gs.
Each graph in {G1,G2,G3,G4, Ps,Cs} is the competition graph of a tripartite
tournament by Lemma 2.9. Hence we have shown that the “if” part is true. =
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3. THE DISCONNECTED TRIANGLE-FREE COMPETITION GRAPHS OF
MULTIPARTITE TOURNAMENTS

3.1. Bipartite tournaments

Lemma 3.1. Let ny and ng be positive integers such that nq > no. Suppose that
there exists an orientation D of Ky, n, whose competition graph is triangle-free.
Then one of the following holds: (a) ne = 1; (b) ng =2; (¢) n1 <6 and ny = 3;
(d) n1 =4 and ny = 4.

Proof. 1t is easy to check that |A(D)| = niny. Then, by Lemma 2.2, niny <
2(711 + TLQ). Thus

(5) (n1 - 2)(112 - 2) S 4.

Then it is easy to check that no < 4. If ng = 1 or ny = 2, then n; can be any
positive number satisfying the inequality n1 > no. If no = 3, then n; < 6. If
no = 4, then ny = 4. [ |

Proposition 3.2 (Kim et al. [12]). Let m and n be positive integers such that
m > n. Then Py, U P, is the competition graph of a bipartite tournament if and
only if (m,n) is one of (1,1), (2,1), (3,3), and (4,3).

Proposition 3.3 (Kim et al. [12]). Let m and n be positive integers greater than
or equal to 3. Then Cy, U C,, is the competition graph of a bipartite tournament

if and only if (m,n) = (4,4).

We give a complete characterization for a triangle-free graph which is a com-
petition graph of a bipartite tournament. We denote the set of k isolated vertices
in a graph by Ij.

Theorem 3.4. Let G be a triangle-free graph. Then G is the competition graph
of a bipartite tournament if and only if G is isomorphic to one of the followings.

—
&

An empty graph of order at least 2;

—
=

)

P> with at least one isolated vertex;

@)

P, U Py, with at least one isolated vertex;

N N
[oF)

P3s U Py with at least one isolated vertex;

Py U Py U Py with at least one isolated vertex;
Py U Iy;

P3U Ps;

PyU Ps;

PsUPUPy;

—~
= e = o

—
e
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(j) C4UCy;
(k) PUPUPUP.

Proof. We first show the “only if” part. Let D be an orientation of K, p,
with n; > ny whose competition graph is G. Let Vi = {uy,...,upn, } and Vo =
{v1,...,vpn,} be the partite sets of D. By Proposition 2.18, G is disconnected
and there is no edge between the vertices in Vi and the vertices in V5. Since G
is triangle-free, by Lemma 3.1, there are four cases to consider: ng = 1; no = 2;
n1 <6 and ny = 3; ny =4 and ny = 4.

Case 1. no = 1. Then, since each vertex in D has indegree at most 2, G is
an empty graph of order at least 2 or P, with at least one isolated vertex.

Case 2. ng = 2. Then G has at most two edges among the vertices in Vj.
We denote by H the subgraph obtained from the subgraph G[V;] induced by
V1 by removing isolated vertices in it, if any. Then H is isomorphic to P or
P; or P, U P,. Suppose ni > 5. Then, since each vertex in V5 has indegree at
most 2, each vertex in V5 has outdegree at least ny — 2. Therefore vy and vo
have a common out-neighbor w; in D for some ¢ € {1,...,n;}. Thus v; and
vo are adjacent and w; is isolated in G. Hence G is isomorphic to P, U I, o or
PUP UL, gyor PRUP,UI, 50or PLLUP, UP,UI, g.

Now we suppose n; < 4. If H =2 Py U Py, then G[V}] &£ P> U P> and so
G = P, U Py, U Iy since the two vertices in V5 has no common out-neighbor.
Suppose H = P,. If G[V1] has two isolated vertices, then at least one of them is a
common out-neighbor of v; and vy and so G = P, U P, U I. If G[V}] has exactly
one isolated vertex, then G 2 P,UP, Ul or G = P, U Is. If H = G[V1], then
G = P, U I5. Suppose H = Ps. If G[V1] has an isolated vertex, then it must be a
common out-neighbor of v; and vy and so G = PsU P, U I;. If H = G[V4], then
G P3U .

Case 3. n1 < 6 and ny = 3. Suppose, to the contrary, that ny > 5. Since
each vertex in D has indegree at most 2, each vertex in V5 has outdegree at least
ny —2. Since ny —2 > ny /2, any pair of vertices in V5 has a common out-neighbor
in V7. Therefore the vertices in V5 form a triangle, which is a contradiction. Thus
ny =3 orn; =4.

Subcase 3.1. n; = 3. Then, since each vertex in D has indegree at most 2,

(6) d*(v) > 1

for each vertex v in D. To reach a contradiction, we suppose that G has at least
three isolated vertices. Then at least two isolated vertices belong to the same
partite set in D. Without loss of generality, we may assume that Vi has two
isolated vertices u; and ug. Since |Vi| = 3, ug is also isolated in G. Then, since
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|Va| = 3, each vertex in V; has exactly one out-neighbor by (6) and the out-
neighbors of the vertices in V; are distinct. Therefore any pair of the vertices in
V5 has a common out-neighbor in V;, which implies that the vertices in V5 form
a triangle in G. Thus G has at most two isolated vertices. Hence G is isomorphic
to PsUP3or PsUP,UI1 or PoUPy,U Is.

Subcase 3.2. n; = 4. Then, since each vertex in D has indegree at most 2,

(7) dt(v) >2

for each vertex v in V5. We first suppose that there exists a vertex in V5 which is
isolated in G. Without loss of generality, we may assume v; is an isolated vertex
in G. Then, since n; =4, d*(v1) = 2 by (7). Without loss of generality, we may
assume N1 (v1) = {u1,us}. Then, since v; is isolated in G, N*(vy) = Nt (v3) =
{us,us} by (7). Therefore G[V3] is isomorphic to I U P, and G[V;] is isomorphic
to P, U P,. Thus G is isomorphic to I1 U P, U P, U Ps.

Now we suppose that each vertex in V5 is not isolated in G. Then G[V3] is
isomorphic to P3. Without loss of generality, we may assume that G[V3] is the
path vivovz. Then D contains a subdigraph isomorphic to D’ given in Figure
9. We may assume that D’ itself is a subdigraph of D. Then, by (7), N (v;) N
{us,us} # 0 and N T (v3) N {ug,us} # 0. Since vy and v are not adjacent in G,
those intersections are disjoint. We may assume that N (vy) N {us,us} = {us}
and N*(vs3) N {us,us} = {us}. Then D contains the subdigraph D" given in
Figure 9. Then vy (respectively, v3) is a common out-neighbor of uy and wuy
(respectively, u; and ug). If vy is a common out-neighbor of ug and wu4, then
G[V1] is the path wjusuqus and so G is isomorphic to Py U Ps. If vy is not a
common out-neighbor of ug and u4, then G[V;] is the union of two paths ujus
and uguy, and so G is isomorphic to P3 U Py U Ps.

Uq U

U2 U1 U2 U1

us o V2 us V9

U4 O U3 U4 U3
D/ D//

Figure 9. Digraphs D’ and D" in the proof of Theorem 3.4.

Case 4. n; = 4 and ng = 4. Then |A(D)| = 16. Noting that |V (D)| = 8 and
each vertex has indegree at most 2,we have

(8) d (v) =2
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for each vertex v in D. Then, for each vertex v in D,
(9) d*(v) =2

since v is adjacent to four vertices in D.

Subcase 4.1. |E(G[V1])| > 4. Then |E(G[V1])| = 4 by (8) and G[V4] is isomor-
phic to C4 since G has no triangle. Without loss of generality, we may assume
G[V1] = ujugugugu;. Without loss of generality, we may assume that N~ (vy) =
{ur,us}, N~ (v2) = {ug,us}, N~ (v3) = {us,usa}, and N~ (v4) = {ua,u1} by (8).
Therefore all arcs in D are determined and so G[V3] is a 4-cycle vivavzvgvy. Thus
G is isomorphic to Cy U Cy.

Subcase 4.2. |E(G[V1])] < 3. Since |V2| = 4, there exists a pair of vertices
in V5 which shares the same in-neighborhood by (8). Without loss of generality,
we may assume N~ (v1) = N~ (v2) = {ui,uz}. Then N*(u1) = NT(uz) =
{v1,v2} by (9). Therefore N*(u3) = N*(ug) = {v3,v4} by (8) and (9). Then
N~ (u3) = N~ (ug) = {v1,v2}. Thus it is easy to check that G is isomorphic to
P, U P, U P, U P,. Hence we have shown that the “only if” part is true.

To show the “if” part, we fix a positive integer k. Let Dg be a bipartite
tournament with the partite sets {uy,...,ux} and {v}, and the arc set

A(Dg) = {(v,u;) [ 1 <i <k}

(see the digraph Dg given in Figure 10 for an illustration). Then C(Dg) is an
empty graph of order k + 1.

Let Dg be a bipartite tournament with the partite sets {u1,...,ug+1} and
{v}, and the arc set

A(Dg) = {(u1,v), (uz2,v)} U{(v,u;) |2<i<k+1}

(see the digraph Dy given in Figure 10 for an illustration). Then C(Dy) is the
path uius with k isolated vertices.

Let Djg be a bipartite tournament with the partite sets {ui,...,ug+2} and
{v1,v2}, and the arc set

A(Dm):{(ui,vj) | 1§i,j§2}U{(U¢,Uj) ’ 1§i§2,3§j§]€+2}

(see the digraph Djq given in Figure 10 for an illustration). Then C(Djp) is the
paths ujue and vive with k isolated vertices.

Let Dj; be a bipartite tournament with the partite sets {ui,...,ux+3} and
{v1,v2}, and the arc set

A(Dll) = {(uhvl)v (u27v1)’ (UQvUQ)’ (’LL3, U2)7 (U17u3)7 (U27u1)}
U{(viuy) |1 <i<2,4<j<k+3}
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(see the digraph Dp; given in Figure 10 for an illustration). Then C(Di;) is the
paths ujuous and vive with k isolated vertices.

Let Di2 be a bipartite tournament with the partite sets {u,...,ug+4} and
{v1,v2}, and the arc set

A(D12) = {(us,v1), (v2,wi) | i = 1,2} U{(wi, v2), (v1,us) [ i = 3,4}
U{(vi,u;) |1 <i<2,5<j<k+4}

(see the digraph D2 given in Figure 10 for an illustration). Then C(Di2) is the
paths ujue, usuy, and vive with k isolated vertices.

The competition graph of the digraph D13 given in Figure 10 is isomorphic
to P3U 5. By Proposition 3.2, there exists a bipartite tournament whose compe-
tition graph is isomorphic to P3 U P3. By the way, bipartite tournaments whose
competition graphs are isomorphic to Py U Ps and P3 U P, U Ps, respectively,
were constructed in the Subcase 3.2. By Proposition 3.3, there exists a bipartite
tournament whose competition graph is isomorphic to C4UCYy. It is easy to check
that the competition graph of the bipartite tournament D14 given in Figure 10 is
the disjoint union of the paths wujus, ugug, v1v2, and vsvy. Hence we have shown
that the “if” part is true. [

3.2. k-partite tournaments for k > 3

By Lemmas 2.11 and 2.15, the following lemma is true.

Lemma 3.5. If the competition graph of a k-partite tournament is triangle-free
and disconnected for some positive integer k > 3, then k=3 or k = 4.

By Lemma 3.5, it is sufficient to consider tripartite tournaments and 4-partite
tournaments for studying disconnected triangle-free competition graphs of mul-
tipartite tournaments.

Lemma 3.6. Let D be a multipartite tournament whose competition graph is
triangle-free. Suppose that a vertex v is contained in a partite set X of D. Then
V(D) = [X] =2 < d*(v).

Proof. Since C(D) is triangle-free, d~ (v) < 2. Then, since D is a multipartite
tournament, d~ (v) = |V(D)| — |X|—d"(v) and so |V(D)| — |X| -2 < d*(v). m

The following is immediately true by Lemma 3.6.

Corollary 3.7. If the competition graph of a 4-partite tournament D is triangle-
free, then each vertex has outdegree at least 1 in D.
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(51 u1

U
. ug u9
. L]
v . v u3 U1
Uk . ®
Uk41 ¢ . v
Uk+2 2
Dy Dy Do
(3] us (51
U2
us us
(I U1 (1 vl
L]
° us (%]
. V9 .
Uk+3 * o FUkya
l)u, l)ﬁ
U
U2 U1
us V2
D3

Figure 10. Bipartite tournaments in the proof of Theorem 3.4.

Lemma 3.8. Let D be a multipartite tournament whose competition graph is

triangle-free. If m is the number of vertices of indegree 1 in D, then 2|V (D)| —
|A(D)| > m.

Proof. Let m be the number of vertices of indegree 1 in D. Since C(D) is
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triangle-free, each vertex has indegree at most 2. Therefore

AD) = 3 d (o) <2(V(D) —m) +m = 2V(D) - m.
veV(D) |

Now we are ready to introduce one of our main theorems.

Theorem 3.9. Let G be a disconnected and triangle-free graph. Then G is the
competition graph of a 4-partite tournament if and only if G is isomorphic to
PsU Py or P3U 4.

Proof. We first show the “only if” part. Let D be an orientation of Ky, ny nsny
with n; > -+ > ny whose competition graph C'(D) is disconnected and triangle-
free. Let Vi,..., Vs be the partite sets of D with |V;| = n; for each 1 < i < 4.
Then n; < 2 and ny = ng =ng =1 by Lemma 2.17.

Case 1. ny = 2. Then |A(D)| = 9. Therefore |[E(C(D))| < 4 by Lemma
2.2. Let [ and m be the number of isolated vertices in C(D) and the number
of vertices of indegree 1 in D, respectively. By Corollary 3.7, each vertex has
outdegree at least 1, so each isolated vertex in C'(D) has an out-neighbor in D.
Yet, since each out-neighbor of an isolated vertex has indegree 1, [ < m. By
Lemma 3.8, m < 1. Therefore [ < 1.

Suppose, to the contrary, that [ = 1. Then m = 1. Let w be the isolated
vertex in C(D). Since each vertex in N1 (w) has indegree 1, d*(w) < 1. Since
each vertex has outdegree at least 1, d*(w) = 1. Since C(D) is triangle-free,
d (w) < 2 and so w € Vi. Let Vi = {v,w}, Vo = {ve}, V3 = {v3} and
V) = {v4}. Without loss of generality, we may assume N (w) = {va}. Then

N~ (w) = {vs, v4}.

Since w is an isolated vertex in C(D), N~ (v2) = {w} and so Nt (vg) = {v1,v3,v4}.
Without loss of generality, we may assume (vs,vq) € A(D). Then, since d~(v4)
<2,

N~ (v4) = {v2, v3},

and so (vs4,v1) € A(D). Therefore
N~ (v1) = {va, v4}.

Thus {va, v3,v4} forms a triangle in C (D), which is a contradiction. Hence [ = 0.
Since C(D) is disconnected and |V(D)| = 5, C(D) has two components each
of which has 2 and 3 vertices, respectively. Then, one of the components must
be P,. On the other hand, since C'(D) is triangle-free, the other component is
isomorphic to P3. Therefore C(D) is isomorphic to P U P.
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Case 2. n1 = 1. Then D is an orientation of K1 11,1, which is a tournament.
By Proposition 2.12, |[E(C(D))| > 2. By the way, since |A(D)| = 6, |E(C(D))| <
3 by Lemma 2.2. Therefore |[E(C(D))| = 2 or 3. Thus C(D) has exactly two
components and so is isomorphic to I1 U P3 or P, U P». If C(D) is isomorphic
to Py U Py, then D has two vertices a and b such that d~(a) = d~(b) = 2 and
N~ (a) "N~ (b) = ), which is impossible for a digraph of order four. Therefore
C(D) is isomorphic to I; U Ps.

To show the “if” part, we consider the 4-partite tournaments Dq5 and Dqg
given in Figure 11. In Dy, {v1,v2}, {2}, {y}, and {z} are the partite sets.
Further,

N7<U1) :N*(vg):{%z}, Nﬁ(‘r):{vlfl}?}? N*(y):{x,z}, and Nﬁ(z):{x}‘

Thus zyz and vivy are path components in C'(Dj5) and so C(D15) = Py U Ps.
Now, in Dig, every vertex is a partite set and

N™(w) =A{z,y}, N (z)=A{z}, N (y)={z}, and N7(z)={w,y}.

Thus wyzx is a path component and z is isolated in C(Dj6). Hence C(Dqg)
P3 U I;. Therefore we have shown that the “if” part is true.

m IR

v
z
V1
D15 D16

Figure 11. The digraphs D15 and Ds¢ in the proof of Theorem 3.9.

By Lemma 3.5, it only remains to characterize disconnected and triangle-free
competition graphs of tripartite tournaments. The following theorem lists all the
disconnected and triangle-free competition graphs of tripartite tournaments

Theorem 3.10. Let G be a disconnected and triangle-free graph. Then G is the
competition graph of a tripartite tournament if and only if G is isomorphic to
one of the followings.

(a) An empty graph of order 3;
(b) Py with at least one isolated vertex;

(¢) Ps with at least one isolated vertex;
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) Py with at least one isolated vertez;
) Ki3UlIy;
) Ki13UPy;

g) PyU Py;
) Py U Py with at least one isolated vertex;
) Py U Py with or without isolated vertices;
) PoUP,U Ps.

Proof. To show the “only if” part, suppose that D is an orientation of K, n, n,
whose competition graph is disconnected and triangle-free where ni, no, and ng
are positive integers such that n; > ny > ng. Then, by Lemma 2.4, (ny,n9,ng) €
AU{(2,2,1),(2,2,2),(3,2,1)} where A= {(m,1,1) | m is a positive integer}.

Case 1. (n1,n2,n3) € A. Let Vi = {x1,...,zpn, }, Vo ={y}, and V3 = {z} be
the partite sets of D. Without loss of generality, we may assume

(y,z) € A(D).

Suppose that C(D) is an empty graph. Then y is an isolated vertex in C(D).
If dt(y) > 2, then a vertex in Vj should be an out-neighbor of y and so y is
adjacent to one of the vertex and z in C'(D), which is a contradiction. Therefore
d*(y) =1and so NT(y) = {z}. If ny > 2, then the in-neighbors of y are adjacent
in C(D), which is a contradiction. Therefore n; = 1. Thus C(D) is isomorphic
to three isolated vertices.

Now we suppose that C(D) is not an empty graph. Then y is the only
possible neighbor of z in C'(D). Moreover, z and at most one vertex in V; are
the only possible neighbors of y in C'(D). Since z has indegree at most 2 in D, y
is the only possible common out-neighbor of two vertices in Vi. Therefore only
one pair of vertices in V; is possibly adjacent in C' (D). Hence the following are
the only possible graphs isomorphic to C'(D).

e An empty graph of order 3;
e P, with at least one isolated vertex;
e P3 U P, with at least one isolated vertex;
e P; with at least one isolated vertex;
e P, U P, with at least one isolated vertex;
e P, with at least one isolated vertex.
Case 2. (n1,ng2,n3) = (2,2,1). Suppose, to the contrary, that C(D) has I

isolated vertices for some positive integer [ > 2. By Lemma 3.6, each vertex in
D has outdegree at least 1. By the way, since 2|V (D)| — |A(D)| = 2, D has at
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most two vertices of indegree 1 by Lemma 3.8. Then, since each out-neighbor
of isolated vertices has indegree 1, [ < 2 and so [ = 2. Let u; and us be the
isolated vertices in C'(D). Then, d*(u;) = d*(uz2) = 1. Suppose that u; and
ug are contained in distinct partite sets in D. Without loss of generality, we
may assume (uj,ug) € A(D). Then d™ (ug) = 1. However, since d* (ug) = 1,
dt(ug) +d~ (ug) =2 # |V(D) \ X| where X is a partite set containing us, which
is impossible. Therefore u; and wug belong to the same partite set of D. Then
{ur,ue} C Vi or {uj,us} C V. Without loss of generality, we may assume
{u1,us} C Vi. Then Vi = {u1,us}. Let v; and ve be the out-neighbors of u; and
ug, respectively. Then N~ (vy) = {u1} and N~ (v2) = {ug}. Therefore there is no
arc between v; and v, and so v; and vs belong to the same partite set V5. Then
Vo = {v1,v2}. Since d™(v1) = d~ (v2) = 1, the vertex z, in the remaining partite
set of D, is a common out-neighbor of v; and vy. Then N~ (2) = {v1,v2} and so
N*(2) = {u1,us}. Therefore u; (respectively, us) is a common out-neighbor of
vy (respectively, v1) and z. Thus {v1, v, 2z} forms a triangle in C'(D), which is a
contradiction. Hence C'(D) has at most one isolated vertex. Therefore C(D) has
at most three components.

Since |A(D)| = 8, |[E(C(D))| < 4 by Lemma 2.2. If |[E(C(D))| < 1, then
C(D) has at least 2 isolated vertices, which is a contradiction. Therefore 2 <
|E(C(D))| < 4. If |[E(C(D))| = 2, then, C(D) is isomorphic to P, U P, U I;. If
|E(C(D))| = 3, then C(D) is isomorphic to PyUI; or K 3Ul or P3UP,. Suppose
|[E(C(D))| = 4. Since |A(D)| = 8 and |E(C(D))| = 4, there exists a vertex w
of indegree 0 in D and each vertex in V(D) \ {w} has indegree 2. Moreover,
for distinct vertices a and b of indegree 2, N~ (a) # N~ (b). Then, since w has
outdegree at least 3, w has degree at least 3 in C'(D). Since C(D) is disconnected
and triangle-free, K1 3U I is the only possible graph isomorphic to C(D), which
contradicts the assumption that |E(C(D))| = 4. Therefore C(D) is isomorphic
to one of P, U P, UI; or P4U I or K173 Ul or P3U Ps.

Case 3. (ni1,n2,n3) = (2,2,2). Then |A(D)| = 12. Since |V(D)| = 6 and
each vertex of D has indegree at most 2,

(10) d (v) =2
and so
(11) dt(v) =2

for each vertex v in D. Therefore C(D) has no isolated vertex. Thus each
component of C(D) contains at least two vertices. Let ¢ be the number of the
components of C'(D). Then ¢t < 3. Since C(D) is disconnected, ¢t = 2 or ¢ = 3.
Suppose, to the contrary, that ¢ = 2. Then, since C'(D) is triangle-free, it is easy
to check that |E(C(D))| < 5. Since |V (D)| = 6, there exist at least two vertices a;
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and ag sharing the same in-neighborhood by (10). Then a; and agy are contained
in the same partite set and form a component in C'(D) by Lemma 2.16. Then
the other component must contain four vertices. Without loss of generality, we
may assume Vi = {a1, a2} is a partite set of D. Let {b1,b2} = N7 (a1) = N~ (a2)
for some vertices by and by in D. Then NT(by) = Nt(by) = {a1,a2} by (11).
Therefore b; and by are contained in the same partite sets and {b1, b2} forms a
component in C(D) by Lemma 2.16, which is a contradiction. Therefore t # 2
and so t = 3. Then, since each component of C'(D) contains at least two vertices,
C(D) must be isomorphic to P, U P, U Ps.

Case 4. (ni,n2,n3) = (3,2,1). Then |A(D)| = 11. Since each vertex has
indegree at most 2 in D, one vertex has indegree 1 and the other vertices have
indegree 2. Let Vi, Vo, and V3 be the partite sets of D satisfying |Vi| = 3,
|[Va] = 2, and |V3| = 1 and v* be the vertex of indegree 1 in D. Then, since
(n1,n2,n3) = (3,2,1), each vertex in V; has outdegree at least 1 and each vertex
in Vo U V3 has outdegree at least 2.

Suppose, to the contrary, that C(D) has an isolated vertex u. Since v* is the
only vertex of indegree 1, N (u) = {v*}. Therefore u € Vi. Then v* € Vo U V.
Suppose v* € V3. Since d™ (v*) = 1, N*(v*) = (V4 U V2) \ {u}. Moreover, since
Vo C Nt (v*) and each vertex in D other than v* has indegree 2, each vertex in
V5 has an out-neighbor in V; \ {u}. Therefore each vertex in V3 is adjacent to
v* in C(D). By the way, since N*(u) = {v*}, u is a common out-neighbor of
the two vertices in V5. Therefore Vo U {v*} forms a triangle in C'(D), which is a
contradiction. Thus v* € V,. Let Vi = {u,z1,22}, Vo = {v*,y}, and V5 = {z}.
Then Nt (v*) = {z1, 22,2} and

N™(u) = {y, 2},
so y and z are adjacent in C'(D). Since d (y) = 2, d™(y) = 2. Thus
N () NN (y) #0

and so v* and y are adjacent in C(D). Since d (z) = 2 and v* € N~ (z),
{z1,22} ¢ N~ (2). Therefore N*(2) N{z1,22} # 0 and so

Nt )N NT(2) #£0.

Thus v* and z are adjacent in C(D). Hence {v*,y, 2z} forms a triangle in C'(D),
which is a contradiction. Consequently, we have shown that C'(D) has no isolated
vertex, so each component in C'(D) has size at least two. Then, since |V (D)| = 6,
C(D) has two or three components. If C'(D) has three components, then C(D)
must be isomorphic to P, U P, U Ps.

Now we suppose that C'(D) has two components. Then it is easy to check
that 4 < |E(C(D))| < 5 since C(D) is triangle-free and has no isolated vertices.
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Suppose, to the contrary, that |E(C(D))| = 5. Then, since the vertices in C(D)
except the five vertices of indegree 2 have indegree less than 2, no pair of adjacent
vertices in C'(D) have two distinct common out-neighbors in D. Moreover, C'(D)
must be isomorphic to P» U Cy where Cy is a cycle of length 4. Since only one
vertex has indegree 1 and the other vertices have indegree 2 in D, there exist two
vertices @ and b in V; which have outdegree 1 in D. Then a and b have at most
degree 1 in C(D), so {a,b} is a path component in C(D). Therefore a and b
have a common out-neighbor ¢, in D. Then a and b are common out-neighbors of
the two vertices in Vo U V3 \ {c}, which is a contradiction. Hence |E(C(D))| # 5
and so |E(C(D))| = 4. Since five vertices have indegree 2 in D, there exists a
pair of adjacent vertices which have two common out-neighbors. Therefore there
exist two vertices whose in-neighbors are the same. Then, since each vertex has
outdegree at least 1 by Lemma 3.6, the two vertices form a component in C(D)
by Lemma 2.16. Thus C'(D) must be isomorphic to P» U Ky 3 or P, U P;. Hence
we have shown that the “only if” part is true.

Now we show the “if” part. The competition graph of the digraph D17 given
in Figure 12 is an empty graph of order 3.

Now we fix a positive integer k. Let Dig be a tripartite tournament with the
partite sets {w1,...,wi}, {z}, {y} and the arc set

A(D1g) = {(z,y)} U{(z, wi), (y, wi) | 1 < i <k}

(see the digraph Dig given in Figure 12 for an illustration). Then C(Dig) is
isomorphic to P, with k isolated vertices.

Let D19 be a tripartite tournament with the partite sets {v, w1, ..., wi}, {z},
{y} and the arc set

A(Drg) = {(v,2), (v,9), (z,9) } U{(z,wi), (y, wi) [ 1 <@ < k}

(see the digraph Dig given in Figure 12 for an illustration). Then C(D1g) is the
path vxy together with k isolated vertices.

Let Do be a tripartite tournament with the partite sets {v1, v, w1, ..., wi},
{z}, {y} and the arc set

A(D20) = {(U13$)7 (Ug,l’), (U27y)> ($7y)a (y,’Ul)} U {(:ani)v (yawi) | I<i< k}

(see the digraph Dsyg given in Figure 12 for an illustration). Then C(Dqp) is the
path vivexy with k isolated vertices.

The competition graphs of the digraphs Doy, Dos and Dog given in Figure 12
are isomorphic to K13 U I, K13U P, and P» U Py, respectively.



THE TRIANGLE-FREE GRAPHS THAT ARE COMPETITION GRAPHS OF ... 215
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Figure 12. The digraphs in the proof of Theorem 3.10.
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Let Doy be a tripartite tournament with the partite sets {vy,vo, wy, ..., wi},
{z}, {y} and the arc set

A(D24) = {(Ulvx)v (027'%')’ (a:,y), (%Ul)ﬂ (yva)} U {(x7wi)7 (y7wi) | 1<i< k}

(see the digraph D4 given in Figure 12 for an illustration). Then C(Da4) is
isomorphic to P, U P» with k isolated vertices.

Let Dgs be a tripartite tournament with the partite sets {vy,va, vs, wi, ...,
wi}, {z}, {y} and the arc set

A(D25) = {(Ul’x)> (U27 y)7 (U3,l’), (."L‘, U2)7 (m,y), (ya Ul)a (y,Ug)} U {(:vai)’ (ya wi)
|1<i<k}

(see the digraph Dys given in Figure 12 for an illustration). Then C(Das) is
isomorphic to P, U P3 with k isolated vertices.

The competition graphs of the digraphs Dsg and D97 given in Figure 12 are
isomorphic to P, U P3 and P, U P, U P, respectively. Hence we have shown that
the “if” part is true. [

4. CLOSING REMARKS

In this paper, we completely identified the triangle-free graphs which are the
competition graphs of k-partite tournaments for k£ > 2, following up the previous
paper [3] in which all the complete graphs which are the competition graphs of
k-partite tournaments for £ > 2 are found.

Taking into account the fact that a cycle is a 2-regular graph and a complete
graph of order n is an (n — 1)-regular graph, characterizing the cubic graphs
which are the competition graphs of k-partite tournament for k£ > 2 seems to be
an interesting research problem to be resolved in the next step.
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