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Abstract

A graph G is (I, F)-partitionable if its vertex set can be partitioned into
two parts such that one part is an independent set, and the other induces
a forest. A k-cycle is a cycle of length k. A 9-cycle [vivg - vg] of a plane
graph is called special if its interior contains either an edge v,v4 or a common
neighbor of vy, v4, and v7. In this paper, we prove that every plane graph
with neither 4- or 6-cycles nor special 9-cycles is (I, F)-partitionable. As
corollaries, for each k € {8,9}, every planar graph without cycles of length
from {4,6,k} is (I, F)-partitionable and consequently, they are also signed
3-colorable.
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1. INTRODUCTION

Graph considered in this paper are finite and simple. A graph G is k-degenerate if
every subgraph H of G contains a vertex of degree at most k in H. Clearly, every
k-degenerate graph is (k4 1)-colorable. Let p and ¢ be two nonnegative integers.
A graph G is (p, q)-partitionable if V(G) can be partitioned into two subsets which
induce a p-degenerate subgraph and a g-degenerate subgraph of G, respectively.
Thomassen [15, 16] proved that planar graphs are both (1,2)-partitionable and
(0, 3)-partitionable.

A graph G is (I, F)-partitionable (also called near-bipartitionable) if its vertex
set can be partitioned into two parts such that one part is an independent set
and the other induces a forest. By definition, (I, F')-partition is exactly (0,1)-
partition, and every (I, F)-partitionable graph is 3-colorable. Hence, it is of
interest to see which 3-color theorem can be strengthened in the context of (I, F')-
partition.

Borodin and Glebov [1] confirmed that every planar graph of girth at least 5
is (I, F')-partitionable. Kawarabayashi and Thomassen [10] proved an extension
of this result and guessed it might be true that every triangle-free planar graph
is (I, F')-partitionable.

Conjecture 1 [10]. Every triangle-free planar graph is (I, F)-partitionable.

The famous Steinberg conjecture, proposed in 1976 (open Problem 2.9 in [6])
and disproved in 2016 [4], states that every planar graph without cycles of length
4 or 5 is 3-colorable. It has motivated a lot of research on 3-coloring of planar
graphs with restriction on short cycles. It can be concluded from literature that
for integers 4 < ¢ < j < k < 10, planar graphs without cycles of length from
{4,1,7,k} are 3-colorable. Further studies give partial results to the following
question.

Problem 2. For which pair of integers (i,j) with 4 < i < j < 10, every planar
graph without cycles of length from {4,i,j} is 3-colorable?

This question was answered in the affirmative for pairs (i, j) € {(5,7), (5,8),
(6,7),(6,8),(6,9),(7,9)} [2,3,7,8, 13, 17, 18], and the question for the remaining
cases of (7, 7) is still open.

This paper is interested in the following generalized form of Problem 2 and
proves a partial result on it.

Problem 3. For which pair of integers (i,j) with 4 < i < j < 10, every planar
graph without cycles of length from {4,i,j} is (I, F')-partitionable?

Consider a plane graph G. A vertex is external if it lies on the boundary
of the unbounded face; internal otherwise. For a cycle C, let int(C) and ext(C)
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denote the set of vertices in the interior and exterior of C, respectively. A cycle C
is separating if both int(C') and ext(C') are nonempty. Denote by int[C] (respec-
tively, ext[C]) the subgraph of G consisting of C' and its interior (respectively, C
and its exterior).

Denote by G[S] the subgraph of a graph G induced by a set S with S C V(G)
or S C E(G). Given two disjoint subgraphs Hy and Hj of a graph G, denote by
Ec(Hy, Hy) the set of edges of G connecting a vertex of H; to a vertex of Hs.

Definition. Let C be a cycle of a plane graph G. An edge of int[C] connecting
two non-consecutive vertices of C' is called a chord of C. If a vertex v € int(C)
has three neighbors vy, v, v3 on C, then G[{vvy, vve,vus}] is called a claw of C.
If w € int(C) has two neighbors u; and ug on C, v € int(C) has two neighbors v;
and vz on C, and uv € E(G), then G[{uv, uui, uug, vv1,vve}] is called a biclaw of
C'. If each of three pairwise adjacent vertices u,v,w € int(C') has a neighbor on
C, say v/, v, w' respectively, then G[{uv, vw, uw,uu’, vv’, ww'}] is called a triclaw
of C. The cycles into which a chord, a claw, a biclaw, or a triclaw divides C' are
called cells. A cell of length ¢; is called a ¢;-cell. We further call a (cq, ¢2)-chord,
a (c1,c9,c3)-claw, a (c1,c2,c3,cq)-biclaw, or a (c1,ca,c3,cq)-triclaw, as depicted
in Figure 1.
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Figure 1. A cycle C' in dotted line and a chord, a claw, a biclaw, and a triclaw of C' in
solid line.

A k-cycle is a cycle of length k. A 9-cycle of a plane graph is special if it
has a (3,8)-chord or a (5,5,5)-claw. Let G denote the class of connected plane
graphs with neither 4- or 6-cycles nor special 9-cycles.

The following theorem is the main result of this paper.

Theorem 4. Every graph of G is (I, F)-partitionable.

Liu and Yu [11] proved that planar graphs without cycles of length 4, 6, or
8 are (I, F')-partitionable, which is the only known partial result to Problem 3.
Lu et al. [12] proved an extension of the result of Liu and Yu. Theorem 4 not
only extends the result of Liu and Yu, but also implies a new partial result to
Problem 3 as follows.
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Corollary 5 [11]. Every planar graph without cycles of length 4,6, or 8 is (I, F)-
partitionable.

Corollary 6. Every planar graph without cycles of length 4,6, or 9 is (I, F)-
partitionable.

A signed graph is a pair (G, o), where G is a graph and 0: E(G) — {1, -1}
is a signature of G. The study on coloring of signed graph was initiated by
Zaslavsky in the 1980’s and has attracted some recent attention. For a positive
integer k, let Z be the cyclic group of order k, and let M) = {£1,...,+p} if
k = 2p is even and M = {0,%1,...,+p} if £k = 2p + 1 is odd. A k-coloring
of (G,0) is a mapping f: V(G) — My such that f(u) # o(e)f(v) for each
edge e = uv. A Zg-coloring of (G,o) is a mapping f: V(G) — Zj such that
f(u) # o(e)f(v) for each edge e = uv. These two definitions were introduced
respectively by Macajova, Raspaud, and Skoviera [14] and by Kang and Steffen
[9]. These two definitions are differ for any even k but equivalent for any odd
k. A graph G is signed k-colorable if (G, o) has a k-coloring for any signature o
of G.

We remark that every (I, F')-partitionable graph is signed 3-colorable. This
is because no matter what the signature o of an (I, F)-partitionable graph G
is, assigning the independent set part with the color 0 and properly coloring the
forest part by color set {1,—1} yields a proper 3-coloring of the signed graph
(G,0).

Some 3-color problems were asked in the context of signed 3-coloring. The
following question stands in the middle of Problems 2 and 3.

Problem 7. For which pair of integers (i,j) with 4 < i < j < 10, every planar
graph without cycles of length from {4, 4, j} is signed 3-colorable?

Hu and Li [5] proved that planar graphs without cycles of length from 4
to 8 are signed 3-colorable. Notice that the result of Liu and Yu [11] implies
that planar graphs without cycles of length 4, 6, or 8 are signed 3-colorable,
which extends the result of Hu and Li. This is the only known partial result to
Problem 7.

The following corollary is a direct consequence of Corollary 6, which provides
a new partial result to Problem 7.

Corollary 8. FEwvery planar graph without cycles of length 4, 6, or 9 is signed
3-colorable.

The structure of the remaining part of the paper is as follows. In Section
2, both the method of super-extended theorem and the technique of bad cycle,
which were usually used for solving 3-color problem, are extended to the context
of (I, F)-partition. We address the statement of the super-extended theorem,
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which strengthens Theorem 4. In Section 3, the proof of the super-extended
theorem is given by using discharging method. The proof follows a similar way
as in [8]. More precisely, for the minimal counterexample to the super-extended
theorem, we prove all the necessary reducible configurations proposed in [8] and
consequently, the final contradiction can be derived by exactly the same argument
of the discharging part of [8]. For the seek of completeness, we provide the
discharging part in the section of Appendix.

2. SUPER-EXTENDED THEOREM AND TERMINOLOGY

Denote by d(v) the degree of a vertex v, |C| the length of a cycle C, |f| the size
of a face f, and |P| the number of edges a path P contains. Let k be a positive
integer. A k-verter (respectively, k*-verter, and k™ -vertex) is a vertex v with
d(v) = k (respectively, d(v) > k, and d(v) < k). Similar definition is applied for
cycle, face, and path by constitution |C/|, |f|, and |P| for d(v), respectively.

An (I, F)-coloring of a graph G is a mapping from V(G) to the color set
{I, F'} such that vertices of the color I is an independent set and vertices of the
color F' induce a forest. A vertex of color F'is called an F'-vertex. A path or cycle
on only F-vertices is called an F'-path or F'-cycle, respectively. An [-edge is an
edge whose ends are both I-vertices. Let H be a subgraph of a graph G and ¢ be
an (I, F')-coloring of H. A super-extension of ¢ to G is an (I, F')-coloring of G
whose restriction on H is ¢ such that G — F(H) contains no F-path connecting
two vertices of H.

Remark 9. Let Hy be a subgraph of a graph Hs, H; be a subgraph of Hs, and
¢1 be an (I, F)-coloring of Hy. If ¢; is a super-extension of ¢;_1 to H; for each
i € {2,3}, then ¢3 is a super-extension of ¢; to Hs.

Proof. By assumption, ¢3 is an (I, F')-coloring of Hj, and the restriction of ¢3
in Hy is exactly ¢1. So, it suffices to show that Hs — F(H;) contains no F-path
connecting two vertices of Hi. Otherwise, let P be such an F-path. Since ¢ is
a super-extension of ¢; to Hy, P is not a subgraph of Hy. Then P — E(H>) is an
F-path of H3 — E(H2) connecting two vertices of Ha, contradicting that ¢3 is a
super-extension of ¢9 to Hs. [ |

Given a plane graph G, denote by D(G) the boundary of the unbounded face
of G. A good cycle is a cycle of length at most 12 which has none of claws, biclaws
and triclaws. A bad cycle is a cycle of length at most 12 which is not good.

We will prove the following theorem, which strengthens Theorem 4.

Theorem 10 (Super-extended theorem). Let G € G. If D(G) is a good cycle,
then every (I, F)-coloring of G[V(D(Q))] can super-extend to G.
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To see that Theorem 4 follows from Theorem 10, take any graph G € G.
If G has no triangles, then it has girth at least 5 and is known to be (I, F)-
partitionable [1]. So, let T" be a triangle of G. If there is a 10~ -cycle containing T
inside, then let C be the outermost one, that is, the one which is contained in the
interior of no other 10~ -cycles; otherwise, let C' = T. Take any (I, F')-coloring ¢
of GV (C)]. Denote by H the plane graph obtained from ext[C] by re-embedding
it so that C' is the boundary of the unbounded face of H. Suppose that H ¢ G.
Since ext[C] € G, it is only possible that the re-embedding makes a non-special
9-cycle (say C') of ext[C] be special in H. It follows that C’ contains C inside,
a contradiction to the choice of C. Therefore, H € G. Moreover, since |C| < 10,
it is easy to check by definition that C' is a good cycle in both int[C] and H.
By Theorem 10, ¢ can super-extend to both int[C] and H. This results in an
(I, F)-coloring of G.

The remainder of this section is devoted to some necessary definitions and
terminology.

Consider a plane graph G. A path or a cycle C is triangular if it has an edge
as the common part between C and some triangle. A cycle C is ext-triangular
if it has an edge as the common part between C' and some triangle of ext[C].
A path is a splitting path of a cycle C if its two end-vertices locate on C and
all other vertices locate inside C'. A directed path P = V1V - - - v is the path
on vertices vy, vs, ..., v, with direction vy — v9 — -+ — v, and P denotes the
undirected path associated with P. Given an (I, F)-coloring of G, a defective
segment means an [-edge, an F-cycle, or a splitting F-path of D(G).

Remark 11. Given a plane graph G, a subgraph H of G which contains D(G),
and an (I, F')-coloring ¢ of H which is a super-extension from D(G), for any
vertex-induced subgraph U of G with V(U) NV (H) = 0, if assigning each vertex
of U with a color from {I, F'} brings no defective segments, that is, each vertex
of U is contained in no defective segments, then the resulting coloring of H +U +
E¢(H,U) is a super-extension from D(G).

Consider a plane graph G, a subgraph H of G which contains D(G), and
an (I, F')-coloring ¢ of H. Let u be an uncolored vertex which has at most two
neighbors locating in H. Nicely coloring u means assigning u with the color I if
1 has no neighbors of color I, and assigning u with the color F' otherwise. Let
P =v1vg---v (k> 2) be a vertex-induced directed path of G — V (H) such that
v; has precisely one neighbor (say t;) locating in H for each i € {1,2,...,k}.
I-nicely coloring (respectively, F-nicely coloring) P means assigning v; with the
color F for each ¢ with ¢(t;) = I and then assigning all the remaining vertices of
P with I and F alternately (respectively, with F' and I alternately) along P. It
is easy to deduce the following two properties, which will be used often for the
proof of reducible configurations in Section 3.1.
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(1) Each of nicely coloring u, I-nicely coloring P , and F-nicely coloring P brings
no defective segments and therefore, the resulting coloring is a super-extension
of ¢ by Remark 11.

(2) For the case of I-nicely coloring ]3, let x be an uncolored vertex adjacent to vy,
and let ¢t = k if x has no other neighbors on P; otherwise, let t € {2,3,...,k}
be the minimum such that vz € E(G). If vivg--- v, is not an F-path, then
assigning x with F' brings no defective segment which contains the edge viz.

Given a plane graph G and an (I, F')-coloring of G, a pair of vertices (u,v)
is F-linked if at least one of the following holds.

(1) There exists an F-path between u and v.

(2) There exist two vertex-disjoint F-paths, one connects u with an external
vertex, and the other connects v with another external vertex.

3. THE PROOF OF THEOREM 10

We shall prove Theorem 10 by contradiction. Let G be a counterexample to
Theorem 10 with minimum |V(G)| + |E(G)|. Thus, the boundary D of the
unbounded face fy of G is a good cycle, and there exists an (I, F')-coloring ¢g of
G|V (D)] which cannot super-extend to G.

3.1. Reducible configurations
Lemma 12. D has no chords.

Proof. Otherwise, let e be a chord of D, which divides D into two cycles, say
D; and Dy. By the minimality of G, the restriction of ¢g in D N D; can super-
extend to int[D;] for ¢ € {1,2}. It is easy to verify by definition that the resulting
coloring of GG is a super-extension of ¢g, a contradiction. [ |

Lemma 13. Fvery internal vertex of G has degree at least 3.

Proof. Otherwise, let v be an internal vertex with d(v) < 2. The pre-coloring
¢ can super-extend to G — v by the minimality of G, and further to G by nicely
coloring v. [ |

Lemma 14. G has no separating good cycles.

Proof. Suppose to the contrary that C' is a separating good cycle of GG. Let
H; = G —int(C) and Hy = int[C]. By the minimality of G, ¢ can super-extend
to Hi, and the resulting coloring of C' can super-extend to Hy, which can restate
by planarity that the resulting coloring of H; can super-extend to Hy. By Remark
9, the resulting coloring of G is a super-extension of ¢g, a contradiction. [
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The following three lemmas can be concluded easily.

Lemma 15. Fvery 97 -cycle of G is facial except that an 8-cycle of G might have
a (3,7)- or (5,5)-chord.

Lemma 16. Let H € G. If C is a bad cycle of H, then C has length either
11 or 12. Furthermore, if |C| = 11, then C has a (3,7,7)- or (5,5,7)-claw;
if |C| = 12, then C has a (5,5,8)-claw, a (3,7,5,7)- or (5,5,5,7)-biclaw, or a
(3,7,7,7)-triclaw.

Lemma 17. Fvery bad cycle C of G is adjacent to at most one triangle. Fur-
thermore, if C is ext-triangular, then C' has a (5,5,7)-claw or (5,5,5,7)-biclaw.

Lemma 18. G is 2-connected.

Proof. Otherwise, we may assume that G has a pendant block B with a cut
vertex v such that B — v does not intersect with D. By the minimality of G, ¢¢
can super-extend to G — (B — v). Consider only B. We distinguish two cases
as follows. If v is contained in a 10~ -cycle, then take the outermost one, that
is, the one which is contained in the interior of no other 10™-cycles, denoted by
C. Lemma 16 implies that C' is good and therefore, the coloring of v can extend
to an (I, F')-coloring of B[V(C)], which can further super-extend to both the
interior and exterior (if not empty) of C' in B. This results in an (I, F')-coloring
of B. It remains to assume that v is contained in no 10~ -cycles. Insert into the
unbounded face f of B an edge e between the two neighbors of v on f, creating
a 3-face, say T'. Note that the embedding of B + e in the plane which takes T' as
the unbounded face belongs to G. Similarly, the coloring of v can extend to an
(I, F)-coloring of T' and can further super-extend to B + e. In either case, the
resulting coloring of G is a super-extension of ¢q, a contradiction. [ |

Lemma 19. Let P be a splitting path of D, which divides D into two cycles D’
and D". If 2 < |P| < 5, then at least one of D' and D" has length |P| + 1 to
2|P| — 1. More precisely, since G € G,

(1) if |P| =2, then at least one of D' and D" is a triangle;

(2) if |P| = 3, then at least one of D' and D" is a 5-cycle;

(3) if |[P| =4, then at least one of D' and D" is a 5- or T-cycle;

(4) if |P| =5, then at least one of D' and D" is a 7-, 8-, or 9-cycle.

Proof. Suppose to the contrary that |D’|,|D”| > 2|P|. Since D has length at
most 12, |D'| + |D"| = |D| + 2|P| < 12 + 2|P|. It follows that 2|P| < |D’|,|D"|
< 12.

(1) Let P = zyz. By Lemma 13, y has a neighbor ¢’ other than x and z.
If 3/ is external, then D has a claw, a contradiction. So, ¥’ lies inside D’ or D",
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w.lo.g., say D’. By Lemma 14, D’ is a bad cycle. Moreover, since G has no
4-cycles, 5 < |D'|,|D"| < 11. Hence by Lemma 16, D’ has a claw, which yields
that D has a biclaw, a contradiction.

(2) Let P = wryz. We may let 2’ and y' be neighbors of z and y with
{z2',yy'} N E(P) = 0, respectively. If both 2’ and y’ are external, then D has
a biclaw, a contradiction. So, without loss of generality, let 2’ lie inside D’.
Moreover, since G has no 6-cycles, 7 < |D'|,|D"| < 11. Hence by Lemmas 14 and
16, D’ is a bad 11-cycle with a claw and D" is a 7-face. So, ¢/’ has no choices but
coincides with 2’. Now, D has a triclaw, a contradiction.

(3) Let P = vwzyz. In this case, 8 < |D’|,|D”| < 12. We claim that G has
no edge connecting two non-consecutive vertices on P. Otherwise, such an edge
e together with P forms a triangle as well as a splitting 3-path of D. By the
statement (2), we can deduce that e is a (3,5)-chord of D', a contradiction.

Let w', 2/, and 3/ be neighbors of w, z, and y with {ww’, z2’, yy' } N E(P) = 0,
respectively. Clearly, 2’ lies in int[D’] or int[D”], without loss of generality, say
int[D']. If 2’ is external, then both the paths vwzz’ and z’xyz are splitting 3-
paths of D. By the statement (2), D’ is an 8-cycle with a (5,5)-chord xz’. Hence,
v’ has no choice for its location but to lie inside D”, and so does w’. So, D" is a
bad cycle and by Lemma 16, either w’ = y’ which yields a 4-cycle or w'y’ € E(G)
which yields a special 9-cycle with a (5,5, 5)-claw, a contradiction. It remains to
assume that 2’ € int(D’). Thus, D’ is a bad cycle, which implies that D” has
length 8 or 9. For |D”| =9, D" is facial and D’ is a bad 11-cycle with a claw,
which is impossible because of the locations of w’, z’ and y'. For |D”| = 8, at
least one of w’ and y' lies in int[D’], which together with 2’ yields either a 4-cycle
or a special 9-cycle with a (3, 8)-chord, a contradiction.

(4) Let P = wvwzyz. In this case, 10 < [D'|,|D”| < 12. By a similar
argument as in the case (3), one can conclude that G has no edge connecting two
nonconsecutive vertices on P. Let v/, w’, 2’, 9y’ be neighbors of v, w, z,y not on P,
respectively.

We claim that both w’ and 2’ are internal. Otherwise, let w' € V(D’).
Since both wvww’ and w'wzyz are splitting paths of D, D’ is a 10-cycle with
a (5,7)-chord ww'. If 2’ € V(D"), then similarly, D" is a 10-cycle with a (5,7)-
chord za’, which yields no locations for v" and y'. Hence, 2’ € int(D"). Moreover,
v' € int(D") since otherwise, uvv’ is a splitting 2-path of D which yields a triangle
adjacent to a 5-cycle. Therefore, vz’ € E(G) and D" is a bad 12-cycle with a
biclaw, which yields no location for 3’.

If one of w’ and 2’ lies inside D’ and the other lies inside D", then both D’
and D" are bad 11-cycles with a claw, yielding v" = w’ and v’ = 2’. Now, G has
a special 9-cycle with a (3,8)-chord. Otherwise, let w’, 2’ € int(D’). Since G has
no 4-cycles, ' = w’ and hence, D' is a bad cycle with either a (3,7,7)-claw or a
(3,7,5,7)-biclaw. If v' € V(D"), then uvv’ is a splitting 2-path of D, forming a
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(3,8)-chord uv. Hence, v € int(D”) and similarly, y' € int(D"). It follows that
either v/ = ¢ or vy’ € E(G), yielding a 6-cycle in both cases. [ ]

Lemma 20. If G’ is a plane graph obtained from G by deleting a nonempty set
of internal vertices and either identifying two vertices without identifying edges
or adding an edge, which satisfies the following two conditions:

(a) identify no two vertices on D and create no edge connecting two vertices on
D, and

(b) create neither 6~ -cycles nor ext-triangular 7- or 8-cycles,

then ¢g can super-extend to G’.

Proof. The item (a) guarantees that D is unchanged and bounds G’ and that ¢
is an (I, F)-coloring of G'[V(D)]. By the item (b), G’ is simple and G’ contains
no 4- or 6-cycles. Hence, to super-extend ¢y to G’ by the minimality of G, it
suffices to show both that D is a good cycle in G’ and that G’ contains no special
9-cycles.

Suppose to the contrary that D is a bad cycle of G/, i.e., D has a claw, biclaw,
or triclaw, say H. For the case of identifying two vertices, the resulting vertex is
incident with k£ (k < 2) cells of H that are created by the operation. If k = 0,
then D has H also in GG, a contradiction. Moreover, since the operation does not
identify edges, k # 1. Therefore, k = 2. It follows by Lemma 16 that there is a
57 -cycle or an ext-triangular 7-cycle created, contradicting the item (b). For the
case of inserting a new edge, say e, we can similarly deduce that both cells of H
incident with e are created, yielding a similar contradiction as above.

Suppose to the contrary that G’ contains a special 9-cycle C. By a similar
argument on C' as on D above, we can deduce that there is a 57 -cycle or an
ext-triangular 8-cycle created, contradicting the item (b). [ |

Lemma 21. Let G’ be a plane graph obtained from G by the following operation
T: deleting a nonempty set S of internal vertices and then identifying two edges
uiug and vive so that uy is identified with vi. For i € {1,2}, let T; denote the
operation on G that consists of deleting all the vertices of S and identifying u;
and v;. If at least one of uyus and vive is contained in no 8 -cycle of G — S,
and the conditions (a) and (b) of Lemma 20 hold for both T\ and Ts, then ¢o can
super-extend to G'.

Proof. For i € {1,2}, denote by w; the vertex resulting from w; and v; by T.
Since the condition (a) holds for both T} and T, D bounds G’ and ¢q is an
(I, F)-coloring of G'[V (D)].

Suppose that T creates a 67 -cycle or a special 9-cycle or a bad D, denoted
by C. Since the two conditions (a) and (b) hold for both 7} and 75, by the proof
of Lemma 20, each T; does not create C'. Hence, wywy must be either a common
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edge of some two cells of C' or a chord of some cell of C'. This implies that both
u1ug and vivg are contained in a 8 -cycle of G— S, contradicting the assumption.
Therefore, ¢y can super-extend to G’ by the minimality of G. [

Given a plane graph, a good path is a path P = vivevsvy of the boundary
of some face such that the edge vivy is triangular and all the vertices of P are
internal 3-vertices, see Figure 2.

Figure 2. Good path.

Lemma 22. G has no good paths.

Proof. Suppose to the contrary that G has a good path P = vjvougvy, using the
same label for vertices as in Figure 2. Since G € G, all the vertices in Figure 2 are
pairwise distinct except that t3 and ¢4 might coincide. Apply on G the following
operation T: remove all the vertice of P and identify x with t3, obtaining a
smaller plane graph G’.

Suppose that T creates a 6~ -cycle or an ext-triangular 7- or 8-cycle. Thus,
G — v4 has a 127 -cycle C' containing zvivvsts and additionally, if |C| € {11, 12}
then the path C' — {v1,v9,v3} is triangular. By planarity, t1o € V(C) or t12 €
int(C) or vg € int(C'). For the first case, between the two cycles formed by paths
C — vive and wvit1ove, at least one is a triangular 6~ -cycle, contradicting that
G € G. For the last two cases, C' is a bad cycle by Lemma 14. But now C' is
adjacent to two triangles, contradicting Lemma 17. So, the item (b) of Lemma
20 holds for T'.

Suppose that T identifies two external vertices or create an edge connecting
two external vertices. Thus, xvivsvsts is contained in a splitting 4- or 5-path of
D, which together with D forms a 97 -cycle by Lemma 19. Thus, T creates a
5~ -cycle, a contradiction. Therefore, the item (a) of Lemma 20 holds for 7.

Hence, ¢ can super-extend to G’ by Lemma 20 and further to G as follows.
Nicely color vy and wvs in turn, which for sure brings no defective segments.
Clearly, x and t3 receive the same color, say «. Denote by 8 and ~ the colors of
t12 and vg, respectively. We distinguish the following four cases.

(i) If @ = I, then color v; by F' and color vy different from ¢;2, which brings
no defective segments, we are done by Remark 11.

(ii) If « = F and B = I, then color both v; and vy by F, we are done. Notice
that zvivousts might be an F-path, which however brings neither F-cycle nor
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splitting F-path of D since otherwise, identifying x with t3 yields an F-cycle or
a splitting F-path of D in G'.
(iii) If « = B = F and v = I, then color v; by I and vy by F, we are done.
(iv) Let « = f = F and v = F'. Since identifying x with t3 yields neither F-
cycle nor splitting F-path of D in G, either (z,t12) or (t12, t3) is not F-linked, for
which case we color vy by F' or by I respectively and color vy different from v;. m

Lemma 23. For k € {5,7}, the graph G has no k-face that contains k internal
3-vertices.

Proof. Suppose to the contrary that G has such a k-face f = [v1---vg]. Let ¢;
be the remaining neighbor of v; for i € {1,2,...,k}. Since G € G and Lemma
22, these vertices t1,. .., are pairwise distinct.

Case 1. Let k = 5. Since G € G, f contains a vertex incident with two
7t-faces, without loss of generality, say ve. Apply on G the following operation
T: remove V(f) and insert an edge between t; and t3, obtaining a smaller plane
graph G'.

Suppose that T creates a 6~ -cycle or an ext-triangle 7- or 8-cycle. Then G —
{v4, v5} has an 117 -cycle C containing the path P = t;vv9vsts and additionally,
ext[C] has a triangle sharing an edge with C' — E(P) when |C| € {10,11}. If C'is
a good cycle, then ty € V(C') and thus, vats is a (77,71 )-chord of a 11~ -cycle C,
a contradiction. So, C'is a bad 11-cycle. By Lemma 16, C must contain ¢, inside
and have a (3,7,7)-claw. Now, C' is adjacent to two triangles in G, contradicting
Lemma 17. Therefore, the item (b) of Lemma 20 holds for 7.

If both ¢; and t3 are external, then P is a splitting 4-path of D, which together
with D forms a 5- or 7-cycle C' by Lemma 19. Then T creates a 2- or 4-cycle,
contradicting the truth of the item (b). Hence, the item (a) of Lemma 20 holds
for T

Hence, ¢ can super-extend to G’ by Lemma 20 and further to G as follows.
Firstly, assume that all the vertices of {¢1,ta,...,t5} are of color F. If both the
pairs (t1,t2) and (tg,t3) are F-linked, then ¢it3 is contained in an F-cycle or a
splitting F-path of D in G’, a contradiction. Hence, at least one of the pairs
(t1,t2) and (to,t3) is not F-linked, without loss of generality, say (t1,t2). Assign
v1,v9,...,v5 with F, F, I, F, I, respectively. Note that the coloring of V(f) brings
no defective segments, we are done by Remark 11. It remains to assume that there
is a vertex from {ti,ts,...,t5} of color I, say t,. I-nicely color the path f — v,
with any direction. Since not both ¢; and ¢3 are of color I, the path f — v, is not
an F-path. So, assigning v, with color F' brings no defective segments, we are
done by Remark 11.

Case 2. Let k = 7. Apply on G the following operation 7T remove all the
vertice of f and insert an edge between t; and t4, obtaining a smaller plane
graph G'.
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Suppose that T' creates a 6™ -cycle or an ext-triangle 7- or 8-cycle. Then
G — {vs,v6,v7} has a 127-cycle C containing the path P = tjvjvovsvgty and
additionally, ext[C] has a triangle sharing an edge with C' — E(P) when |C] €
{11,12}. If C is a good cycle, then t9,t3 € V(C). Since |C| < 12, each edge of
v1v2v3vy is incident with a 5-face. Now |C| = 11, which implies that one of those
5-faces is adjacent to a triangle, a contradiction. So, C' is a bad cycle. On one
hand, C has a (5,5,7)-claw or (5,5,5,7)-biclaw by Lemma 17. On the other hand,
either vs, vg,v7 € int(C) or C contains tots inside by planarity. A contradiction
follows. So, the item (b) of Lemma 20 holds for T'.

If both t; and t4 are external vertices, then P is a splitting 5-path of D,
which together with D forms a 97-cycle by Lemma 19. Then T creates a 5~ -
cycle, contradicting the truth of the item (b). So, the item (a) of Lemma 20 holds
for T.

Hence, ¢ can super-extend to G’ by Lemma 20 and further to G in a similar
way as for Case 1. ]

A 3-T-face H consists of a 3-face [zzy] and a T-face [xzv; - - vs] such that
their common part is the edge xz, z is an internal 4-vertex, and all other vertices
of H are internal 3-vertices, see Figure 3.

y

/N

Figure 3. 3-7-face.

Lemma 24. G has no 3-7-faces.

Proof. Suppose to the contrary that G has a 3-7-face H, using the same label
for vertices as in Figure 3. The pre-coloring ¢y can super-extend to G — V(H)
by the minimality of G and further to GG as follows.

I-nicely color the directed path P = vgvq--- vi1zy. If at least one of y and
z is of color I, then assign x with F', which brings no defective segments except
that [zzvivg - - - v5] might be an F-cycle. For this exceptional case, the remaining
neighbor of each vertex from {z,v1,v2,...,v5} is of color I. Reassign x with [



14 Y. KANG, H. Lu AND L. JIN

and y with F', which obviously brings no defective segments, we are done. Hence,
we may next assume that both y and z are of color F'.

If vy is of color F, then assign x with I, we are done. So, let vs be of color
I. Denote by 3’ the remaining neighbor of y. If ¢/ is of color F, then reassign y
with I and assign z with F', we are done. So, let 3/ be of color I. F-nicely recolor
]3, which yields that both vs and y are of color F, but the color of z might be
changed. Finally, color = different from z, which brings no defective segments,
we are done. [ |

A 7-7-face H consists of two 7-faces [xug - - - u1] and [zv; - - - vg] such that their
common part is the vertex z, up is adjacent to v1, both z and u; are internal
4-vertices, and all other vertices of H are internal 3-vertices, see Figure 4.

v

Figure 4. 7-7-face.

Lemma 25. G has no 7-7-faces.

Proof. Suppose to the contrary that G has a 7-7-face H, using the same label
for vertices as in Figure 4. The pre-coloring ¢y can super-extend to G — V(H)
by the minimality of G and further to G as follows. Let ]31 = ugus - --u; and
P_é = VgUs - V1.

I-nicely color the directed path P,. If P, is an F-path, then F-nicely color
P,. Note that v must be of color F. Reassign vy with F' if its color is not F
and finally, assign 2 with I. Note that the coloring of {v1, 2} brings no defective
segments, we are done by Remark 11. Hence, we may next assume that P is not
an F-path.

I-nicely color the directed path P,. If P, is an F-path, then u; must be of
color I. F-nicely recolor the path P regardless of the edge ujvy, yielding both
u1 and ug of color F'. So, we can assign x with I. It is easy to see that the edge
u1v1 has both ends of color F' but is not contained in any F-cycle or splitting
F-path of D, we are done. Hence, we may next assume that P» is not an F-path.

If not both u; and vy are of color F', then assigning x with F' brings no
defective segments, we are done. So, let both u; and v; be of color F. If vy is
of color F', then reassign v; with I and assign x with F', we are done. So, let vy
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be of color I. Denote by t; the neighbor of u; not in H. If ¢; is of color F', then
F-nicely recolor the path P regardless of the edge ujvy, yielding u; of color I.
So, the edge uiv; is contained in no defective segments, and assigning x with F
brings no defective segments, we are done. Hence, let ¢; be of color I. F-nicely
recolor 132, yielding vg, v9, v1 of color F, F, I, respectively. Assign x with F, which
might make uoujxvg be contained in an F-cycle or a splitting F-path of D. For
this case, remove the colors of x and v; and F-nicely recolor 151, yielding that
ugu1 would be contained in no defective segments no matter what colors x and
v1 will receive. Assign x with I and v; with F', we are done. [ ]

An M-9-face is a 9-face [v1---vg] such that the edges viva, v3vy, v4V5, V6UT
are triangular, vy, ve,vs, vs, Vg, vy are internal 3-vertices, and w4 is an internal
4-vertex, see Figure 5.

Figure 5. M-9-face.

Lemma 26. G has no M-9-faces.

Proof. Suppose to the contrary that G has an M-9-face f, using the same label
for vertices as in Figure 5. Let S1 = {vi,v2,v3}, S2 = {vs,v6,v7}, and S =
S1USy. Apply on G the operation T as follows: remove all the vertices of S and
identify the edges zv4 with vgvg so that z is identified with vg, obtaining a smaller
plane graph G’. Denote by T} (respectively, T5) the operation on G consisting
of removing all the vertices of S and identifying z with vg (respectively, v4 with
vg). Similarly as the proof of Lemma 22, we can deduce that both the items (a)
and (b) hold for T} as well as T5. Moreover, notice that v4z is contained in no
8 -cycle of G — S.

By Lemma 21, the pre-coloring ¢g can super-extend to G’ and further to
G as follows. Color the vertices of S7 as well as So in the same way as we did
for good path in the proof of Lemma 22. Clearly, the coloring of S brings no I-
edges. Hence, it remains to show that the coloring of S brings neither F-cycle nor
splitting F-path of D. Otherwise, denote by H such a new F-cycle or splitting
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F-path of D in G. The way we color S and S implies that V(H) NSy # () and
V(H)N Sy # 0, and the coloring of S; as well as Sz belongs to case (ii) or (iv)
of the proof of Lemma 22. Thus, all the four vertices we identified are of color
F and so, vs is of color I. It follows that the coloring of Sz belongs to case (ii),
for which the coloring of So brings neither F-cycle nor splitting F-path of D,
contradicting that V(H) N Sy # 0. [

3.2. Incompatibility of reducible configurations

By exactly the same discharging procedure as in the article [8], we can derive the
incompatibility of reducible configurations as depicted in Lemmas 12 up to 26,
which completes the proof of Theorem 10. More precisely, in Section 2.1 of [8], the
authors prove reducible configurations for the minimal counterexample H € G,
which are exactly the same as Lemmas 13 up to 26 of this paper. Subsection 2.2
of [8] are discharging procedure, which shows that these reducible configurations
are incompatible for a graph of G. For the seek of completeness, we provide the
discharging part as appendix.
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APPENDIX

A vertex incident with a triangle is called a triangular vertex. We say a vertex
is bad if it is an internal triangular 3-vertex; good otherwise. A triangular 7-face
is light if it contains no external vertices and every incident nontriangular vertex
has degree 3.

Recall that G is a minimal counterexample to Theorem 10, fy is the un-
bounded face of G, and D is the boundary of fy. Let V = V(G), E = E(G),
and F be the set of faces of G. Give initial charge ch(x) to each element x of
VUF as ch(fo) = |fol +4, ch(v) = d(v) —4 for v € V, and ch(f) = |f| — 4 for
f € F\{fo}. Discharge the elements of V' U F according to the following rules:

R1. Every 3-face receives % from each incident vertex.
R2. Let v be an internal 3-vertex and f be a face containing v.

(1) v receives 1 from f if |f| = 5.

(2) Suppose |f| > 7. Let a and b denote the lengths of other two faces

containing v with a < b. The vertex v receives from f charge % if a =3,

charge % if a = b =5, charge % ifa=5andb> 7, and charge 5 ifa > 7.
R3. Let v be an internal 4-vertex and f be a 7'-face containing v.

(1) If v is incident with precisely two 3-faces, then v receives % from f.
(2) If v is incident with precisely one 3-face that is adjacent to f, then v

. 1
receives g from f.

R4. Let f be a light 7-face adjacent to a 3-face T' on edge xy, z be the vertex on
T other than = and y, and h be the face containing edge yz other than T

(1) If d(z) = 3 and d(y) > 5, then y sends 57 to f.
(2) If z € V(D), then z sends 3; to f through 7.

(3) If d(z) = 3,d(y) = 4,z ¢ V(D), and d(z) > 4, then h sends % to f
through y.

R5. The face fy sends % to each incident vertex.

R6. Let v be an external vertex and f be a 5" -face containing v other than fj.
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(1) If d(v) = 2, then v receives % from f.

(2) Suppose d(v) = 3. If v is triangular, then v receives % from f; otherwise,
v sends 1—12 to f.

(3) If d(v) > 4, then v sends % to f.

Let ch*(z) denote the final charge of each element x of V U F after discharg-
ing. On one hand, by Euler’s formula |V| — |E| + |F| = 2, we can deduce that
> zevur ¢h(x) = 0. Since charges are only moved around over V' U F' in the dis-
charging procedure, we have ) i, pch*(z) = 0. On the other hand, we will
show that ch*(z) > 0 for each z € V U F and ch*(xzg) > 0 for some vertex zg.
Hence, this obvious contradiction completes the proof of Theorem 10.

Claim 27. ch*(f) > 0 for f € F.

Proof. Denote by V(f) the set of vertices of f.

First suppose that f contains no external vertices.

Let |f| = 3. By R1, we have ch*(f) = |f| —4+3 x % =0, we are done.

Let |f| = 5. Lemma 23 implies that f contains at most four 3-vertices.
Hence, ch*(f) > |f| —4 —4 x £ =0 by R2(1).

Let |f| = 7. If G has no 3-face adjacent to f, then f sends at most % to each
incident 3-vertex by R2(2). Since Lemma 23 implies that f contains at most six
3-vertices, we have ch*(f) > |f| —4 — 6 x 3 = 0. Hence, we may next assume
that f is adjacent to a 3-face [zyz] on the edge zy with d(x) < d(y). Since G has
no special 9-cycles, f is adjacent to no other 3-faces. Notice that now only rules
R2(2), R3(2), and R4(3) might make f send charge out.

Suppose d(y) = 3. In this case, f sends % to both x and y, and at most %
to each of other incident 3-vertices. Moreover, it follows from Lemma 22 that f
contains at least two 4"-vertices. Hence, we have ch*(f) > |f|—4—2x 2 —-3x %
> 0.

Suppose d(z) = 3 and d(y) = 4. In this case, f sends % to z, & to y, and at
most % to the neighbor of x on f other than y. If z is not an internal 3-vertex,
then f receives charge % either from z by R4(2) or from the face containing yz
other than T by R4(3), yielding ch*(f) > |f|-4—2—3—2—-4x3+2 = 0. Hence,
we may next assume that z is an internal 3-vertex. Since G has no 3-7-faces by
Lemma 24, f is not light. So, ch*(f) > |f|—4—2— 1 —4x 3> 0.

Suppose d(z) = 3 and d(y) > 5. In this case, f sends % to z and at most %
to the neighbor of = on f other than y. By R4(1), f receives i from y. Thus,
we have ch*(f) > |f|—4-2 -2+ —4xi=0.

It remains to suppose d(z) > 4. In this case, f might send charge out through
z and y by R4(3). If f is not light, then ch*(f) > |f|—4—2(3 + ;) —4 x 3 > 0.
Moreover, if d(y) > 5, then f sends nothing to y or through y, yielding ch*(f) >
|lfl—4— (% +2)—5x 3 > 0. Hence, we may next assume that f is light and
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d(x) = d(y) = 4. Since G has no 7-7-faces by Lemma 25, f sends nothing out
through z or y. It follows that ch*(f) > |f|—4—2x =5 x 3 > 0.

Let |f| = 8. Since f sends at most 3 to each incident vertex by R2(2), we
have ch®(f) > || —4— 8 x 1 =0.

Let |f] > 9. We define

A(f) ={v: wovw is a path on f, both u and w are bad, and v is good},

B(f) ={v: wvw is a path on f, u is bad, and both v and w are good},
C(f) =A{v: wvw is a path on f, and all of u, v, w are good},
D(f) ={v: vis abad vertex on f}.

Clearly, A(f), B(f), C(f), and D(f) are pairwise disjoint sets whose union is
V(f). By our rules, f sends at most % to each vertex in A(f), at most % in
total to and through each vertex in B(f), at most % in total to and through each
vertex in C(f), and % to each vertex in D(f). Hence, we have

. 1 3 1 2
o (f) 2 || 4= 5|A)| = SIB() = 51C() = 51D
1 3 1 2
= 1f1 = 4= A = SIBOI - 51001 - 511~ 1A - [B(S)]
&6l
1 7 1 1
() = 3AWDI+ B+ IO+ 5l - 4

Clearly, |B(f)| is always even, and if B(f) = 0 then either C(f) = 0 or C(f) =
V(f).

Suppose |f| = 9. By the inequality (x), it suffices to consider the following
three cases.

Case 1. Let |A(f)| < 2 and |B(f)| = |C(f)| = 0. By Lemma 22, one can
deduce that |[A(f)| = 2 (say A(f) = {u,v}), D(f) is divided by u and v as 3+4
on the boundary of f, and d(u),d(v) > 4. Furthermore, by the drawing of 3-faces
adjacent to f, we can apply Lemma 26 to get that max{d(u),d(v)} > 5. Hence,
ch(f) = |f[—4—Tx 2 -1 =0.

Case 2. Let |A(f)| =1, |B(f)| = 2, and |C(f)| = 0. By Lemma 22, D(f) is
divided by B(f) U A(f) as 343 or 2+4 on the boundary of f.

For the case 3+3, let A(f) = {u}. By Lemma 22, d(u) > 4. Moreover, u is
not a 4-vertex incident with two 3-faces by Lemma 26. Hence, u receives at most
% from f, which yields ch*(f) > [f|—-4—-6x 2 —2x 3 -1 >0.

For the case 244, let f = [ug - - ug] with A(f) = {u1} and B(f) = {ua,us}.
Lemma 22 implies that d(u1), d(us) > 4. If uy is not a 4-vertex incident with two
3-faces, then f sends at most é to up, which yields ch*(f) > |f| —4—6 x % —2X
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% - % > 0; otherwise, the drawing of 3-faces adjacent to f shows that d(us) >4
and f sends nothing through u4 or us and at most % to each of them, yielding

ch*(f) > |f|—4-6x2—-3x$=0.

Case 3. Let |A(f)| =0, |B(f)| = 2, and |C(f)| < 2. It follows that f contains
five consecutive bad vertices, which form a good path, contradicting Lemma 22.

Suppose | f| > 10. By the inequality (x), it suffices to consider two cases: (1)
IB(f)] = 0 and 2/A(f)|+]C(f)] < 4 (2) [B(f)| = 2 and |A(f)| = |C(f)] = 0. For
either case, f contains five consecutive bad vertices, contradicting Lemma 22.

Next suppose that f contains external vertices.

Since |fo| < 12, if f = fo then by R5 we have ch*(f) = |fo| +4—|fo| x 5 > 0.
Hence, we may assume f # fy. By our rules, f sends at most % to each incident
vertex. Lemma 19 implies that if |f| < 8, then the external vertices on f are
consecutive one by one. Furthermore, f has at most one 2-vertex if |f| = 5, and
has at most two 2-vertices if |f| € {7, 8}.

Let |f| = 3. We have ch*(f) = |f| —4+3 x 3 =0 by RI.

Let |f| = 5. If f has no 2-vertices, then f sends at most % to each vertex,
yielding ch*(f) > |f| —4 — 4 x i = 0. Hence, we may assume f has precisely
one 2-vertex. It follows that f has two external 3-vertices, both of which send at
least 75 to f by R6. Hence, we have ch*(f) > |f|—4—2+2x 15 —2x 1 =0.

Let |f| = 7. Note that f contains at most two bad vertices. First assume
that f has precisely one external vertex, say u. Then u is a 47-vertex, which
sends 3 to f by R6(3), yielding ch*(f) > |f| -4+ 3 —2x 2 —4x i =0. It
remains to assume that f has at least two external vertices. Then f has at least
two external 3T-vertices, say u and v. If both v and v are not triangular, then
they send 2 x % in total to f, yielding ch*(f) > |f| —4+2 X % —4 x % —% =0;
otherwise, one of u and v is triangular and the other is not, and f has at most
one bad vertex, yielding ch*(f) > |f| -4+ 5 — 5 —3x 3 —2x 3 =0.

Let |f| = 8. Clearly, f contains no bad vertices. If f has no 2-vertices, then
f sends at most % to each incident vertex, yielding ch*(f) > |f| —4 — 8 x % =0.
Hence, we may assume that f has precisely one or two 2-vertices. It follows
that f has two external 3™-vertices, each of which sends at least 1—12 to f. Thus,
ch*(f) = |fl—4-2x242x & —4xi>0.

It remains to suppose | f| > 9. If f has an external 4*-vertex, then f receives
% from this vertex by R6(3), yielding ch*(f) > \f|—4+é—(|f\—l) x% > 0. Hence,
we may assume that f has no external 4T-vertex, which implies f has at least two
external 3-vertices. By R6, we have ch*(f) > |f|—4-2x 5 —(|f|-2)x2 >0. m

Claim 28. ch*(v) >0 forve V.

Proof. First suppose that v is internal. We have d(v) > 3 by Lemma 13.
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Let d(v) = 3. Since G € G, the list of lengths of the faces containing v is one
of the followings: {3,7",7%}, {5,5,77}, {5,77,7"}, and {77,7",77}. We are
done for each case by R1 and R2.

If d(v) = 4, then the charge v sends out equals to what v receives by R1 and
R3, yielding that ch*(v) = d(v) — 4 = 0.

It remains to suppose d(v) > 5. By R1 and R4(1), v sends % to each incident

3-face and at most i to each other incident face, which gives ch*(v) > d(v) —
420 1 db) 1S,

Next suppose that v is external. Clearly, d(v) > 2.

By R1, R5 and R6, we have ch*(v) = d(v) —4+ 2 + % = 0 if d(v) = 2,
ch*(v) =d(v) —4+3 — 3+ 15 > 0if d(v) = 3 and v is triangular, and ch*(v) =
d(v) —4+4 3 — & — 5 > 0if d(v) = 3 and v is not triangular.

4

It remains to suppose d(v) > 4. The vertex v receives 5 from fy by R5,

sends % to each other incident face by R1 and R6(3), and might send % out
through each incident 3-face whose other two vertices are internal. It follows

that ch*(v) > d(v) — 4+ 4 — (d(v) — 1) x 1 — 4=, 5 5 0, m

Claim 29. D contains a vertex xo such that ch*(zqg) > 0.
Proof. Let xg be any 3*-vertex on D, as desired. [ |

The proof of Theorem 10 is completed by Claims 27, 28 and 29.
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