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Abstract

Let G = (V, E) be a simple graph. A dominating set of G is a subset
S C V such that every vertex not in .S is adjacent to at least one vertex in
S. The cardinality of a smallest dominating set of G, denoted by ~(G), is
the domination number of G. A super dominating set is a dominating set S
with the additional property that every vertex in V'\ S has a neighbor in S
that is adjacent to no other vertex in V'\ S. Moreover if every vertex in V'\ S
has degree at least 2, then S is an end super dominating set. The end super
domination number is the minimum cardinality of an end super dominating
set. We give applications of end super dominating sets as main servers and
temporary servers of networks. We determine the exact value of the end
super domination number for specific classes of graphs, and we count the
number of end super dominating sets in these graphs. Tight upper bounds
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on the end super domination number are established, where the graph is
modified by vertex (edge) removal and contraction.

Keywords: domination number, end super dominating set, end super dom-
ination number, networks, generalization.
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1. INTRODUCTION

Let G = (V, E) be a graph with the vertex set V and edge set E. Throughout this
paper, we consider connected graphs without loops and directed edges. For each
vertex v € V, theset N(v) = {u € V: wv € E} refers to the open neighbourhood of
v and the set N[v] = N(v)U{v} refers to the closed neighbourhood of v in G. The
degree of v, denoted by deg(v), is the cardinality of N(v). If V' = {vi,va,...,v,},
the adjacency matriz of G is a square n X n matrix A such that its element a;;
is one when there is an edge from vertex v; to vertex v;, and zero when there
is no edge. The rank of a matrix is defined as the maximum number of linearly
independent row (column) vectors in the matrix. A vertex v is called universal
vertex, if N[v] = V. The maximum and minimum degrees of vertices of G are
denoted by A and &, respectively. For a set S C V, we define S = V \ S. An
isolated vertexr is a vertex of degree 0 in (G, while a pendant vertex, also called
a leaf in the literature, is a vertex of degree 1 in G. An isolate-free graph is a
graph that contains no isolated vertex. For k > 1 an integer, we use the standard
notation [k] = {1,...,k} and [k]o = [k]U {0} = {0,1,... k}.

A set S C V is a dominating set if every vertex in S is adjacent to at least
one vertex in S. The domination number «(G) is the minimum cardinality of a
dominating set in G. A dominating set with cardinality v(G) is called a y-set of
G. Domination and its variants are very well studied in the literature. For recent
books on domination in graphs, we refer the reader to [8-11].

A dominating set S is called a super dominating set, abbreviated SD-set,
of G if for every vertex u € S, there exists v € S such that N(v) NS = {u}.
The cardinality of a smallest super dominating set of G, denoted by v (G), is
the super domination number of G. The concept of super domination in graphs
was introduced and first studied by Lemanska, Swaminathan, Venkatakrishnan,
and Zuazua [13], and studied further, for example, in [4,5,7]. Motivated by the
definition of a super dominating set and real life applications to networks, we
define next an end super dominating set in a graph.

Definition. A super dominating set S is an end super dominating set, abbrevi-
ated ESD-set, of G, if the degree of every vertex in S is at least 2 in GG, that is, for
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every vertex u € S, we have deg(u) > 2. The cardinality of a smallest end super
dominating set of G is the end super domination number of G and is denoted by
Yesp(G). A ~esp-set of G is an ESD-set of G of minimum cardinality 7esp(G).

If S'is an ESD-set in a graph G, then we say that a vertex u € S is end super
dominated by a vertex v € S if N(v) NS = {u}.

In this paper, we study the end super domination in graphs. In Section 2, we
present some applications of end super dominating sets to servers in a network.
In Section 3, we determine the end super domination number of specific classes
of graphs, and we obtain general bounds on the end super domination number.
In Section 4, we characterize the infinite family of trees with smallest possible
end super domination number. In Section 5, we present bounds on the number
of edges of a graph with given end super domination number. In Section 6,
we obtain sharp upper and lower bound for end super domination number of
a graph by graph modifications, including edge removal, edge contraction, and
vertex removal. In Section 6, we study the relation between the rank of adjacency
matrix of a graph and its end super domination number. Finally, in Section 7
we compute the number of end super dominating sets of minimum cardinality for
specific classes of graphs.

2. APPLICATIONS AND MOTIVATION

In this section, we focus on applications of end super dominating sets. We begin
with the following example.

Example 1. We can consider an ESD-set E as a set of main servers and tem-
porary servers of a network, and E as a set of backup servers of this network.
All kinds of servers can be connected or not. A server is a main server if it is
connected to one and only one backup server. A server from F is a temporary
server if it is connected to more than one backup server. By the definition of an
ESD-set, each backup server in E is connected to at least two main servers or is
connected to at least one main server and is connected to at least another backup
or temporary server and this temporary server is connected to another back up
server and they keep data safe for each other.

Suppose that the number of main servers in Example 1 is n. Then by our
definition, we need at most n backup servers and can manage our system more
efficiently. For example, suppose that we have a network of the users and servers.
First remove all users. Thereafter, determine the end super domination number
of this network related to the minimal end super dominating set. Now, if two
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backup servers b; and b; are connected, then we can replace them with a better
backup server b with less spending of money by connecting all the previous
servers connected to one of the b; or b; to by. Also, if a backup server is too
expensive and risky to keep, then we can conversely put at least two backup
servers in replacement of the expensive one and connect them to each other and
then decide what main server is better to connect to which one of the new backup
servers.

Analogous to our motivation in Example 1, it is also possible to discuss
applications of end super dominating sets to the location of fire stations of a city
and backup forces, hospitals and backup ambulance stations, and many other
situations and examples. To illustrate these cases we determine the end super
domination number of the graph G shown in Figure 1, and discuss applications
of end super dominating sets for this graph.

Figure 1. Graph G.

Example 2. Consider the graph G in Figure 1. By the definition of an ESD-set,
the six vertices a4, b4, ¢4, d4, €4, and fy belong to every ESD-set in G. One
can easily check that the set S = {ai,b1,c1,d1,e1, f1,a4,b4,cq4,ds, €4, f4} is an
ESD-set of G and 7esp(G) = 12. Now, consider Example 1. If G is our network,
then the set of black vertices includes all main servers and the rest are backup
servers.

Here we consider Figure 1 and Example 2. Suppose that this is our network
and we want to reduce the number of backup servers by the idea that if there is
a path between two backup servers without passing a main server, then we use
only one such server and connect it to the corresponding main servers and name
them as powerful backup servers. Suppose that each main server can support at
most 100 users. Then, one of the modifications to this network is the same as we
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see in Figure 2, where PBS is a powerful backup server, MS is a main server and
AU is A users connecting to a main server (1 < A < 100), respectively.

cy

MS

08U

Figure 2. A modification of graph G in Figure 1 to a network.

3. SPECIAL CLASSES OF GRAPHS AND GENERAL BOUNDS

In this section, we present some results on ESD-sets of graphs. An SD-set is
not necessarily an ESD-set, since there might be a vertex with degree 1 in the
complement, of our SD-set. As Definition 1, if G is a graph and S is an SD-set, of
G, then S is an ESD-set of G, if for all u € S, deg(u) > 2. Also, we have:

Proposition 3. If G is a graph, then v(G) < 75p(G) < Yesp(G).
Before we continue, we state a known result on the super domination number
of a graph.

Theorem 4 [13]|. If G is connected graph of order n > 2, then the following
properties hold.

() 127(G) <3 < 7pl(G) S n—1.
(b) V(G) + ’YSp(G) <n.

As a consequence of Definition 1, Proposition 3 and Theorem 4 we have the
following remark.
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Remark 5. If G is graph of order n, then the following properties hold.
(a) All vertices of degree at most 1 belong to every ESD-set in G.

(b) If 6(G) > 2, then 7esp(G) = Y5p(G).

(c) If every component of G has order at least 3, then

1< ’Y(G) < < 'Ysp(G) < ’Vesp(G) <n-1.

n
2

We next determine the end super domination number for certain graph
classes. Lemanska et al. [13] determined the super domination number of cy-
cles, complete graphs, and complete bipartite graphs of order at least 3. Since
these graphs have minimum degree at least 2, by Remark 5(b), their end super
domination number is equal to their super domination number. This yields the
following result. Recall that K, denotes the complete graph of order n, K, p,
denotes the complete bipartite graph with partite sets of cardinalities n and m,
and C), denotes a cycle of order n.

Proposition 6 [13]. The following hold.

(a) Forn >3, Yesp(Kp) =n —1.
(b) For min{n,m} > 2, Yesp(Knm) =n+m — 2.
(¢) Forn >3,

+1

[TW otherwise.

if n=0,3 (mod 4),

3 N3

We note that if G € {K7, K2} has order n, then 7esp(G) = n. If G is a star
graph K ,—1 of order n > 3, then the set of n — 1 pendant vertices (of degree 1)
form the unique ESD-set of G and vesp(G) = n — 1. We next determine the end
super domination number of a path P, of order n.

Theorem 7. Forn € N\ {1} and k € NU {0}, the following hold.

2k if n =4k,
Yesp(Pn) = ¢ 2k +1 if n=4k+1,
2k + 2 if n=4k+2 orn =4k + 3.

Proof. We proceed by induction on the order n > 2 of a path P,. It is a simple
exercise to check that Yesp(P2) = 2, Yesp(F3) = 2, Yesp(Ps) = 2, Yesp(P5) = 3,
Yesp(Ps) = 4 and ~esp(Pr) = 4. Hence the assertion holds for vesp(FP,), where
2 < n < 7. This establishes the base cases. Let n > 8 and let G be the path
v1vUg - - - Uy. We consider four cases.
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Case 1. n = 4k, for some k € N\ {1}. In this case, we let

k—1

S = | J{vait1, vaira}.
i=0

The set S is a dominating set of (G. Moreover since the ends v; and vy of the path
belong to S, every vertex in S has degree 2 in G. If v € S, then either v = vy;40
or v = vy;13 for some i € [k —1]g. If v = v4i12, then N(vge1) NS = {vgi12}, and
so the vertex v € S is end super dominated by the vertex Vgi+1 € S. If v = vyg443,
then N(vg14) NS = {v4;43}, and so the vertex v € S is end super dominated by
the vertex vs;y4 € S. Thus, S is an ESD-set of G, and s0 vesp(G) < |S| = 2k. By
Remark 5, Yesp(G) > [%2] = 2k. Consequently, Yesp(G) = 2k.

Case 2. n =4k + 1, for some k € N\ {1}. In this case, we let

k—1
S = (U{U4i+1,v4i+4}> U {vak+1}-

=0

Analogous arguments as in Case 1 show that S is an ESD-set of G, and so
Yesp(G) < |S| = 2k + 1. By Remark 5, Yesp(G) > [2] = 2k + 1. Consequently,
Yesp(G) = 2k + 1.

Case 3. n = 4k +2, for some k € N\ {1}. Let S be a yesp-set of G, and so S
is an ESD-set of G and |S| = 7esp(G). We show that |S| > 2k 4 2. By Remark 5,
we note that {v1,vags2} € S. If vg € S, then the set S" = S\ {v1} is an ESD-set
of the path G —v; = P41, and so by induction we have 2k 4+ 1 = 7ep (G —v1) <
|S| = |S] — 1, and so |S| > 2k + 2, as desired. Analogously, if v € S, then
|S| > 2k + 2. Hence we may assume that {vg, v4rs1} C S.

Suppose that v ¢ S. This implies that vy € S and the vertex vs is end super
dominated by the vertex v4. This in turn implies that vs € S. In this case, the set
S" = S\ {v1,v4} is an ESD-set of the path G’ = G\ {v1,v2,v3,v4} = Pyp—1)42,
and so by induction we have 2(k — 1) + 2 = 7esp(G') < |5'| = |S]| — 2, and so
|S| > 2k + 2, as desired. Analogously, if vy ¢ S, then |S| > 2k 4+ 2. Hence, we
may assume that {vs,vs} C S. We now let G/ = G — {v1,v2, Vgp11,Vap12} and
we let S" = S\ {v1,v442}. Since S is an ESD-set of G, the set S’ is an ESD-set
of G = Py(—1)+2- Thus, by induction, we have 2(k — 1) + 2 = 7yesp(G') < |S'] =
|S| — 2, and so |S| > 2k + 2, as desired. Thus in all cases, |S| > 2k + 2, implying
that Yesp(G) = |S| > 2k + 2. However, the set

k-1
St = (U{U4i+17v4i+4}> U {va+1, Vagr2}

=0
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is an ESD-set of G using analogous arguments as in Case 1, and so %SP(G) <
|S*| > 2k + 2. Consequently, Yesp(G) = 2k + 2.

Case 4. n = 4k + 3, for some k € N\ {1}. In this case, we let

k-1
S = <U{U4i+1,v4i+4}> U {Vak+1, Va3 ]

1=0

Analogous arguments as in Case 1 show that S is an ESD-set of GG, and so
Yesp(G) < |S| = 2k + 2. By Remark 5, Yesp(G) > [%W = 2k + 2. Consequently,
Yesp(G) = 2k + 2. |

Recall that a universal vertex in a graph G is a vertex adjacent to every
other vertex in the graph. A graph is F'-free if it does not contain F' as an
induced subgraph. Moreover, a graph is (F, Fy)-free if it is Fi-free and Fh-free.
The following lemma is almost certainly known, but we were unable to find a
reference. For completeness, we therefore give the simple proof of this result.

Lemma 8. If G is a (Py, Cy)-free connected graph of order n > 3, then G has a
universal vertez.

Proof. We proceed by induction on n to prove that if G is a (Py, Cy)-free con-
nected graph of order n > 3, then G has a universal vertex. If n = 3, then G
has a universal vertex, as desired. This establishes the base case. Let n > 4
and let G be a (Py, Cy)-free graph of order n. Let T be a spanning tree of G,
and let v be a leaf in T. Let G’ = G — v, and so G’ is a (Py, C4)-free connected
graph of order n’ = n — 1. Applying the inductive hypothesis to G’, the graph
G’ contains a universal vertex u. If wv € E(G), then u is a universal vertex in
G, as desired. Hence, we may assume that uv ¢ E(G). Let w be the (unique)
neighbor of v in the tree T'. Since u is a universal vertex in G’, the vertex w is
a common neighbor of v and v in G. We show that w is a universal vertex in
(. Suppose, to the contrary, that there is a vertex x not adjacent to w in G.
Necessarily, = ¢ {u,v,w}. Let R = {u,v,w,x}. If xzv ¢ E(G), then G[R] = Py,
while if zv € E(G), then G[R] = Cjy. In both cases, we contradict the supposition
that G is (Py, Cy)-free. Hence, w is a universal vertex in G, as desired. ]

By Remark 5, if G is a connected graph of order n > 3, then yesp(G) < n—1.
We show next that if equality holds, then the graph G necessarily contains a
universal vertex.

Theorem 9. If G is connected graph of order n > 3 such that Yesp(G) =n — 1,
then G has a universal vertex.
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Proof. Let G be a connected graph of order n > 3 satisfying yesp(G) = n — 1.
Suppose, to the contrary, that G does not have a universal vertex. By Lemma 8,
the graph G contains Py or C4 as an induced subgraph. Suppose that F' = P,
is an induced subgraph of GG, where F' is the path vjvsvsvs. In this case, the set
V(G) \ {v2,v3} is an ESD-set of G, where the vertices vy and vz are end super
dominated by the vertices v; and w4, respectively. Hence, vesp(G) < |[V(G) \

{v2,v3}| = n — 2, a contradiction. Therefore, F' = Cj is an induced subgraph
of G, where F' is the cycle vjvovzvgvi. As before, the set V(G) \ {ve,v3} is an
ESD-set of G, and 50 Yesp(G) < n — 2, a contradiction. |

For a set S C V and a vertex v € S in a graph G, the S-external private
neighborhood of v, denoted epn(v,S), is the set of vertices in S = V \ S that
are adjacent to v but to no other vertex in S, that is, if w € epn(v,S), then
we V\Sand N(w)nS = {v}. A vertex in the set epn(v,S) is an S-external
private neighbor of v. In 1979, Bollobés and Cockayne [2] established the following
property of minimum dominating sets in graphs.

Lemma 10 [2]. Every isolate-free graph G contains a y-set S such that epn(v, S)
# () for every vertex v € S.

Let G be a graph of order n with §(G) > 2. If S is a y-set of G satisfying
the statement of Lemma 10, then the set S is an ESD-set of G, implying that
Yesp(G) < |S] = n —|S| = n —~(G). This yields the following consequence of
Theorem 10.

Corollary 11. If G is a graph of order n with §(G) > 2, then Yesp(G) < n—7(G).

We remark that strict inequality in Corollary 11 is possible. For example, for
k > 2 if G is obtained from k vertex disjoint copies of K3 by selecting one vertex
from each triangle and identifying these k selected vertices into one new vertex,
then the resulting graph G has order n = 2k + 1, and is called friendship graph.
Moreover, ¥(G) = 1 and Yesp(G) = k+1, and 50 Yesp(G) = k+1 < 2k = n—~(G).

If S is a y-set of a graph G of order n with maximum degree A, then every
vertex of S dominates itself and at most A other vertices. Therefore at most
(A+1)|S] distinct vertices are dominated by the dominating set S, implying that
n < (A+1)|S] = (A+1)y(G). As a consequence of this elementary lower bound
on the domination number, first observed by Walikar et al. [16], together with
Corollary 11, we have the following upper bound on the end super domination
number of a graph in terms of its order and maximum degree.

Corollary 12. If G is a graph of order n with maximum degree A, then

Yeep(G) < (AﬁJ .
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We remark that the upper bound in Corollary 12 is tight. The simplest
example of a graph achieving equality in the bound is when G = Kay1 where
A > 2 is an arbitrary integer. In this case, G has order n = A + 1, maximum
degree A, and Yesp(G) = A, and 50 Yesp(G) = (ﬁ)n. As a special case of

Corollary 12, for k > 2 if G is a k-regular graph, then 7esp(G) < (kiﬂ)n

In 1956, Nordhaus and Gaddum [14] established sharp bounds on the sum and
product of the chromatic numbers of a graph and its complement. In 1972, Jaeger
and Payan [12] presented the first Nordhaus-Gaddum bounds involving the dom-
ination numbers of a graph and its complement. As an immediate consequence of
Remark 5, we have the following Nordhaus-Gaddum bounds involving end super
domination. The upper bounds are achievable, for example, when G = K,,.

Theorem 13. If G is a graph of order n > 3, then the following hold.
(a) N < Yesp(G) + Yesp(G) < 2n — 1.
(b) % < Yesp(@) Yesp(@) < mln—1).

4. TREES WITH SMALL END SUPER DOMINATION NUMBER

By Remark 5, if T" is a tree of order n > 3, then 7esp (1) > %n In this section, we
characterize the trees achieving equality in this lower bound. For this purpose,
we define a 2-coloring of a tree T as a coloring of the vertices of T, one color
to each vertex, using the colors amber and blue. We denote by A and B the
resulting sets of vertices in T' colored amber and blue, respectively.

Definition (The family 7). Let 7 of the family of 2-colored trees that can be
obtained from a sequence T, ..., Tk, k > 1, of trees where T} (called the 2-colored
base tree) is the path Py where the two leaves are colored blue and the two vertices
of degree 2 are colored amber, and if k£ > 2, then the 2-colored tree 7,1 can be
obtained from the 2-colored tree T; by applying Operation O; or Operation O,
defined below, for all i € [k — 1].

Operation O,. Add a path P, to the tree T; where one vertex of the added path
is colored amber and the other blue, and add an edge from the amber vertex in
the added path P> to an amber vertex of T;.

Operation Os. Add a path P4 to the tree 1T; where the two leaves are colored
blue and the two vertices of degree 2 are colored amber, and add an edge from a
(blue) leaf of the added path Py to a blue vertex of Tj.

To illustrate the definition, the trees 17,75, T5 shown in Figure 3 belong to
the family 7, where T} is the 2-colored base tree in T, the tree T5 is obtained from
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T1 by applying Operation Oy, and the tree T3 is obtained from 75 by applying
Operation Os.

B A A B B A A B B A A B B A
oO—O0—0—-00
A B A B B A
(a) Th (b) T (c) Ty

Figure 3. Trees 11,15, T3 in the family 7.

We shall need the following property of trees in the family 7.

Observation 14. If T is a tree in the family T of order n, and A and B are
the sets of vertices in T colored amber and blue, respectively, then n > 4 and the
following properties hold.

(a) [A] = [B] = 3n.
(b) Ewvery leaf of T belongs to the set B.

(c) The set of edges between A and B induces a perfect matching in T', that is,
every vertex in A has exactly one neighbor in B and every vertex in B has
exactly one neighbor in A.

(d) The set B is an ESD-set of T of cardinality %n
(e) The set B is a Yesp-set of T'.

Theorem 15. If T is a tree of order n > 2, then Yesp(T) = %n if and only if
there exists a 2-coloring of T such that T € T .

Proof. If T € T, then by Observation 14, yesp (1) = %n To prove the necessity,
let T be a tree of (even) order n with yesp(7') = 3n. We proceed by induction on
n > 2 to show that T € T. If n € {2,3}, then esp(T) = 2 > In, a contradiction.
If n =4 and T is a star K3, then yesp(T) = 3 > %n, a contradiction. Hence
if n =4, then T = Py and T can be 2-colored so that T € 7. This establishes
the base case. Let n > 6 be an even integer, and let T be a tree of order n with
Yesp(T) = 3.

Let B be a yesp-set of T, and so |B| = n. We note that every leaf of T
belongs to the set B. Let P: vguy - --vg be a longest path in T'. Necessarily, d
is the diameter of T, that is, d = diam(7"). Further, both vy and v, are leaves
in T" and therefore belong to the ESD-set B. Since n > 6 and T is not a star,
we note that d > 3. Let A =V \ B, and so |A| = |B| = in. Every vertex in
A is end super dominated by a unique vertex of B and the set of edges between
A and B induces a perfect matching in 7. Hence, every vertex in B has exactly



12 S. AKBARI, N. GHANBARI AND M.A. HENNING

one neighbor in A and every vertex in A has exactly one neighbor in B. We now
consider the 2-coloring of the vertices of T" where every vertex in B is colored
blue and every vertex in A is colored amber.

Suppose that degy(v1) > 3. In this case, let ug be a child of v; different from
vg. By the maximality of the path P, the vertex ug is a leaf. Since vy is the
only vertex in B that is adjacent to v1, the vertex ug € A. But then ug has no
neighbor in B, a contradiction. Hence, degy(vy) = 2.

Suppose that degp(ve) > 3. In this case, let 77 be the tree T — {vg,v1} of
order n’ =n — 2, and let A’ and B’ be the restriction of A and B to the tree T”,
that is, A’ = V(T") N A and B’ = V(T') N B. The set B’ is a 7egp-set of T”, and
80 Yesp(T") = 4n— 1 = In/. Applying the inductive hypothesis to the tree 1", we
have 7" € T. Thus, T” can be obtained from a sequence T1,..., T} of trees for
some k > 1 by applying operations O; and Os. In this case, the tree T can be
obtained from the tree T by applying operation 0. Hence, T € T, as desired.

Hence, we may assume that degp(vy) = 2, for otherwise the desired result
holds. By our properties of the sets A and B, we note that {vg,v3} € B and
{vi,v92} € A. Further, the vertices v; and ve are end super dominated by the
vertices vy and vs, respectively. Suppose that degs(vs) > 3. In this case, let ug
be a child of v3 different from vy. Since vy is the only neighbor of v3 that belongs
to the set A, we note that us € B. Let u; be the vertex in A that is end super
dominated by the vertex uo. We note that u; is a child of us. Since every vertex
in A has degree at least 2 in T', the vertex u; has degree at least 2. Let ug be a
child of u1. By the maximality of the path P, the vertex ug is a leaf. Since uy is
the only vertex in B that is adjacent to uy, the vertex ug € A. But then u has
no neighbor in B, a contradiction. Hence, degp(vs) = 2.

We now let T” be the tree T — {vg, v1,v2,v3} of order n’ =n — 4, and let A’
and B’ be the restriction of A and B to the tree 7", that is, A’ = V(T") N A and
B' =V (T")N B. The set B is a 7yesp-set of T', and 50 Yesp(1”) = %n —2= %n’.
Applying the inductive hypothesis to the tree T”, we have T" € T. Thus, T’
can be obtained from a sequence 77, ..., T of trees for some k > 1 by applying
operations @7 and Os. In this case, the tree T' can be obtained from the tree T”

by applying operation Oo. Hence, T' € T, as desired. [

5. END SUPER DOMINATION AND SIZE

In 1965 Vizing [15] proved a classical result bounding the size of a graph in terms
of its order and domination number. In this section we bound the size of a graph
in terms of its order and end super domination number, and characterize the
extremal graphs achieving equality in this bound.
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Two edges in a graph G are independent if they are not adjacent in GG; that is,
if they have no vertex in common. A set of pairwise independent edges of G is a
matching in G, while a matching of maximum cardinality is a maximum matching.
The number of edges in a maximum matching of G is the matching number of G
which we denote by o/(G). If M is a matching of G, a vertex is M-matched if it
is incident with an edge of M; otherwise, the vertex is M -unmatched.

Theorem 16. If G is a graph of order n and size m with end super domination
number Yesp(G) = Yesp, then

m < (Z) (1~ Yesp) (1~ Yesp — 1).

Moreover, equality holds if and only if G is obtained from a complete graph K,
by removing all edges from a complete bipartite subgraph Kpn ., n—ep of G,
except for the edges of a perfect matching between the partite sets of the bipartite
subgraph.

Proof. Let Yesp(G) = 7esp, and let S be a vesp-set of G. Thus, S is an ESD-set
of G of minimum cardinality 7esp(G). We note that %n < Yesp, OT, equivalently,
0 < 29esp—n. Let S = {u1, ..., un—n,, } and let w; be a vertex in S that end super
dominates the vertex u; for ¢ € [n — 7esp). Hence, w; € S and N(w;) NS = {u;}
for i € [n — Yesp). Let

N—"%esp

M = U {uszz}

Thus, M is a matching in G of cardinality n —esp. Let U = {u1,. .., un ., }
and let W = {w1,..., Wy, }, and so |[U| = [W| = n — 7esp. We note that
Ng(u;)) N W = {w;} and Ng(w;) N U = {w;} for all i € [n — 7esp]. Hence,
wiw; ¢ E(G) for all ¢ and j where 1 <7 < j < n — vesp. Each vertex in U is not
adjacent in G to |W| — 1 vertices in W, implying that

m < <Z> U x (W] —1) = <Z> (1 — esp) (1 — Yesp — 1).

This establishes the desired upper bound. Moreover, if m = (5) — (n — Yesp) (1 —
Yesp — 1), then the only edges missing in G are edges of the form w;w; for all i
and j where 1 < i < j <n—ep. Thus if FF = {uw;: 1 <i<j<n—espl,
then G = K,, — F, that is, GG is obtained from K, by deleting all edges in F'
Conversely, if GG is obtained from a complete graph K,, by removing all edges
from a complete bipartite subgraph Ky ., n—ve, Of G, except for the edges
of a perfect matching between the partite sets of the bipartite subgraph, then

Yesp(G) = Yesp and m = (3) — (7 = Yesp) (1 — Yesp — 1)- u
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We establish next a lower bound on the size of a connected graph in terms
of its order and end super domination number.

Theorem 17. If G is a connected graph of order n and size m with end super
domination number Yesp(G) = Yesp, then

m > 2(n — Yesp) — 1,
with equality if and only if G is a tree and G € T.

Proof. Let Yesp(G) = 7esp- By Remark 5, we have veqp > %n Since G is a
connected graph of order n and size m, we have m > n — 1. Hence,

1
mZn—le(n—2n>—122(n—’yesp)—1.

Furthermore, suppose m = 2(n — 7esp) — 1. Thus the above inequalities are
all equalities, implying that m = n — 1 and 7esp = %n In particular, G is a
tree of order n > 4 with 7esp(G) = in. Hence, by Theorem 15, we have G € T.
Conversely, if G € T, then Yesp(G) = 2n and m =n — 1 = 2(n — Yesp) — 1. |

We remark that Theorems 16 and 17 yield relations between the order and
the end super domination number of a graph.

6. END SUPER DOMINATION NUMBER OF G —e, G/e AND G — v

Recall that if e is an edge in a graph G, then G — e is the graph obtained from G
by removing the edge e. In a graph G, contraction of an edge e = uv with ends u
and v is the replacement of u and v with a single vertex such that edges incident
to the new vertex are the edges other than e that were incident with w or v. The
resulting graph G/e has one less edge than G ([3]). We refer the reader for more
results about G'/e to [6]. In this section, we examine the effects on vesp(G) when
G is modified by an edge removal and edge contraction.

First, we establish upper and lower bounds for the end super domination
number of a graph obtained from edge removal.

Theorem 18. If G = (V, E) is a graph and e = uv € E, then
’Yesp(G) -1< ’Yesp(G — 6) < "Yesp(G) + 2.

Proof. First we find the upper bound for v, (G — €). Suppose that S is a
Yesp-set of G, and so |S| = 7Yesp(G). Since S is an ESD-set of G, removing the
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edge e from G and letting S’ = S U {u,v}, yields an ESD-set of G’, and so
Yesp(G =€) <[] < [S] 42 = Yesp(G) + 2.

Next we determine a lower bound for ~s,(G — €). Suppose that S is a Yesp-
set of G — e, and so0 |S| = Yesp(G — €). If {u,v} C S, then in this case, S is
also an ESD-set of G. If SN {u,v} = 0, then once again S is also an ESD-set
of G. In both cases, Yesp(G) < |S| = Yesp(G — €). Hence we may assume that
|S N {u,v}| = 1. Renaming vertices if necessary, we may assume that u € S
and v ¢ S. In this case, every vertex € S is end super dominated in G — e
by a vertex 2’ of S, that is, Ng_.(z') NS = {x}. Adding back the edge e,
the set S U {v} is an end super dominating set of G, noting that every vertex
x € S\ {v} is end super dominated in G by the vertex 2’ defined earlier. Thus,
Yesp (G) = 1S U0} = 1]+ 1 = 7eapl(G — €) + 1. .

We remark that if G = (V, F) is a graph and e = uwv € E where degq(u) > 3,
then the upper bound in Theorem 18 can be improved slightly. In this case,
if S is a vesp-set of G, then the set S U {v} is an ESD-set of G — e, and so
Yesp(G — €) <[]+ 1 = 7esp(G) + 1.

The bounds in Theorem 18 are sharp. To see that the upper bound is sharp,
for £k > 1 let G be the path Py given by vivg--- vy and let e = vovs. Thus,
G —e = PyUPyj;_9, and so by Theorem 7 we have yesp (G) = 2k and 7esp (G —€) =
Yesp(P2) + Yesp(Par—2) = 2 + 2k = 7esp(G) + 2. To see that the lower bound is
sharp, the simplest example is to take G = K4 — f where f is an arbitrary edge
of the K4, and let e be the edge in G that joins the two vertices of degree 3 in G,
and so G — e = Cy. In this case, Yesp(G) = 3 and Yesp(G — €) = 2 = Yesp(G) — 1.

In our earlier example when G = Py, where k > 1, we note that the removal
of the selected edge e from G produces a disconnected graph. This raises the
question of whether the upper bound in Theorem 18 can be improved if G — ¢ is
connected. The following example shows that this is not possible.

Example 19. Consider the graph G shown in Figure 4, and let e = v1gv16. The
graph G has order n = 20. Further, the set S = {v1,v4,vs5,vs, v9, V11, V14, V15,
v17, 20} is an ESD-set of G of cardinality %n = 10. By Remark 5, the set S is
therefore a 7esp-set of G, and s0 Yesp(G) = 10. However it is simple exercise to
check (or use a computer) that yesp(G —€) = 12 = 4e5p(G). The set SU{v10,v16}
is an example of a Yesp-set of G — e.

In [5], it is shown that if G = (V, E) is a graph and e € E, then for G/e we
have vp(G) — 1 < 7p(G/e) < 45p(G). Moreover, it is shown that these bounds
are sharp. Since edge contraction does not create additional vertices of degree 1,
an identical proof as in [5] yields the following result.
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Vs V6 V7 g Vg V10

V11 V12 V13 V14 V15 V16

U7 V18 V19 20

Figure 4. Graph G.

Proposition 20. If G = (V, E) is a graph and e € E, then
’Yesp(G) -1< 'Yesp(G/e) < ’Yesp(G)-

Recall that if v is a vertex in a graph G, then G — v is the graph obtained
from G by deleting the edge v (and all edges incident with v). We next examine
the effects on 7esp(G) when G is modified by a vertex removal.

Proposition 21. If G = (V, E) is a graph and v € V, then

Yesp(G) =1 < Yesp(G = v) < Yesp(G) + degg(v) — 1.

Proof. Let S be a 7yesp-set of G. If v ¢ S, then S is an ESD-set for G — v, and
in this case Yesp(G — v) < |S] = Yesp(G). Hence we may assume that v € S. The
set (S'\ {v}) UN(v) is an ESD-set for G — v, and so in this case Yesp(G — v) <
(IS] — 1) + degg(v) = Yesp(G) + deg(v) — 1. This establishes the desired upper
bound. To prove the lower bound for 7esp (G — v), we note that every ~esp-set of
G — v can be extended to an ESP-set of G by adding to it the vertex v, implying
that Yesp(G) < Yesp(G —v) + 1. |

We remark that the bounds in Proposition 21 are sharp. To see that the
upper bound is sharp, for k& > 2 let G' be graph obtained from a star K ; with
central vertex v by subdividing every edge exactly once. The resulting graph G
satisfies Yesp(G) = k + 1, where the set of k leaves, together with the vertex v,
form a ~yesp-set of G. However the graph G — v consists of £ vertex disjoint copies
of Ko, and 50 Yesp(G —v) =2k = (k+ 1) + k — 1 = 7esp(G) + degg(v) — 1. To
see that the lower bound in sharp, for k¥ > 1 let G be the path Py;.1 and let v
be a leaf of G. We note that G — v = Py;. By Theorem 7, 7esp(G) = 2k + 1 and
Vesp(G - 2)) =2k = ’Yesp(G) — 1.



END SUPER DOMINATING SETS IN GRAPHS 17

7. A LINEAR APPROACH TO END SUPER DOMINATION NUMBER

In this section, we consider the rank of the adjacency matrix of a graph and find
a tight lower bound for it, based on its end super domination number.

Theorem 22. If G is a connected graph of order n with adjacency matriz A,
then
rank(A) > n — Yesp(G),

with equality if and only if G is a complete bipartite graph K, ,,, where min{n, m}
> 2.

Proof. For simplicity let Yesp = Yesp(G). Let V(G) = {v1,v2,...,v,}. There
exists a matching M of size n — Yesp, say

N—"esp

M = U {vivn77esp+i}
=1

where {v1,v2,...,0n—v,,} € 5, and S is a yesp-set of G, and moreover v;v; ¢
E(G), for each 4,4, 1 <i <n — Yesp and 1 — Yesp + 1 < j < 2(n — 7egp). Let

N—"esp N —"esp

L= U {Uz} and Lo = U {Un—’yesp-i-i}

i=1 i=1

and let Ly = V(G) \ (L1 U L2). We now consider the adjacency matrix A as
follows.

Ly Ly L
Ly [ B | I, | D]

A: L2 In_'Yesp‘ C ‘ET
Ls L D | E | FJ

Since the rows of A corresponding to L; are linearly independent, we have
rank(A) > n — Yesp(G). Now, assume that rank(A) = n — Yep(G). In this case,
every row of A corresponding to Lo is a linear combination of rows in Li. Since
C is a (0,1)-matrix, every coefficient in the linear combination is 0 or 1. In the
Ly x Ly matrix, we have the identity matrix I, Yesp 18
a linear combination of rows of B, implying that all columns of B are non-zero.
On the other hand, no row of B has more than one component equal to 1. Thus
since B is a symmetric matrix, we conclude that B is a permutation matrix.

and every row of I,_
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This implies that every row of A corresponding to Ls is exactly one row of A
corresponding to Ly. Therefore, B = C.

Since B is a permutation matrix, the induced vertex subgraphs G[L1] and
G[Ls] are 1-regular graphs. Now, since B = C, without loss of generality, we
may assume that G[L; U L] is a disjoint union of %(n — Yesp) Cycles of length 4.
Since every row of A corresponding to Lj3 is a linear combination of rows of A
corresponding to Ly and since C' = B is a permutation matrix and F is a (0,1)-
matrix, we conclude that every row of A in L3 is exactly a row of A in Ly. This
implies that every row of D has exactly one component equal to 1. The same
property holds for E. Thus, every vertex in L3 is adjacent to exactly one vertex
in Ly and one vertex in Ls. We note that the rank of the adjacency matrix of
Cy is 2. Hence for every natural number ¢, the rank of adjacency matrix of the
disjoint union of ¢ copies of Cy is 2t. Now, let v; € Ls. If v; is adjacent to two
different copies of Cy in G[L1 U Lo, then G has an induced vertex subgraph as
illustrated in Figure 5. Therefore, G contains P4 as an induced vertex subgraph,
implying that

N — Yesp = rank(A) > 6 + 2 (rL_Q%Sp —2> ,

a contradiction. Thus every v; € L3 is adjacent to exactly two vertices of only
one copy of Cy in G[L1 U Lo].

BEEE

Figure 5. Induced vertex subgraph of G.

Suppose next that G has an induced vertex subgraph as illustrated in Fig-
ure 6. In this case, since the rank of the adjacency matrix of C3 is 3, we conclude
that

n—’Yeserank(A)23+2<n_%SP_1>’

2

Figure 6. Induced vertex subgraph of G.

a contradiction.



END SUPER DOMINATING SETS IN GRAPHS 19

Now, assume that G[L; U Lg| contains at least two copies of Cy4. Since G is
connected, there exist two vertices v; and v; in L3 such that G has an induced
vertex subgraph as illustrated in Figure 7, where H is a connected subgraph of
G[L3]. Clearly, this graph contains Ps or 3P as an induced vertex subgraph.
Hence we infer that

n—'yesp:rank(A)>6—|—2(n_2%Sp—2>,

a contradiction. Thus, G[L; U Ly] = Cy, and %(n — Yesp) = 1. Therefore,
rank(A) =n — Yesp = 2, and by [1], G is a complete bipartite graph. ]

Figure 7. Induced vertex subgraph of G.

8. ENUMERATION OF MINIMUM END SUPER DOMINATING SETS

This section is devoted to enumeration of minimum end super dominating sets,
which involves counting the number of distinct ~esp-sets of a graph G. Given a
graph G, let Nesp(G) be the family of yegp-sets of G and let Nesp(G) = [Nesp(G)].
Our aim is to compute Nesp(G) for special graph classes. Building on the result of
Proposition 6, one can readily determine the value Nes,(G) when G is a complete
graph, a complete bipartite graph, or a star graph.

Example 23. The following properties hold.

(a) For n >3, Negp(Kyp) =n.
(b) For min{n,m} > 2, Nesp(Kpm) = nm.
(c) For n > 2, Negp(K1,) = 1.

By Remark 5, if G has no pendant vertices, then vesp(G) = Y5p(G). Hence
if G has no pendant vertices, then Nep(G) is equal to the number of ~g,-sets
of G. In particular, if G is a connected graph with minimum degree at least 2,
then Negp(G) is equal to the number of vgy-sets of G. The number of such sets
when G is a cycle was enumerated in [7]. We present here a simplified proof of
this result using a different counting approach. Parts of the proof will be needed
when proving the result for paths.
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Theorem 24. If C,, is the cycle graph of order n > 3, then

4 if n = 4k,
2n if n =4k +1,
Nesp(Cp) =
esp( ) %(n2 _ 2n) ifn=4k + 2,
n if n =4k + 3.

Proof. For n > 3, let GG be a cycle C,, given by vivs---v,v1, and let S be a
Yesp-Set of G. As before, let V = V(G). We consider four cases.

Case 1. n = 4k, for some k > 1. By Proposition 6, in this case we have
|S| =2k = %n We show that for every three consecutive vertices v;_1, v; and v;11
where addition is taken modulo n, if v; € S, then at least one of v;_; and v; 1 must
belong to S. Suppose, to the contrary, that v; € S and {v;_1,v;41} C S. If n = 4,
then S is not an ESD-set of (G, a contradiction. Hence, n > 8. By definition of an
ESD-set, we infer that {v,_3,v;_2,vi12,vi43} € S. If n = 8, then |S| > 5 > %n,
a contradiction. Hence, n > 12. Thus, letting G' = G — {v;—2, vi—1, Vi, Vi+1, Vit2 }
and S = S\ {vi—2,v;,vi12}, we note that G’ = Py._5 and S is an ESD-set
of G', implying by Theorem 7 that 2k — 2 = vep(G') < |S’| = |S| — 3, and so
|S| = 2k + 1, a contradiction. Hence if v; € S, then S N{v;_1,viy1}| > 1.

Suppose next that {v;_1,v;,v;41} € S. If n = 4, then |S| = 3 > %n, a
contradiction. Hence, n > 8. We now let G’ = G — v; and let S" = S\ {v}, we
note that G’ = Py,_1 and S’ is an ESD-set of G’, implying by Theorem 7 that
2k = Yesp(G') < |S'| = |S| — 1, and so |S| = 2k + 1, a contradiction. Hence,
if v; € S, then SN {v;—1,v,vi41}| = 2 for all ¢ € [n] (where addition is taken
modulo n). We infer that the only ~esp-sets of G in this case when n = 4k are
the sets

k-1 k-1
S = U {V4it1,Vai42}, S2 = U {v4i+2, Vai13},
=0

i=0
and
k1 k-1
S = | J{vaiss vaival,  Sa = (J{vait1, vaival,
i=0 i=0

whence Negp (G) = 4.

Case 2. n =4k + 1, for some k > 1. By Proposition 6, in this case we have
|S| = 2k + 1.We now consider two cases.

Suppose that S contains a vertex with both its neighbors in S. These three
consecutive vertices can be chosen in n ways. Renaming vertices if necessary, we
may assume that vy € S and {vi,v3} € S. In this case, {v4, v5, Vap, Vapr1} C S.
Suppose that vg € S. Letting G' = G — {vs,v4,v5} and S’ = S\ {vg,v5}, we



END SUPER DOMINATING SETS IN GRAPHS 21

note that G’ = Py,_o and S’ is an ESD-set of G’, implying by Theorem 7 that
2k = Yesp(G') < |5'] = |S| — 2, and so |S| = 2k + 2, a contradiction. Hence,
ve & S.

Suppose next that v; € S. If vg € S, then letting G' = G — {vs, vg, v7}
and S" = S\ {vs,v7}, we note that G’ = Py;_o and S’ is an ESD-set of G/,
implying by Theorem 7 that 2k = vesp(G') < |S| = |S| — 2, and so |S| = 2k + 2,
a contradiction. Hence, vg ¢ S. The vertex vg is end super dominated by the
vertex vg € S, implying that v1g € S. Letting G' = G — {vgp41,v1,02,...,09}
and " = S\ {vgr11,v2,v4,05,07,09}, we note that G' = Py_g and S’ is an
ESD-set of G', implying by Theorem 7 that 2k — 4 = vesp(G') < |S'| = |S| — 6,
and so |S| = 2k + 2, a contradiction. Hence, v; ¢ S, implying that {vs,ve} C S.
Continuing this process, we have

k-1
S = {v2, v, Va1 } U <U {U4i+17v4i+4}> .

i=1

Thus in this case when vy € S and {v1,v3} C S, the set S is uniquely determined.

Suppose secondly that S contains three consecutive vertices on the cycle.
These three consecutive vertices can be chosen in n ways. We may assume that
{v1,v9,v3} C S. If vy € S, then letting G’ = G — {va,v3} and S’ = S\ {va,v3},
we note that G’ = Py, and S’ is an ESD-set of G/, implying by Theorem 7
that 2k = Yesp(G') < |S’| = |S| — 2, and so |S| = 2k + 2, a contradiction. Hence,
vg ¢ S. If vs € S, then letting G' = G — {vg,vv4} and S = S\ {va, v3,v4}, we
note that G’ = Py,_o and S’ is an ESD-set of G/, implying by Theorem 7 that
2k = 7esp(G') < 15| = |S| — 2, and so |S| = 2k + 2, a contradiction. Hence,
vs ¢ S, implying that {vg,v7} C S. Continuing this process, we have

k-1
S = {v1,vap41} U (U {U4i+2,v4i+3}> :

=1

Thus in this case when {v1,ve,v3} C S, the set S is uniquely determined. Thus,
Nesp(G) = 2n.

Case 3. n = 4k + 2, for some k > 1. By Proposition 6, in this case we have
|S| = 2k 4 2. Since choosing any four vertices from Cp gives us a Yesp-set of G,
the formula holds for n = 6. Hence we may assume that n > 10. Suppose that
S contains five consecutive vertices on the cycle. Renaming vertices if necessary,
we may assume that {v1,ve,vs3,v4,v5} C S. Letting G’ = G — {v2,v3,v4} and
S = S\ {va,v3,v4}, we note that G = Py,_1 and S’ is an ESD-set of G’,
implying by Theorem 7 that 2k = vesp(G') < |S| = |S| — 3, and so |S| = 2k + 3,
a contradiction. Hence, S cannot contain five consecutive vertices on the cycle.
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So it remains to consider cases with only one subset of consecutive vertices of S
with cardinality 4, two subsets of consecutive vertices of S with cardinality 3, one
subset of consecutive vertices of S with cardinality 3 and all subsets of consecutive
vertices of S with cardinality less than 3. We have two subcases.

V2k—1  U2k+1 . Vok43  U2k+5 Vik—5 V4k—3 Vgk—1 Vdk+1

vy Uy v vg Vk—2 (Y8 V2k+2  Vokid

1 e 6 6 ¢ O O 00 -+ O €6 OO @ 0 O -+ 0 O O e 0 O O

2 ® 6 ¢ O O 0 0 o O e @ O]O @ @ O ® € O O @ @ O O

3 ®e ¢ ¢ O O @ @ O O @ @ O|]O @ @ O ® € O O @ @ O O
t1|le @ ® O O @ ® O ® ¢ & O|]O @ © O ® €6 O O @ @€ O O

i |le e @ 00O @ @ O ® ¢ O O|® @ @ O o o O @ @ O O
t+1|®@e @ @ O O ®© @ O ® ¢ O O @ @€ O O ® O O @ @ O @ O
tt2 (0 @ @ O O @ ® O ® ¢ O O @ @ O O ® O @ O @ @ O O
i+ |e @ @ O @ O @ @ O O e @ O O @ @ ® ¢ O O @ @ O O
L+k+1|®@ @ O O @ @ O O ® O O @e|® O O @ OO0 e @ O e @ O
tvk+2|®@ @ O O e @ O O +-- @ O O @o|l®@ O O @ -+ O @ @ OO ©® @ O
2k | @ O O @ @ O O ® O O @e|® O @ © C e @ OO @ @ O
2k+1|® @€ O O @ @ O O ® O O @e|® O O @ O @€ O e € O @@ O
2k+2 |l®@ @ O O @ @ O O ® O O @e|® O O @ ® O O e @ O @ O
Evok-1 ® O O @ @€ O O ® O O @e|® O @ O O O e @€ O @ O
trok |@ @ ® O ( [ ] [ ] o o ® O o o ® O

Figure 8. Making the ESD-sets of cycle graph of order n = 2 (mod 8).

Case 3.1. n = 2(mod 8). In this case, k is even. We consider the case
when {vi,v2} C S as shown in Figure 8. One can easily check that if we shift
the indices, then we have all cases of vesp-set of G and we have no more cases
(consider movements of blue vertices in Figure 8, where filled ones are in S and
empty ones are in S). All cases can be shifted 4k + 2 times except the rows %
and % + 2k which can be shifted 2k 4+ 1 times. So in general we have % — 2 cases
which can be shifted n times and two cases which can be shifted § times. We
note that other cases when {vi,v2} C S, v; € S and vy € S and {vy,v2} C S can
be found in the shifted cases.

Case 3.2. n =6 (mod8). In this case, k is odd. We consider the case when
{v1,v2} C S as shown in Figure 9. By similar arguments as in Case 3.1, in general
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we have 2k + k—;l = 5]“2—4 cases which can be shifted n times and one case which

can be shifted % times.

Hence, in both cases we have Negp(Capro) = gn(n —2).

U2k—1 U241 » Vok+3 V2k+5 V4k—5 Vak—3 Vak—1 Vak+1

Vg vy vg vg U2k—2 Vok  tU2k42 Uk Vgpeq  Vik-2 Vak Vgk+2

1 (e @@ @0 O 0@ @ - €00 ©0©0O0C®@® - ©© 0O ® @® O O
2 e @@ OO © 0 @ e 0O e|le 00 e e e 0O e@@e@ 0O

3 /e @@ OO ® @ O e 0O e|le 00 e e e 0O @@ 0O
2le e @ 0O O ® @ O e 0O e|le 00 e e 00O @@ e 0O
Mg 0o @O0 © @O OO0 e e e 0 O e e e 0O @ e 0O
e @@ 00 @ @ O OO0 e e@0 0 e e e OO0 e @0 @O
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Figure 9. Making the ESD-sets of cycle graph of order n = 6 (mod 8).

Case 4. n = 4k + 3, for some k > 0. We observe that Nes,(C3) = 3, and so
the desired result is immediate for n = 3. Hence we may assume that n > 7. By
Proposition 6, in this case we have |S| = 2k + 2. So we need to choose 2k + 2
vertices in such a way as to yield a vesp-set of G.

Suppose that S contains three consecutive vertices on the cycle. Renaming
vertices if necessary, we may assume that {vy,ve,v3} C S. Letting G' = G — v9
and S" = S\ {va}, we note that G’ = Py 12 and S’ is an ESD-set of G’ implying
by Theorem 7 that 2k + 2 = 7e5p(G') < |S| = |S| — 1, and so |S| = 2k + 3, a
contradiction. Hence, S cannot contain three consecutive vertices on the cycle.

Suppose that S contains a vertex with both its neighbors in S. Renaming

vertices if necessary, we may assume that vs € S and {v4,v6} C S. In this case,
{ve,v3,v7,v8} C S. Suppose that vg € S. Letting G' = G — {v3,v4,...,vs}
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and S" = S\ {vs,vs,v7,v8}, we note that G' = Py;_3 and S’ is an ESD-set of
G’, implying by Theorem 7 that 2k — 1 = 7e5p(G') < |S'| = |S| — 4, and so
|S| = 2k + 3, a contradiction. Hence, vg ¢ S. By symmetry, v; ¢ S. We now let
G’ be obtained from G — {v1,vg,...,v9} by adding the edge vigv4gs+3. Further
we let S = S\ {ve, v3,v5,v7,v8}. We note that G’ = Cy,_¢ and S’ is an ESD-set
of G', implying by Proposition 6 that 2k — 2 = v, (G') < |S'| = |S| — 5, and so
|S| = 2k + 3, a contradiction. Hence, S does not contain a vertex with both its
neighbors in S, that is, G[S] does not contain an isolated vertex.

By our earlier properties, we infer that every component of G[S] is a P»-
component. Furthermore since |S| = 2k + 2, the subgraph G[S] contains k + 1

components. Therefore, the subgraph G[S] consists of k + 1 components, where
k components are isomorphic to P» and one component isomorphic to Py, that

is, G[S] = Py U kP,. Since the isolated vertex in G[S] can be chosen in n ways,
this implies that Nesp(Capy3) = n. |

We close this section by counting the number, Neg,(FP,), of Yesp-sets in a path
P, of order n.

Theorem 25. If P, is the path graph of order n > 2, then
1 if n = 4k,

2k +1  ifn=4k+1,
5k2+25k+2 ifn =4k + 2,
E+1 ifn =4k + 3.

Nesp(Pn) ==

Proof. For n > 2, let G be a cycle P, given by vivs - - - vy, and let S be a 7esp-set
of G. As before, let V' = V(G). We consider four cases.

Case 1. n = 4k, for some k > 1. By Proposition 6 and Theorem 7, we have
Yesp (Pak) = Yesp(Cag). In Case 1 of Theorem 24, we found all Yesp-set of Cyy,. If
we remove the edge viv4k, then only S = 54 is an ESD-set for Py and we have
Nesp(P4k) =1

Case 2. n = 4k+1, for some k > 1. We proceed by induction on k. If £ =1,
then by Theorem 7, we have vesp(P5) = 3. We have three 7esp-set for Ps, namely
Sl == {1)1,1)2,1)5}, 52 = {’Ul,’Ug,’U5} and 53 = {U1,1}4,U5}. Hence, Nesp(Pg,) = 3,
as desired. This establishes the base case. Suppose that for £k = i, we have
Nesp(Pai+1) = 2i + 1. We now count the number of ~egp-set for Py(;11)41. Since
’Yesp(P4i+5) = 2i + 3, we need two more vertices in S to produce a vesp-set of
Py(it1)+1- Clearly, in the last four vertices we should have more than one vertex
in S, so these two vertices should be picked from vg;19, v4i43, V4,44 and vg;15. In
all cases, vg;45 € S. Now, consider Figure 10, where the black vertices belong to
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S. In both rows (I) and (II) in Figure 10, we can only add v4;y+2 and vg;45 to S,
but in row (IIT), we have three different choices for S, namely

S1 = SU{v4it2,V4i15},
Sy = SU{v4i+3, Vaits}s
S3 = S U {4544, V4i45}-

So, in total, we have Nesp(Pui+5) = Nesp(Pait1) + 2, and the induction is
completed. One can easily check that there is no possibility that we have vg; 41 €
S and then find a ~yesp-set for Py;ys.

U1 v U3 vq U5 Vg Vyi V4i41 s V4i+2 V4i+3 V4it+4 V4i+5
@ @ @ @ @ o - 0—@ *—© @ ]
O] e L O ©) o ® --- O o
(Im| e O o O o ® --- O o
a)l @€ O O e e O --- e e

Figure 10. Making the ESD-sets of path graph of order 4k + 1.

Case 3. n = 4k + 2, for some k > 0. By Proposition 6 and Theorem 7, we
have Yesp(Pak+2) = Yesp(Car+2). We now proceed in a similar way as in Case 1.
We have two subcases.

Case 3.1. k is odd. Here we consider Figure 9 and find all ~yesp-sets of this
cycle. Removing the edge vivqr+2 yields a path. First, we consider row 1. In
this row, we have a set of four consecutive vertices in S, and k — 1 sets of two
consecutive vertices in S, which in total gives us 4k + 2 sets after shifting vertices,
as we did in the proof of Theorem 24. Among these sets, we have three sets with
four consecutive vertices in .S, and these sets contain both v; and v4549, and k—1
sets of two consecutive vertices. So, in total for row 1, we have k 4 2 7egp-sets for
Py y9. In the next step, we do the same for all rows in Figure 9. So, in general,
we have:

(a) One row (row 1) with a set of four consecutive vertices and k — 1 sets of two
consecutive vertices in .S, which yields k + 2 7egsp-sets.

(b) % rows (rows 2 to %) with two sets of three consecutive vertices and k —2

sets of two consecutive vertices in S, which in each row, yields k+2 vsp-sets.

(c) k rows (rows &E3 to 3EEL) with a set of three consecutive vertices, a set with

single vertex and k — 1 sets of two consecutive vertices in .S, which in each
row, yields & + 1 vegp-sets.

(d) % rows (rows ?’]“Q—Jr?’ to 2k) with k£ + 1 sets of two consecutive vertices in S,
which in each row, yields k + 1 vegp-sets.
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(e) One row (row 2k + 1) with k4 1 sets of two consecutive vertices in S, which
yields % Yesp-sets. (Note that in this row which is separated by red color,
half of the cases occur twice.)

(f) %5 rows (rows 2k + 2 to 2k + 1 + £51) with two sets of single vertex and k
sets of two consecutive vertices in S, which in each row, yields k vesp-sets.

. 2
By summing all these cases, we have 5k+725k+2

VYesp-sets for Pyjo.

Case 3.2. k is even. By considering Figure 8, analogous argument as in Case
3.1 yield the desired result.

U1 v U3 Vg U5 V6 Vai—1 Vg;  V4i+1 V4i+2 V4i+37 UVditd  U4it5  Vdit6 VditT

(1)
(I1)
(111)

o|0|0®
o] (0] [©)
®|O|O
o|0|0®
ole|e®
o] (0] [©)
|00
o|®o|®
olo|e
o] (0] (¢
o|l®o|®

Figure 11. Making the ESD-sets of path graph of order 4k + 3.

Case 4. n = 4k+ 3, for some k > 0. using analogous arguments as in Case 2
and using Figure 11, we infer that there is only one more set which is added to
row (I). This completes the proof. |

REFERENCES

[1] S. Akbari, P.J. Cameron and G.B. Khosrovshahi, Ranks and signatures of adjacency
matrices (2004).
https://webspace.maths.qmul.ac.uk/p.j.cameron/preprints /ranksign.pdf

[2] B. Bollobds and E.J. Cockayne, Graph-theoretic parameters concerning domination,
independence, and irredundance, J. Graph Theory 3 (1979) 241-249.
https://doi.org/10.1002/jgt.3190030306

[3] J.A.Bondy and U.S.R. Murty, Graph Theory with Applications (American Elsevier,
MacMillan, New York, London, 1976).

[4] M. Dettlaff, M. Lemanska, J.A. Rodriguez-Veldzquez and R. Zuazua, On the super
domination number of lexicographic product graphs, Discrete Appl. Math. 263 (2019)
118-129.
https://doi.org/10.1016/j.dam.2018.03.082

[5] N. Ghanbari, Some results on the super domination number of a graph, Discrete
Math. Algorithms Appl. (2023), in-press.
https://doi.org/10.1142/51793830923500441

[6] N. Ghanbari and S. Alikhani, Total dominator chromatic number of some operations
on a graph, Bull. Comput. Appl. Math. 6 (2018) 9-20.


https://webspace.maths.qmul.ac.uk/p.j.cameron/preprints/ranksign.pdf
https://doi.org/10.1002/jgt.3190030306
https://doi.org/10.1016/j.dam.2018.03.082
https://doi.org/10.1142/S1793830923500441

END SUPER DOMINATING SETS IN GRAPHS 27

[7]

[10]

[11]

[12]

[13]

N. Ghanbari, G. Jager and T. Lehtila, Super domination: graph classes, products
and enumeration (2022), a manuscript.
arXiv:2209.01795

T.W. Haynes, S.T. Hedetniemi and M.A. Henning, Topics in Domination in Graphs,
Dev. Math. 64 (Springer, Cham, 2020).
https://doi.org/10.1007/978-3-030-51117-3

T.W. Haynes, S.T. Hedetniemi and M.A. Henning, Structures of Domination in
Graphs, Dev. Math. 66 (Springer, Cham, 2021).
https://doi.org/10.1007/978-3-030-58892-2

T.W. Haynes, S.T. Hedetniemi and M.A. Henning, Domination in Graphs: Core
Concepts, Springer Monogr. Math. (Springer, Cham, 2023).
https://doi.org/10.1007/978-3-031-09496-5

M.A. Henning and A. Yeo, Total Domination in Graphs, Springer Monogr. Math.
(Springer, New York, 2013).
https://doi.org/10.1007/978-1-4614-6525-6

F. Jaeger and C. Payan, Relations du type Nordhaus-Gaddum pour le nombre
d’absorption d’un graphe simple, C.R. Acad. Sci. Paris A 274 (1972) 728-730.

M. Lemanska, V. Swaminathan, Y.B. Venkatakrishnan and R. Zuazua, Super dom-
inating sets in graphs, Proc. Nat. Acad. Sci. India Sect. A 85 (2015) 353-357.
https://doi.org/10.1007/s40010-015-0208-2

E.A. Nordhaus and J.W. Gaddum, On complementary graphs, Amer. Math.
Monthly 63 (1956) 175-177.
https://doi.org/10.2307/2306658

V.G. Vizing, An estimate of the external stability number of a graph, Dokl. Akad.
Nauk SSSR 164 (1965) 729-731.

H.B. Walikar, B.D. Acharya and E. Sampathkumar, Recent Developments in the
Theory of Domination in Graphs, Lecture Notes in Math. (Mehta Research Institute,
Allahabad, MRI, 1979).

Received 17 February 2023

Revised 19 August 2023

Accepted 21 August 2023
Available online 25 September 2023

This article is distributed under the terms of the Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International License https://creativecommons.org/licens-
es/by-nc-nd/4.0/


https://arxiv.org/abs/2209.01795
https://doi.org/10.1007/978-3-030-51117-3
https://doi.org/10.1007/978-3-030-58892-2
https://doi.org/10.1007/978-3-031-09496-5
https://doi.org/10.1007/978-1-4614-6525-6
https://doi.org/10.1007/s40010-015-0208-2
https://doi.org/10.2307/2306658
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
http://www.tcpdf.org

