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Abstract

In an isolate-free graph G, a subset S of vertices is a semitotal dominating
set of G if it is a dominating set of G and every vertex in S is within distance
2 of another vertex of S. The semitotal domination number of G, denoted
by Y:2(G), is the minimum cardinality of a semitotal dominating set in G.
We prove that if G is a connected claw-free graph of order n with minimum
degree §(G) > 2 and is not one of fourteen exceptional graphs (ten of which
are cycles), then :2(G) < %n, and we also characterize the graphs achieving
equality, which are an infinite family of graphs. In particular, if we restrict
§(G) > 3 and G # K,, then we can improve the result to v,2(G) < 2n,
solving the conjecture for the case of claw-free graphs, proposed by Goddard,
Henning and McPillan in [Semitotal domination in graphs, Util. Math. 94
(2014) 67-81).
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1. INTRODUCTION

In this paper, we consider only finite simple undirected graphs. A subset D of
vertices in a graph G is a dominating set (respectively, total dominating set) of
G if every vertex of V(G) \ D (respectively, V(G)) is adjacent to a vertex in
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D. The minimum cardinality of a dominating set (respectively, total dominating
set) is called the dominating number (respectively, total dominating number),
represented as y(G) (respectively, v:(G)) of G. Since 1997, domination and total
domination have been extensively studied, and those who are interested can see
[1,2,4-6].

The semitotal domination was introduced by Goddard, Henning and McPil-
lan [3] in 2014. A subset D of vertices in an isolate-free graph G is a semitotal
dominating set, abbreviated semi-TD-set, of G if it is a dominating set of G and
every vertex in D is within distance 2 of another vertex of D. The semitotal
domination number of G, denoted by v:2(G), is the minimum cardinality of a
semi-TD-set in G. We refer to a minimum semi-TD-set of G as a y2(G)-set.
Since every total dominating set is a semi-TD-set and every semi-TD-set is a
dominating set, 7(G) < y2(G) < v%(G). However, the semitotal domination
number is very different from the domination and total domination number. For
example, the total domination number cannot be compared with the matching
number, while the semitotal domination number is comparable with the match-
ing number and cannot be greater than the matching number plus one (see [7]).
That makes the study of semitotal domination number interesting.

Goddard et al. [3] proved that if G is a connected graph of order n > 4, then
Y2(G) < § and characterized the graphs of minimum degree 2 achieving this
bound. Also, they proposed a conjecture as follows.

Conjecture 1. For all graphs G # Ky of order n with minimum degree 6(G) > 3,
%Q(G) < %’I’L

As usual, K3 is called a claw. A graph is claw-free if it does not contain the
K 3 as an induced graph. Let u be the vertex of degree 3 of a claw. Then we can
say that the claw is centered at u. Zhu et al. [10] proved that if G is a connected
claw-free cubic graph of order n other than two graphs, then v;2(G) < 5. Henning
[8] established the tight upper bounds on the upper semitotal domination number
of a regular graph using edge weighting functions. In [9], Henning and Pandey
showed the semitotal domination problem is NP-complete for chordal graphs and
bipartite graphs.

This paper is organized as follows. In Section 2, we establish a upper bound
on the semitotal domination number of claw-free graphs G with minimum degree
d(G) = 3 (i.e., Theorem 3). In Section 3, we prove that if G # C,, is a connected
claw-free graph of order n with 6(G) > 2 and is not one of four exceptional
graphs, then 42 (G) < %n, and we characterize the infinite families of graphs that
achieve equality in this bound (i.e., Theorem 8). Combining this result with the
semitotal domination number of cycles, we can obtain a general conclusion (i.e.,
Theorem 9). In Section 4, we conclude the paper with one problem as possible
future work.
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2. CLAW-FREE GRAPHS G WITH 0(G) > 3

In this section, we discuss the semitotal domination number in connected claw-
free graphs with minimum degree at least three. Before that, we introduce some
definitions.

Let S; and S be two subsets of V(G). We denote by E[S1, S2] the subset
of edges of G with one end in S; and the other end in S3. Let S be a subset of
V(G) and v be a vertex in S. The S-external private neighborhood of v, denoted
by epn(v,S), is the set of all vertices in V(G) \ S that are adjacent to v but
to no other vertex of S. In other words, if u € epn(v,S), then u € V(G) \ S
and Ng(u) NS = {v}. The S-internal private 2-neighborhood of v, denoted by
ipna2(v,S), is the set of all vertices in S \ {v} that are within distance 2 of v in
G but at distance greater than 2 from every other vertex of S. In other words,
if u € ipna(v,S), then v € S\ {v}, d(v,u) < 2, and d(u,w) > 2 for any vertex
we S\ {u,v}.

A semi-TD-set in a graph G is a minimal semi-TD-set if it contains no
semi-TD-set of G as a proper subset. The following result in [7] provides a
characterization of minimal semi-TD-sets.

Lemma 2 [7]. Let S be a semi-TD-set in a graph G. Then, S is a minimal
semi-TD-set of G if and only if every vertex v € S satisfies at least one of the
following three properties.

(a) The vertex v is isolated in G|S].
(b) ipna(v, 5) £ 0.
(c) epn(v,S) # 0.

Theorem 3. If G # K, is a connected claw-free graph of order n with §(G) > 3,
then vi2(G) < 2n.

Proof. Let G # K4 be a connected claw-free graph of order n with §(G) > 3.
We choose a y42(G)-set S such that A\(S) is minimum, where A(S) is the number
of edges in G[S]. For convenience, set S = V' \ S and Ng(w) = N(w) NS and
Ng(w) = N(w) NS, where w is a vertex in V(G).

We first define an edge weight function on S in G. The edge weight function
is the function ¢g: E(G) — [0,1] that assigns a weight of 0 for each edge in
E[S, S|JUE[S, S], and assigns a weight of 1g(e) = m for each edge e € E[S, 5]
that joins a vertex u in S to a vertex in S. The vertex weight function is the
function ¢g: V(G) — [0,00] that assigns to each vertex w € V(G) the sum of
the weights of the edges incident with w. Finally, we denote the vertex weight
sum of S by &(S) = Z’UGS ¢s(v). Thus £(S5) = ZUES ps(v) = ZeEE(G) Ys(e) =
> ues @s(u) = |S] = n —|S|. The strategy is to show that each vertex of S has
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a weight of at least 3 on average. Then 3|S| < £(S) = n — |S|. It follows that
5] < 2n.

Let A={veS|ipna(v,S)# 0} and Ay ={v e A|v € ipna(v/,S) for some
vertex v’ € S} and As = A\ A;. For each vertex v € Ay, let S, = ipna(v, S)U{v}.
If ' € ipna(v, S), then v/ ¢ A. Otherwise, v € A and v € ipny(v/,S) since v
is the only vertex of S within distance 2 from v" in G, contradicting the fact
that v € As. Further, we note that if v and v' are distinct vertices in Ay, then
ipna(v, S) Nipna(v',S) = 0. Hence, S, NS, = () for each pair of different vertices
v,v" € Ay, Let B =J,ca, Sv and C' =S5\ (41 UB).

Claim 1. Ifv € Ay, then ¢g(v) > % on average.

Proof. Let v € A and v € ipny(v',S). Then v’ is the only vertex of S within
distance 2 from v in G. Since ipna(v,S) # 0, v' € ipna(v,S) and v' € Ay. This
implies that the vertices in A; are paired off. Thus all neighbors of v and v’
in S are adjacent to no vertex of S\ {v,v'}. It follows that ¢5(v) + ¢g(v') =
[Ng(v) U Ng(v)]. If [Ng(v) U Ng(v')| < 2, then Ng(v) = Ng(v'), [Ng(v)| = 2
and vv’ € E(G) since 6(G) > 3. Let {u1,u2} = Ng(v) U Ng(v'). Since G # Ky
and 0(G) > 3, without loss of generality, us has a neighbor uz in S. Note, ug is
adjacent to a vertex of S\ {v,v'}. When ujus ¢ E(G), S" = (S\{v,v'})U{ui,uz}
is a y2(G)-set with A(S”) < A(S), a contradiction. When wjug € E(G), ' =
(S\ {v,v'}) U{ua} is a semi-TD-set of G with |S’| < |S|, a contradiction. Thus
|Ng(v) U Ng(v')| = 3. Further, ¢g(v) + ¢s(v’) = 3, as desired. O

Claim 2. Ifv € Ay, then ¢s(v') > % on average for each vertex v’ € S,.

Proof. Let v € Ag, Sy, = {v1,...,9g,/} and v; = v. Note that [S,[ > 2. Since
{va, ..., vg, 1} € ipna(v), at most one vertex of {va,...,v|g,} is adjacent to v; all
neighbors of v; in S are adjacent to no vertex of S\ {v,v;}, where i € {2,...,|S,|}.
It follows that Yera. s,y $5(vi) = (Uie{%w} Ns(vi)|. ¥ [S,] > 3, then the

vertex weight sum of Sy, is at least ;e o 15,y @s(vi) 2 2+3(]S0[—2) = 3[Sy|—4.

Since 3"%"—4 > %, each vertex of S, has a weight of at least % on average.

Next comsider |S,| = 2, and then S, = {v,v2}. If [Ng(v2)| < 2, then
|Ng(v2)| = 2 and vvy € E(G) since 6(G) > 3. Let N(v2) = {v,ur,uz}. When
vup € E(G) and vug € E(G), 8" = S\ {v2} is a dominating set of G. Since
v € Ag, v ¢ ipna(ve) and there exists a vertex v’ distinct from vy in S such
that d(v,v") < 2. Hence S’ is a semi-TD-set of G with |S’| < |S], a contra-
diction. When vu; ¢ E(G) or vuy ¢ E(G), without loss of generality, consider
vu; ¢ E(G). Then vuy € E(G) or wqug € E(G) since G is claw-free. Now,
S" = (S\ {v2}) U{u1} is a y42(G)-set with A(S") < A(S), a contradiction. Thus
|Ng(v2)| = 3. Then ¢g(v) + ¢s(v2) = 3, as desired. O
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By Claim 2 and B = U,UeA2 Sy, each vertex of B has a weight of at least %
on average. Hence, next we consider the vertex in C'. Before this, we give the
following claim.

Claim 3. If v is a vertex of S with epn(v,S) # 0, then v is isolated in G[S].

Proof. By contradiction, we suppose that there exists a vertex v; € S with
epn(v1, S) # () such that v; has a neighbor vy in S. Let u; € epn(vy,S). Then
E[{u1},S \ {v1}] = 0. Since G is claw-free and ujve ¢ E(G), each vertex of
N(v1) \ {u1,v2} is adjacent to u; or va. Now, S" = (S\ {v1}) U{ui} is a 2(G)-
set with A\(S") < A(S), a contradiction. O

: 3
Claim 4. Ifv € C, then ¢s(v) > 5.

Proof. Let v € C. Since v ¢ A, ipna(v,S) = 0. If v is not isolated in G[S],
then epn(v, S) # ) by Lemma 2, and it contradicts Claim 3. Thus v is isolated
in G[9].

If there exists a vertex u; € Ng(v) such that |[Ng(u1)| > 3, let {vy,va} C
Ng(up). Since G is claw-free and v is isolated in G[S], viv2 € E(G). By Claim
3, epn(vg, S) = 0. According to Lemma 2, ipns(vy, S) # (0. Since d(v,v1) = 2,
v1 & ipna(ve, S). Let vg € ipna(ve, S). Then d(va,v3) = 2, otherwise d(vy, v3) = 2
and it is a contradiction. Let us be a vertex in S connecting vy and vs. Note, all
neighbors of v3 in S are adjacent to no vertex of S\ {ve,v3}. Then usv; ¢ E(G).
Since G is claw-free, each vertex of N(v2)\ {v1,u2} is adjacent to v1 or ug. When
N(v3) C Nlug], 8" = (S\ {v2,v3}) U{uz} is a semi-TD-set of G with |S’| < |S|, a
contradiction. When N (vs) € Nlusg], there exists a vertex ug € N(v3) such that
usuz ¢ E(G). Since G is claw-free, each vertex of N(uv3) \ {ug,us} is adjacent to
ug or uz. Then S" = (S\ {va, v3}) U{uz, us} is a y2(G)-set with A(S’) < A(S), a
contradiction. Thus for each vertex uy of Ng(v), |[Ns(u1)| < 2 and ¢g(uqv) > 3.
Since v is isolated in G[S] and 6(G) > 3, ¢s(v) > 3.

O

According to Claims 1, 2 and 4, each vertex of S has a weight of at least %
on average. This completes the proof of Theorem 3.

3. CLAW-FREE GRAPHS G WITH 0(G) > 2

In this section, we consider connected claw-free graphs with minimum degree at
least two. In order to state clearly, we first introduce some basic conclusions.

Lemma 4. If there exists a vertex v in G such that N(v) is a clique, then we
can find a v42(G)-set containing vertices of N(v).

Proof. Let D be a y2(G)-set. In order to dominate v, N[v]N D # 0. If N(v)N
D # (), there is noting to prove. Thus consider N(v) N D = (). Then v € D and
(D \ {v}) U{v1} is a y42(G)-set of G, where v; € N(v), as required. |
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The semitotal domination number of a cycle is established by Goddard et al. [3].

Proposition 5 [3]. Forn > 3, y2(C,) = {%nw

We define six graphs G;—Gjg as the following graphs.

Figure 1. Six graphs: G1-G.

Observation 6. Let G be a graph in {Ga,Gs}. Then the following properties
hold.

(a) 12(G) = 4 and there exists a v2(G)-set containing v for any vertex v €
V(G).
(b) Let G’ be a graph obtained from G by adding a vertex u and some edges

between {u} and V(G). Then y2(G’) < 4 and there exists a vi2(G')-set
containing u.

Observation 7. Let G be a graph in {G4,G5,Gg}. Then the following properties
hold.

(a) %2(Ga) =3 = 2n and v12(Gs5) = 112(Gg) = 6 = 2n.
(b) Let G’ be a graph obtained from G by adding a vertex u and some edges
between {u} and V(G) such that G’ is claw-free. Then there exists a y2(G')-

set D' containing vertex w. Further, when G = Gy, |D'| < 3; when G € {G5,
Gs}, |D’'| < 6.

The graph H is illustrated in Figure 2(a) and the vertex w is the root vertex
of H. The rooted product graph K o, H is defined from K; and H by taking ¢
copies of H and identifying the i*" vertices of K; with the vertex w in the i** copy
of H for each i € {1,...,t}, where t is a positive integer. For example, K3o,, H is
illustrated in Figure 2(b). The resulting graph G is a connected claw-free graph of
order n = 7t with minimum degree 2 and v;2(G) = 3t = 2n. Let G = {K; 0, H}.
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A Aaon

(a) H (b) K,o H

Figure 2. (a) Graph H, where the black vertex w is the root vertex of H. (b) Graph
K3 Ow H.

Theorem 8. If G ¢ {C,, K4,G1,G2,G3} is a connected claw-free graph of order
n with §(G) > 2, then y2(G) < %n, with equality if and only if G € {G4,G5,Ge}
ug.

Proof. For convenience, we call such a graph is normal if it is a connected claw-
free graph with minimum degree at least 2 and is not isomorphic to a cycle,
K4,G1,G4, or G3. Combined with Observation 7(a), to prove Theorem 8, it
suffices to prove that if G is a normal graph of order n, then v2(G) < %n or
G € {G4,G5,Gg} UG. We proceed by induction on the order n > 3 of a normal
graph.

If n =3 orn =4, then G € {Cs3,C4, Ky4,G1}, a contradiction. Thus n > 5. If
n =5, it is easy to verify that v,2(G) = 2 < 2n. If §(G) > 3, then 72(G) < 2n <
%n by Theorem 3. Hence, we may assume that n > 6 and 6(G) = 2. Denote by
Sy the set of vertices of degree 2 in G. Then G[Ss] is a disjoint unit of paths since
G is not a cycle. Let P = x; - - -z be a longest path of G[Ss] for some integer k.
In what follows, we divide into five cases according to the size of k.

Case 1. k > 5. Let N(z1) = {x2,u1}. Then d(u;) > 3 since P is a longest
path of G[S2]. If uyzs € E(G), then G has a claw centered at u; as d(u;) > 3
and {z1,z5} C S, a contradiction. Thus uixs ¢ E(G). Let N(x5) = {4, uz2}.
Possibly, us = x¢.

We construct G’ from G by removing all vertices of {z1,...,25} and adding
the edge ujug when uyug ¢ E(G). If §(G’) = 1, then dg/(uz) = 1 since d(uy) > 3.
Thus N(u2) = {z5,u1}. Now, G has a claw centered at u;, a contradiction.
Hence G’ is a connected claw-free graph of order n’ =n — 5 with §(G’) > 2.

If ujug € E(G), then Ngr[uq] is a clique of G' and Ngr[u1] = Ngr[ug] since G
is claw-free. Thus G’ ¢ {G1,G2,Gs} and G’ is not a cycle unless G’ = C3. When
G’ € {Cs, K4}, {u1, 2,24} is a semi-TD-set of G and y2(G) < 3 < %n Hence
consider G’ is a normal graph.

If ujug ¢ E(G), then dgr(u1) > 3. Thus G’ is not a cycle. Since G is claw-
free, Ngru1] \ {u2} and Ngrfug] \ {u1} are cliques of G'. When G’ = Ky, we
have G = G, a contradiction. When G’ = G, we have G = (3, a contradiction.
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When G’ = Go, without loss of generality, u; and ug play the roles of b3 and bs
in G, respectively. Then G = G5. When G’ = G3, without loss of generality,
u1 and us play the roles of ¢y and ¢4 in Gj3, respectively. Then G = Gg. Hence
consider G’ is a normal graph.

Let D' be a v;2(G’)-set. By the inductive hypothesis, |D’| < 2(n—5). When
H{u1,u2} N D'| =0 and |[{u1,ue} N D'| =2, D" U {xg, 24} is a semi-TD-set of G.
When |{u1,u2}ND’| = 1, without loss of generality, consider u; € D’ and ug ¢ D'.
Then, either D' U {x3, x5} is a semi-TD-set of G in the case of Nug] N D' =)
or D' U {x9, x5} is a semi-TD-set of G in the case of N[ug] N D" # (). Anyway,
Y2(G) < D' +2< 2(n—5)+2 < 2n.

Before discussing the following cases (i.e. k < 4), we prove two claims on the
condition k£ < 4.

Claim 5. If there exists a vertex v € V(G) \ S2 such that |[N(u) N Sa| > 2, then
Y2(G) < %n orGeQg.

Proof. Let u be a vertex in V(G) \ Sz with |N(u) N Sa| > 2. Firstly, suppose
that N(u) N Sy is not a clique of G. Then there exists two vertices u; and ugy in
N(u) N Sy such that wyug ¢ E(G). Since d(u) > 3, u has a neighbor ug different
from w; and ug. As G is claw-free, ujusz € E(G) or ugug € E(G). By symmetry,
consider ujugz € E(G). If uguz € E(G), then n = 4 since G is claw-free, a
contradiction. Thus ugug ¢ F(G) and ug has a neighbor uyg other than w. Then
N(u) C {uy,ug,us,us}, otherwise G has a claw centered at u, a contradiction.
Clearly, n > 5. If n = 5 or n = 6, then {ug,us} is a semi-TD-set of G and
Y2(G) <2 < %n Thus we may assume that n > 7.

Consider N(us) € {u,u1,us} and N(us) € {u,uz,u3}. Let G’ be the graph
obtained from G by removing vertices u,u1,us and adding the edge usuys when
ugug ¢ E(G). By construction, G’ is a connected claw-free graph of order n’ =
n—3 >4 with 6(G') > 2. If G’ = C,y, then dgr(u3) = dgr(ug) = 2. Since n' > 4,
let Ngr(uyq) = {us,us} and Ngr(us) = {ug,ug}. Then uguy ¢ E(G), otherwise G
has a claw centered at ug and it is a contradiction. When uug ¢ E(G), d(u4) = 2
and {ug, uq,us,u¢} C So. Since k < 4, usug € E(G). Now, G = H € G. When
uuy € E(G), ' < 6 since k < 4. Then either {u,us} is a semi-TD-set of G in
the case of n’ =4 or {u,us,us} is a semi-TD-set of G in the case of 4 < n’ < 6.
Anyway, v12(G) < %n

Hence, we may assume that G’ is not a cycle. When G’ € {K4, G1}, {u2, us}
or {u,us} is a semi-TD-set of G. So y2(G) < 2 < 2n, where n = 7. When G’ €
{G2,G3}, n = 12. By Observation 6(a), we can find a y2(G’)-set D’ containing
ug and |D'| = 4. Then D’ U {uz} is a semi-TD-set of G and y2(G) < 5 < 2n.
When G’ is a normal graph, by the inductive hypothesis, |D’| < %(n — 3), where
D' is a y42(G’)-set. Then either D’ U {uy} is a semi-TD-set of G in the case of
ug € D' or D' U{u} is a semi-TD-set of G in the case of uz ¢ D'. Anyway,
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Y2(G) < 2(n—3)+1< 2n.

Consider N(ug) C {u,u1,us}. Let X = N(uq) \ {u,u2,usz}. Since n > 7,
X # 0. Assume that X NSy # 0. Let us € X NSy and N(uz) = {u4,us}. Then
N(ug) C {u,uz2,us,us}, otherwise G has a claw centered at uy, a contradiction.
If n =7, then uqug € E(G). Further, {u,us} is a semi-TD-set of G and v2(G) <
2 < 3n. Thus consider n > 8. Let Y = N(ug) \ {uq,us}. Since G is claw-free, Y
is a clique of G. Let G’ be the graph obtained from G by removing all vertices
of {u,u1,...,us} and adding edges between {us} and Y such that {us} UY is a
clique in G’. Then G’ is a connected claw-free graph of order n’ = n — 5 with
d(G") = 2. Note, for any vertex y € Y, de(y) > 3. Thus G’ is not a cycle. Since
Nerlus] is a clique and Ngr[us] = Ner[ug), G' ¢ {G1,G2,Gs}. If G’ = Ky, then
{u, us, ug} is a y2(G)-set and y2(G) < 3 < 2n, where n = 9. Thus we may
assume that G’ is a normal graph. Since Ngr(us) = {ug} UY is a clique of G', by
Lemma 4, we can find a y2(G’)-set D’ containing vertices of {ug} UY. By the
inductive hypothesis, |[D’'| < 2(n —5). Then D’ U {u,u4} is a semi-TD-set of G
and y2(G) < %(n —5)+2< %n

Assume that X NSy = 0. Let us € X and {ug,ur} C N(us) \ {us}. Now,
n > 8. If n =8, then {u,us,us} is a semi-TD-set of G and y2(G) < 3 < 2n.
Thus consider n > 9. Let G’ = G — {u,uy,...,us}. Then G’ is connected claw-
free graph of order n’ =n —5 >4 with §(G’) > 2. If G’ is a cycle, then N(us) =
{u4,ug,ur} and uguy ¢ E(G). Since G is claw-free, N(ug) NV(G') = {us, ug} or
N(uq) NV(G') = {us,ur}. Without loss of generality, consider N(uq) NV (G') =
{us,ug}. Since k < 4, n’ < 6. Then the structure of G is clear. Clearly, 112(G) <
3n. Thus we may assume that G’ is not a cycle. When G’ € {K4,G1}, n =9 and
{u, ug,us} or {u,uq,ug} is a semi-TD-set of G. Further, y2(G) < 3 < 2n. When
G’ € {G3,G3}, by Observation 6(b), we can find a minimum semi-TD-set D" of
G" = G — {u,u1,uz,u3} containing vertex ug with |D”| < 4. Then D" U {u} is
a semi-TD-set of G and v2(G) < 5 < 2n, where n = 14. When G is a normal
graph, by the inductive hypothesis, |D’| < 2(n — 5), where D’ is a y;2(G’)-set.
Then D' U {u,us} is a semi-TD-set of G and v2(G) < %(n —5)+2< %n

Consider N(u4) C {u,uz,us}. Since n > 7, uguy ¢ E(G), otherwise G has
a claw centered at usg and it is a contradiction. Since §(G) > 2, uus € E(G).
Similar to the case of N(u3) C {u,u1,us}, we have 2(G) < %n, where u1, us,
ug, ug paly the roles of us, u1, ug, us, respectively.

Next, suppose that N(u) NSy is a clique of G. Then |N(u) N S2| = 2. Let
N(u)N Sy = {ui,us} and X = N(u)\ {u1,u2}. As G is claw-free, X is a clique of
G. Then G’ = G — {u,u1,us} is a connected claw-free graph of order n’ =n — 3
with §(G’) > 2. When G’ = C,/, 3 < n/ < 6 since k < 4. It is easy to obtain
that v2(G) < 2n. When G’ € {K4,G1}, n = 7 and 72(G) = 2 < 2n. When
G’ € {G2,G3}, we can find a minimum semi-TD-set D” of G” = G — {u1,us}
containing u with |D”| < 4 by Observation 6(b). The set D" is a semi-TD-set
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of G and 2(G) < 4 < %n, where n = 12. When G’ is a normal graph, by the
inductive hypothesis, |D'| < 2(n — 3), where D' is a y2(G’)-set. Then D' U {u}
is a semi-TD-set of G and y2(G) < 2(n—3) +1 < 2n. 0

By Claim 5, we may assume that for any vertex u € V(G)\ Sz, |N(u)NSa| < 1,
called Assumption 1.

Claim 6. If there exists a vertex v € So such that v has two adjacent neighbors,
then vi2(G) < 3n.

Proof. Let N(v) = {v1,v2}. According to the condition of Claim 6, vivy € E(G).
Since n > 6, d(v1) = 3 or d(ve) > 3. Without loss of generality, consider d(vy) >
3. By Assumption 1, N(vi) N Se = {v}. Thus d(v2) > 3. Further, N(v2) NSy =
{v} by Assumption 1. Let X7 = N(v1) \ {v,v2} and X = N(v2) \ {v,v1}. Then
X1NSy=0and XoNSy =0. Since G is claw-free, X; and X5 are cliques of G.
We construct G’ from G by removing all vertices of {v,v1,v2} and adding edges
between X, and X5 such that X U X5 is a clique of G’. Then G’ is a connected
claw-free graph of order n’ =n — 3.

Suppose that §(G’) > 2. When G' = C, let G’ = wjugug - - upu; and
viuy € E(G). Now, uy € Xi. If uwyus ¢ E(G), then ug € Xy and u; ¢ Xo
and ujve ¢ E(G). Further, d(u;) = 2 and it contradicts X; N Sy = (. Thus
uiug € E(G). Similarly, uju, € E(G). If n = 3, then n = 6 and {vy,u1} is a
Yi2(G)-set and y2(G) = 2 < 2n. Hence consider n’ > 4. Since ugu, ¢ E(G)
and G is claw-free, Ng/(v1) = {u1,u2} or Ngr(vi) = {u1,uy }. By symmetry,
consider Ng/(v1) = {u1,uz}. Thus {ui,us} C X;. As X3 U Xs is a clique of G,
| X7 U X3| < 2, and then X7 U Xy = {uj,uz}. Since k < 4, 4 < n’ < 6. Now,
either {vi,us} is a semi-TD-set of G in the case of n’ = 4 or {v1,us,uy} is a
semi-TD-set of G in the case of 4 < n’ < 6. Anyway, 12(G) < %n

When G’ € {K4,G1}, n = 7 and ’ytg(G) <2< %n When G’ € {GQ,Gg},
X1 U X3 is a clique of G. Otherwise, there exist two vertices u; € X; \ X2 and
ug € X9\ X7 such that uyus ¢ E(G). Further, dg/(u1) > 3 and dgr(ug) > 3.
Since X1 U Xy is a clique of G'; X7 U X3 C Ngr[u1] N Ngr[uz]. According to
the structure of Gy and G3, k > 5, a contradiction. By Observation 6(b), we
can find a minimum semi-TD-set D" of the graph G — {v, v2} containing v; with
|D"| < 4. Clearly, D" is a semi-TD-set of G. Then 72(G) < 4 < 2n, where
n = 12. Thus consider G’ is a normal graph. Let D’ be a v;2(G’)-set. By the
inductive hypothesis, [D'| < 2(n —3). When X1 N D’ # 0, D’ U {vs} is a semi-
TD-set of G. When X1 N D' = (), D' U {v1} is a semi-TD-set of G. Anyway,
Y2(G) < 2(n—3)+1< 2n.

Suppose that 6(G’) = 1. Let vs be a vertex with dg/(vs) = 1 and Ngr(v3) =
{v4}. Then vsv, € E(G) or vsvy € E(G). Thus vs ¢ Sy and N(v3) = {vi,v2,v4}.
Since G is claw-free, N(vi) C {v,va,v3,v4} and N(va) C {v,v1,v3,v4}. Let
G" = G — {v,v1,v9,v3,v4}. Then G” is a connected claw-free graph of order
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n’" =n—5. When G”" = C,,», 3 <n” <6since k < 4. Let G = wiwows - - - wyrwy
and vqw; € E(G). Note, if n” > 3, then wow,» ¢ E(G) and vqwy € E(G) or
vawyr € E(G) since G is claw-free. In the case of n” € {3,4}, n > 8 and
{v1,v4, w3} is a semi-TD-set of G. Further, v2(G) < 3 < 2n. In the case of
n” € {5,6}, by symmetry, consider vqwy € E(G). Then {vy, v4, w3, wy,} is a semi-
TD-set of G. Further, v2(G) < 4 < 2n, where n” > 10. When G” € {K4,G1},
n =9 and y2(G) < 3 < 2n. When G” € {G3,G3}, we can find a minimum
semi-TD-set D" of the graph G — {v, v1,v2,v3} containing v4 with |D”| < 4 by
Observation 6(b). Then D" U {v1} is a semi-TD-set of G and y2(G) < 5 < %n,
where n = 14. Hence, we may assume that G” ¢ {Cy»v, K4, G1, G2, G3}.

If 6(G”) > 2, then G” is a normal graph. By the inductive hypothesis,
|D"| < 2(n—5) where D" is a y;2(G")-set. The set D" U{v1,v4} is a semi-TD-set
of G and v2(G) < 2(n —5) 4+ 2 < 2n. Thus, we may assume that §(G”) = 1.

Let vs be a vertex with dgr(vs) = 1 and Ngv(vs) = {ve}. Since N(v1) C
{v,va,v3,v4}, N(ve) C {v,v1,v3,v4} and N(v3) = {v1,v2,v4}, N(v5) = {v4,v6}.
Now, N(vq) C {v1,v2,v3,v5,v6}, otherwise G has a claw centered at vy and it is
a contradiction. If n = 7, then vyvg € E(G). Further, {vy,v4} is a semi-TD-set
of G and v2(G) = 2 < 2n. Thus consider n > 8. Let X = N(vg) \ {vs,v5}.
Since G is claw-free, X is a clique of G. Let G"” be the graph obtained from
G" by adding edges between {vs} and X such that {vs} U X is a clique in G”.
Then G" is a connected claw-free graph with §(G”") > 2. Note, for any vertex
x € X, dgw(x) = 3. Thus G” is not a cycle. Since Ngm[vs] is a clique of G”
and Ngr[vs] = Ngm|ve], we have G ¢ {G1,Ga,Gs}. If G" = Ky, then n = 9,
{v1,v4,v6} is a semi-TD-set of G and y2(G) < 3 < 2n. Thus we may assume
that G” is a normal graph. Since Ng(vs) = {v} U X is a clique of G”, there
exists a y2(G")-set D" containing vertices of {vg} U X by Lemma 4. By the
inductive hypothesis, [D"”| < 2(n —5). Then D" U {vy,v4} is a semi-TD-set of
G and 72(G) < 2(n—5) +2 < 2n. 0

By Claim 6, we may assume that for any vertex v € Ss, two neighbors of v are
not adjacent, called Assumption 2. For k = 1, let u; and us be two neighbors of
x1. For k > 2, we denote by u; the neighbor of 1 not in Sy and us the neighbor
of z not in S3. Note that d(u;) > 3 and d(uz) > 3. By Assumption 1, we also
get up # ug for k > 2. Let Y7 = N(uq) \ {z1,u2} and Yy = N(ugz) \ {zk,u1}.
Since G is claw-free, Y7 and Y5 are cliques of G. By Assumption 1, Y1 NSy = ()
and Yo N Sy = 0.

Case 2. k = 4. We construct G’ from G by removing all vertices of {u1,z1,
... x4} and adding edges between {ug} and Y; such that {u2} UY] is a clique of
G'. Then G’ is a connected claw-free graph of order n’ = n — 5. Next, we divide
into two subcases.

Subcase 2.1. §(G") = 1. Since Y1 N Sy = 0, der(y) > 2 for any vertex y € Y7.
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Thus ug is the unique vertex of degree 1 in G'. Let Ng/(u2) = {us}. Since
d(ug) = 3, N(uz) = {u1,x4,us}. Then N(uy) = {1, us,us}, otherwise G has a
claw centered at u; and it is a contradiction. Let Y = N(u3) \ {u1,uz2}. Since
uz € Y1, d(uz) > 3 and then Y # (). As G is claw-free, Y is a clique of G.

Suppose that Y NSy = (). Then G” = G — {uy,x1,...,24,u2,u3} is a con-
nected claw-free graph of order n” = n — 7 with §(G"”) > 2. It " = Cy»n,
without loss of generality, let G” = viv9vs - - vyrv; and ugvy € E(G). When
n” =3, n =10 and {1, x3,u3,v1} is a semi-TD-set of G and v2(G) < 4 < %n
When n” > 4, vov,r ¢ E(G). As G is claw-free, N(ug) = {uy,us,v1,v2} or
N(u3) = {u1,ug,v1, v, }. By symmetry, consider N(uz) = {uy,ua,v1,v2}. Since
k =4, n"” < 6. Now, the structure of G is clear. It is easy to obtain y2(G) < %n
Hence, we may assume that G” # Cyn.

If G” € {K4,G1}, then n =11 and y2(G) < 4 < 2n. If G” € {Ga,...,Gs},
then we can find a minimum semi-TD-set D"’ of G—{u1, 1, ..., 24, us} containing
ug by Observations 6(b) and 7(b). Note, |[D"”'| < 4 when G” € {G2,G3s}, |D"| < 3
when G” = G4 and |D"”| < 6 when G” € {G5,Gs}. Clearly, D" U {z1, 23} is a
semi-TD-set of G. Further, y42(G) < 2n. Hence we may assume that G” is a
normal graph and G” ¢ {G4, G5, Gs}. Let D" be a v;2(G”)-set. By the inductive
hypothesis, [D"| < 2n” = 2(n — 7). Then D" U {21, z3,u3} is a semi-TD-set of
G and y2(G) < |D"[+3 < 2(n—17)+3 < 2n.

Assume y2(G) = 2n. Then v,2(G”) = 2n”. According to the inductive hy-
pothesis and G’ ¢ {G4,G5,Gs}, G” € G, and then G” = K, 0, H. Let H, be the
copy of H corresponding to v, where v € V(K ,» ). Let V(}Iv) = {v,v1,...,06},
where {v1,v6} € N(v) and Ng,(v;) = {Ui,l,v;l} for i € {2,3,4,5}. Without
loss of generality, consider N(us) NV (H,) # (. Combining the definition of G
and G"” € G, we have G = H, or G" — V(H,) € G. Let G = G" — V(H,) and
D" be a y2(G")-set. Thus [D”| = 2|V(G")| = 2(n — 14). If ugvs € E(G)
or ugvs € FE(G), then D" U {x1,x3,us,v4,v6} or D" U {x1,x3,us,v1,v5} is
a semi-TD-set of G. Further, v2(G) < 2(n — 14) +5 < 2n, a contradic-
tion. Hence, uzvy ¢ E(G) and ugvs ¢ E(G). Similarly, ugvs ¢ E(G) and
usvy ¢ E(G). If ugv; € E(G), then usv € E(G) since G is claw-free and
ugve ¢ FE(G). Further, D" U {x1,x3,us3,v3,v5} is a semi-TD-set of G and
Y2(G) < 2(n—14) + 5 < 2n, a contradiction. Hence ugvy ¢ E(G). Simi-
larly, ugve ¢ E(G). Then N(uz) NV (H,) = {v}. If Ngv(uz) # V(K. ), then G

7
has a claw centered at v, a contradiction. Hence Ngv(u3) = V(K ,») and G € G.
7
Suppose that Y NSy # (. Let ug € Y NSy and N(ug) = {us,us}. Since
G is claw-free, N(us) C {u1,u2,uq,us}. If n =9, then ugus € E(G). Further,
{z1,z3,u3} is a semi-TD-set of G and v2(G) < 3 < %n Thus consider n >
10. Let Z = N(us) \ {us,us}. Since G is claw-free, Z is a clique of G. By

Assumption 1, Z N Sy = (). We construct G from G by removing all vertices of
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{u1,z1,...,24,u2,u3} and adding edges between {us} and Z such that {us} U Z
is a clique of G”. Then G” is a connected claw-free graph of order n” = n—7 with
d(G") = 2. Note, for any vertex z € Z, dg#(z) > 4. Thus G” is a normal graph
and G” ¢ {G4,G5,Gg}. Since Ngrlug] = Ngrlus), G” ¢ G. Since Ngr(ug) =
{us} U Z is a clique of G”, there exists a y2(G")-set D" containing vertices of
{us} U Z by Lemma 4. By the inductive hypothesis, [D”| < 2(n — 7). Then
D" U{z1,x3,u3} is a semi-TD-set of G and 72(G) < 2(n —7) + 3 = 2n.

w  lw

Subcase 2.2. 0(G') = 2. If G’ is a normal graph, then |D'| < £n/ by the
inductive hypothesis, where D’ is a y42(G’)-set. When Y7 N D' # (), either D’ U
{1, 24} is a semi-TD-set of G in the case of N[ug] N D’ # 0 or D' U{xe, 24} is a
semi-TD-set of G in the case of N[ug|ND’ = (). When uy € D', either D'U{uy, z2}
is a semi-TD-set of G in the case of (U, ¢y, N[y]))ND" = 0 or D'U{us, 3} is a semi-
TD-set of G in the case of (U,ecy, N[y])ND" # 0. When Y1ND' = and us ¢ D',
D' U{zy, 23} is a semi-TD-set of G. Anyway, v2(G) < 2(n—5) +2 < 2n. Thus,
we may assume that G’ is not a normal graph, i.e., G' € {C),_5, K4, G1, G2, G3}.

Consider dgr(ug) = 2. Let Ngr(ug) = {us,us}. Clearly, Y7 C {U3,U4}. If
ugusg ¢ E(G), then ug € Y7 and wjusz € E(G). Since d(ug) > 3, ujuz € E(G).
Now, G has a claw centered at uj, a contradiction. Thus ugus € E(G). Similarly,
uguyg € FE(QG). Since G is claw-free, ugus € E(G). Hence G' € {C5,G1,G3s}. If
G’ = G, without loss of generality, consider uy plays the role of ag in G7. Then
ay € So and it contradicts Assumption 2. If G’ = G3, then us plays the role of
¢1 in Gs. Now, k > 6, a contradiction. Thus G’ = C5. Further, {x1,z3,us2} is a
Yi2(G)-set and y42(G) < 3 < 2n.

Consider dg/(uz) > 3. Since G’ € {Cy,—5, K4, G1,G2,G3}, dgr(u2) = 3. Let
Nei(uz) = {us, ug,us}. Clearly, Y1 C {ug, ug,us}. If Nor(uz) is not a clique of G,
then there exists a vertex in {us, u4, us}, say us such that us ¢ Y2 and us € Y7.
That is uguz ¢ E(G) and usu; € E(G). Then ujus ¢ E(G), otherwise G has
a claw centered at uj, a contradiction. Since d(uz) > 3, N(u2) = {z4, us, us}.
As G is claw-free, uqus € E(G). Since ug € Y7, d(us) > 3 and dg/(usg) > 3.
Thus G' = G5. Without loss of generality, us and ug play the roles of b; and
bs, respectively. Now, k > 5, a contradiction. Hence N¢gr(u2) is a clique of G.
Further G = K4. Since d(u1) = 3, N(u1) N {ug,us,us} # 0. Let uyus € E(QG).
When ugug € E(G), {2, x4,u3} is a v2(G)-set. When usus ¢ E(G), ujug ¢
E(G) since G is claw-free. Since d(u;) > 3 and d(u2) > 3, (wmius € E(G) or
uius € E(GQ)) and N(ug) = {x4,us,us}. Then {z2,x4,us} or {z2,x4,us} is a
ve2(G)-set. Anyway, 12(G) < 3 < %n, where n = 9.

Case 3. k = 3. We construct G’ from G by removing all vertices of {u1, 1,
x9,x3,u2} and adding edges between Y; and Y, such that Y3 UY; is a clique of
G’. Then G’ is a connected claw-free graph of order n’ =n — 5.

Suppose that §(G’) > 2. If G’ is a normal graph, then |D’'| < 2n’ by the
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inductive hypothesis, where D’ is a v2(G’)-set. Without loss of generality, con-
sider YIND' #Qor (Y1ND =0 and Yon D' =0). When Y; N D" # (), either
D" U {z2,uz} is a semi-TD-set of G in the case of (U,ey, N[y)) N D" = 0 or
D" U {x1,uz} is a semi-TD-set of G in the case of (U,cy, N[y]) N D" # 0. When
YiNnD =@ and YonN D' =0, D'U{x1,z3} is a semi-TD-set of G. Anyway,
Y2(G) < 2(n—5) +2 < 2n.

Hence, we may assume that G’ is not a normal graph, i.e., G’ € {C,,_5, K4, G1,
G2,G3}. Let v; be a vertex in Y. Clearly, dg/(vi) = 2 or 3. Since Y1 U Y3 is a
clique of G’, Y1 UY2 C Ngr[v1].

Consider dg/(v1) = 2. Then G’ # K4. Let Ng/(v1) = {v2,v3}. Combining
Y1 UYs C {v1,v2,v3} and Assumption 2, G' # Gy. If viva ¢ E(G), then vy ¢ Ys
and viug ¢ E(G). Further, d(v1) = 2 and it contradicts Y3 N Sy = (). Hence
vivg € E(G). Similarly, vivs € E(G). If vovs € E(G'), then G’ # G5 and
G’ # G3 since k = 3. So G' = Cs. Further, {v1,x1, 23} is a semi-TD-set of G and
Y2(G) < 3 < 2n, where n = 8. Thus, we may assume that vovz ¢ E(G'). Since G
is claw-free, N(u1)NV(G’) = {v1,v2} or N(u1)NV(G') = {v1,v3}. By symmetry,
consider N (u1)NV(G') = {v1,v2}. Thus {v1,v2} C Y. Since Y1UYs C Ngr[v1] is
a clique of G’ and vouvs ¢ E(G'), Y1UY, = {v1,v2}. Since d(uz) > 3, ugvy € E(G)
or ugve € E(G). Then ujus € E(G), otherwise G has a claw centered at vy or ve,
a contradiction. When G’ is a cycle, 4 < n’ < 5 since k = 3. Now, the structure
of G is clear. It is easy to obtain v;2(G) < 2n. When G’ € {G2, G3}, we can find
a minimum semi-TD-set D" of the graph G — {x1,z2,x3,us} containing vertex
uy with |D"| < 4 by Observation 6(b). Then D” U {z2} is a semi-TD-set of G
and 7;2(G) < 5 < 2n, where n = 14.

Consider dg/(v1) = 3. Let Ngi(v1) = {v2,v3,v4}. Now, G’ # Cp—5. Com-
bining Y7 UY2 C Ngfv1] and k = 3, G’ ¢ {G2,G3}. Thus G’ € {K4,G1} and
n = 9. When {vo,vs,v4} C N(v1), {v1,z1,23} is a semi-TD-set of G. When
{ve,v3,v4} € N(v1), without loss of generality, consider vav1 ¢ F(G). Then vy €
Yo and vy ¢ Ya. Further, vius ¢ E(G). Since d(vy) > 3, N(v1) = {u1,vs,v4}.
As G is claw-free, ujus ¢ E(G). Since d(uz) > 3, ugvz € E(G) or ugvs € E(G).
Then {z2,u2,v1} is a semi-TD-set of G. Anyway, v12(G) < 3 < %n

Suppose that §(G’) = 1. Let us be a vertex in V(G') with dgr(uz) = 1 and
Ngr(us) = {ug}. Since §(G) = 2, ugu; € E(G) or ugus € E(G). Further, us €
Y1 UYs. Since Y1 NSy =0 and Yo NSy =0, d(us) > 3 and N(us) = {uy,us, us}.
Now, N(u1) C {z1,u2,us,us} and N(ug) C {ws,u1,us,us}, otherwise G has
a claw, a contradiction. If n = 7, then dg/(ug) = 1. Similar to the case of us,
N(ug) = {u1,u2,uz}. When ujus ¢ E(G), G = G4. When ujus € E(G), {u1,x2}
is a 2(G)-set and 42(G) =2 < %n Thus consider n > 8.

Let Y = N(uq) \ {u1,u2,u3} and G” be the graph obtained from G by
removing all vertices of {u1,x1,z2, z3,u2} and adding edges between {usg} and YV’
such that {usz}UY is a clique of G”. Then G” is a connected claw-free graph order
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n” = n—5 with (S(G”) > 2. Since Ngr[ug) is a clique of G’ and Ngn [us] = Ngr|ual,
G" ¢ {G1,G2,Gs}. Note, for any vertex y of Y, dgv(y) > 3. Thus G’ is not a
cycle. If ujus ¢ E(G), then ujus € E(G) and ugus € E(G) since d(uy) > 3
and d(ug) > 3. Now, G has a claw centered at u4, a contradiction. Hence,
uiug € E(G). Consider G’ = K. Thenn = 9 and {z2, ug, us} is a semi-TD-set of
G and v2(G) < 3 < 2n. Consider G” is a normal graph. Since N(u3) = {us}UY
is a clique of G”, there exists a y2(G")-set D" containing vertices of {us} UY
according to Lemma 4. By the inductive hypothesis, |D"| < %(n —5). Then
D" U{uy, 22} is a semi-TD-set of G and v2(G) < 2(n —5) +2 < 2n.

Case 4. k = 2. Next we consider two subcases: ujug € E(G) or ujus ¢ E(G).

Subcase 4.1. ujug € E(G). In this subcase, Y7 = Y5 since G is claw-free. Let
G' = G—{u1,x1,22}. Then G’ is a connected claw-free graph of order n’ = n—3.
Suppose that 6(G’) > 2. Since Ngr[uz] = {uz} UY3 is a clique of G', G’ # G2 and
G’ is not a cycle unless G’ = C5 in which case n = 6 and 12(G) = 2 < %n When
G' € {K4,G1}, n =T and 72(G) = 2 < 2n. When G = Gs, uy plays the role of
¢1 in G and k > 6, a contradiction. When G’ is a normal graph, |D’| < %(n —3)
by the inductive hypothesis, where D’ is a ;2(G’)-set. In order to dominate ug,
({u2} UY2) N D" # (. Since Y7 = Ys, D' U{x1} is a semi-TD-set of G. Further,
Y2(G) < 2(n—3)+1< 2n.

Suppose that 6(G') = 1. Since Y1 NSy = 0, dg(y) > 3 for any vertex
y € Y7. Thus uy is the unique vertex of degree 1 in G'. Let Ng/(uz) = {us}.
Now, N(u2) = {x2,u1,us}. As G is claw-free, N(u1) = {z1,u2,us}. Let Y =
N(us) \ {u1,uz}. Assume Y NSy # (). Let ug € Y NSy and N(ug) = {us, us}.
Since G is claw-free, N(ug) C {ui,ug,us,us}. If n = 7, then ugus € E(G)
and N(uz) N Se = {ug,us}, it contradicts Assumption 1. Thus n > 8. Let
Z = N(us) \ {us,us}. As G is claw-free, Z is a clique of G. By Assumption 1
and k = 2, ZN Sy = (. We construct G” from G by removing all vertices of
{u1, 1,22, u2,us3} and adding edges between {us} and Z such that {us} U Z is a
clique of G”. Note, for any vertex z € Z, dgn(z) > 4. Thus G” is a normal graph
of order n” =n — 5. Since Ngv(usa) = {us} U Z is a clique of G”, by Lemma 4,
we can find a v2(G")-set D" containing vertices of {us} U Z. By the inductive
hypothesis, |D”| < 2(n — 5). The set D" U {z1,u3} is a semi-TD-set of G and
Y2(G) < 2(n—5) +2 < 2n.

Assume that Y NSy = 0. Then G” = G — {uy,x1, %2, uz,ug} is a connected
claw-free graph of order n” = n — 5 with §(G") > 2. If G” = C,», without loss
of generality, let G” = vivqvs - - vprv1 and ugvy € E(G). Now, n” > 3. When
n” =3, we have n = 8, {z1,us,v1} is a semi-TD-set of G and y2(G) < 3 < %n
When n' > 4, vav,» ¢ E(G). Since G is claw-free, N(uz) N V(G') = {v1,v2} or
N(u3) N V(G") = {vi,v,r}. By symmetry, consider N(ug) NV (G') = {v1,v2}.
Since k = 2, n” =4 and n = 9. The set {1, us,v3} is a semi-TD-set of G and
Y2(G) < 3 < 2n. Thus, we may assume that G” # C,». When G” € {Ky4,G1},
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n =9 and 2(G) < 3 < %n When G” € {G2,G3}, n = 14 and we can find a
minimum semi-TD-set D" of G — {u1, 21, 22, ug} containing us with |D”| < 4 by
Observation 6(b). Then D" U {z1} is a semi-TD-set of G and y2(G) <5 < 2n.
When G” is a normal graph, by the inductive hypothesis, |D”| < %(n —5),
where D" is a y42(G")-set. The set D" U {x1,us} is a semi-TD-set of G and
Y2(G) < 2(n—5) +2 < 2n.

Subcase 4.2. wyuz ¢ E(G). Let Yo = {y1,...,y}. Since d(uz) > 3 and
uiug ¢ E(G), | > 2. In what follows, we consider two subsubcases.

Subsubcase 4.2.1. There exists a vertex in Y7 U Ys, say y; such that N(y;) N
Sy = (. Let G’ be the graph obtained from G by removing all vertices of
{z2,u2,y1} and adding edges between {z1} and Y5 \ {y1} such that {x;} U (Y2 \
{11}) is a clique of G'. Since Y2N Sy = 0 and N(y1) N S2 = 0, G' is a claw-
free graph of order n’ = n — 3 with §(G’) > 2. Let H; be the component of
G’ containing vertex u; and Dy, be a vyuo(Hp)-set. (Possibly, G’ = Hy.) When
G’ is not connected, let Ha be the other connected component of G’ and Dy, a
~veo(Ha)-set. Clearly, Hy and Hy are claw-free graphs with minimum degree at
least two.

Consider G’ is not connected and Hy € {C|V(H2)|,K4,G1}. If Hy = Cly(my)|
and ‘V(HQ)’ > 4, let Hy = WIW2W3 -+ Wy (Hy)| W1 and yjw; € E(G) Now,
wawy () & E(G). As G is claw-free, N(y1) N V(Hz) = {w1, w2} or N(y1) N
V(Hz) = {w1,wy(m,)}- Then |V (Hz)| = 4 since k = 2. Without loss of gene-
rality, consider N (y1)NV (H2) = {wy,ws}. Further, {ws,ws} C Sy and {wy,wa}N
Sy = 0 and wywe € E(G). Similar to Subcase 4.1 (i.e., ujug € E(QG)), we have
Y2(G) < %n Thus we may assume that Hy € {Cs, K4,G1}. When Hy €
{C5,K4}, G" = G — V(H>) is a normal graph of order n” < n — 3. Let D" be
a Yi2(G")-set. By the inductive hypothesis, |D”| < 2(n — 3). The set D" U {us}
is a semi-TD-set of G and y2(G) < 2(n —3) +1 < 3n, where ug is a vertex
in N(y1) N V(Hz2). When Hs = Gy, d(a3) > 3 and d(as) > 3 by Assumption 2.
Thus asy; € E(G), agyn € E(G) and G has a claw centered at y;, a contradiction.
Thus, we may assume that either G’ is connected, or Hs is a normal graph, or
H, € {GQ, Gg}

Suppose that Hy € {Clym,)), K1, G1, G, G3}. Then dp, (u1) =2 or 3. Con-
sider dg, (u1) = 2. Since d(u1) > 3 and wjus ¢ E(G), wmiyr € E(G). If G’ is
not connected, then G has a claw centered at 7;, a contradiction. Thus G’ is
connected and G’ = H;. When G' = C,y and n’ > 4, dg/(x1) = 2. Further,
Yo\ {y1} = {y2} and uyys ¢ E(G). Let N(u1) = {z1,y1,us}. As G is claw-free,
N(y1) = {u1,u2,us,y2}. Since k = 2, n’ < 6. Now, the structure of G is clear.
It is easy to obtain y2(G) < %n When G’ € {C3,G1}, n > 6 and {uj,us} is a
semi-TD-set of G and y2(G) = 2 < 2n. When G’ € {G2,Gs}, n = 12 and we
can find a y2(G’)-set D’ containing vertex 1 with |D’| = 4 by Observation 6(a).
Then D' U {us} is a semi-TD-set of G and y2(G) <5 < 2n.
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Consider d, (ul) = 3. Then Hy # C\V(Hl)\ If H, € {G27G3}, then k& > 3,
a contradiction. Thus H; € {K4,G1}. Let Ny, [u1] = V(Hy1) = {u1, 21, y2, us}.
Since G is claw-free, ugys € E(G). When G’ is connected, we can think of Dp, =
0 and |Dp,| = 2|V(H,)| = 0. When H, is a normal graph, [Dp,| < 2|V (H,)|
by the inductive hypothesis. In both cases, Dy, U {x2,y2} is a semi-TD-set of G
and y2(G) < 2|V(Ha)| +2=2(n—17) +2 < 2n. When H, € {G2,G3}, n = 16
and |Dg,| = 4 by Observation 6(a). Clearly, Dp, U {u1,uz2} is a semi-TD-set of
G. Then v2(G) < 6 < 2n.

Suppose that H; is a normal graph. By the inductive hypothesis, |Dp,| <
g]V(Hl)] If G’ is connected or Hj is a normal graph, then Dy, = () or [Dp,| <
2|V (H>)| by the inductive hypothesis. When (Y2 \ {y1}) N Dy, # 0, Dy, UDp, U
{z2} is a semi-TD-set of G. When (Y2 \ {y1}) N Dy, =0, Dy, U D, U{uz} is a
semi-TD-set of G. Further, y2(G) < 2|V (Hy)|+ 2|V (H2)|+1 < 2(n—3)+1 < 2n.
Thus consider Hy € {G2,Gs}. Then we can find a minimum semi-TD-set D"’
of G[{y1} U V(Hz2)] containing vertex y; with |D"”| < 4 by Observation 6(b).
The set Dy, U D" U {z2} is a semi-TD-set of G and v2(G) < 2|V(Hy)| +5 =
3(n—12)+5 < 2n.

3

Subsubcase 4.2.2. For any vertex y in Y3 UYs3, N(y) NSy # 0. Combining
Yo NSy = 0 and Assumption 1, |[N(y;) N S2| < 1 and further |N(y;) NSy =1
for any i € {1,...,1}. Let N(y;) NSy = {y;}. Combining Y3 is a clique of G
and Assumption 2, y; # y; for any i # j € {1,...,1}. If {y1,...,y;} is not an
independent set of G, without loss of generality, consider yjy5 € E(G). Similar
to the Subcase 4.1, we have y2(G) < %n, where y1, y2, ¥}, y5 play the roles of ug,
ug, 1, T2, respectively. Thus we may assume that {y],...,y;} is an independent
set of G. By Assumption 1, yiu; ¢ E(G) and yjus ¢ E(G). Let N(y.) = {vi, v/}
By k =2 and Assumption 1, y!' # yj for any i # j € {1,...,1}. By Assumption
2, yiy! ¢ E(G). Since G is claw-free, N (y;) = {y}, u2} UY5.

We construct G’ from G by removing all vertices of {x1,z2,u2,y1,¥]} and
adding edges between {y{} and Y2\ {y1} such that {y{}U(Y2\{y1}) is a clique in
G’'. Then G’ is a claw-free graph of order n’ =n —5 > 5 with 6(G’) > 2. Let Hy
be the component of G’ containing vertex u; and Dy, a y2(Hi)-set. Possibly,
G’ = H;. When G’ is not connected, let Hs be the other connected component of
G’ and Dy, be a y2(Hs)-set. Clearly, H; and Hs are connected claw-free graphs
with minimum degree at least two.

As Ny, [ui] = Y1 U{u1} is a clique of Hy and |Ng, [ui]| = 3, H1 # G2 and
Hy # Cly gy unless Hy = C3. If Hy € {C3, K4, G1}, then |V(H1)| < 4. Further,
since n’ > 5, G’ is not connected. Since d(u1) > 3, |Y1| > 2. Let z; and 23 be two
vertices in Y7. Similarly, there exist two vertices 2] and 2} adjacent to z; and 22,
respectively. Then |V (H1)| < 5, a contradiction. If H; = G3, then uy plays the
role of ¢ in G3. Thus G’ is connected, otherwise k& > 6, a contradiction. Further,
G’ = G3. Since {y{} U (Y2 \ {x1}) is a clique of G’, [{y} U (Y2 \ {y1})| = 2 and
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Yo \ {y1} = {y2} according to the structure of G3. Since k = 2, without loss
of generality, yi and yo play the roles of ¢g and ¢g in G3, respectively. Since
N(y2) = {vh,u2} UYa, yfy2 ¢ E(G). Further, d(cs) = d(cs) = d(vy) = 2, it
contradicts k£ = 2.

Hence Hj is a normal graph. By the inductive hypothesis, |Dy, | < 2|V (Hy)|.
Assume that G’ is not connected and Hy € {Cly(u,)|, K1, G1,Go,G3}. Note,
{1, 42,45, y5} © V(Hz). Since dp,(y5) = d(yy) = 2, Hy # Ky. Also Hy # G,
for you ¢ E(G). If Hy is a cycle, then |N(y{) N S2| = 2 and it contradicts
Assumption 1 or k = 2. If Hy = Gog, then y{ plays the role of a vertex of
{b7,b8,bg} in Go since k = 2. Further, Y5\ {y1} = {y2}. When y{ plays the role
of by or bg, without loss of generality, consider y{ plays the role of b7. Since k = 2,
y2 plays the role of bg. Then d(y}) = d(by) = d(bs) = 2, for yoy{ ¢ E(G). Further
k > 3, a contradiction. When y/ plays the role of by, without loss of generality,
y2 plays the role of b7. Then d(y]) = d(bs) = d(bs) = 2, a contradiction. If
Hy = Gj3, then y{ plays the role of a vertex of {cs,co} in G3 since k = 2. Thus
d(c1) = 2 and it has two adjacent neighbors. It contradicts Assumption 2.

Therefore, G’ is connected or Hy is a normal graph. Then Dy, = () or |Dp,| <
3|V (Ha)| by the inductive hypothesis. When (Y2\{y1})N(Dy,UDp,) # 0, the set
Dy, UDp, U{z2,y}} is a semi-TD-set of G. When (Y2 \ {y1}) N (Dy, UDg,) =0,
the set Dy, UDp, U{w2, y1} is a semi-TD-set of G. Anyway v2(G) < 2|V (Hy)|+
lV(Ho)|+2=2(n—5)+2< 2n.

Case 5. k = 1. By Assumption 2, ujuz ¢ E(G). Let Yo = {y1,...,y}. Since
d('LLQ) } 3, l 2 2.

Subcase 5.1. There exists a vertex in Y7 UY5, say y1 such that N(y;)NSe = 0.
We construct G’ from G by removing all vertices of {x1,u2, 71} and adding edges
between {u1} and Y2 \ {y1} such that {u1} U (Y2 \ {y1}) is a clique of G’. Then
G’ is a claw-free graph of order ' = n — 3. If §(G') = 1, then dg/(u1) = 1 or
dgl(yg) = 1. Thus 1/2 \ {yl} = {yg} When dG/(ul) = 1, N(ul) = {ml,yl,yg}
since d(u1) = 3. When dg(y2) = 1, N(y2) = {u1,ug,y1} for d(y2) > 3. Since
d(u1) > 3 and G is claw-free, we also have N(u;) = {z1,y1,y2}. In both cases,
since G is claw-free, n = 5. It contradicts n > 6. Thus §(G’) > 2.

Let H; be the component of G’ containing vertex uy and Dy, be a y2(Hj)-
set. Possibly, G’ = H;. Consider G’ is not connected. Let Hs be the other
connected component of G’ and Dy, be a y2(Ha)-set. As G is claw-free, Ny, (y1)
is a clique of Hs. Since k = 1, Hy ¢ {G2,G3} and Hy is not a cycle unless
Hy = C3. When Hy € {C5,K,}, G’ = G — V(Hs) is a normal graph of order
n”. Let D" be a y2(G")-set. By the inductive hypothesis, |[D”| < 2n”. In order
to dominate yi, Ngr[y1] N D" # (. Then D" U {v} is a semi-TD-set of G and
Y2(G) < %(n -3)+1< %n, where v is a neighbor of y; in Hy. When Hy = G,
d(az) > 3 and d(aq) > 3 by Assumption 2. Thus yias € E(G), y1aq4 € E(G)
and G has a claw centered at y;, a contradiction. Hence we may assume that if
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G’ is not connected, then Hs is a normal graph. By the inductive hypothesis,
|Dp,| < 2|V(H,)|. Note, if G’ is connected, we can think of Dy, = 0 and
D] = 0= 3[V(Hy)|. Anyway, |Di,| < 3V (H,).

When H; € {K4,G1}, Dp, U {ui,us} or Dy, U{x1,y2} is a semi-TD-set of
G. Then v2(G) < 2|V(Ha)| +2 = 2(n—7) 4+ 2 < 2n. When H; € {G2,Gs}, we
can find a y;o(Hi)-set Dy, containing u; with [Dg, | = 4 by Observation 6(a).
Then Dy, U Dp, U {uz} is a semi-TD-set of G and y2(G) < 44 2|V (H)| +1 =
%(n —12)+5< %n When H; is a normal graph, by the inductive hypothesis,
Dy, | < 2|V(H1)|. Then either Dy, U Dy, U {uz} is a semi-TD-set of G in the
case of (Ya\{y1}) N Dy, =0 or Dy, U Dy, U{x1} is a semi-TD-set of G in the
case of (Yo \ {y1}) N Dp, # 0. Further, %2(G) < 2|V(Hy)| + 2|V (Ha)| + 1 =
3(n—3)+1< 2n.

Hence, we may assume that H; is a cycle. If |V(H;)| = 3, then Dy, U
{ur,us} is a semi-TD-set of G and y2(G) < 2|V(Hy)| +2 = 2(n —6) +2 <
3n. Thus consider |V(Hy)| > 4. Since {u1} U (Y2 \ {m}) is a clique of &,
Yo\ {w1i} = {v2}. Let Ny, (u1) = {y2,us} and Np, (u3) = {ui,us}. As G is
claw-free, u1ys ¢ E(G). Since d(u3) > 3, N(u1) = {z1,us,y1}. Since G is claw-
free, N(y1) = {u1,u2,u3,y2}. Thus G’ is connected, i.e., G' = Hy = Cly(g,)-
Since k = 1, ugy2 € E(G) and n = 7. Now, {uy,y2} is a semi-TD-set of G and
’WQ(G) <2< %TL

Subcase 5.2. For any vertex y in Y7 UYa, N(y) NSy # 0. By Assumption 1,
|N(y)NS2| < 1, and then [N (y)NSz| = 1, where y € Y1UYa. Let N(y;)NS2 = {y.}
for any i € {1,...,l}. By Assumption 2, y; # y; for any i # j € {1,...,1}.
Again by Assumption 1, E[{y}, {ui,u2}] = 0. Since k = 1, {y},...,y;} is an
independent set of G. Let N(y;) = {y1,y/}. According to Assumption 1 and
k=1, y/ #yj foranyi#je€ {1,...,1}. Again by Assumption 2, y;y; ¢ E(G).
As G is claw-free, N(y;) = {u2,y.} UYa.

Let G’ be the graph obtained from G by removing all vertices of {u1, x1, ua, y1,
y;} and adding edges between {y{} and Ya \ {y1} such that {y}} U (Y2 \ {y1}) is
a clique of G'. Then G’ is a claw-free graph of order n’ = n — 5. Since k = 1,
d(y/) > 3 for any i € {1,...,1}. Further, §(G’) > 2. Let H; be the component
of G’ containing v} and Dy, be a vio(Hy)-set. Possibly, G' = H;.

Suppose that H; € {C‘V(Hl)‘,K4,G1,G2,G3}. Since dg, (yé) = d(yé) =2
and yayy ¢ E(G), Hy ¢ {K4,G1}. If d, (vf) = du, (y3) = 2, then yj'us € E(G)
and y5u; € E(G) since d(y{) > 3 and d(y{) > 3. As G is claw-free, y{y} €
E(G) (i.e., H = C4) and n = 9. Then {x1,y1,v5} is a semi-TD-set of G and
Y2(G) < 3 < 2n. Hence, we may assume that dg, (y{) > 3 or du, (y5) > 3.
So Hy € {G2,G3}. According to the structure of Go and Gs, y{vys ¢ E(G)
and dp, (y) = 2 or dy, (y5) = 2. Hence (dg, (v) = 3 and dy, (y5) = 2) or
(dan () = 2 and. dig, (4) = 3).

Consider dg, (v{) = 3 and dm,(v5) = 2. Let Ng, (y5) = {y),us}. Since
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d(yy) = 3, N(vy) = {vh,us,ur}. As G is claw-free, N(u1) = {x1,y4,us3} and
n = 14. Since k = 1, H; = G3. Without loss of generality, v}, y2, y5 play
the roles of b3, bs, by in Ga, respectively. The set {ug,y],b1,bs,y5} is a semi-
TD-set of G and v2(G) < 5 < 2n. Consider dp, (y]) = 2 and du, (v5) = 3.
Let N, (y]) = {y2,us}. Since d(y}) = 3, N(v}) = {y],ua,u1}. As G is claw-
free, N(u1) = {z1,vy{,us} and n = 14. Since k = 1, H; = G3. Without loss
of generality, y4, ya, y{ play the roles of bs, b7, by in Ga, respectively. Then
{ua, b1, b5, bs, y{} is a semi-TD-set of G and y2(G) < 5 < %n

Suppose that Hj is a normal graph. By the inductive hypothesis, |Dg,| <
3|V(Hy)|. When G’ is not connected, Ny, (u1) = @ and let Hy be the other
connected component of G’ and Dy, be a vpo(Hsz)-set. Let Y1 = {z1,..., 2},
where p > 2. Similar to the discussion of Y2, we can let N(z1) N Sy = {z]},
N(z2) NSy = {z4}, N(2}) = {#1,2} and N(z}) = {z2,24}. Note, d(z}) >
3 and d(2J) > 3. Thus Hs is a normal graph. By the inductive hypothesis,
Dy, | < 2|V(Hy)|. When G’ is connected, we can think of Dy, = 0 and |D,| =
0 = 3[V(H,)|. Anyway, [Di,| < V(). 1 (Y \ {51}) 1 Dar, £ 0, then
Dy, U Dy, U {21,y } is a semi-TD-set of G and v2(G) < 2(n —5) +2 < 2n.
Thus consider (Y2\{y1})NDg, = 0. Then Dy, UDg, U{z1,y1} is a semi-TD-set
of G and 42(G) < %(n—5)+2< %n |

By Proposition 5, v2(Cy) = [2n]. If n ¢ {3,4,6,8,11,13,16,18,23}, then
[%n] < %n Further, [%n] = %n if and only if n € {7,14,21,28}. Combined with
Theorem 8, we have the following theorem.

Theorem 9. If G ¢ {C3,Cy4, Cg, Cs, Cy, Cr1, Ch3, Cr6, Cis, Caz, Ky, G1, G2, G}
is a connected claw-free graph of order n with 6(G) > 2, then v2(G) < %n, with
equality if and only if G € {C7,C14,C21,Cos, Gy, G5, Gs} UG.

4. CONCLUSION

In this paper, we first prove that for any connected claw-free graph G # K, of
order n with §(G) > 3, 12(G) < %n Thus we solve Conjecture 1 for the case
of claw-free graphs. Note that K5 is a graph attaining the bound of Theorem
3. Later, we prove that for any connected claw-free graph G of order n with
§(G) > 2 unless fourteen graphs (ten of which are cycles), 12(G) < 2n, and we
characterize the (infinite) family of extremal graphs. On the one hand, one future
work proceed to consider Conjecture 1. On the other hand, one can consider the
following problem.

Problem 10. What is the exact upper bound on 2 (G) for connected claw-free
graph G in terms of its order n and minimum degree §(G) >4 ?
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