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Abstract

Let G be a graph and k a positive integer. A strong k-edge-coloring of
G is a mapping ¢ : E(G) — {1,2,...,k} such that for any two edges e
and €’ that are either adjacent to each other or adjacent to a common edge,
¢(e) # ¢(e’). The strong chromatic index of G is the minimum integer k
such that G has a strong k-edge-coloring. The edge weight of G is defined
to be max{d(u) + d(v) : wv € E(G)}, where d(v) denotes the degree of v in
G. In this paper, we prove that every claw-free graph with edge weight at
most 7 has strong chromatic index at most 9, which is sharp.
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edge weight.
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1. INTRODUCTION

We consider only undirected simple graphs in this paper. Let G = (V(G), E(G))
be a graph. For v € V(G), let N(v) = {u € V(G) : wv € E(G)} (respectively,
N[v] = N(v)U{v}) denote the open (respectively, closed) neighborhood of v and
let d(v) = |N(v)| be the degree of v. Denote by A(G) the maximum degree of G.
The weight of an edge uv in G is defined as d(u) 4+ d(v), and the edge weight of
G is defined to be the maximum weight among all its edges. For convenience, we
use the abbreviation [1,n] for {1,2,...,n}, where n is any positive integer.
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Let e and €' be two edges of G. If e and €' are adjacent to each other, we
say that the distance between e and €’ is 1, and if they are not adjacent but both
of them are adjacent to a common edge, we say they are at distance 2. Given a
positive integer k, a strong k-edge-coloring of G is a mapping ¢ : E(G) — [1, k]
such that for any two edges e and ¢’ that are at distance 1 or 2, ¢(e) # ¢(¢’). The
strong chromatic index of G, denoted by x.(G), is the minimum integer k such
that G has a strong k-edge-coloring.

The concept of strong edge coloring, first introduced by Fouquet and Jolivet
[8], can be used to model the conflict-free channel assignment problem in radio
networks [15, 16]. In 1985, Erdés and Nesetfil [6, 7] proposed the following con-
jecture about the upper bound of x%(G) in terms of A(G), which if proven, would
be tight.

Conjecture 1 (Erdés and Nesetiil [6, 7). If G is a graph with mazimum degree
A(G), then

1(G) < 5A(G)?/4, if A(G) is even,
STIE) BAG)? - 2A(G) + 1) /4, if A(G) is odd.

The conjecture is clearly true for A(G) < 2. The case A(G) = 3 was verified
by Andersen [1] in 1992, and independently by Horék, Qing, and Trotter [11] in
1993. However, this conjecture is still open for A(G) > 4. In 1990, Horak [10] first
established an upper bound of 23 for A(G) = 4 and then Cranston [4] improved
this bound to 22 in 2006. More recently, Huang, Santana and Yu [12] proved the
upper bound of 21, which is the best bound so far. For the case A(G) = 5, Zang
[18] showed that % (G) < 37. This upper bound of 37 is eight larger than the
conjectured bound of 29, but it is the only progress as we know. For larger A(G),
the problem is widely open.

Notice that the maximum degree is a parameter of graphs based on which we
are able to form a hierarchy of all simple graphs. Moreover, this hierarchy could
be refined by another parameter of graphs, namely the edge weight. For instance,
all subcubic graphs, i.e., the graphs with maximum degree less than or equal to
3, are properly contained in the class of graphs with edge weight at most 6. In
the meantime, any graph with edge weight at most 6 other than the complete
bipartite graph K5 belongs to the class of graphs with maximum degree 4. It
is clear that the strong chromatic index of a graph is bounded below by its edge
weight minus one. Thus it might be interesting to explore the upper bounds for
the strong chromatic indices of graphs in terms of their edge weights.

In 2008, Wu and Lin [17] proved that the strong chromatic index of any graph
with edge weight at most 5 other than the graph Hy is at most 6, where Hy is a
graph with strong chromatic index 7, as shown in Figure 1. That is the first solved
non-trivial case with respect to the edge weight. Moreover, the upper bound of 6
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is the best possible for such graphs. In 2020, inspired by this result, Chen, Huang,
Yu and Zhou [3| formulated a conjecture in terms of the edge weight as follows.

Conjecture 2 (Chen, Huang, Yu and Zhou [3]). If G is a graph with edge weight
W > 5, then

5[W/4]% — 8[W/4] + 3, if W =1 (mod 4),
(@) < 5[W/4)2 —6[W/4] + 2, if W =2 (mod 4),
X =N 5w 412 — 4W/4) + 1, if W =3 (mod 4),
5[W/4)2, if W =0 (mod 4).

In [3], the authors also indicated that the bounds given in Conjecture 2, if
true, would be tight. Also, the bounds in Conjecture 2 are precisely the same
as the bounds in Conjecture 1 when the edge weights are even. Moreover, they
proved that the strong chromatic index of any graph with edge weight at most 6
(respectively, at most 7) is 10 (respectively, 15). In particular, the bound of 10
is tight and the bound of 15 is two larger than the conjectured bound of 13. For
graphs with edge weight 8, Chen, Chen, Zhao and Zhou [2] gave an upper bound
of 21 (recall that the conjectured bound is 20), which is a natural extension of
the current best bound 21 for graphs with maximum degree 4 in [12] as each such
graph has edge weight 8.

N

N~

Figure 1. The graph Hy.  Figure 2. The 3-prism.  Figure 3. The graph H;.

An induced subgraph of G isomorphic to the complete bipartite graph Ki 3
is called a claw of G. A graph is called claw-free if it has no claw. It is well
known that claw-free graphs constitute an important superclass of the class of line
graphs. In 2020, Debski, Junosza-Szaniawski and Sleszytiska-Nowak [5| presented
the following upper bound for the strong chromatic indices of claw-free graphs.

Theorem 3 (Degbski, Junosza-Szaniawski and Sleszyniska-Nowak [5]). For any
claw-free graph G with mazimum degree A(G), x4(G) < 3A(G)? + A(G).

In 2022, Lv, Li and Zhang [14] proved that, for any claw-free subcubic graph G
other than the triangular prism, x%(G) < 8. Please see Figure 2 for the triangular
prism (also called the 3-prism). Notice that the 3-prism is a claw-free cubic graph
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with its strong chromatic index being equal to 9. Recently in our manuscript [13],
we improved the bound of 8 to 7 for such graphs and constructed infinitely many
graphs attaining the upper bound 7. Notice that any connected claw-free graph
with edge weight at most 6 is either a subcubic claw-free graph or isomorphic to
H; (see Figure 3), hence we immediately have the following corollary.

Corollary 4. Let G be a claw-free graph with edge weight at most 6. If no
component of G is isomorphic to the 3-prism, then X (G) < 7.

In this paper, we study the class of claw-free graphs with edge weight at most
7 and prove the following theorem.

Theorem 5. Let G be a claw-free graph. If the edge weight of G is at most 7,
then x4 (G) < 9.

Remark 6. It is easy to verify that the class of claw-free graphs with edge weight
at most 7 is properly contained in the class of graphs with maximum degree at
most 4. Recall that for the general case when A(G) = 4, the upper bound in
Conjecture 1 is 20, and the best bound proved by Huang, Santana and Yu [12] is
21. However, the upper bound for the claw-free graphs with maximum degree 4
given in Theorem 3 is 22, which is even weaker than the general case. For graphs
with edge weight at most 7, the upper bound in Conjecture 2 is 13, the bound
proved by Chen, Huang, Yu and Zhou [3| is 15, while our bound for claw-free
graphs in Theorem 5 is 9.

Remark 7. The 3-prism shown in Figure 2 indicated the sharpness of the upper
bound 9. Notice that the edge weight of the 3-prism is 6. In fact, there are also
some claw-free graphs with edge weight 7 attaining the upper bound 9, please
refer to Figure 4.

Figure 4. The three graphs with edge weight 7 and strong chromatic index 9.

The rest of this paper is organized as follows. Section 2 introduces some
definitions and notation. We investigate the basic properties of a minimal coun-
terexample in Section 3 and then complete the proof of Theorem 5 in Section 4.
In the last section, we summarize our results and propose some further research
directions.
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2. PRELIMINARIES AND NOTATION

For X C V(G), we denote by G[X] the subgraph of G induced by X. An i-vertex
is a vertex of degree i in G. For any uv € E(G) with d(u) = i, we say that u is an
i-neighbor of v. In addition, we denote by K, the complete graph with n vertices.

We use a, 8, v to denote colors and ¢, ¥, o to denote edge colorings. Given
two distinct edges e and €’ of G, we say that e sees €' in G if they are distance 1
or 2 apart. An edge coloring of a graph G is good, if it is a strong edge coloring of
G using at most 9 colors. A good partial coloring of a graph G is a good coloring
¢ of some subgraph H of G such that ¢(e) # ¢(€') if e and €’ see each other in G.

Let ¢ be a good partial coloring of G. We say that e sees a color « in ¢, if
e sees an edge € for which ¢(e’) = a. For e € E(G), let Fy(e) denote the set
of colors that e sees in ¢. We denote by E¢ the set of edges of G not already
assigned colors by ¢. For e € Ey, let Ag(e) denote the set of colors that e does
not see in ¢. It is clear that Ay(e) = [1,9]\ Fy(e) for any e € Ej.

The key to extending a good partial coloring ¢ of G to the whole graph is to
color all edges in E, properly. Often we will use Hall’s theorem [9] to do that,
by which {Ay(e) : e € Ey} has a system of distinct representatives (abbreviated
SDR) if and only if |U.cp Ag(e)| > |M]| for every M C E,. Whenever {Ag(e) :
e € Fy} has an SDR, ¢ can be extended to a good coloring of G. In this situation,
we will say that we can obtain a good coloring of G by SDR.

3. THE PROPERTITIES OF MINIMAL COUNTEREXAMPLE

Let G be a counterexample to Theorem 5 with |V(G)| being minimized, that is,
G is a claw-free graph with edge weight at most 7 and x%(G) > 10. According
to Corollary 4, the edge weight of G must be equal to 7. By the minimality of
G, it is clear that G is a connected graph with at least 10 edges. Recall that
the maximum degree of any claw-free graph with edge weight at most 7 does not
exceed 4, we have A(G) < 4.

In the proof of the following lemmas, we will often show a contradiction by
extending a strong 9-edge-coloring of a subgraph (or the modified subgraph) of
G to the whole graph. It should be pointed out that the subgraphs we consider
have the property that any two of its edges at distance greater than 2 must also
be at distance greater than 2 in G.

Lemma 8. G contains no Ky.

Proof. Suppose that G contains a K4 with four vertices vy, vg, v3,v4 (see Figure
5). Since the edge weight of G is 7, exactly one of the four vertices v1, va, v3, vy is
a 4-vertex. Without loss of generality, let d(vs) = 4 and v5 be the fourth neighbor
of vy. It is obvious that d(vs) < 3. By the minimality of G, the subgraph
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Figure 5. The graph G with a K.

G’ = G — {v1,v2,v3} has a good coloring ¢, which is also a good partial coloring
of G with the six edges e1, e, ..., eg being uncolored. Note that each of the edges
e1, €2, e3 sees exactly one colored edge and each of the edges ey, €5, eg sees at most
three colored edges, and thus the coloring ¢ can be easily extended to a good
coloring of G, a contradiction. [ |

Lemma 9. G has no 1-vertices.

Proof. Suppose that v is a 1-vertex and w is the neighbor of v. Then G — v has
a good coloring ¢. If w is a 4-vertex, then since G is claw-free, w is contained in
a K4, contradicting Lemma 8. Thus the degree of w is at most 3. Again since G
is claw-free, it is easy to see that the edge vw sees at most 6 edges in G — v. So
we can color vw properly to obtain a good coloring of GG, a contradiction. [ |

Lemma 10. G has no 2-vertices.

Proof. If not, let vy be a 2-vertex in G with two neighbors v; and vs. Without
loss of generality, assume that d(vy) > d(v2). We use e and es to denote vgvy and
Vo2, respectively. By the minimality of G, the graph G — vy has a good coloring
¢. If d(vi) = 2, then d(ve) = 2. It is not difficult to see that [Ag(e1)] > 5 and
|Ag(e2)| > 5. If d(vi) = 4, then we must have vivy € E(G) as otherwise vy is
contained in a K4, which is a contradiction to Lemma 8. Notice that d(v2) < 3
(refer to Figure 6(a)), it is easy to check that [Ag(e1)| > 2 and [Ag(e2)] > 3. In
both cases, we can extend ¢ to a good coloring of G.

Now we assume that d(v;) = 3. By Lemma 9, d(v2) € {2,3}. If d(v2) =2 or
vivg € E(G), it is straightforward to check that both e; and es have at least two
available colors and so coloring e; and ey greedily extends ¢ to a good coloring of
G. So we assume that d(ve2) = 3 and vive ¢ E(G). If v; and vy have at least two
common neighbors, as shown in Figure 6(b) and (c), it is easy to check that the
number of available colors for e; is always at least 2 and the same is true for es.
Thus we can get a good coloring of G based on ¢ by coloring e; and ey greedily.
We next consider the case N(v1) N N(va) = {vo}.
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Figure 6. The graph G with a 2-vertex vy contained in a small cycle.

Let N(v;) = {wo,u;,w;} for i = 1,2. It is clear that the four vertices
uy, w1, ug, we are all distinct. Since G is claw-free, ujwi, uswe € E(G). Now
let G* = (G — vp) U {viva}. Observe that G* is also a claw-free graph with edge
weight 7, by the minimality of G, G* has a good coloring . Ignoring vjvy in ¥
yields a good partial coloring of G with two uncolored edges e; and ez, which we
refer to it as 0. Notice that ¢ (vive) € As(e1) N Ay (e2), we have |Ay(e1)] > 1 and
|Ay(e2)] > 1. If |Ay(e1) U Ay(e2)| > 2, then e; and ez can be colored properly
by SDR and we are done. So we assume that A, (e;) = As(e2) = {¢(viva)}. It
follows from |A,(e1)| = |As(e2)| = 1 that both v; and vy must have exactly one
4-neighbor and one 3-neighbor. Suppose that d(u;) = d(u2) = 4 and d(w;) =
d(wz) = 3. Refer to Figure 7 for the names of the vertices and edges of G. Under
our assumptions, it is easily seen that the four edges f1, fo, f3, f4 receive differ-
ent colors in o and {o(h1),0(ha),0(hs),o(hs)} = {o(hs),0(hs),o(h7),0(hg)} =
1,9\ {0102, 5(f1), 0 (f2), o fs), ()}

Now, if |[N(ui) N N(wi)| = 2 (see Figure 7(a)), note that any edge e €
E(G — o) \ {f1,hs} sees fi in G if and only if it also sees hz in G, we can
exchange the colors of f; and hs in ¢ to get a new partial coloring ¢* of G, in
which Ag+(e1) = {Y(viv2)} and A+ (e2) = {¢(viv2),0(f1)}. Consequently, e;
and eg can be colored properly, a contradiction.

So by symmetry, we may assume that |N(u;) N N(w1)| = 1 and |N(u2) N
N(wz)] = 1 (see Figure 7(b)). Let N(u1) = {vi,wi,z1,z2} and N(w;) =
{v1,u1,y1}. It is obvious that the three vertices x1,xz9,y; are all distinct and
z1x2 € E(G). Moreover, by Lemma 8, d(y1) < 3. Let a = o(f1) and 8 = o(f2).
Observe that each of the three edges fi, fo, hs sees hi, ho and hy. Erasing the
colors of fo yields a new partial coloring of GG, where the only uncolored edges
are fo, e; and ea. This coloring is still denoted by o. We next extend o to a
good coloring of G. If A,(f2) = {¢(v1v2), B}, then we must have d(y;) = 3 and
{0(95),0(91)} = {0(fs),0(f2)}, implying that o(f1) ¢ {0(4s),7(ga)}. Thus we
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(a) (b)

Figure 7. The graph G with a 2-vertex vy.

can exchange the colors of f; and hs in ¢ and then color fo with 8, which re-
sults in a good partial coloring o* of G with Ay« (e1) = {¢(viv2)} and Ay« (e2) =
{¥(v1v2), a}. Therefore, o* can be further extended to a good coloring of G by
coloring e; and ey greedily. If A, (f2) # {¢(viv2), B}, then there exists some color
v € Ax(f2) N{o(f3),0(fs)}, we color fo with v to get a new partial coloring o*
of G, in which A,«(e1) = Ay+(e2) = {¢(viv2), 5}. Therefore, coloring e; and ey
greedily gives a good coloring of G. This completes the proof of the lemma. m

By Lemmas 9 and 10, each vertex in G is either a 3-vertex or a 4-vertex.
Recall that G is a claw-free graph with edge weight 7, for any 4-vertex v in G,
each neighbor of v is a 3-vertex and |E(G[N (v)])| > 2. Also, for any 3-vertex v in
G, we have |E(G[N(v)])| > 1. Moreover, any 3-cycle in G contains at most one
4-vertex. In what follows, we will discuss the number of 4-neighbors of a 3-vertex
in G.

Lemma 11. Fach 3-vertex in G has at least one 4-neighbor.

Proof. Suppose that vy is a 3-vertex with three 3-neighbors vy, vs,v3. Let e; =
voV1, €2 = voue and ez = wvyvs. Since G has at least 10 edges, we may assume
that |E(G[N(vo)])| < 2. As otherwise, G is isomorphic to K4, a contradition. By
the minimality of G, G — vg has a good coloring ¢, which is also a good partial
coloring of GG with three uncolored edges e, es, e3.

If |[E(G[N(vo)])] = 2, without loss of generality, assume that vive, vovs €
E(G). Let u; and ug be the third neighbor of v; and w3, respectively. Recall
that G is a claw-free graph with at least 10 edges, u; and ug must be distinct.
Futher, by Lemma 8, both u; and ug are 3-vertices. Then it is easy to verify that
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|Ap(e1)] > 3, |Ag(e2)| > 5 and |Ag(es)| > 3. It follows that ¢ can be extended to
a good coloring of G.

If |[E(G[N(vo)])| = 1, without loss of generality, assume that vivy € E(G).
Let u; and ug be the third neighbor of v; and va, respectively, and let N(v3) =
{vo,us, w3}. The remainder of the proof is divided into the following two cases
according to whether vertices u; and uo are distinct or not.

Case 1. u; = uo. Please refer to Figure 8 for this case. It is easy to check
that both e; and es see at most 7 edges and eg sees at most 9 edges in G — vy.
Moreover, we have Ag(e1) = Ag(e2). If [Ag(e1)| = 2, then we can recolor fo with
the color ¢(f4) as fo sees only four edges fi, f3,h1,he in G — vy and the seven
edges f1, fo, f3, f4, f5, h1, ho receive different colors in ¢. This results in a new
partial coloring ¢ of G, in which |Ay(e1)| = 3, |Ay(e2)| = 3 and |Ay(es)] > 1.
Therefore, greedily coloring es, ez, e1 in this order gives rise to a good coloring

of G.

Figure 8. The graph G in Case 1.

If |Ag(e1)| > 3, we may assume that [Ag(e3)| = 0 as otherwise ¢ can be easily
extended to a good coloring of G by SDR. Thus the nine edges f1, fo, f3, f4, f5,
h3, ha, hs, he are assigned different colors. This together with [Ag(e1)| > 3 and the
five edges f1, f2, f3, h1, ho receiving different colors in ¢ implies that {¢(h1), ¢(h2)}
N{P(f1), d(f5)} # 0. Now we recolor fo with some color a € [1,9]\ {&(f1), @(f2),
&(f3), d(h1), ¢(h2)} to get a new good partial coloring of G, calling it 1. Notice
that o € {¥(fa), ¥(f5),¥(hs), ¥ (ha), ¥ (hs),1(he)}, we have Ay(es) = {o(f2)}.
Moreover, it is also easy to check that |Ay(e1)| > 3 and |Ay(e2)| > 3. Thus ¢
can be further extended to a good coloring of G.

Case 2. uj # uy. If uyug € E(G), then as G is claw-free we must have
d(u1) = d(uz) = 3. Please see Figure 9 for the names of vertices and edges
of G. It is easy to check that |Ag(e1)] > 2 and |Ag(e2)| > 2. Notice that
the colors of hy and hg are different, |Fy(e1) N Fy(e2)] < 6. It follows that
|Ap(e1) U Ag(e2)] > 3. We may assume that Ay(e3) = () as otherwise a good
coloring of G can be easily obtained by SDR. In this situation, the colors of
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Figure 9. The graph G with ujus € E(G) in Case 2.

the nine edges f1, fo, f3, f4, f5, ha, hs, he, h7 are different from each other. By
recoloring f; with some color a € [1,9]\ {#(f1), (f2), 6(f3), #(h1), 6(ha), d(ha) },
we get a new partial coloring ¢ of G, in which [Ay(e1)] > 2, |Ay(e2)| > 2 and
|Ay(e3)| = 1. Observe that |Ay(e1) U Ay(e2)| > 3, we can further extend ¢ to a
good coloring of G' by SDR.

fa=5
Vo
(2] (%] U3
U U Us w3

Figure 10. The graph G with ujus ¢ E(G) in Case 2.

If ujug ¢ E(G), then, by Lemma 8, d(u;) = d(uz) = 3. Please refer to
Figure 10. Let G* be the graph obtained from G by deleting the three vertices
Vg, U1, v2 and adding a new edge ujug. Observe that G* is indeed a claw-free graph
with edge weight at most 7, by the minimality of G, G* has a good coloring .
Ignoring ujug in ¢ yields a good partial coloring of GG, where the only uncolored
edges are f1, fo, f3, f4, f5, f6. This coloring is still called . It is straightforward
to check that |Ay(f1)] =5, [Ay(f2)] > 5, |[Ay(f3)] > 5 and |Ay(fi)| > 3 for each
i € {4,5,6}. Notice that hy, ho, hs, hy receive different colors under 1, we have
| Ay (f2) UAy(fs)] =7, and so the remaining six edges can be colored properly by
SDR. As a result, © can be extended to a good coloring of G. This finishes the
proof. [ |
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Lemma 12. For any edge uv of G with d(u) =4 and d(v) = 3, N(u)NN(v) # 0.

Proof. Let uv be an edge of G with d(u) =4 and d(v) = 3. If N(u) N N(v) =
(), then since G is claw-free, u is contained in a K4, contradiciting Lemma 8.
Therefore, N(u) N N(v) # () and the lemma holds. ]

Lemma 12 implies directly that each 3-vertex in G has at most two 4-neighbors.
Lemma 13. Fach 3-vertex in G has exactly one 4-neighbor.

Proof. If not, then by Lemma 11, we may assume that vy is a 3-vertex with
two 4-neighbors v1,vs and one 3-neighbor vy. It follows from Lemma 12 that
vive € E(G) and vus € E(G). We use uj,uy and us,ug to denote the other
two neighbors of v1 and v3, respectively. Clearly, uq,uo, ug, uq are all 3-vertices.
Since G is claw-free, ujug € E(G) and usus € E(G). We denote by w; the third
neighbor of u; for each i € [1,4].

First we assume that wy, we, w3, wy are all 3-vertices. Then it is not difficult
to check that {wy,ws} N {ws, ws} = 0. However, it is possible that w; = wy or
w3 = wy. But whether they are equal to each other or not will not affect the
following arguments.

Figure 11. The graph G in Lemma 13.

By the minimality of G, the graph G — Nvp] has a good coloring ¢, which is
indeed a good partial coloring of G with the nine uncolored edges e, es, ..., eq.
As for the names of vertices and edges in G, please refer to Figure 11. It is
straightforward to check that |Ag(e;)| = 6 for each i € {1,3,4,5}, |As(e2)] =9
and |Ag(ej)| > 4 for each j € {6,7,8,9}. Observe that Ag(e1) = Ag(es) and
Agles) = Agles).

If |Ag(e1)UAg(es)| = 6, we have {@(f1), ¢(f2), ¢(f3)} = {&(f1), &(f5), ¢(f6)}-
Since fo sees at most six edges in the graph G — N|vg], we can always modify
¢ by recoloring fo with some color o € [1,9] \ (Fy(f2) U {¢(f2)}) so that there
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are seven colors available for either e; or es. Therefore we may assume that
[Ap(e) U Ag(es)| = 7.

Now, if Ag(es) N Ag(es) = 0, then |Ag(es) U Ag(eg)| > 8. This implies
that the remaining nine edges ej,ea,...,e9 can be colored properly by SDR. If
Ay(es) N Ay(eg) # 0, suppose that 8 € Ages) N Ag(eg). Coloring e and eg
with the same color § results in a new good partial coloring of GG, which we
refer to it as . It is easy to check that [Ay(e;)| = b for each i € {1,3,4,5},
|Ay(e2)] = 8, |[Ay(er)| > 3 and |Ay(eg)| > 3. Moreover, it follows from the
assumption |Ag(e1) U Ag(es)| > 7 that |Ay(e1) U Ay(e3)| > 6. As a result, ¢ can
be further extended to a good coloring of G by SDR.

Now we assume that at least one of the four vertices wi, wo,ws,wy are 4-
vertices. Notice that if d(w;) = 4, then by Lemma 12, w; and u; must have the
commom neighbor ugy, which implies that w; = ws. Similarly, if d(ws) = 4, then
w3 = wy. It is not difficult to see that the above arguments also apply to this
case and so we omit the proof here. [ |

4. PROOF OF THEOREM b5

Proof of Theorem 5. Choose a 4-vertex vg in G with four 3-neighbors vy, v9, vs,
vg. Let e; denote the edge vyv; for each i € [1,4]. Since G is a claw-free graph
with at least 10 edges, 2 < |E(G[N(v)])| < 3.

If |E(G[N(vo)])| = 3, without loss of generality, let viva, vovs, v3vs € E(G).
We denote by u; and u4 the third neighbor of v; and vy, respectively. Since both
v; and vy have a 4-neighbor vy, by Lemma 13, d(u;) = d(ug) = 3. If u3 = uy,
then G[Nu1]] is a claw. Therefore, we have u; # u4. By the minimality of G, the
graph G — g has a good coloring ¢, which is also a good partial coloring of G with
the four uncolored edges e1, ez, €3,e4. And it is easy to check that |Ag(er)| > 2,
|Ag(ea)| > 4, |[Ag(es)] > 4 and |Ag(es)| > 2. Thus greedily coloring ey, e4, €2, €3
in this order gives a good coloring of GG, a contradiction.

Now we assume that |[E(G[N(vp)])| = 2 and vive, v3v4 € E(G). We use u; to
denote the third neighbor of v; for each i € [1,4]. Because vy, v2,v3,v4 have the
common 4-neighbor vy, by Lemma 13, u1,us, us, uq are all 3-vertices. Moreover,
for each i € [1,4], u; has exactly one 4-neighbor in G, denoted by w;. Recall that
G is claw-free, u; # u; for any two integers ¢ € {1,2} and j € {3,4}. We also
have u; # wugy (respectively, us # u4), as otherwise w; (respectively, ws) must
be contained in a K4, contradicting Lemma 8. Therefore ui,uo, us, us are four
distinct vertices. Please refer to Figure 12 for the names of vertices and edges in
G. Notice that, for two different integers ¢,j € [1,4], it is possible that w;u; is
an edge of G. However, the existence of these edges will not affect the following
arguments.
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Recall that w1, uo, us, ug are four 3-vertices and each of them has a 4-neighbor,
for each i € [1,4], u; has degree at most 1 in G[{u1, u2,us,us}]. Without loss
of generality, we may assume that ujuy ¢ E(G) and ugus ¢ E(G). Now let
G* = (G — Nlvg]) U{uiuq, ugus}. Clearly, G* is also a claw-free graph with edge
weight 7. By the minimality of G, the graph G* has a good coloring ¢. Ignoring
the colors of ujuy and usus in ¢ yields a good partial coloring of G with ten
edges eq,es,...,e19 being uncolored. This partial coloring is denoted by 1. The
remainder of the proof is divided into two cases according to whether ¢(uju4) and
¢(ugus) are equal or not.

Figure 12. The graph G in the proof of Theorem 5.

If ¢(urug) # d(ugus), let @ = ¢(uruyg) and f = ¢(ugug). By coloring e7 and
e1p with the same color a and eg and eg with the same color 8, we extend ¥ to
another good partial coloring ¢ of G, in which |A,(e;)| > 5 for each i € [1,4]
and |A(ej)| > 3 for each j € {5,6}. Notice that wjua, f1, f2, f7, fs receive five
different colors in ¢, F,(e1) N Fy(es) = {a,B}. This implies that |A,(e1) U
Ay (eq)| = 7. Therefore, the remaining six edges can be colored properly by SDR
and so ¢ can be further extended to a good coloring of GG, a contradiction.

If ¢(uiug) = P(ugus) = «, we can color eg and eg with the same color a to
obtain another good partial coloring of G, calling it 0. Notice that « # o (f;) for
each ¢ € [1, 8]. It is easy to check that |A,(e;)| = 6 for each i € [1,4], |As(e;)| > 4
for each j € {5,6}, |As(er)| > 2 and |As(e10)] > 2. Moreover, it is also not
difficult to check that |A,(e1) U Ay(eq)| = 8 and |Ay(e2) U Ay(e3)] = 8. Thus
we can extend o to a good coloring of G by SDR, again a contradiction. This
completes the proof of Theorem 5. [ |



1324 Y. LiIN AND W. LIN

5. FINAL REMARK

Let G be a connected claw-free graph with edge weight at most 7. This paper
proves that x.(G) < 9. The three graphs shown in Figure 4 and the 3-prism
shown in Figure 2 indicate that this upper bound 9 is sharp. However, we do
not find infinitely many claw-free graphs with edge weight 7 and their strong
chromatic indices attaining the upper bound 9. Thus, it is natural to ask the
following question.

Question 1. Let G be a connected claw-free graph with edge weight 7 that is not
isomorphic to the 3-prism as well as the three graphs shown in Figure 4. Is it true
that x,(G) < 8?7

It is also interesting to investigate the list version of strong edge coloring.

Question 2. s the strong list-chromatic index of any claw-free graph with edge
weight 7 at most 97
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