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Abstract

In this paper we will apply the tensor and its traces to investigate the
spectral characterization of unicyclic graphs. Let G be a graph and G™
be the m-th power (hypergraph) of G. The spectrum of G is referring to
its adjacency matrix, and the spectrum of G™ is referring to its adjacency
tensor. The graph G is called determined by high-ordered spectra (DHS, for
short) if, whenever H is a graph such that H™ is cospectral with G™ for all
m, then H is isomorphic to G. In this paper we first give formulas for the
traces of the power of unicyclic graphs, and then provide some high-ordered
cospectral invariants of unicyclic graphs. We prove that a class of unicyclic
graphs with cospectral mates is DHS, and give two examples of infinitely
many pairs of cospectral unicyclic graphs but with different high-ordered
spectra.
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1. INTRODUCTION

The graph isomorphism problem is one of few standard problems in computa-
tional complexity theory belonging to NP. In 1956, Giinthard and Primas [25]
raised the question of determining the graphs by the spectrum. In 1957, Collatz
and Sinogowitz [10] presented a pair of non-isomorphic cospectral trees. In 1973,
Schwenk [36] proved that almost every tree has a cospectral mate by construct-
ing a non-isomorphic cospectral tree for each tree of sufficiently large order. In
1982, Godsil and McKay [24] invented a powerful method called GM-switching,
which can produce lots of pairs of cospectral graphs. A graph G is said to be
determined by the spectrum (DS, for short) if, whenever H is a graph cospectral
with G, then H must be isomorphic to G. All the known DS graphs have very
special structures, and the techniques involved in proving them to be DS cannot
be applied to general graphs; see [12,13].

Since a graph cannot be determined by its spectrum in general, we need more
information to recognize a graph. Note that two graphs are isomorphic if and
only if their complements are isomorphic. Wang and Xu [40,41] and Wang [39]
applied the spectra of a graph and also its complement to investigate whether
the graph is determined by its generalized spectrum. A similar idea appears in a
recent work by Chen, Sun and Bu [7], who applied the spectra of the powers of
a graph to characterize whether the graph is determined by high-ordered spectra
in the setting of tensor eigenvalues.

Let G = (V(G), E(GQ)) be a graph with vertex set V' = V(G) and edge set
E = E(G). For an integer m > 2, the m-th power of G, denoted by G™ =
(Vm E™), is defined to be the m-uniform hypergraph with vertex set V" =
VU {iet,.. . iem—2: €€ E} and edge set E™ = {eU{ic1,...,%em—2} €€ E},
where i1, ..., %, m—2 are new vertices inserted to each edge e € E. Note if m = 2,
G™ = G and this case is trivial. Observe that two graphs are isomorphic if and
only if their m-th powers are isomorphic for each integer m > 2. Chen, Sun and
Bu [7] introduced the following notions on the spectrum of power hypergraphs.
They called the spectrum of the adjacency tensor of G™ the m-ordered spectrum
of G, and two graphs are m-ordered cospectral if they have the same m-ordered
spectra. A graph G is called determined by high-ordered spectra (DHS, for short)
if, whenever H is a graph that are m-ordered cospectral with G for all m > 2,
then H must be isomorphic to G.

Surely, a graph that is DS must be DHS, but the converse does not hold. For
example, van Dam and Haemers [13] showed that not all Smith’s graphs are DS.
However, all Smith’s graphs are DHS, proved by Chen, Sun and Bu [7]. They
also showed that every tree and its cospectral mate in Schwenk’s construction
have different high-ordered spectra [7].

The traces or spectral moments play an important role in DS problems. Let
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G be a graph and let A(G) be the adjacency matrix of G. The d-th trace (or d-th
spectral moment) of G, denoted by Try(G), is defined to be the trace of A(G),
which is the sum of the d-th powers of all eigenvalues of A(G), and is also equal
to the number of closed walks of length d in G starting from each vertex of G. It
is known that two graphs G and H are cospectral if and only if Try(G) = Try(H)
for all d (or for d = 1,2,...,|V(G)|). We should note that here the spectrum of
a uniform hypergraph is defined as the spectrum of the adjacency tensor of the
hypergraph. By the traces generalized from matrices to tensors due to Morozov
and Shakirov [34], we still have the above equalities for two cospectral uniform
hypergraphs. A key problem is how to interpreter the structural information
from the traces of hypergraphs.

In this paper, we will extend the work of Chen, Sun and Bu [7] from trees to
unicyclic graphs, and characterize the unicylic graphs that are DHS. The paper
is organized as follows. In Section 2 we introduce some preliminary knowledge
about the spectra and traces of hypergraphs. In Section 3 we give formulas for
the traces of the power of unicyclic graphs by means of the sub-structure of the
graph. In the last section, we provide some high-ordered cospectral invariants for
general graphs especially for unicyclic graphs, and prove that a class of unicyclic
graphs with copectral mates is DHS. We give two examples of infinitely many
pairs of cospectral unicyclic graphs but with different high-ordered spectra. Our
work implies that high-ordered spectra of graphs can recognize more structural
information than the usual spectra.

2. PRELIMINARIES

2.1. Tensors and hypergraphs

Let T = (tiyiy-i,,) be a complex tensor of order m and dimension n. Given a
vector € C", T2™~! € C", which is defined as follows:

(Txm_l)i = Z Liiyevi Tiy =+ * Ty & € [11].

02,0 50m €[]

Let T = (iiyiy-i,,) be the identity tensor of order m and dimension n, that
iS, 4iyini,, = 1 if 43 = ig = -+ = iy, € [n] and i4,4y..5,, = 0 otherwise. In
2005, Lim [28] and Qi [35] introduced the eigenvalues of tensors independently
as follows.

Definition [28,35]. Let 7 be an m-th order n-dimensional tensor. For some
A € C, if the polynomial system (AZ — 7T)z™ ! = 0, or equivalently 7a™! =
Azl™=1 has a solution 2 € C™\{0}, then X is called an eigenvalue of T and z is

an eigenvector of T associated with A, where z[™~1 = (xT_l, o a1t
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A hypergraph H = (V, E) consists of a vertex set V' = {v1,va,...,v,} denoted
by V(H) and an edge set E = {ejy,ea,...,e;} denoted by E(H), where e; C V
for i € [k]. If |e;| = m for each i € [k] and m > 2, then H is called an m-uniform
hypergraph. The degree d,(H) of a vertex v in H is the number of edges of H
containing the vertex v. A vertex v of H is called a cored vertex if it has degree
one. A walk W in H is a sequence of alternate vertices and edges: vpejvies - - - ey,
where v; # vi11 and {v;,v;4+1} Ce; fori=0,1,...,1 — 1. If vy = vy, then W is
called a circuit, and is called a cycle if no vertices or edges are repeated except
vg = v;. The hypergraph H is said to be connected if every two vertices are
connected by a walk. The hypergraph H is called simple if there exists no i # j
such that e; C e;, and is called nontrivial if it contains more than one vertex.
Throughout of this paper, all hypergraphs are considered nontrivial, connected,
simple and m-uniform unless stated somewhere.

In 2012, Cooper and Dutle [9] introduced the adjacency tensor of a uniform
hypergraph, and applied the eigenvalues of the tensor to characterize the struc-
tural property of the hypergraph.

Definition [9]. Let H be an m-uniform hypergraph on n vertices vi,ve, ..., vp.
The adjacency tensor of H is defined as A(H) = (ai,iy--i,,), an m-th order n-
dimensional tensor, where

= e i v v, ) € B(H);
e 0, else.

The spectrum and eigenvalues of H are referring to those of A(H). If m = 2,
then A(H) is exactly the adjacency matrix of the graph H. Since the Perron-
Frobenius theorem of nonnegative matrices was generalized to nonnegative ten-
sors [4,21,42—-44], the spectral hypergraph theory develops rapidly on many topics,
such as the spectral radius [2,18,22,27,30,31,33], the eigenvariety [14,15,19], the
spectral symmetry [16,17,37,46], and the eigenvalues of hypertrees [45].

Zhou et al. [46], and Cardoso et al. [3] investigated the relationship between
the eigenvalues of G™ and those of the subgraphs of G (including G). Chen et
al. [6] gave a more detailed statement as follows.

Lemma 1 [6]. Let G™ be the m-th power of a graph G.
(1) If m = 3, X is an eigenvalue of G® if and only if there is a signed induced
subgraph of G with eigenvalue B such that 5% = \3.

(2) If m > 4, X is an eigenvalue of G™ if and only if there is a signed subgraph
of G with eigenvalue B such that f> = \™.

From Lemma 1, we find that G™ contains more spectral information than
G as its eigenvalues are closely related to all signed (induced) subgraphs of G
(including G itself). So, it is natural that a graph has more probability to be
DHS than to be DS.
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2.2. Traces

We will introduce some knowledge about the traces of hypergraphs. Let H be an
m-uniform hypergraph on n vertices. The d-th trace of H, denoted by Try(H),
is referring to the d-th trace of A(H). Morozov and Shakirov [34] introduced
the traces of polynomial maps f given by homogeneous polynomials of arbitrary
degrees. As a tensor 7 = (t;,iy..-i,,) of order m and dimension n naturally induces
polynomial maps, the d-th trace Try(7) of T is expressed as follow:

(1)
Try(T) = Y H i Sty 8;2_ Tr(A4m=D),

dy+-+dn=d, j= 1 m—1
1d €N, Len[n] vi€ln]
where t;y, = tii,...i,, and 8%}1 = Gor " B if yi = (ig,...,0m).

Cooper and Dulte [9] gave an expression for the co-degree coefficients of the
characteristic polynomial of A(#H) of H in terms of traces of H. Shao, Qi and
Hu [37] gave a graph interpretation for the d-th trace of a general tensor 7 of
order m and dimension n, and proved that

N
Trg(T) = Y A,
i=1
where A1, ..., Ay are all eigenvalues of 7, and N = n(m — 1)"~!. So two tensors

T1 and 72 both of order m and dimension n are cospectral if and only if
Tra(T1) = Tra(72)

for all d or d = 1,2,...,n(m — 1)"~1. Clark and Cooper [8] expressed the trace
as a weighted sum over a family of Veblen hypergraphs. Chen, Bu and Zhou [5]
gave a formula for the spectral moments (equivalently, the traces) of a hypertree
in terms of the number of sub-hypertrees.

Given an ordering of the vertices of H, let

fd(H) = {(el(vl), .. .,ed(vd)) e € E(H),Ul <...< Ud},

be the set of d-tuples of ordered rooted edges, where e;(v;) is an edge e; with
root v; € e; for i € [d]. Define a rooted directed star Se,(v;) = (e, {(vi,u) :
u € e;\{v;}}) for each i € [d], and multi-directed graph R(F) = U?;l Se; (vi)
associated with F' € F4(H). Let

Fy(H) =A{F € F4(H) : R(F) is Eulerian}.

( (F)), ro(F) the number of edges in F

For an F' € F3(H), denote V(F) =
= (m — 1)r,(F) (namely, the outdegree of v in

with v as the root, and d;f (F)
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R(F)). Denote by 7(F) = 7,(R(F')) the number of arborescences of R(F') with
root u (namely, a directed u-rooted spanning tree such that all vertices except u
has a directed path from itself to u), which is equal to the principal minor the
Laplacian matrix L(R(F)) of R(F') by deleting the row and column indexed by
u ([1,38]). As R(F) is Eulerian, 7,(R(F')) is independent of the choice of the
root u so that the root u is omitted. Fan et al. [20] give an expression of the d-th
trace of ‘H as follows.

Lemma 2 [20]. For an m-uniform hypergraph H on n vertices,
T(F)

2) Try(H) = d(m — 1)" ‘
d rerzon Hoevir) @0 (F)

For each F € Fj(H), we get a multi-hypergraph induced by the edges in
F by omitting the roots, denoted by Vg, which is an m-uniform and m-valent
multi-hypergraph called Veblen hypergraph. On the other side, given a Veblen
hypergraph H, a rooting of H is an ordering F' = (e1(v1),...,e¢(vy)) of all edges
of H, where v; is the root of e; for i € [t], and v; < --- < vy under the given order
of the vertices of H. If R(F') is Eulerian, then F is called an Euler rooting of H;
in this case, H is called Fuler rooted with each edge rooted as in F' by omitting
the order. Denote by R(H) the set of Euler rooting of H.

Denote by Vy(#H) the set of Veblen hypergraphs with d edges associated with
‘H as follows:

Va) = |J {Vr:FeFiH), Ve =G},
GeC(H)

where C(#) denotes the set of representatives of the isomorphic classes of con-
nected sub-hypergraphs of H, and H the underlying hypergraph of a multi-
hypergraph H obtained by removing duplicate edges of H. For each H € Vy(H),
denote

T(F)

+ 9

Cy =

and Ny/(H) the number of sub-hypergraphs of A that is isomorphic to H. By
Lemma 2, we have

7(F)

Trg(H) = d(m —1)" Y & (F)

I Ny (H).
Hevy(H) \Fer(H) L1veV(

So we get another expression of Try(H).
Corollary 3. For an m-uniform hypergraph H on n vertices,

(3) Trg(H) =d(m—1)" > CgNy(H).
HeVy(H)
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If we use V4(H) denote the set of representatives of the isomorphism classes
of the hypergraphs in V4(#), then we have the following expression of Try(H),
which was proved by Clark and Cooper [8].

Aut(H
Tra(H) = " Y CuNw(H :Autgﬂil

HEV4(H)

(4)
=dm-1)" >  Cu(#HCH),

HEV (H)

where
[Aut(H)|

(#H CH) = NH(ﬂ)m,

and Aut(G) denotes the automorphism group of a hypergraph G.

2.3. Traces of hypertrees

A hypertree is a connected and acyclic hypergraph. Let 7 be an m-uniform
hypertree. Then we have |V(T)| = (m — 1)|E(T)| + 1. We need the following
lemma to characterize the Veblen hypergraphs H € V;(T).

Lemma 4 [20]. Let H be an m-uniform Veblen multi-hypergraph whose under-
lying hypergraph H is a hypertree. Then H is uniquely Euler rooted such that all
vertices of each edge occur as roots of the edge in a same number of times, and
hence every edge of H repeats in a multiple of m times.

By Lemma 4, for d € Z*, V4(T) # 0 if and only if m | d. So, in this
subsection we always assume that d is a positive multiple of m when discussing
Try(T); otherwise, Trg(7) = 0 by Corollary 3. For each H € Vy(T), let H =T,
a sub-hypertree of 7. Then H can be expressed as a weighted hypertree 7 (w),
where R

w:E(T) = Z",
such that the multiplicity of an edge e € E(H) is mw(e), and w(T) = ZeeE(i’) w(e)
= d/m, implying that 7 contains at most d/m edges. So we have

= U {TW):w(T)=d/m}.

Tec(T)

For each F € R(T (w)), by a direct computation, we have

m—1

T(F) = H w(e)m_lmm_sz(m_m'E(ﬂ' H w(e) ,
ecE(T) ecE(T)
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N

[T ¢F) = ] m—1de(T (@) =(m-1)VD I do(T(w)),

veV (F) veV(T) veV(T)

where d, (T (w)) = Y ewcew(e), the weighted degree of the vertex v in T (w).

A A~

By Lemma 4, for each F' € R(T (w)), every vertex v € V(T ) occurs as a root

in d,(7(w)) times of d,(7) distinct edges e with multiplicity w(e) respectively.
- do (T (w))! — :

So R(T (w)) has HveV(f) (T () Euler rootings due to the ordering of the same

roots in different edges, where 7,(7T(w) = [],.,ccw(e)!. So, for a given H =

~

T(w) € Va(T),

_ dy(T(w))! 7(F)
i = H Tv(id(w)) HuEV(F)dqj(F)

veV(T)
(5) m—1 N
(ml)V(’f‘)m(mZ)E(’f‘)( 11 w(e)) I (do(T (w)) = D!
ecE(T) veV(T) ro(T(w))
Denote
m—1 .

. e (d(T () - 1!

s £ (o) 1T
ww(T)=d/m \e€E(T) veV(T)

Denote by TZ, (respectively, T}") the set of m-uniform hypertrees with at most
t edges (respectively, exactly ¢ edges) up to isomorphism. Then by Corollary 3,
for m | d,

HeVvy(T)
~ 3 d(m — 1YV IV Dl em=2) B
7 w(T)=d/m

%(w):TET’S"d/m

m—1
(do(T (w)) — 1)! 2
11 w(e)) 11 - - N (T)
©) (eeE(ﬂ wevery T

= Y d(m - VDIV D=2 D)

Teng/m

m—1
@T@) -1
> (H>W(e)) L= e

ww(T)=d/m \ecE(T veV(T)
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N

— Z d(m — 1)(m—l)(\E(T)\—IE(%)I)m(m—%IE(f)ICdm(j-)NT(T)
feng/m
d/m

= 2 dlm = ) IEOEEImA2 Y e (TINT(T).
k=1

Tery

Now suppose that 7 = T, the m-th power of a tree T. Then H = 7'(w) =
T™(w) for some sub-tree T' of T'. For each edge e = {u,v} € E(T), it corresponds
to an edge e = {u, v, €ily- - €im—2} € E(Tm).A The weighted hypertree 7" (w)

induces a weighted tree T'(w) with weight w : E(T") — Z* such that w(e) = w(e™)
and w(T) = ZeGE(T) w(e) = d/m. We have

dvaw —1)! d,UTw — 1\ we—l!m_2
H(((>))_H(<()))H<W>-

= — X ;
vev (Tm) ro (T (W) veV (1) ro(L'(w)) cE(T) w(e
Hence
- do(T(w)—1!
0 cam@ = S L we I EEWI-DN_g ),
- . o ro(T(w))

ww(T)=d/m ecE(T) veV(T)
So, for m | d,

d/m
() Trg(T™) =Y d(m — 1) DUEDIER k=2 N &) (T)Np(T).

k=1 TeTy,

We note that equations (6) and (8) with a slightly modification were proved
by Chen, Bu and Zhou [5]. Here we show them in a different way also for the
convenience in the following discussion.

3. TRACES OF POWER OF UNICYCLIC GRAPHS

In this section, we will give a decomposition formula for the traces of the power
of unicyclic graphs. Denote by C,, a cycle on n vertices (as a graph). Let U™ be
the m~-th power of a unicyclic graph U which contains a cycle C,,, where m > 3.
The following lemma is important for our discussion.

Lemma 5 [20]. Let H be an m-uniform Veblen multi-hypergraph, and let e be
an edge of H which contains a cored vertex. If H has an Fuler rooting, then e
repeats k - m times for some positive integer k, and all cored vertices in e occur
as a root of e in k times.
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Let H € Vg(U™). As m > 3, each edges of H contains m — 2 cored vertices.
By Lemma 5, each edge of H occurs in a multiple of m times. So, for d € ZT,
Va(U™) # (0 if and only if m | d. We will assume m | d in this section.

3.1. Traces of power of cycles

We first consider a special case, namely, U = C,,, where C}, has vertices vy, ..., v,
and edges e; = {v;,vi41} for i € [n], vo41 = v1. We label the edges of C)" as
el = {vi,viy1,€i1,...,€im—2} for i € [n]. Let

Va(C[C) = {H € Vy(CIM) : H = CI'}.

Let H € V4(Cl*; [C']). By Lemma 5, H is a weighted cycle C)'(w) with w :
E(CI") — Z* such that el repeats mw(el™) times for i € [n], where w(C*) =

Yo w(e™) =d/m. So
Va(Cr1CRY]) = {CH(w) : w(CFY) = d/m}.

Let H = C"(w) and F € R(C)"(w)). It is known that each cored vertex
of e occurs as a root of e/ in w(e]") times for ¢ € [n] by Lemma 5. Let t;
(respectively, t;;+1) be the times of v; (respectively, v;11) as a root of e]" for
i € [n], where the subscripts are taken modulo n. As e]" repeats mw(e]") times
and each cored vertex of e[ occurs as a root of e} in w( ) times, we have

(9) ti + tiiv1 = 2w(e").
As R(F) is Eulerian,
(tic1i +ti)(m — 1) = mw(ef™ ) — ti1; +mw(ef™) — ti,
which implies that
(10) tim1 +tii = wlely) +wlef”).

Suppose that ig € [n] such that w(ef’) = min;cp,jw(e}’) = wmin- By equations
(9) and (10), we have

Lii = w(ei ) - w( ) + Ligig, ti g+l — w( ) + OJ( ) Livis Ligio € [07 2‘*‘)(6%)]7
or equivalently
tii = W(ei ) Wmin + X, ¥; i+l — W( ) + Wmin — L, T € [03 2wmin} .

So

2wmin

= |J RGO (w)s2)
=0
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where R(CJ"(w); ) consists of those rootings F' € R(CJ"(w)) such that each
cored vertex of e" acts as a root of e in w(e]") times, and for i € [n], v;
(respectively, vi11) acts as a root of e} in t;; = w(e") — wmin + = (respectively,
tiit1 = w(e”) + wmin — x) times.

For each F' € R(C)'(w);x), we now calculate 7(F). Note that 7(F) is the
principal minor of L(R(F')) by deleting the row and column both indexed by a
specified vertex v. Here we take v = v; and write the L(R(F)) as follows, where
ti = (tic1i + ti)(m — 1), w; = w(ef®) for i € [n], 1 is an all-one’s column vector
of size m — 2, K = mI — J of size m — 2, [ is an identity matrix and J is an
all-one’s matrix.

t1 a b
LRF)=|¢c A B |,
d C D
where
a = (—tn, O, ce ,0, _tnl)a b= (—tan, O, ce ,0, —tnllT) 5
c= (_t127 07 R Oa _tnn)Ta d= (—(/JllT, 0,... 707 _wan)T )
ta  —tao 0 e 0 1
—t23  t3 —133 e 0
A — . . . . ,
0 e _tn—Q,n—l tn—1 _tn—l,n—l
| 0 ce 0 —tn-1n tn
[ —t191 T —t5017 0 e 0 ]
0 —t231T —75331T
B= . . ’
0 o _tn—Q,n—llT _tn—l,n—ll—r 0
0 0 ~tno1nl’ —tpnll ]
[ —wil 0 0 e 0 i
—wol —woel O 0
c=1 i 2
0 0 oo —wp—11l —wpl
0 0 0 —wnl
wiK O O O
O wK O (0]
D=

O wp1K O
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So
#(F) = det [ A

We easily get

det D = 2"m™(m=3) (H wi

Note that 1T K =217 so that 1T K1 =

Y .-Z. FAN,

)M.

=1

%1T. We have

H.-X. YANG AND J. ZHENG

B | _ 1
c D] =det Ddet(A— BD ().

[ 2ty 0 0
o tos 3 t33 0
BD'C = — | .. : :
Lo
0 tn—Z,n—l m_ll tn—l,n 1
L 0 0 tnfl,n nle A
and hence
t1g +tao  —l22 0 . 0
—tag 123 +t33 —t33 e 0
m
A—BD*C=§ : : : :
0 _tn72,n71 tn72,n71 + tnfl,nfl _tnfl.,nfl
0 0 _tnfl,n tnfl,n + tnn

We get

det(A ~ BD'C) = ()" (fﬁu+
=2

(3)"

and therefore

T(F) = omn(m—2)-1 (ﬁ wi>

n—2 1
Zthz—H

=1 1i=1

n
H tn + H tz H—l)

=142 i=1

1= 11 n
th,i—f—l H tii,
=0 i=1 =142
m—2,_1 |
S [Tt 1T e
=1 =0 i=1 1=1+2

By the diagonal entries of L(R(F')), we also get

[T 4

veV(F)

:(m

F) = [[t: [J(wilm —1)"?
i=1 =1

n m=2 p
n(m—1) (H cw) H(tiq,z’ + tii).
i=1

=1
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Note R(C)'(w);x) contains exactly [[:, (ti‘lt’ii:rt“) rootings F', all corre-
sponding the same values of 7(F) and [[,cy (g df(F). So we get Cy for H =
C'(w) as follows:

Comy = Y. T(F)
mw) = -
FeR (G (w)) Lvev(r) v (F)

2Wmin

_ 7(F)
=2 X Tloev e 43 (F)

=0 FeR(CM(w);x

2Wmin o) _1 I
(11) — WZ f[ <tz‘—1,i + tii) ) 2mn(m 2)—1 Z?:O Hizl ti,i-i—l H?=l+2 tii

v=0 i=1 b (m — 1)nm=D [T (ti-1 + tis)
omn(im—2)—1

(m —1)»m=D T (wim1 + w;)

2Wmin N ws +w nel 1 "
. Z H (wi _Z_uljmin _:_ IE)Z H(Wz + Wmin — Z')H(wz — Wmin + .%')

=0 i=1 =0 t=1 i=l+2

Denote

1
H?:1(Wi—1 + wi)

2Wmin N ) ) n—1 1
D01 [t D3} | RS | FREIE
7 min

=0 =1 =0 i=1 =142

fe, (w) =

and
Trg(C2 [C) = d(m — DIVEDL S Gy Neg (H),
Hevy(Crmlon])

Lemma 6. Form | d,

(12) Tra(Cs (O = Y 2dm™ "7 e, ().
ww(Cr)=d/m

If d/m = n, then
(13) Tt (CT [CT) = 2n(n + 1)m™Mm=2).

Proof. By the previous discussion, each H € V;(C)"; [C]]) is a weighted cycle
C'(w), and H = C), implying that Nom(H) = 1. By definition and equa-
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tion (11),
Tra(Cy' [Ch1]) = d(m — 1"~ %" OyNeyp (H)
HeVa (O[]
= d(m - 1)n(m_1)ccgl(w)
ww(Cr)=d/m

= > dm-nrtmh
ww(Cr)=d/m (

= Z 2dm™ ™21 £ (w).

ww(Cm)=d/m

2mn(m—2)— 1

chn (w)

If d/m = n, then w; =1 for i € [n], fc, (w) =n+ 1, and therefore

Trpm (CT [C™]) = 2n(n + 1)m™m=2).,

3.2. Trace of power of unicyclic graphs

Let U™ be the m-th power of a unicyclic graph U which contains a cycle C),.
The labeling of the vertices and edges of C}" is the same as in Section 3.1. We
have a decomposition:

(14) Va(U™) = Va(U™; [Ci1]) U Va(U™; [CF1)),

where Vy(U™;[C™]) (respectively, Vy(U™;[C™])) denotes the subset of Vy(U™)
which consists of Veblen hypergraphs that contain not all edges of C"* (respec-
tively, contain all edges of C)"). By Lemma 5, either of three sets in (14) is
nonempty if and only if m | d. So we assume m | d in the following discussion.

For each H € Vy(U™; [C™]), H is a hypertree, and by Lemma 4, H is uniquely
rooted and H = T™(w) for some tree 7' contained in U with w(T") = d/m. So by
Corollary 3, equations (5) and (7),

Trg(U™; [C™]) = d(m — 1)V > CuNyn(H)
HeVy(U™;[C)

(15) djm
— Z d(m — 1)(m—l)(IE(U)\—k)—lmk(m—2)ng/m(jﬂ)NU(jﬂ)'
k=1 TeTy,

Suppose that U is obtained from C,, by attaching rooted trees 171, ..., T, with
their roots identified with vy, ..., v, of the cycle respectively, where some trees T;
may be trivial containing only one vertex (namely v;). Here we stress that each
T; is a rooted tree with root v; for i € [n]. Note an isomorphism between two
rooted trees is one preserving the roots. If T is a rooted tree with root v, then
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Nr, (T) denotes the number of subgraphs of 7; with root v; that is isomorphic to
T mapping v; to v.

For each H € Vy(U™; [C}}']), H|rm (if nonempty) for i € [n] and H|cm are
all Vebelen hypergraphs. By Lemma 4, H|pm = Tlm(w’) for some subtree T} of
T; containing the vertex v; such that each edge e of Tlm repeat mw’(e) times in
H|pm. Similarly, by Lemma 5, H|cm = C™(w®) such that each edge e of C™
repeat mw (e) times in H|gm. Surely, the number of edges of H|m for i € [n] and
the number of edges of H|cm are multiples of m. We also note Vg(U™; [C]]']) # 0
only if d/m > n, with equality only if Vy(U™;[C™]) = {C™(w°)} with w(e) = 1
for each edge e € E(C)7").

By the discussion before, we have

(16) VU™ [C) = U U Vi, ™,
do+-+dn=d,dg/m2n 0<s;<d;/m
m|d;,i€{0,1,...,n}
where Vj;dIS" 4, (U™) is the set of Veblen hypergraphs contains dy > 0 edges of
C)', and d; edges of T;" among of which ms; edges contains the vertex v; for
i € [n]. Furthermore,

ﬁ&fugwwzu{cxw%uufﬁw@mww%eumamwwm
=1
fwweWMWMMMeM}

where Vi, (I7%: [0]) = {T7" (&) € Vi (T7") : dy (F77(w)) = 81,7 € T}, amd T,
is a rooted tree with root v;. Note that in the above decomposition, some d;’s
are zeros, and d; = 0 if and only if s; = 0.

Denote N = (m — 1)|E(U)| the number of vertices of U™, N; = (m — 1)
|E(T;)| + 1 the number of vertices of T} for i € [n], and Ny = (m — 1)n the
number of vertices of C}". Then N = No + > ;cp,,) Vi —n. Let H = Cm(w®) U
Uiers) (W) e Vé;:d‘ifidn (U™), where I(s) = {i € [n] : s; > 0}. For each F €
R(H), Fy = F|cm(,oy is an Euler rooting of Cj*(w?), and d;f, (Fo) = (w°(e]™ ;) +
w(em)(m—1) =:t;(m—1) fori € [n]; F; = F’Tim(wi) is also an Euler rooting of

T/™(w'), and df (F;) = si(m—1) for i € I(s). We have 7(F) = 7(Fp) [ici(s) T(£9)
and Nym (H) = [Lics5) Nr, (T;). Denote

Tra,s, (175 [vi]) = d(m — 1)Ni Z CHNTim (H),i € I(s).
HeVy, s, (T [vi])
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By Lemma 6, we have

Typr (U™ =dm—1)N Y CyNynm(H)

T(F
SR DI D DERAL AT BV
HEVSl ..... sn FER(H) ]-_[’UEV(F) v ( )

= d(m — 1)V 3 11 <5i - tz-)

Ny . S;
C(w0)EVy T (w)EVy, s, €I (s) 1€1(s)

ORI | (s AL A

FGR(UieI(s)Tim(wi)) i€1(s) Si H’UGV(Fi) dy ( )

7—(FO) d(m — 1)N7N072i61(s)(N7171)
(17) % - )= d
FoeR(Cm (wp)) +1veV(Fo) ™ 0 0
> di(m = )N (F)
d; Ny (T
. d; Z Z TLeve di (Fo) 1, (T3)
’LEI(S) T'm(wl)evd,-si FER(TW(UJ’L)) vE ( z)

i s; +t; do(m — DNor(F
Z Hz+t<f> Z of )+(0)

C7(wo)EVyyicl(s) i FeR(C;Ln(wO))HUGV(Fo) dy (FO)

d(m — 1)~ No—=2ier(s)(Ni=1) 55 .
- do 11 7 Trags: (17 [vi])

w00 (Cm)= doz 1

where Vi = Vario ™ 4, (U™), Vay = Vay (C5 [Ci), Vagss, = Vi, (T [i]).

By a similar discussion as in Section 2.3, we have a formula for Trg.s(T™; [v]).
Denote by T'(k;[v]) the set of representatives of the isomorphic classes of subtrees
of T' with root v and k edges, and for each T' € T'(k; [v]) denote é.5(T") as follows:

55;5(T): Z H w(e) H (du(T(w))—l)!_

ww(T)=t,dy (T(w))=s5 ec E(T) weV(T) Tu(T(w))
We have
d/m
(18) Trg.s(T™; [v]) :Zd(m_l)(m D(IE(T)|~k) ., k(m—2) Z ams () N2(D).

k=1 PET (ki[v])
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So
H Try,.s, (1" [vi]) = H d; Z (m — 1)(m71) 2ier(B(Ti)|=ki), (m=2) 3 e p ki
iel iel kie_[dil/m]

(19) 1€

T €T; (ky3lv;])
iel

We now give a formula for the traces of the power of unicyclic graphs.
Theorem 7. Let U be a unicyclic graph which is obtained from a cycle Cy
by attaching rooted trees 11, ..., T, with their roots identified with the vertices

V1, ..., 0y of the cycle respectively. For each d with m | d,
d/m
(U= Y- dlm = 1) HEO k-2 5 gy (1))
TeTy,
B D DD D ¢ I TS SERIECAl) y Y
=1, di:d,dWOZnOSSiiES[Z]i/m icl(s)

mld;,i€{0,1,..., n}
(m=1) > (IB(T)|-ki) (m—2) X ki . .
(20) . Z (m — 1) i€I(s) m i€I(s) H Cq. i/ mssi (T)NT (T)

ki€ld;/m] T; €T; (kg3 [v;))
i€l(s) ie](s)

> I e

w20 (Cm)=dy/m =1

Proof. By the decomposition (16), equations (17) and (19), we have

Trg(U™;[C]) = d(m = DYWL 3™ Oy Nym (H)
HeV,(U™[C))
- XY maT.Lom
s dy=d, 20 5, 055iSdi/m
midpie(od,mmy €l

N—No— > (N;—1)
i€1(s)

Z y dm =) . I1; ST (7]

s do s, 0<s;<d;/m el s)
md; 16{01 ,,,,, n} e

(21) . Z ﬁ < i1 T w + 5, — 1> 2d0mn(m—2)flfcn (wo)

wO:w0 (Cm )= do i=1

— oppn(m=2)— Z Z d(m N No—Y;cr(s)(Ni—1) HS

Z;LO dj=d, d0> 0<.se<[d]/m ZEI(S
= i€[n
mld;,i€{0,1,..., n}
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(m—1) > (|E(T5)|—ki) (m=2) 3 ki

. Z (m—1) i€l(s) m i€l(s) Hédi/m;si(ﬁ)NTi(ﬂ)
k;€[d;/m] Ty €Ty (kislvi])
i€l(s) i€1(s)

2. H< . 1+w T )fcn(WO),

w0+ wO(cm) do/ml 1

where N = (m — 1)|E(U)|, No = (m — 1)n and N; = (m — 1)|E(T;)| + 1 are
respectively the number of vertices of U™, C}"* and 1" for i € [n].
By the decomposition (14), we have

Trg(U™) = Tea(U™ [C77]) + Tra(U™; [C11])
and get the desired result by combing equations (15) and (21). ]

Corollary 8. Let U be the unicyclic graph as defined in Theorem 7. If d/m = n,
then

Trg(U™) =

NE

n(m — 1)(m—l)(IE(U)|—1<i)—1m/’<i(m—2)+1 Z 5n(T)NU(T)
TGTk
+ 2n(n+ 1)(m — 1)m=DUEW)=n) pyn(m=2)

(22)

b
Il
—

If d/m < n, then

d/m
(23)  Trg(U™) =) d(m — 1) DIROERZL =2 % % g (T) Ny (T).
k=1 TGTk

Proof. 1f d/m = n, then dy = d = mn, d; = s;, = 0 for i € [n], and I(s) = 0 in
equation (20). Also in this case, wY = 1 for i € [n], and fc, (w’) =n + 1. So we
have

d/m
Trpm (U™) = Zd(m — 1)m=D(BEW)=k) =1, k(m-2) Z Za/m(T) Ny (1)
k=1 TeTy,

+ 2d(m — 1) DUEW)=n)pyn(m=2)=1(, 4 1)

- Zn(m — 1)m=D(BEW)[=k) =1, k(m=2)+1 Z &n(T) Ny (T)
k=1 TETy,

+ 2n(n+ 1)(m — 1)m=DUEW)=n) pyn(m=2)

If d/m < n, then the second summand in equation (20) does not appear.
The result follows. ]
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Recall that the girth of a graph G, denoted by ¢g(G), is the minimum length
of the cycles of G. If G contains no cycles, then we define g(G) = +oo. At the
end of this section, we will consider some special traces of a general graph with
girth g.

Theorem 9. Let G be a graph with n vertices and p edges. Then for each m > 3
and each d with m | d and d/m < g(G),

d/m
(24)  Trg(G™) =Y d(m— 1) 1P DE=Rlyhm=2) N &) (T)Na(T).
k=1 TeTy,

Proof. Observe that G has N = n+p(m —2) vertices. As m > 3, each edge of
G™ contains a cored vertex. By Lemma 5, each edge of H € V;(G™) repeats in a
multiple of m times, which implying that d is multiple of m if V;(G™) # (). Also
H is a weighted graph, namely H = H(w) such that each edge e of H repeats
mw(e) times in H, where w : B(H) — Z*. So, w(H) = > ecrmw(e) = d/m,
which implies that H has at most d/m edges.

Now assume that m | d and d/m < ¢g(G). Then H contains no cycles, and
hence H = T™ for some tree 7' C G. So

Va(G™) = {T™(w) : T C G,w(T™) = d/m}.

By Corollary 3, equation (7) and a similar discussion as in equation (6) by re-
placing 7 with G™, T with T™,

Trg(G™) =d(m—1)" Y CuNgm(H)

HeV,(Gm)
— Z d(m — 1)1\7—IV(TA’”|)T,ﬂb(m—2)lE(TAm)|Cd,m(jﬂm)]\fam (7™
TmeT?, .
d/m
= d(m — 1)" DR =2 N g (T)Ne(T).
k=1 TeT, n

We note that if G is a tree T' or unicyclic graph U, then equation (24) becomes
equations (8) or (23).

4. SPECTRAL CHARACTERIZATION OF UNICYCLIC GRAPHS

In this section, we give some high-ordered cospectral invariants of graphs, in
particular for unicylic graphs. As applications, we prove that a class of unicylic
graphs which are not DS but DHS. We give two examples of infinitely many pairs
of cospectral unicyclic graphs with different high-ordered spectra. Denote by P,
a path on n vertices (as a graph).



1126 Y .-Z. FAN, H.-X. YANG AND J. ZHENG

4.1. General graphs

It is known that if Gy is cospectral with Gg, then they have the same number of
vertices and edges, respectively, namely

Ng,(P1) = Ng,(P1), Ng, (P2) = Ng, (Pa).
We will prove that Ng(P3) is a high-ordered cospectral invariant of G.
Lemma 10. If G is high-ordered cospectral with Ga, then
(25) > a(D)Ne, (T) = Y &(T)Ne,(T)
TeTy TeTy,
for all ¢,k with 1 < k < ¢ < min{g(G1),9(G2)}.
Proof. As Try(GT) =Trq(G3"), by Theorem 9, for m|d and 4 <min{g(G1),9(G2)},

d/m
Z(m _ 1)n—1—p+(m—1)(p—k)mk(m—2) Z 5d/m(T)(NG1 (T) — Ne (1)) = 0,
k=1 TeTy

where n, p are respectively the number of vertices and edges of Gy or Gs. ALet
d/m = {, g(m, k) = (m—1)"=1=PHm=DE=Rlyh(m=2) (k) = 37 &(T)(Nu, (T) -

TETk
Ny, (T)). Then we have
l
> g(m, k)y(k) =0.
k=1
As g(m,k) = g(m,k — 1)% =: g(m,k — 1)a(m) for k > 1, g(m,k) =
g(m, )a(m)* 1. Now taking m as ¢ different integers my, ..., my, that are greater
than 2, we have
1 a(mi) a(mi)? - Oé(ml)i*l y(1)
1 a(ms) a(m)? -+ a(me)t! y(2
(26) | olme)atm) e -
1 a(mg) a(ms)? a(mg) ! y(0)
As the matrix in equation (26) is nonsingular, we have y(k) =0for k€ [(]. m

Remark 11. In Lemma 10, suppose T} has exactly t; trees Tl, cee Ttk- If we
can take ¢ as t;, different integers (1, ...,¢; such that min{¢; : i € [t;]} > k and
max{/l; : i € [tx]} < min{g(G1),g(G2)}, then by Lemma 10, we have

561(1:—‘1) 561(1:—12) 541(1}1@) Z<1)
e,(Th)  e(T2) - Cn(Thy) z(2)

(27)

~ A~

G, (1) & (Ty) - & (T) ] | =(t)
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where 2(i) = Ng, (T3) — Ng,(T}) for i € [tg]. If the matrix in equation (27),
denoted by C, is nonsingular, then the equation in equation (27) has only zero
solution, which implies that for all T' € T},

~ ~

Ng, (T) = NGQ(T)'
Obviously, Ty = {P3}. By definition, ¢2(P3) > 0. As any graph has girth
greater than 2, if Gy is high-order cospectral with Go, then
(28) Ng, (Ps3) = Ng,(Ps).

Chen, Sun and Bu [7] defined a parameter coe(T) and a matrix C' = (cqy, (T}))
of size t; similar to C'. By definition, we find that

e (D)
(29) a(T) = 27’

which implies that

~ ) 1 1
C—dlag{%,,%tk}c

So C and C have the same singularity.
Corollary 12. If G1 is high-ordered cospectral with Go, then
NG, (P3) = Ng, (P3).
Corollary 13. If G1 is high-ordered cospectral with Go, then
N, (Pe) = Nay (Pr), k€ {1,2,3},
and
N¢,(C3) = Ng,(C3), Ng,(C4) = Ng,(Cy).

Proof. 1t is known for a graph G, Tr3(G) = 6Ng(C3) and Try(G) = 2Ng(P2) +
ANG(Ps) + 8Ng(Cy) in [11]. The result follows by Corollary 12 and the above
equalities. [ |

Corollary 14. Let G and Gy be two graphs with girth greater than or equal to
g. If Gy is high-order cospectral with G, then

(1) if g =5, then Ng,(T) = Ng,(T') for all trees T with at most 3 edges;

(2) if g =17, then Ng,(T) = Ng,(T') for all trees T with at most 4 edges;

(3) if g = 11, then Ng, (T) = Ng,(T) for all trees T with at most 5 edges.

Proof. By Tables 1 and 2 in [7] and Remark 11, T3 has 2 trees, and the matrix
in (27) is nonsingular by taking ¢ € {3,4}. Similarly, T4 has 3 trees, and the
matrix in (27) is nonsingular by taking ¢ € {4,5,6}; T5 has 6 trees, and the
matrix in (27) is nonsingular by taking ¢ € {5,6,...,10}. The result follows by
Remark 11. [ |
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4.2. Unicylic graphs
We first prove that the girth is a high-ordered cospectral invariant of unicyclic
graphs.

Lemma 15. Let U; (respectively, Us) be a unicyclic graph containing a cycle C,
(respectively, Cy,). If Uy is high-order cospectral with Us, then ny = na.

Proof. Since Uj is high-order cospectral with Us, we have Trg(U{") = Trq(U3")
for all d and m > 3. Suppose that n; < ne. Now taking d = nym, by Corollary
8 we have

an(m - 1)(m—1)(|E(U)|—k) k(m 2+ Z Cnl NU2 ) NU1 (T))
TGTk

= 2n1(ny + 1)(m — 1)~ DUBW)[=n1) yna(m=2),

By a simple calculation, we have

ni
> (m—1)m DR (Bmn)m= LN & (1) (Ny, (1) — Ny (1)) = 2(ng +1).
k=1 TeTk

Let h(m, k) = (m—1)0m= D00 ==Ly Emm) =25y () = 37 &, (1) (Nuy (1)
— Ny, (T)). Then h(m, k) = h(m,1)a(m)*~!, and

Z h(m, Da(m)* 1ty (k) = 2(n1 + 1),
k=1

m—2

where a(m) = (mrflm Taking m as n; different integers my, ..., my, that are

greater than 2, we have

(30)
h(my,1)  h(my,Da(my) -+ h(mg, Da(mq)™ ! y(1) 2(n1 +1)
h(ma,1)  h(ma,Da(ms) -+ h(ma, 1)a(mg)™ 1 y(2) 2(ny + 1)
h(m’ﬂU 1) h(mnu 1)a<mn1) e h(mnn 1)a(mn1)n1_1 y(nl) 2(77/1 + 1)

It is easily found the matrix H = (h(m;, 1)a(m;)?~1) in equation (30) is nonsin-
gular, and by Cramer’s rule

(31) y(1) = (det H)~ det M,
where
2(n1+1)  h(my,Da(my) - h(my, Da(mg)m 1
IV 2(ny +1)  h(mg,Da(ms) -+ h(ma, 1)a(mg)™ !

G +1) Ay, Damny) - By, Daimg,)™
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which is obtained from H by replacing the first column by (2(n;+1),...,2(n;+1))T.

We will prove that there exists distinct integers mi,ma, ..., my, such that
det M # 0. First given any ny —1 distinct integers my, ma, ..., mp,—1, the matrix
M (nq,1) is nonsingular so that the equation

(2(n1 +1),...,2(n1 + 1)) = M(ny, 1)z

has a unique solution z = (x1,...,Zn,_1)', where M(n1,1) is obtained from M
by deleting the last row and the first column. Let ¢ be the smallest index such
that 2y # 0. Then ¢ < ny — 2; otherwise we have

(2(n1 +1),...,2(n1 +1)) "

= (h(m, Da(m)™ =1, h(my 1, Da(mu, )™ ) Tz, 1,
a contradiction. Now consider the following equation in the variable m:
(32) 2(ny + 1) = h(m, Da(m)zy + -+ h(m, Da(m)™ o, ;.

Let
f(m) = h(m,Da(m)xy + -+ h(m, Da(m)™ Lo,

= h(m, 2)z1 + -+ + h(m, n1) @y, —1.

Note that h(m,k) ~ e~ "=k (m — 1) =% when m — +oo. As z; # 0 for some
smallest £ < nq — 2,

f(m) ~ xzh(m,ﬁ + 1) ~ xﬁe_(nl—f—l)(m . 1)n1_£_1'

When m — +o0, then |f(m)| — +o00. So, there exists a positive integer m =
mo such that equation (32) does not hold. Surely, mg is not equal to any of
mi,...,Mp,—1 by the definition of z. Taking m,, = mg, det M # 0 as the first
column cannot be a linear combination of other columns.

By equation (31), we get y(1) # 0. However, by the definition of y(k),
y(1) = 0 as Ny,(T) = Ny, (T) when T = P,. So we get the desired result,
namely ni; = no. [ ]

Lemma 16. Let Uy (respectively, Us) be a unicyclic graph containing a cycle C,,.
If Uy is high-order cospectral with Us, then

> @M)Nu, (T) = Y &(T) Ny (T)
TeTy, TeTy,

forall 0,k with 1 <k <{¢<n.
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Proof. As Trg(U{") = Trg(UL), by Corollary 8, for m | d and d/m < n, we have

d/m
> (m = 1) DUEDIER =y km=2) N &) (T)(Nuy (T) = Niy, (T)) = 0.
k=1 TeT),

Let d/m = €, glm, k) = (m — 1)~ DIEOR=1pk(m=2) y(py — S 5,(T)

~ A~

(Nu,(T) =Ny, (T)). Then we have

)4
> glm, k)y(k) =0.
k=1
By a similar discussion as in Lemma 10, we get the desired result. [ |

Remark 17. In Lemma 16, suppose T} has exactly t; trees Tl, .. .,Ttk. If we
can take ¢ as t; different integers (1,...,¢; such that min{¢; : i € [tg]} > k
and max{¢; : i € [tg]} < n, then by Lemma 16, we have the matrix equation
in equation (27): Cz = 0. If the matrix C is nonsingular, then z has only zero
solution, which implies that for all T e Ty,

A A

NUl(T) = NU2(T)'

Corollary 18. Let Uy and Us be unicyclic graphs both with girth g. If Uy is
high-order cospectral with Us, then
(1) if g > 4, then Ny, (T) = Ny, (T) for all trees T' with at most 3 edges;
(2) if g > 6, then Ny, (T) = Ny, (T) for all trees T' with at most 4 edges;
(3) if g > 10, then Ny, (T) = Ny, (T) for all trees T with at most 5 edges.
Proof. The proof is similar to that of Corollary 14 by noting that the number ¢
in Lemma 16 is allowed to equal the girth g. We omit the details. [ |

We further investigate the high-order cospectral pairs of unicyclic graphs
with girth at most 4.

Corollary 19. Let Uy and Uy be high-order cospectral unicyclic graphs with
girth g.

(1) If g = 3, then
Ny, (Py) + 2Ny, (S1) = Ny, (Py) + 2Ny, (Ss)-
(2) If g =4, then

Ny, (Ps) + 2Ny, (Qs) + 6Ny, (S5) = Ny, (Ps) + 2Ny, (Qs) + 6Ny, (Ss).
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Py Py Py Si P Qs
Ps Qs Rs Hg
Je

Ss

Se

Figure 1. The trees with at most 5 edges.

Proof. By Lemma 16, we have

(33) D eg(TINy, (T) = > g(T)Nuy (T).

TeT, TeT,

If g = 3, then T3 = {P4,S4} and 53(P4) =1, 53(54) = 2; and if ¢ = 4, then
Ty ={P5,Qs5,55} and ¢4(Ps) = 1, ¢4(Q5) = 2 and ¢4(S5) = 6, where the graphs
S4, @5, S5 are listed in Figure 1. The result follows by substituting the above
values into equation (33). ]

4.3. A class of DHS unicylic graphs

By Lemma 15, the girth is a high-ordered cospectral invariant of unicyclic graphs.
However, it does not hold for the usual cospectral invariant of unicyclic graphs.
Let H(n;q,n1,n2) denotes the unicyclic graph on n vertices which is obtained
from a cycle C, by attaching two paths P, 41 and P,,+1 at the same vertex
of the cycle Cy, and ni,no > 1. Liu et al. [32] proved the following cospectral
mates: H(12;6,1,5) and H(12;8,2,2), H(n;2a + 6,a,a + 2) and A(a,a,2a + 2),
H(n;2b,b,b) and ©(b—2,2b—3,b— 1), where A(a, a,2a 4+ 2) is a unicyclic graph
with girth 6 and a being positive even number, and (b — 2,2b — 3,b — 1) is a
bicyclic graph with b being even number greater than 2; see Theorem 3.4, Lemma
5.8 and Lemma 5.11 in [32]. We now further investigate the high-ordered spectral
property of H(n;q,ni,ns).

Theorem 20. The unicyclic graph H(n;q,n1,n2) is DHS when q > 5.
Proof. Let H = H(n;q,n1,n2). Suppose that G is a graph high-ordered cospec-

tral with H, which has n; vertices of degree 1, ng vertices of degree 2 and ng
vertices of degree greater than or equal to 3. By the relation Ny (P;) = Ng(P;)
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for ¢ € [3], and noting that Ny (Ps) = n + 3, we have

d
(34) n1+n2+n3=n,ny+2ny+ Z dy = 2n,n9 + Z (;) =n+43.
v:dy >3 v:dy >3

By the 3rd and 2nd equalities,

n+32>ny+ Z dy = 2n — n1 — na,
v:dy>3

which implies that ng < 3. The result will be arrived by the following discussion.

Case 1. ng = 3. Then for each v with d, > 3, d, = 3. So we get n; =
3,n2 = n —6,n3 = 3. By Corollary 13, Ng(Cy) = Ng(Cy) for k = 3,4. As H
contains no C3 or Cy, the girth of G is at least 5. Observe that Ng(S4) = 3 and
Np(Sy) = 4. However, by Corollary 14, Ny (S4) = Ng(S4); a contradiction. So
this case cannot happen.

Case 2. n3 = 2. Then G contains exactly two vertices, say u, v, both with
degree greater than or equal to 3. By the 1st and 2nd equalities in equation (34),
we have d,, +d, =n + 2 — no. If both d, and d, are greater than or equal to 4,
then by the 3rd equality in equation (34),

3 3 3 1
n—|—32n2+5(du+dv):n2+§(n+2—n2):§n—§n2+3,

which implies that n < ns; a contradiction. So there exists a vertex among u, v,
say u with d, = 3. Also by equation (34),

dy
dv:n—ng—l,(2> =n—ng.

If letting © = n — ng, by the above equalities, we have
2 —_
z°—=5r+2=0,
which implies that = is an irrational number; a contradiction. So this case also

cannot happen.

Case 3. ng = 1. Then G have only one vertex say v with degree greater than
or equal to 3. By equation (34), we have

dy

dU:n—n2+1,<2

>:n—n2+3.

By a simple computation, we have ny = 2,n, =n —3,n3 =1 and d, = 4.
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Let Gg be a component of G containing the vertex v. Then Gy must contain
a cycle; otherwise G is a tree with at least 4 vertices of degree 1; a contradiction
to n1 = 2. As G contains exactly one vertex greater than 2, namely the vertex
v with degree 4, Gy is of form H(n;q¢',n},nb).

We assert that G has no other components other than Gy. Otherwise, let
GG be another component of G. Then G is a cycle with the largest eigenvalue
A1(G1) = 2 as it only contains vertices with degree 2. We also note A1(Gp) > 2 as
G contains the cycle Cy as a proper subgraph. So the second eigenvalue A2 (G)
of G holds that

)\Q(G) Z min{/\l(Go),)\l(Gl)) Z 2.

Let © be the vertex of H with degree 4. Note that H — ¥ consists of paths, and
the largest eigenvalue of a path is less than 2. By the interlacing theorem,

A(H) <M (H —0) <2,

which yields a contradiction as A\o(G) = Xo(H). So G is of form H(n;q',n,nb).
By Theorem 3.4 of [32], except for H(12;6,1,5) and H(12;8,2,2), no two non-
isomorphic graphs of form H(n';¢’,n),n)) are cospectral. As two high-ordered
cospectral unicyclic graphs has the same girth by Lemma 15, G is isomorphic to
H(n;q,n1,n2).

Case 4. ng = 0. Then G is a union of paths and/or cycles. This is impossible
as )\1(G>§2<)\1(H). |

4.4. Cospectral unicyclic graph mates with different high-ordered
spectra

There are two methods to construct cospectral graphs. The first is to use coales-
cence introduced by Schwenk [36] (or see [12]). Let G be a graph with root u and
H be a graph with root v. The coalescence of G and H is obtained by identifying
the root u of G with the root v of H, denoted by G(u) ® H(v).

Lemma 21 [12,36]. Let G be a graph with root u and H be a graph with root v.
If G is cospectral with H and G — u is cospectral with H — v, then for any graph
I’ with root w, G(u) ® I'(w) is cospectral with H(v) © I'(w).

The second method is to use rooted product introduced by Godsil and McKay
[23] (or see [29]). Let G be a graph and let I' be a rooted graph. The root product
G(T') is the graph obtained by identifying each vertex of G with the root of a
copy of I

Lemma 22 [29]. If G is cospectral with a graph H, then for any rooted graph T,
G(T") is cospectral with H(T").
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(a) T(u) © U(w) (b) T'(v) © U(w)

Figure 2. The graphs T'(u) © U(w) and T'(v) & U(w).

We now construct infinitely many pairs of cospectral unicyclic graphs with
different high-order spectrum. Let T be the tree in Figure 2 (the graph with solid
edges) with two specified vertices v and v. It was shown that 7'— v and T'— v
have the same spectrum [36]. Let U be any unicyclic graph with root w. Denote
by T(u) & U(w) (respectively, T'(v) & U(w)) the graph obtained by adding an
edge between u and w (respectively, between v and w); see Figure 2. By Lemma
21, T'(u) ©U(w) is cospectral with T'(v) ©U(w). We now prove that T'(u) © U (w)
is not high-ordered cospectral with T'(v) © U(w).

Corollary 23. T'(u) © U(w) is not high-ordered cospectral with T'(v) © U(w).

Proof. Let Gy = T(u)©U(w) and Gy = T(v)©U(w), and let C,, be the cycle
contained in U. We will compare Try(G7},) and Try(GY:,) with d = 5m.

Let H € V4G, [C]). By Lemma 5, H is a weighted hypergraph H(w)
which contains C)" such that each edge e of H repeats in mw(e) times. So
w(H) = 5m/5 = 5, which implies that H has at most 5 edges. As C}"* has at
least 3 edges, H has at most 2 edges outside U™. Let Gy be the subgraph of
Guw induced by the vertices of U, u and its neighbors. Then H is contained
in G7,. So Vg(G™,,[C™)) = Va(G™,,[C™]). Similarly, if letting Gy, be the
subgraph of G, induced by the vertices of U, v and its neighbors, then for
cach H € Vy4(G7,,[C™]), H is contained in G, and hence Vy(G™ ,[C™]) =

VW

Va(G™, [C™]). Note that Gy, is isomorphic to Guw. So Vi(G™,,[C™]) is equal
to V4(G3k,, [Ch']) under isomorphism.
By definition,
Tra(Grpoy: [OF]) = d(m — 1)V (Gl > CrNey, (H)

HEVd(GZLw 7[C:Ln])
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= d(m — 1)V (Gl Z CHN~umw(ﬂ)
HeVa(GiR,[CR)

=d(m - )VEL YT CuNgy, (H)
HeVa (G, [Cr)

— d(m — 1)V 3 Cu N, (H)
Hevd(var[Cm])

= Trd(Gg?Lm [Cm])
By equations (14) and (15), we have
Tra(G) — Tra(G,)

= Tra(Gipy; [CT']) — Tra(Gys [C7])
5

= " d(m — 1) DER k=2 N G (T) (NG, (1) — Ne,, (1)),
k=1 TGTk

where p denotes the number of edges of G, or Gy. We find that for each tree
T e T§5 \ {P5, Q5, Pﬁ, Qﬁ, HG}, NGuw (T) = Nva (T), where Q5, QG, H6 are listed
in Figure 1. So

Tra(Gr) — Tra(Gy:,) = dg(m, 4) [é5(Ps)(Nag,,, (Ps) — Na,, (Ps))
+ (Q5)(Na,., (Qs) — Na,, (Qs)]
+ dg(m,5)[é5(Ps)(Na,., (Ps) — Na,, (Ps))
+ &(Q6) (NG, (Q6) — N, (Q6))
+ &(Hs)(Na,., (He) — Na,,,(He))],

where g(m, k) = (m — 1)(m=D@=k)=1pk(m=2) By a direct computation or refer-
ring Tables 1 and 2 in [7] with the relation (29), we have

¢5(P5) = 6,¢5(Qs5) = 14,65(Ps) = 1,65(Q6) = 2,¢5(Hg) = 4.
We also have
Ne,.,(Ps) — Ng,,,(Ps) = =2, Ng,,, (@s) — Ng,,,(Q5) =

So,

Try(Gr,) — Trg(Ghy)) = 2dg(m,4) — 2dg(m, 5)

_ 2d(m - 1)(m—1)(p—5)—1m4(m—2) ((m - 1)m—1 o mm—2) ]
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Clearly, there exists m = myg (e.g. mo = 3) such that Try(G7,) — Trqa(Gr,) # 0,

which implies that G\ is not cospectral with G79. The result follows. ]

Finally we note that the smallest cospectral pair of graphs are G; = K4
(also S5 in Figure 1) and Gy = Cy + K;. Consider Trg(G7") and Trg(G5') with
d/m = 2. By equation (8),

Trg(G7) = > d(m — 1) DERphm=2) N 6 (TN, (T).

2
k= TETk

—_

Noting that V(G5") = V(C}*) UV (K1), by equation (23) we have

Trg(Gy) =Y d(m — 1) DERphm=2) N 6 (TN, (T).

2
k= TETk

—_

As Ng,(P2) = Ng,(P2) = 4 and Ng,(P3) = 6 # Ng,(P3) = 4, we have
Trg(GT") # Trq(GY'). So K14 and Cy + K are not high-order cospectral pair.

We consider the rooted products G1(P,) and G3(P,), where P, has one of
its pendent vertices as the root and n > 2. By Lemma 22, G1(P,) and G2(P,)
are cospectral. As Ng,(p,)(P3) — Ngy(p,)(P3) = 2 # 0, by a similar discussion
we have Try((G1(P,))™) # Trqa((G2(Py,))™) for d/m = 2. So G1(P,) and Ga(P,,)
are also not high-order cospectral pair.

Corollary 24. Let G1 = K14 and Gy = Cy + Ky, and let P, be a path on n
vertices with one of its pendent vertices as root. Then G1(P,) and G2(P,) are
not high-order cospectral pair.

5. CONCLUSION

In this paper, we investigate the spectral characterization of unicyclic graphs by
the high-ordered spectra of unicyclic graphs. It is seen that the high-ordered
spectra can recognize more structural information than the usual spectra, which
implies that high-ordered spectra may have potential value on the graph iso-
morphism problem. We also find there are two questions for further study on
high-ordered spectral characterization of graphs.

(1) Recall that two graphs G and G9 are high-ordered cospectral if the
spectrum of G7' is the same as that of G5 for all m > 2. In fact, from the
discussion in Section 4 (e.g. Lemmas 10 and 15), we only need finitely many m’s
such that G and G2 are m-ordered cospectral. So, could we give an upper bound
for the m on the definition of high-ordered cospectral? If it does, we will save
times on comparing the high-ordered spectra of two graphs.
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In addition, it is known that G7* is cospectral with G3* if and only if Try(GY") =
Try(GF) for all d or d = 1,2,...,n(m — 1)"~, where n is the number of vertices
of GT" or G§'. If m > 3, then Try(G™) # 0 only if m | d. As seen in Lemmas 10
and 16, Corollaries 14, 18, 19, 23 and 24, we care more about d/m than d. This
also can be found from the definition ¢, /m(T) in equation (7).

(2) Tt is harder to compute the spectra or the characteristic polynomials of
uniform hypergraphs than graphs, as it is closely related to the computation of
resultants. Though Chen et al. [6] gave a method to get the eigenvalues of the
power G™ from the eigenvalues of signed subgraphs of G (see Lemma 1), we still
do not know the multiplicities of the eigenvalues of G™. So, how to compute
the spectra of the power hypergraphs is a key question. Fortunately, we can use
traces instead of spectra to recognize high-ordered cospectral graphs, and can
compute the traces of hypergraphs with simple structure by Corollary 3.
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