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Abstract

Two distinct crossings are independent if the end-vertices of any two
pairs of crossing edges are disjoint. If a graph G has a drawing in the plane
such that every two crossings are independent, then we call G a plane graph
with independent crossings or IC-planar graph for short. A proper edge
coloring of a graph G is acyclic if there is no 2-colored cycle in G. The
acyclic chromatic index of G is the least number of colors such that G has
an acyclic edge coloring and denoted by χ′

a(G). In this paper, we prove that
χ′
a(G) ≤ ∆(G)+17, for any IC-planar graph G with maximum degree ∆(G).
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1. Introduction

Throughout this paper, all graphs considered are finite, simple and undirected.
Let G be a graph. We use V (G), E(G), ∆(G) and δ(G) to denote its vertex set,
edge set, maximum degree and minimum degree, respectively. For a planar graph
G, F (G) denotes its face set, and d(v) denotes the degree of a vertex v in G.
The length or degree of a face f , denoted by d(f), is the length of the boundary
walk of f in G. We call v ∈ V (G) a k-vertex, or a k+-vertex, or a k−-vertex if
d(v) = k, or d(v) ≥ k, or d(v) ≤ k, respectively and call f ∈ F (G) a k-face, or
a k+-face, or a k−-face if d(f) = k, or d(f) ≥ k, or d(f) ≤ k, respectively. Any
undefined notation follows that of Bondy and Murty [6].

A proper edge k-coloring of a graph G is a mapping φ : E(G)→ {1, 2, . . . , k}
such that no pair of adjacent edges is colored with the same color. A proper
edge coloring of a graph G is acyclic if there is no 2-colored cycle in G. The
acyclic chromatic index of G is the least number of colors such that G has an
acyclic edge coloring and denoted by χ′a(G). Fiamčik [11] and later Alon et al.
[3] proposed the following conjecture:

Conjecture 1. For any graph G, χ′a(G) ≤ ∆(G) + 2.

Alon et al. [2] proved that χ′a(G) ≤ 64∆(G) for any graph G. Molloy and
Reed [18] improved this bound to χ′a(G) ≤ 16∆(G). Recently, Ndreca et al.
[21] improved the upper bound to d9.62(∆(G)− 1)e. With entropy compression
method, Esperet and Parreau [10] further improved the result to 4∆(G) − 4.
The best known general bound is d3.74(∆(G)− 1)e due to Giotis et al. [13].
Alon et al. [3] proved that there is a constant c such that χ′a(G) ≤ ∆(G) + 2
for a graph G with girth at least c∆(G) log(∆(G)). Něsetřil and Wormald [22]
proved that χ′a(G) ≤ ∆(G) + 1 for a random ∆(G)-regular graph G. The acyclic
edge coloring of some special classes of graphs has been studied widely, including
graphs with maximum degree 4 (Basavaraju and Chandran [5]), subcubic graphs
(Basavaraju and Chandran [4]; Fiamčik [11]; Skulrattanakulchai [25]), sparse
graphs (Muthu et al. [20]), series-parallel graphs (Hou et al. [15]; Wang and
Shu [28]), outerplanar graphs (Hou et al. [16]; Muthu et al. [19]), planar graphs
(Cohen et al. [8]; Dong and Xu [9]; Fiedorowicz et al. [12]; Shu and Wang [23, 24];
Wang et al. [29]; Yu et al. [30]).

For 1-planar graphs, where a graph is called 1-planar if it can be drawn in
the plane such that each of its edgs is crossed by at most one other edge, Zhang
et al. [31] proved that each 1-planar graph G with maximum degree ∆(G) is
acyclically edge L-colorable where L = max{2∆(G) − 2,∆(G) + 83}. Song and
Miao [26] showed that each triangle-free 1-planar graph G admits an acyclic edge
coloring with ∆(G) + 22 colors. Chen [7] improved this bound to ∆(G) + 16.

In this paper, we focus on IC-planar graphs which is a subclass of 1-planar
graphs and prove the following theorem.
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Theorem 2. Let G be an IC-planar graph with maximum degree ∆(G). Then
χ′a(G) ≤ ∆(G) + 17.

Two distinct crossings are independent if the end-vertices of any two pairs of
crossing edges are disjoint. If a graph G has a drawing in the plane in which every
two crossings are independent, then we call G a plane graph with independent
crossings or IC-planar graph for short throughout this paper. The definition of
IC-planar graph was introduced by Alberson [1] in 2008. Confirming a conjecture
of Alberson [1], Král and Stacho [17] proved that every IC-planar graph is 5-
colorable.

We assume that every IC-planar graph G in this paper has been drawn in
the plane with all its crossings independent and with the number of crossings
minimum. We call such drawing an IC-plane graph. Let C(G) be the set of all
crossings and E0(G) be the non-crossed edges in G. The associated plane graph
G× of an IC-plane graph G is the plane graph such that V (G×) = V (G) ∪C(G)
and E(G×) = E0(G) ∪ {uw, vw|uv ∈ E(G)\E0(G)}, where w is the crossing on
uv. Thus, all crossings of G become new real vertices of degree four in G×. For
convenience, we call the new 4-vertices in G× false vertices. A false face means a
face f in G× that is incident with one false vertex; otherwise, f is a normal face.
We use ni(v) to denote the number of i-vertices which are adjacent to v. One can
see that each non-false vertex in G is adjacent to at most one false vertex and
incident with at most two false 3-faces in G×. Note that every IC-planar graph
is also a 1-planar graph and hence all the properties of 1-planar graphs are also
true for IC-planar graphs.

The rest of this paper is organized as follows. In Section 2, we give some
definitions and lemmas on acyclic edge coloring. In Section 3, we give a structural
lemma of IC-planar graphs which plays an important role in the proof of Theorem
2. In Section 4, we give the proof of Theorem 2.

2. Preliminary

In this paper, we use C to denote the color set under an acyclic edge coloring c.
For e ∈ E(G), the color α of C is said to be a candidate for e with respect to a
partial acyclic edge coloring c of G if none of the adjacent edges of e is colored
with α.

An (α, β)-maximal bichromatic path with respect to a partial coloring c in
G is a maximal path consisting of edges that are colored with the colors α and
β alternatingly. An (α, β, u, v)-maximal bichromatic path is an (α, β)-maximal
bichromatic path which starts from the vertex u and ends at v. An (α, β, uv)-
critical path for an edge uv is an (α, β, u, v)-maximal bichromatic path which
starts at the vertex u with an edge colored α and ends at the vertex v with an
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edge colored α.
A graphG with ∆(G) ≤ k is k-deletion-minimal if χ′a(G) > k and χ′a(H) ≤ k

for every proper subgraph H of G. Under an acyclic edge coloring c of G, we
denote by C(v) the set of colors which are assigned by c to the edges in E(G)
incident to v. We use c(uv) to denote the color of edge uv with respect to the
coloring c. Let Cuv = C(v)− c(uv).

A multiset is a generalized set where each member can appear multiple times
in the set. If an element x appears t times in the multiset S, then we say the
multiplicity of x in S is t, denoted by DS(x). We use ‖S‖ =

∑
x∈S DS(x) to

denote the cardinality of a finite multiset S. Let S and S′ be two multisets. A
multiset, denoted by S ] S′, is said to be the union of S and S′ if the multiset
S ] S′ has all the members of S and S′ and DS]S′(x) = DS(x) +DS′(x) for any
member x ∈ S ] S′.

Lemma 3 [4]. Given a pair of colors α and β of a proper coloring c of G, there
can be at most one maximal (α, β)-bichromatic path containing a particular vertex
v, with respect to c.

Lemma 4 [27]. If G is a k-deletion-minimal graph, then G is 2-connected.

Lemma 5 [27]. Let G be a k-deletion-minimal graph. If v is adjacent to a 2-
vertex v0 and NG(v0) = {w, v}, then v is adjacent to at least k−d(w)+1 vertices
of degree at least k − d(v) + 2. Moreover, if k ≥ ∆(G) + 2 and v is adjacent to
precisely k−∆(G) + 1 vertices of degree at least k−∆(G) + 2, then v is adjacent
to at most d(v) + ∆(G)− k − 3 vertices of degree two and d(v) ≥ k −∆(G) + 4.

3. A Structural Lemma

Lemma 6. If G is a connected IC-planar graph, then there exists a vertex v with
d neighbors v1, . . . , vd, where d(v1) ≤ · · · ≤ d(vd) such that one of the following
holds:

(A1) d = 3, d(v1) ≤ 14;

(A2) d = 4, d(v1) ≤ 9, d(v2) ≤ 14;

(A3) d = 5, d(v1) ≤ 7, d(v2) ≤ 8, d(v3) ≤ 12;

(A4) d = 6, d(v1) ≤ 6, d(v2) ≤ 6, d(v3) ≤ 7, d(v4) ≤ 7;

(A5) d ≤ 2.

Before proving Lemma 6, we introduce a basic definition of the so-called
canonical triangulation of an IC-planar graph which was given by Zhang et al.
in [31]. The definition of canonical triangulation plays an important role in the
proof of Lemma 6, so we include it.
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A simple graph G is triangulated if every cycle of length at least 4 has an
edge joining two nonadjacent vertices of the cycle. We say GT is a canonical
triangulation of a IC-planar graph G if GT is obtained from G by the following
operations.

Step 1. For each pair of edges ab, cd that cross each other at a point s, add
edges ac, cb, bd and da “close to s”, i.e., so that they form triangles asc, csb, bsd
and dsa with empty interiors.

Step 2. Delete all multiple edges.

Step 3. If there are two edges that cross each other then delete one of them.

Step 4. Triangulate the planar graph obtained after the operation in Step 3 in
any way.

Step 5. Add back the edges deleted in Step 3.

Note that the associated plane graph G×T of GT is a special triangulation of
G× such that each crossing vertex remains to be of degree four, and each vertex
v in G×T is incident with dG×T

(v) 3-faces. We use cr(v) to denote the number of

false vertices which are adjacent to v in G×T . By the facts that GT admits no
multiple edge and the drawing of GT minimizes the number of crossings, we have
the following observations.

Observation 7. For a canonical triangulation GT of a simple IC-planar graph
G, it holds.

(1) Any two false vertices are not adjacent in G×T .

(2) If dG×T
(v) = 3, then cr(v) = 0.

(3) If dG×T
(v) ≥ 4, then cr(v) ≤ 1.

Proof of Lemma 6. The lemma is proved by contradiction. Let G be a simple
IC-planar graph with a fixed embedding in the plane. Suppose G is a counterex-
ample to the theorem. Note that if we can join two nonadjacent vertices in G by
a new edge e so that G+ e is still an IC-planar graph, then G+ e shall also be a
counterexample to the lemma. Without loss of generality, we always assume G is
2-connected and G = GT in the following, where GT is a canonical triangulation
of G that has been drawn on the plane properly. In other words, G is a canonical
triangulation of itself.

Let v be a d-vertex and v1, v2, . . . , vd be its d neighbors. A non-false 4-vertex
v is heavy if d(v1) ≥ 10, light if d(v1) ≤ 9 and d(v2) ≥ 15. We use nh4(u) and
nl4(u) to denote the number of heavy 4-vertices and light 4-vertices which are
adjacent to u, respectively. A 5-vertex v is heavy if d(v1) ≥ 8, light if d(v1) ≤ 7
and d(v2) ≥ 9, bad if d(v1) ≤ 7, d(v2) ≤ 8 and d(v3) ≥ 13. We use nh5(u), nl5(u)
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and nb5(u) to denote the number of heavy 5-vertices, light 5-vertices and bad 5-
vertices which are adjacent to u, respectively. A 6-vertex v is heavy if d(v2) ≥ 7,
light if d(v2) ≤ 6 and d(v3) ≥ 8, bad if d(v2) ≤ 6, d(v3) ≤ 7 and d(v4) ≥ 8.
We use nh6(u), nl6(u) and nb6(u) to denote the number of heavy 6-vertices, light
6-vertices and bad 6-vertices which are adjacent to u, respectively.

We apply the discharging method on the associated plane graph G× of G
and complete the proof by contradiction. Since G× is a plane graph, we have∑

v∈V (G×)

(d (v)− 4) +
∑

f∈F (G×)

(d (f)− 4) = −8.

Now we define the initial charge function ch(x) of x ∈ V (G×) ∪ F (G×). Let
ch(v) = d(v)−4 if v ∈ V (G×) and ch(f) = d(f)−4 if f ∈ F (G×). Note that any
discharging procedure preserves the total charge of G. If we can define suitable
discharging rules to redistribute the initial charge function ch(x) to obtain a new
charge function ch′(x) on V (G×) ∪ F (G×) such that ch′(x) ≥ 0 for all x ∈
V (G×) ∪ F (G×), then 0 ≤

∑
x∈V (G×)∪F (G×) ch

′(x) =
∑

x∈V (G×)∪F (G×) ch(x) =
−8, a contradiction. Hence, we show the nonexistence of such a counterexample
and complete the proof of Theorem 2.

For v ∈ V (G×) and f ∈ F (G×), we define the discharging rules as follows.

(R1) Let f be a false 3-face in G×. Then f receives 1
2 from each incident real

vertex.

(R2) Let f be a normal 3-face in G×. Then f receives 1
3 from each incident

vertex.

(R3) Each 7+-vertex v sends 1
15 to each adjacent heavy 6-vertex in G.

(R4) Each 8+-vertex v sends 1
5 to each adjacent heavy 5-vertex, 1

9 to each adjacent
light and bad 6-vertex in G.

(R5) Each 9+-vertex v sends 1
4 to each adjacent light 5-vertex in G.

(R6) Each 10+-vertex v sends 5
12 to each adjacent heavy 4-vertex in G.

(R7) Each 13+-vertex v sends 1
3 to each adjacent bad 5-vertex in G.

(R8) Each 15+-vertex v sends 2
3 to each adjacent 3-vertex, 5

9 to each adjacent
light 4-vertex in G.

Now we prove that ch′(x) ≥ 0 for each x ∈ V (G×) ∪ F (G×).

Let f be a face of G×. Clearly, if d(f) ≥ 4, then ch′(f) = ch(f) = d(f) − 4
≥ 0. Now we check the final charge of 3-faces in G×. If f is a false 3-face, then
f receives 1

2 from each real vertex incident with it by (R1). Thus f receives
1
2 × 2 = 1. So we have ch′(f) = ch(f) + 1 = 0. If f is a normal 3-face, then
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f receives 1
3 from each real vertex incident with it by (R2). Thus f receives

1
3 × 3 = 1. So we have ch′(f) = ch(f) + 1 = 0.

We next check the final charge of the vertex v ∈ V (G×). Since G has no
(A5), it follows d(v) ≥ 3.

Suppose d(v) = 3. Since G has no (A1), each neighbor of v is a 15+-vertex.
By (R8), v receives 2

3 × 3 = 2 from its neighbors in G. Since v is not incident
with any false 3-face by (2) of Observation 7, v sends at most 1 to the normal
3-faces by (R2). So we have ch′(f) = ch(f) + 2− 1 ≥ 0.

Suppose d(v) = 4. If v is false, then ch′(v) = ch(v) ≥ 0. Otherwise, v is real
in G×. By (3) of Observation 7, we get cr(v) ≤ 1. Since (A2) is forbidden in G,
we consider the following two cases.

If v is heavy, then ch′(v) ≥ ch(v) + 4× 5
12 − 2× 1

2 − 2× 1
3 = 0 by (R1), (R2),

(R6)–(R8).

If v is light, then ch′(v) ≥ ch(v) + 3 × 5
9 − 2 × 1

2 − 2 × 1
3 = 0 by (R1), (R2)

and (R8).

Suppose d(v) = 5. By (3) of Observation 7, we have cr(v) ≤ 1. Since (A3) is
forbidden in G, we consider the following three cases.

If v is heavy, then ch′(v) ≥ ch(v) + 5× 1
5 − 2× 1

2 − 3× 1
3 = 0 by (R1), (R2),

(R4)–(R8).

If v is light, then ch′(v) ≥ ch(v) + 4 × 1
4 − 2 × 1

2 − 3 × 1
3 = 0 by (R1), (R2)

and (R5)–(R8).

If v is bad, then ch′(v) ≥ ch(v) + 3 × 1
3 − 2 × 1

2 − 3 × 1
3 = 0 by (R1), (R2),

(R7) and (R8).

Suppose d(v) = 6. By (3) of Observation 7, we get cr(v) ≤ 1. Since (A4) is
forbidden in G, we consider the following three cases.

If v is heavy, then ch′(v) ≥ ch(v) + 5× 1
15 − 2× 1

2 − 4× 1
3 = 0 by (R1)–(R8).

If v is light, then ch′(v) ≥ ch(v) + 4 × 1
9 − 2 × 1

2 − 4 × 1
3 > 0 by (R1), (R2)

and (R4)–(R8).

If v is bad, then ch′(v) ≥ ch(v) + 3 × 1
9 − 2 × 1

2 − 4 × 1
3 = 0 by (R1), (R2)

and (R4)–(R8).

Suppose d(v) = 7. Since G has no (A4), v is adjacent to at most four heavy
6-vertices. So we have ch′(v) ≥ ch(v)− 4× 1

15 − 2× 1
2 − 5× 1

3 > 0 by (R1)–(R3)
and (3) of Observation 7.

Suppose d(v) = 8. By (3) of Observation 7, we get cr(v) ≤ 1. If nh5(v) = 0,
then we have ch′(v) ≥ ch(v)− 2× 1

2 − 6× 1
3 − 8× 1

9 > 0 by (R1), (R2) and (R4).
Otherwise, nh5(v) ≥ 1. Since (A3) is forbidden in G, nh5(v) ≤ 4. If n6(v) = 0,

then we have ch′(v) ≥ ch(v)−2× 1
2 −6× 1

3 −
nh5(v)

5 = 5−nh5(v)
5 > 0 by (R1), (R2)

and (R4). If n6(v) ≥ 1, then we have 2nh5(v) + 1 + n6(v) ≤ d(v). Therefore, we

have ch′(v) ≥ ch(v)− 2× 1
2 − 6× 1

3 −
nh5(v)

5 − n6(v)
9 = 10+nh5(v)

45 > 0 by (R1), (R2)
and (R4).

Suppose d(v) = 9. According to the definitions of heavy 5-vertex and light
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v

15+-vertex 3-vertex 15+-vertex

v

10+-vertex heavy 4-vertex

v

8+-vertex heavy 5-vertex

v

6+-vertexlight 5-vertex light 5-vertex light 5-verex

v

10+-vertex

8+-vertex 9+-vertex 9+-vertex   9+-vertex

type 1 type 2

type 6 type 7 type 8

light 4-vertex light 4-vertex

v

15+-vertex 15+-vertex

type 5

light 4-vertex light 5-vertex

v

15+-vertex 9+-vertex

type 4

15+-vertex light 4-vertex 6+-vertex

type 3

v

u u u

u u

u u u

Figure 1. Eight different types of neighbors u of vertex v.

5-vertex, it follows that every two heavy 5-vertices u and v have two common
8+-neighbors if uv ∈ E(G×) and every two light 5-vertices w and v have at least
one common 9+-neighbor if wv ∈ E(G×). Therefore, v is adjacent to at least
(nh5(v)+ 1

2nl5(v)) 8+-vertices (see type 4 and types 6–8 in Figure 1). Thus, we can
easily obtain that 3

2nl5(v)+2nh5(v)+n6(v) ≤ nl5(v)+nh5(v)+n6(v)+n8+(v) ≤ 9.

By (3) of Observation 7, we get cr(v) ≤ 1. So every 9-vertex sends at most
2 × 1

2 + 7 × 1
3 = 10

3 to incident 3-faces in G× by (R1) and (R2). Next, we can
calculate the largest possible value of the charges sent by v to adjacent 6−-vertices
in G; we deduce that 1

4nl5(v) + 1
5nh5(v) + 1

9n6(v) by (R3)–(R5). Let γ9 be the
largest possible value of the charges sent by v. We have γ9 = 10

3 + 1
4nl5(v) +

1
5nh5(v) + 1

9n6(v).

So ch′(v) ≥ ch(v)−γ9 > 0 since γ9 = 1
6(32nl5(v)+ 6

5nh5(v)+ 2
3n6(v))+ 10

3 ≤
29
6 .

Suppose d(v) = d, 10 ≤ d ≤ 12. According to the definition of heavy 4-vertex,
it follows that every two heavy 4-vertices u and v have two common 10+-neighbors
if uv ∈ E(G×). Therefore, v is adjacent to at least (nh4(v) + nh5(v) + 1

2nl5(v))
8+-vertices (see type 2, type 4 and types 6–8 in Figure 1). Thus, we can easily
obtain that 2nh4(v) + 3

2nl5(v) + 2nh5(v) + n6(v) ≤ nh4(v) + nl5(v) + nh5(v) +
n6(v) + n8+(v) ≤ d.

By (3) of Observation 7, we get cr(v) ≤ 1. So every d-vertex sends at
most 1 + d−2

3 = d+1
3 to incident 3-faces in G× by (R1) and (R2). Next, we

can calculate the largest possible value of the charges sent by v to adjacent 6−-
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vertices in G; we can deduce that 5
12nh4(v) + 1

4nl5(v) + 1
5nh5(v) + 1

9n6(v) by
(R3)–(R6). Let γd be the largest possible value of the charges sent by v. We have
γd = d+1

3 + 5
12nh4(v) + 1

4nl5(v) + 1
5nh5(v) + 1

9n6(v).

So ch′(v) ≥ ch(v) − γd = 11d−104
24 > 0 since γd = 5

24(2nh4(v) + 6
5nl5(v) +

24
25nh5(v) + 8

15n6(v)) + d+1
3 ≤

13d+8
24 .

Suppose d(v) = d, 13 ≤ d ≤ 14. Note that v may be adjacent to bad 5-vertices
and is also adjacent at least (nh4(v)+nh5(v)+ 1

2nl5(v)) 8+-vertices. According to
the above argument, it follows that 2nh4(v)+ 3

2nl5(v)+2nh5(v)+nb5(v)+n6(v) ≤
nh4(v) + nl5(v) + nh5(v) + nb5(v) + n6(v) + n8+(v) ≤ d.

By (3) of Observation 7, we get cr(v) ≤ 1. So every d-vertex sends at most
1 + d−2

3 = d+1
3 to incident 3-faces in G× by (R1) and (R2). Next, we calculate

the largest possible value of the charges sent by v to adjacent 6−-vertices in G;
we deduce that 5

12nh4(v) + 1
3nb5(v) + 1

4nl5(v) + 1
5nh5(v) + 1

9n6(v) by (R3)–(R5)
and (R7). Let γd be the largest possible value of the charges sent by v. We have
γd = d+1

3 + 5
12nh4(v) + 1

3nb5(v) + 1
4nl5(v) + 1

5nh5(v) + 1
9n6(v).

So ch′(v) ≥ ch(v)− γd = d−13
3 ≥ 0 since γd = 1

3

(
5
4nh4(v) +nb5(v) + 3

4nl5(v) +
3
5nh5(v) + 1

3n6(v)
)

+ d+1
3 ≤

2d+1
3 .

Suppose d(v) = d ≥ 15. According to the definition of light 4-vertex, it
follows that every two light 4-vertices u and v have at least one common 15+-
neighbors if uv ∈ E(G×) and every two 3-vertices u and v have two common
15+-neighbors if wv ∈ E(G×). Therefore, v is adjacent to at least (n3(v) +
nh4(v) + 1

2nl4(v)) 10+-vertices (see types 1–8 in Figure 1). Thus, we can easily
obtain that 2n3(v)+2nh4(v)+ 3

2nl4(v)+n5(v)+n6(v) ≤ n3(v)+nh4(v)+nl4(v)+
n5(v) + n6(v) + n10+(v) ≤ d.

By (3) of Observation 7, we get cr(v) ≤ 1. So every d-vertex sends at most
1 + d−2

3 = d+1
3 to incident 3-faces in G× by (R1) and (R2). Next, we calculate

the largest possible value of the charges sent by v to adjacent 6−-vertices in
G; we deduce that 2

3n3(v) + 5
9nl4(v) + 5

12nh4(v) + 1
3n5(v) + 1

9n6(v) by (R3)–
(R8). Let γd be the largest possible value of the charges sent by v. We have
γd = d+1

3 + 2
3n3(v) + 5

9nl4(v) + 5
12nh4(v) + 1

3n5(v) + 1
9n6(v).

Note that γd = 1
3(2n3(v) + 5

3nl4(v) + 5
4nh4(v) + n5(v) + 1

3n6(v)) + d+1
3 =

1
3(2n3(v)+ 3

2nl4(v)+ 5
4nh4(v)+n5(v)+ 1

3n6(v))+ 1
18nl4(v)+ d+1

3 ≤
2d+1
3 + 1

18nl4(v).

Since (A2) is forbidden in G, we have nl4(v) ≤ b23dc. Therefore, γd ≤ 19d+9
27 , we

have ch′(v) ≥ ch(v)− γd = 8d−117
27 ≥ 0.

This completes the proof of Lemma 6.

4. Proof of Theorem 2

Proof. Let G be a k-deletion-minimal graph with k = ∆(G) + 17. Then G is
2-connected by Lemma 4. By Lemma 6, there exists a vertex v ∈ V (G) with
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d neighbors v1, . . . , vd such that v admits one of configurations (A1)–(A5). Let
H = G−vv1. By the minimality of G, H has an acyclic edge k-coloring c with the
color set C={1, 2, . . . , k}. Moreover, we can choose the coloring c such that the
value of m = |C(v)∩C(v1)| is the minimum among all the acyclic edge colorings
of H.

Suppose m = 0. Since |C(v)∪C(v1)| ≤ 5 + ∆(G)− 1 = ∆(G) + 4 < k = |C|,
we have at least one available color for the edge vv1 such that no bichromatic
cycles are created. So we may assume that m ≥ 1.

Case 1. d(v) = 3. The proof of this case is similar to that of Lemma 4 in
[14], we omit it here.

Case 2. d(v) = 4. Let NG(v) = {v1, v2, v3, v4}, where d(v1) ≤ d(v2) ≤
d(v3) ≤ d(v4), d(v1) ≤ 9 and d(v2) ≤ 14. Without loss of generality, assume that
d(v1) = 9, d(v2) = 14. Let xi, i = 1, . . . , 8, be the neighbors of v1 other than v.
Let Sv = Cvv2 ] Cvv3 ] Cvv4 .

Suppose m = 1, without loss of generality, assume that c(vv4) = c(v1x1) =1.
Let F = C(v) ∪ C(v1) in H. Therefore, |C\F | = ∆(G) + 7. Then there exists
a color α ∈ C\F such that no bichromatic cycle is created in G with edge vv1
colored with α. Otherwise, for any color θ ∈ C\F , there exists a (1, θ, vv1)-critical
path under c. We have d(v4) ≥ |(C\F ) ∪ c(vv4)| = ∆(G) + 7 + 1 = ∆(G) + 8 >
∆(G), a contradiction.

When m ≥ 2, without loss of generality, assume that c(vvi+1) = c(v1xi) = i,
for i ∈ {1, . . . ,m}. Let F = C(v)∪C(v1) in H. Therefore, |C\F | = ∆(G)+6+m.
If there exists an color α ∈ C\F such that we color the edge vv1 with α and do
not create any bichromatic cycle in G, then we get an acyclic edge k-coloring of
G, a contradiction. Otherwise, for any color θ ∈ C\F , there exists an (i, θ, vv1)-
critical path for i ∈ {1, . . . ,m} under c. Therefore, there is a color β ∈ C\F with
DSv(β) ≤ 1 in Sv since ‖Sv‖ = d(v3)− 1 + d(v4)− 1 + d(v2)− 1 ≤ 2∆(G) + 11 <
2(∆(G) + 6 +m). Without loss of generality, assume that β ∈ C(v2). By Lemma
3, there is no (1, β, vv3)-critical path through v2 under c. We recolor the edge
vv3 with β to obtain an acyclic edge coloring c′ of H, but the number of common
colors on the edges incident with v and v1 is smaller, a contradiction.

Case 3. d(v) = 5. Let NG(v) = {v1, v2, v3, v4, v5}, where d(v1) ≤ d(v2) ≤
d(v3) ≤ d(v4) ≤ d(v5), d(v1) ≤ 7, d(v2) ≤ 8 and d(v3) ≤ 12. Without loss of
generality, assume that d(v1) = 7, d(v2) = 8, d(v3) = 12. Let xi, i = 1, . . . , 6, be
the neighbors of v1 other than v. Let Sv = Cvv2 ] Cvv3 ] Cvv4 ] Cvv5 .

Suppose m = 1. Without loss of generality, assume that c(vv5) = c(v1x1) =
1. Let F = C(v)∪C(v1) in H. Therefore, |C\F | = ∆(G)+8. Then there is a color
α ∈ C\F such that no bichromatic cycle is created in G with edge vv1 colored
with α. Otherwise, for any color θ ∈ C\F , there is a (1, θ, vv1)-critical path
under c. We have d(v5) ≥ |(C\F )∪ c(vv5)| = ∆(G) + 8 + 1 = ∆(G) + 9 > ∆(G),
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a contradiction.
When m ≥ 2, without loss of generality, assume that c(vvi+1) = c(v1xi) = i,

for i ∈ {1, . . . ,m}. Let F = C(v)∪C(v1) in H. Therefore, |C\F | = ∆(G)+7+m.
If there exists a color α ∈ C\F such that we color the edge vv1 with α and do
not create any bichromatic cycle in G, then we can get an acyclic edge k-coloring
of G, a contradiction. Otherwise, for any color θ ∈ C\F , there exists a (i, θ, vv1)-
critical path for i ∈ {1, . . . ,m} under c. Therefore, there is a color β ∈ C\F with
DSv(β) ≤ 1 in Sv since ‖Sv‖ = d(v5) − 1 + d(v4) − 1 + d(v3) − 1 + d(v2) − 1 ≤
2∆(G) + 16 < 2(∆(G) + 7 + m). Without loss of generality, we assume that
β ∈ C(v2). By Lemma 3, there is no (1, β, vv3)-critical path through v2 under c.
So we recolor the edge vv3 with β to obtain an acyclic edge coloring c′ of H, but
the number of common colors on the edges incident with v and v1 is smaller, a
contradiction.

Case 4. d(v) = 6. Let NG(v) = {v1, v2, . . . , v6}, where d(v1) ≤ d(v2) ≤ · · · ≤
d(v6), d(v1) ≤ 6, d(v2) ≤ 6, d(v3) ≤ 7 and d(v4) ≤ 7. Without loss of generality,
assume that d(v1) = 6, d(v2) = 6, d(v3) = 7, d(v4) = 7. Let xi, i = 1, . . . , 5, be
the neighbors of v1 other than v. Let Sv = Cvv2 ] Cvv3 ] Cvv4 ] Cvv5 ] Cvv6 .

Suppose m = 1. Without loss of generality, assume that c(vv6) = c(v1x1) =
1. Let F = C(v)∪C(v1) in H. Therefore, |C\F | = ∆(G)+8. Then there is a color
α ∈ C\F , such that no bichromatic cycle is created in G with edge vv1 colored
with α. Otherwise, for any color θ ∈ C\F , there is a (1, θ, vv1)-critical path
under c. We have d(v6) ≥ |(C\F )∪ c(vv6)| = ∆(G) + 8 + 1 = ∆(G) + 9 > ∆(G),
a contradiction.

When m ≥ 2, without loss of generality, assume that c(vvi+1) = c(v1xi) = i,
for i ∈ {1, . . . ,m}. Let F = C(v)∪C(v1) in H. Therefore, |C\F | = ∆(G)+7+m.
If there exists a color α ∈ C\F such that we color the edge vv1 with α and do not
create any bichromatic cycle in G, then we can get an acyclic edge k-coloring of
G, a contradiction. Otherwise, for any color θ ∈ C\F , there exists an (i, θ, vv1)-
critical path for i ∈ {1, · · ·,m} under c. Therefore, there is a color β ∈ C\F with
DSv(β) ≤ 1 in Sv since ‖Sv‖ = d(v6)−1+d(v5)−1+d(v4)−1+d(v3)−1+d(v2)−1 ≤
2∆(G) + 15 < 2(∆(G) + 7 + m). Without loss of generality, we assume that
β ∈ C(v2). By Lemma 3, there is no (1, β, vv3)-critical path through v2 under c.
So we recolor the edge vv3 with β to obtain an acyclic edge coloring c′ of H, but
the number of common colors on the edges incident with v and v1 is smaller, a
contradiction.

Now we consider the situation that there is no vertex v that belongs to
configurations (A1), (A2), (A3) and (A4).

Case 5. G contains a 2-vertex. We delete all the 2-vertices in G to get a
graph G′. By Lemma 5, if dG′(x) < dG(x), then dG′(x) ≥ 18. So G′ does not
contain any 2-vertex and dG′(x) = dG(x) if 3 ≤ dG(x) ≤ 6. Now we consider G′.
By Lemma 6, there exists a vertex in G′ such that at least one of (A1), (A2),
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(A3) and (A4) holds, say the vertex is v, then 3 ≤ dG′(v) ≤ 6 and dG′(v1) ≤ 14.
Thus, v1 is adjacent to at least one 2-vertex in G since dG′(x) = dG(x). This lead
to a contradiction which dG′(v1) ≥ 18 if v1 is adjacent to a 2-vertex by Lemma 5.

This completes the proof of Theorem 2.
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