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Abstract

Given an edge-coloring of a graph G, G is said to be rainbow if any
two edges of G receive different colors. The anti-Ramsey number AR(G, H)
is defined to be the maximum integer k£ such that there exists a k-edge-
coloring of G avoiding rainbow copies of H. The anti-Ramsey number for
graphs, especially matchings, have been studied in several graph classes.
Gilboa and Roditty focused on the anti-Ramsey number of graphs with small
components, especially including a matching. In this paper, we continue the
work in this direct and determine the exact value of the anti-Ramsey number
of K4 UtP; in complete graphs. Also, we improve the bound and obtain the
exact value of AR(K,,,C3 UtP) for all n > 2t 4 3.
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1. INTRODUCTION

An edge-colored graph is called rainbow if all the colors on its edges are distinct.
Let H be a graph and G be a host graph. The anti-Ramsey number AR(G, H)
is the maximum number of colors in an edge-coloring of G which has no rainbow
copy of H.

Anti-Ramsey number was introduced by Erdés, Simonovits and Sés in [5] and
considered in the classical case when G is K,,. It has been shown that the anti-
Ramsey number is closely related to the Turdn number. Originally, the complete
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graph was the host graph of the anti-Ramsey numbers. Later, the host graphs
are generalized to other graphs. The anti-Ramsey numbers of many graph classes
have been studied extensively in the complete graph, including cycles [1, 5, 19],
paths [24], cliques [23] etc.

Here we are mainly concerned with the anti-Ramsey problem for disconnected
graphs, especially the graphs with small components. One of the most important
such graph classes is matchings. Anti-Ramsey numbers for matchings in complete
graph K, have been determined independently by Schiermeyer [23] and Chen, Li
and Tu [4]. Haas and Young [8] determined the anti-Ramsey number of perfect
matchings in a complete graph. The complete split graphs contain complete
graphs as a subclass and the anti-Ramsey problem in it was determined by Jin, Ye,
Sun and Chen [16]. Jahanbekam and West [9] obtained the anti-Ramsey numbers
for t edge-disjoint perfect matchings in K, for n > 4t + 10. Researchers have also
obtained many results for matchings in bipartite graphs (see for example [11,12,
17,18] for some recent results). Besides of complete graphs and bipartite graphs
as host graphs, the anti-Ramsey number of matchings has also been studied
extensively in planar graphs [3,10,15,20,21] and hypergraphs [6,13,22,25].

Gilboa and Roditty [7] and Bialostocki, Gilboa and Roditty [2] focused on
the anti-Ramsey number of graphs with small components. Bialostocki, Gilboa
and Roditty [2] determined the anti-Ramsey numbers for all graphs having at
most four edges. Gilboa and Roditty [7] determined the anti-Ramsey numbers of
several graphs, including PsUtPs, PyUtP, and C3 UtPs, in K, for large enough
n. In this paper, we continue the study in this direction and determine the anti-
Ramsey number of K4 UtPs. Note that Gilboa and Roditty [7] determined the
value of AR(K,,,C3UtP,) for n > %H—S. Here we improve the bound and obtain
the value of AR(K,,,CsUtP;) for all n > 2t + 3.

Below we present some notions and definitions necessary in the paper. Given
an edge-colored graph G, denote by ¢(G) the set of colors of all edges of G and
c(e) the color of edge e. Also, given a subset E of E(G), we use ¢(E') to denote
the set of colors of all edges in E'. Let S and T be two disjoint subsets of V(G);
denote by [S,T] the set of all edges between S and T in G. If S = {v}, we write
[v, T] for short.

In this paper, we consider the anti-Ramsey problem in complete graphs.
Given an edge-colored graph K,,, denote by [(D) the set of colors only appearing
at the edges incident with vertices in D C V(K,,), namely, I(D) = c¢(K,)\c(K, —
D). When D = {v}, we write [(v) for short and the number of colors in I(v) is
called the saturated degree of v. If c(uv) € l(v), then we say that u saturates v.

Given an edge-colored graph K, without rainbow Hs U tP,. Suppose that
K, contains a rainbow subgraph H, a disjoint union of H; and Hs, where Hy =
(t—1)P,. Let D=V (K,)\V(H).

It is easy to check that ¢(K,[D]) C c(H). For each vertex v € D, let



RAaINBOW DISJOINT UNION OF CLIQUE AND MATCHING IN ... 955

li(H,v) = l(v) \ ¢([v,V(H2)]) and lo(H,v) = l(v) \ l1(H,v). For each vertex
v € D, denote by F, the set of edges between v and H; such that each color of
l1(H,v) is assigned to exactly one edge of it.

For each vertex v € D and an edge set FE,, let A, = {zy|zy € E(H,),{vz,vy}
C E,} and B, = {ay|zy € E(Hy), [{ve,vy} N E,| = 1}.

2. RESULT FOR K4 UtP,

Firstly, we present the result for K.
Theorem 1 [23]. AR(K,,Ks) = |2]|[%] 41 for any integer n > 4.
Theorem 2. AR(Kgs, K4 U Py) = 11.

Proof. In order to show the lower bound, first we find an edge-coloring of Ky
without rainbow Ky U P,. Let V be the vertex set of Kg. Choose a set V; =
{v1,v2,v3,v4} C V of cardinality 4 and let G be the complete subgraph of Kg
on the vertex set Vi. Let Vo = V \ V3 = {v,w}. Color all edges of G and
VU1, VU2, VU3, WV, w3 by distinct colors, color the edges vvy, wvg, wvy by c(vvy)
and color the edge vw by c(viv4). Notice that there is no rainbow K4 U P, in the
coloring (see Figure 1). And we can see that the number of colors is 11. This
implies that AR(Kg, K4 U Py) > 11.

_-oTT v T

U1 = v ---- red edge
,’/ - —— blue edge
/ Pr g —— all these edges are colored
‘: e by distinct colors other
g 4 X Aw than both red and blue

Figure 1. Edge-coloring of Kg.

Now we prove the inequality AR(Kg, K4 U Py) < 11. We only need to show
that any 12-edge-coloring of K contains a rainbow K4 U P,. On the contrary,
we assume that there is a 12-edge-coloring of Kg without any rainbow K4 U Ps.
By Theorem 1, AR(Kg, K4) = 10. So it is easy to get the graph K¢ contains
a rainbow subgraph H isomorphic to K4. Let V(H) = {v1,v2,v3,v4} and D =
V(Ks) \ V(H) = {v,w}. Hence we have c(vw) C ¢(H) and |I[(D)| = 6. It is
obvious that K¢ contains a rainbow K4U P, when there exists a vertex x € D such
that |I[(x)| = 4. Hence [{(v)| = |l(w)| = 3. If there is a vertex v; for some 1 < i < 4
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which saturates exactly one of v and w, then it is easy to find a rainbow K, U Ps.
Hence, without loss of generality, we can assume that each vertex of {vy, vy, v3}
saturates both v and w. Notice that Kg does not contain any rainbow Ky U Ps.
Consider the subgraph Kglvy,vs, vq, w] U Kglv, v2], a copy of K4 U Ps, we have
c(wvg) € c({vivg, v1v3, V304, WUT, WV, VU2}). Similarly, consider the subgraph
Kg[va, v3, v4, w] U Kgv,v1], we have c(wvs) € c({vava, vavs, v3v4, wvs, wua, vur }).
Consider the subgraph Kglvy, va, vq, w| U Kglv, v3], we have c(wvy) € c({vyvy,
V1V, UaUg, WU, W2, vv3}). This easily yields a contradiction, since ¢({viv4, viv3,
v3V4, WUT, W3, VU2 })Ne({v2vg, VU3, V3V, W3, WV, VU1 })Ne({v1v4, V1V, V2V, WU,
wvg,vv3}) = (). Hence any 12-edge-coloring of K¢ contains a rainbow Ky U P,
ie., AR(Kg, K4 U Py) < 11. m

Lemma 3. For any integer t > 1 and n > max{7,2t + 4}, AR(K,, K, UtP) >
max { | 2][2] + 1, t+1)(n—t — 1)+ (51 +1}.

Proof. In order to show the lower bound, we find an edge-coloring of K,, without
rainbow K4 UtP,. Given a complete graph K, color the edges of a spanning
subgraph K [2].[2] by distinct colors and then color all the other edges by a same
new color. So it is obvious that the edge-coloring contains L%J {%1 + 1 colors and
does not contain any rainbow K. Hence, AR(K,, K4 UtPy) > L%J {%] + 1.

Let V be the vertex set of K,,. Choose a set V7 C V of cardinality n—t—1 and
let G be the complete subgraph of K, on the vertex set V1. Color all the edges
of G by the same color and then color all the other edges by distinct new colors.
Then we get a ((t+1)(n—t—1)+ (tgl) + 1)-edge-coloring of K,,. Clearly, any
rainbow K4 contains at most two vertices of V;. Take a rainbow K4 with vertex
set {v1, v2,v3,v4}. Suppose that it contains two vertices of Vi, say v1,va € V\V;
and v3,v4 € V1. Then any rainbow ¢P; in the graph K, — {v1,v2,vs3,v4} contains
an edge with the same color as vzvs. The other cases can be verified in the same
way. In a word, there is no rainbow K4 UtP; in the coloring. This implies that

AR(K,, Ky UtPy) > (t+1)(n —t—1)+ (tJer) ey L

Let t,, be the integer part of smaller root of L%J (%1 +1=(@t+Dn—t—1)+
(“31)) + 1. By calculation, we can get

— g, if n:2k;

\\(2n—3)—\/2(n—1)2—1J _ (2n-3)—/2(n—1)2—1
2 - 2

ty, =

where 0 < a1 < 1,0 < as < 1. We have the following result.
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Theorem 4. For any integer n > max{7,2t + 4}, AR(K,,, K4 UtP;) = f(n,t),

where
_ [18l15]+1 sost
f(”’“‘{<t+1><n—t—1>+<tzl>+17 >

Next we prove this theorem by induction on ¢ and n. From Lemma 3, we
only need to show that each (f(n,t)+ 1)-edge-coloring of K,, contains a rainbow
K, UtP,. We divide the proof into the following subsections.

2.1. Proof for the case t =1

By Lemma 3, we have AR(K,,, K4UP,) > max { L%J {%1 +1,2n — 2} = L%J [%1 +
1. Now we prove the inequality AR(K,, K4 U Py) < [%J [%1 + 1. When n =7,
we assume that there is a 14-edge-coloring of K7 which doesn’t contain any
rainbow K4 U P. By Theorem 1, it is easy to get that the graph K7 con-
tains a rainbow subgraph H isomorphic to Ky. Let V(H) = {v1,v2,v3,v4}
and D = V(K;) \ V(H) = {u,v,w}. Hence we have ¢(K7[D]) C ¢(H) and
|I(D)| = 8. It is obvious that K7 contains a rainbow K4 U P, when there ex-
ists a vertex x € D such that |I(z)| = 4. Hence, without loss of generality, we
can assume that |[(v)| = |[[(w)| = 3 and |l(u)| = 2. If there is a vertex v; for
some 1 < ¢ < 4 which saturates exactly one of v and w, then it is easy to find
a rainbow K4 U P». Hence we can assume that each vertex of {vy, vy, v3} sat-
urates both v and w. Notice that K7 does not contain any rainbow Ky U Ps.
Consider the subgraph K7[vi,vs,vs, w] U K7[v,v2], a copy of K4 U Ps, we have
c(wvg) € c({vivg, v1v3, V304, WUT, WV, VV2}). Similarly, consider the subgraph
K7[va, v3,v4, w] U Kr[v,v1], we have c(wvy) € c({vava, vovs, v3v4, wvs, wua, vu; }).
Consider the subgraph K7[v1, v, v4, w|UK7[v, v3], we have c(wvy) € c({vivg, v1v2,
vaU4, WU, W2, vv3}). This easily yields a contradiction, since ¢({viv4, v1v3, V304,
w1, wus, vve })Ne({vavy, vovs, V3V, WU3, W2, VU1 }) Ne({v1vy, V1V2, VoV, WU, WV,
vusz}) = 0. Hence any 14-edge-coloring of K7 contains a rainbow Ky U P, i.e.,
AR(K7,K4 U Py) < 14. This completes the proof of theorem when n = 7 and
t=1.

Let n > 8 and ¢ be a (L%J [%W + 2)—edge—coloring of K,. We assume that
¢ does not contain any rainbow K4 U P»>. Notice that the graph K, contains a
rainbow subgraph H isomorphic to K4. Let D = V(K,) \ V(H) and it is easy
to check that ¢(K,[D]) C ¢(H). Clearly, any subgraph K, _; has no rainbow
K4 U tPy. Then by the induction hypothesis on n, we have that |c(K,—1)| <
L”T_lJ [”T_lw + 1. Hence the saturated degree of each vertex v of K, satisfies

worz (317319~ (|55 1)

Notice that if n = 2k, the saturated degree of each vertex of K, is at least
k+1=35+1. If n=2k+1, the saturated degree of each vertex of K, is at least
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k+1= ”T“ Hence we only need to check the cases n = 2k and n = 2k + 1 and
below we distinguish these two cases.

Case 1. n = 2k. It is obvious that K, contains a rainbow K4 U P, when
there exists a vertex v € D such that |l(v)] = 4. Hence for any v € D, we
have k +1 < |i(v)] < 3. Hence n < 4, a contradiction. So when n = 2k,
AR(Kyn, K4 U Py) < | 3][5] + 1.

Case 2. n = 2k + 1. It is obvious that K, contains a rainbow K, U P,
when there exists a vertex v € D such that |I(v)| = 4. Hence for any v € D, we
have k + 1 < |l(v)| < 3. Hence n < 5, a contradiction. So when n = 2k + 1,
AR(K,,K4U Py) < |%|[%] + 1. This completes the proof of the theorem.

2.2. Proof for the case 2 <t < t,

Now we prove the inequality AR(Ky, K4 UtP) < [5|[%] +1. Let c be a
(L%J {%] + 2)—edge—coloring of K,. Then we assume that ¢ does not contain
any rainbow Ky U tP,. Since |%|[2] +2 > AR(K,, K4 U (t — 1)P,), we have
that ¢ contains a rainbow subgraph H, a disjoint union of H; and Hs, where
Hy = (t—1)P, and Hy = K4. Let D = V(K,,) \ V(H) and it is easy to check
that ¢(K,[D]) C ¢(H). Clearly, any subgraph K,_; has no rainbow Ky U tP;.
Then by the induction hypothesis on n, we have that

LanlJ [”Tflw + 1, if ¢ <tp1;

AR(Kp_1, K4 UtPy) =
oo i) {(t+1>(n—t—2>+(t§1)+17 >t

Notice that when n = 2k,

[\GI[eV]

(2n—3)—2(n—-1)2  (2n—-3)—2(n—-1)2-1 < (2n —3) — (V2n? —
2 2 - 2

When n =2k + 1,

(2n—3)—(\/ﬁ—1)<(2n—3)— 2(n—12+1 _ (2n—3) — /2(n — 1)2
2 - 2 - 2 '

Hence we can get when n = 2k,

).

IN

2n—3)—\2n—-12-1 (2Mn—-1)-3)—/2(n—-22+1

2 2

- (2n=3)—2(n-1)> (2(n—1)-3)—/2(n—2) :2—\/§>0.
2 2 2

When n = 2k 4+ 1, we have

2n—3)—2m—12+1 (2n—1)—3)—2n—-22—-1

2 2
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Loy (VIR C-1-3)- (V- 1P-9)  §-vE
- 2 2 2
Hence when n = 2k or n = 2k + 1, we have t,, —t,_1 > 0.
Suppose

{(2n_5)_%mJ e S N R
{(2n5)\/2mJ (2n—5)— \/Q(TLTJF1 — By, ifn—1=2k-1

tn—l =

where 0 < 81 < 1 and 0 < B3 < 1. Therefore when n = 2k, we can get

(2n—3)—< an—g)

tn —th—1 < 9 —Qaq
(2(n—1)—3)—( 2(n—1)2—1)
- 5 — B2
1+ 32 -2
§22\[+ﬁ2—a1<2-
When n =2k + 1, we can get
2n —3) — /2(n —1)2 2(n—1) = 3) — /2(n —2)2
Y10 BV S B | B I
2—2
< \[+,81*O[2<2.

- 2
Hence we get 0 <t,, —t,—1 < 1.

Notice that if t < ¢,_1, then AR(K,_1, K4 UtP;) = LTlﬂ W + 1. If
t>ty_1, then AR(K,,—1, K4UtPy) = (t+1)(n—t—1)+ (tH) +1. Hence we only
need to check the casest < t,_1 and t > t,_1 and below we distinguish these two
cases.

Case 1. t < t,_1. Notice that AR(K,—1,K4 UtPy) = |25 [25L] + 1
for any t < t,_1. Since ¢ does not contain any rainbow Ky U tP,, we have
le(Kn-1)| < |%2][252] + 1. Hence the saturated degree of each vertex of K, is
at least (L J [ ] + 2) — (VLT_IJ [”T_w + 1). Notice that the lower bound above
is different when n is even or odd. Hence we need to check the cases n = 2k and

n = 2k + 1 and below we distinguish these two cases.

Subcase 1.1. n = 2k. Since n > 4 + 2t, we can get |D| > 2. In this case, the
saturated degree of each vertex of K, is at least

s ) - (][] ) o=t
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Also it follows from |I(v)| > § 41 > 4 that |I;(H,v)| > 0 for each v € D. For each
v € D and E,, by |l(v)] > k+1, we have 2|A,|+ |By| > (k+1)— |V (Hy)| = k—3.

Suppose that there exists a vertex v € D and a set E, such that A, = (). By
[(v) > k+1, we have | B,| > k—3. So |[V(H)| > 2|By|+|V (H2)| > 2k—6+4 = n—2.
This implies that |D| = 2 and hence n = 2t + 4. Let D = {v,w}. Hence
the equalities above must hold. This implies that |B,| = k — 3 and |V(H)| =
2t+2 =n—2 = 2k —2. Then |B,] = k—3 =t — 1. Thus we have that
c({vvr, vug, vuz,voa}) C l(v) and c(vv;) # c(vv;) for ¢ # j. If there is a set E,,
such that A, # (), then it is easy to find a rainbow K4 UtP,. So we can assume
that A, = 0 for any set F,,. Since [(w) > k+ 1 and |B,| <t—1=Fk — 3, we
have that c({wvy, wve, wvs,wvs}) C I(w) and c(wv;) # c(wv;) for ¢ # j. Then
we get that K, [v1,ve,vs,v]U Ky [vg, w]U Hy is a rainbow K4 UtPy. Hence we can
assume that A, # () for each vertex x € D and any set E,.

Suppose that B, = ) for each vertex x € D and any set E,. Hence for each
vertex © € D and any set Ey, by |I(z)| > k+ 1, we have 2|A;| > k — 3. Take two
vertices v,w € D. When A, N A, # 0, it is easy to find a rainbow K4 UtP,. So
we can assume that A, N A, = 0, and then

[V(H)| > 2|Ay| + 2|Aw| + |[V(H2)| > (k—=3)+ (k—3)+4=n—2.

This implies that |D| = 2, i.e., D = {v,w}. Hence the equalities above must hold.
This implies that 2|A,| = 2|Ay| = k—3. Thus we have that c({vv1, vva, vus, vus})
C l(v), c{wvr, wvg, wvs, wus}) C l(w) and c(vv;) # c(vvy), c(wv;) # c(wv;) for
i # j. Then we get that K,[v1,va, v3,v] U Ky[vg, w] U Hy is a rainbow Ky U tPs.

Hence there is a vertex v € D and a set F, such that B, # (. Take any
vertex w € D, w # v, and any set E,,. When (4,UB,)N(A,UBy,) = 0, we have

|V(H)| = 2|Av| + 2|Bv’ + 2‘Aw‘ + 2‘Bw’ + |V(H2)|
> (k—=3+|By|)+ (k=34 |Bu|) +4
=n—2+|By| + |Buw| >n—2,

a contradiction. This implies that (4, U B,) N (A, U By) # 0. If A, N (A, U
By) # 0 or Ay, N (A, U B,) # (), we can easily find a rainbow Ky U tP,. Hence
Ay N (Ay U By) =0 and A, N (A, U B,) = (0. This implies that A, N A, = 0,
A,NBy, =0, B,NA, =0 and B, N By, # 0. When there exists an edge in
B, N By, such that F, and F,, cover distinct vertices of it, then it is easy to find
a rainbow K4UtP,. So we can assume that F, and F,, cover one identical vertex
of each edge in B, N B,,, then we have

[V(H)| = 2|Ao| + 2| By| + 2| Aw| + 2(|Bw| — [By N Bul) + [V (H2)]

> (k=34 |By|) + (k — 3+ |By| — 2|By N By|) + 4
=1 — 2+ |By| + |Bu| — 2|By N By| > n— 2.
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Since |D| > 2, it follows that |D| = 2. Hence D = {v,w} and |B,| = |By| =
| B, N By,|. Hence the equalities above must hold. This implies that 2|A,|+|B,| =
k —3 and 2|Ay| + |Bw| = k — 3. Thus we have that c({vvy, vva, vus,vus}) C l(v),
c({wvr, wvg, wug,wus}) C l(w) and c(vv;) # c(vvj), c(wy;) # c(wv;) for i # j.
Then we get that K, [v1,va, v3,v] U Ky[vg, w] U Hy is a rainbow Ky U tPs.

Subcase 1.2. n = 2k + 1. Together with n > 4 + 2t, we can get |D| > 3. In
this case, the saturated degree of each vertex of K, is at least

(12]72] (V-l”n—ﬂﬂ):kﬂzn;l.

Also it follows from |I(v)| > 2L > 4 that |I;(H,v)| > 0 for any v € D. For each
v € D and any set E,, by |l(v )| kE+1, we have 2|A,|+|By| > (k+1)—|V(H2)| =
k — 3.

Suppose that there exists a vertex v € D and a set E, such that A, = (). By
[(v) > k+1, we have |B,| > k—3. So |V(H)| > 2|B,|+|V (Hz2)| > 2k—6+4 = n—3.
This implies that |D| = 3. Hence the equalities above must hold. This implies
that |B,| =k—3and |V(H)| =2t+2 =n—3 =2k—2. Then |B,|=k—3 =t—1.
Thus we have that c¢({vvi,vve, vuz,vva}) C I(v) and c(vv;) # c(vv;) for i # j.
Take any vertex w € D and w # v. If there is a set F, such that A, # 0,
then it is easy to find a rainbow K4 U tP;. So we can assume that A, = ()
for any set E,. Since l(w) > k+ 1 and |By,| <t —1 = k — 3, we have that
c({wvr, wva, wug,wvs}) C I(w) and c(wv;) # c(wv;) for i # j. Then we get that
Ky [v1,v9,v3,v]U K, [vg, w]U Hy is a rainbow K4UtP,. Hence we can assume that
A, # 0 for each vertex x € D and any set E,.

Suppose that B, = () for each vertex x € D and any set E,. Hence for any
vertex © € D and any set Ey, by |I(z)| > k+ 1, we have 2|A,| > k — 3. Take two
vertices v,w € D. When A, N A, # 0, it is easy to find a rainbow Ky UtP,. So
we can assume that A, N A, = 0, and then

V(H)| > 2| Ay + 2| Aw| + [V(Ho)| > (k —3) + (k—3) + 4 =n — 3.

This implies that |D| = 3. Hence the equalities above must hold. This im-
plies that 2|A4,| = 2|A,| = k — 3. Thus we have that c({vvi,vva, vu3,vus}) C
[(v), c({wvr, wve, wvs, wua}) C l(w) and c(vv;) # c(vvy), c(wv;) # c(wv;) for
i # j. Then we get that K,[v1,va, v3,v] U Ky[vg, w] U Hy is a rainbow Ky U tPs.

Hence there is a vertex v € D and a set F, such that B, # (). Take any
vertex w € D, w # v, and any set E,,. When (4,UB,)N(A,UB,) =0, we have

[V(H)| = 2|Ay| + 2| By| + 2[Aw| + 2|By| + [V (Ha)|
> (k—=3+|By|)+ (k=34 |Bu|) +4
=n—3+|By| + |Bw| >n—3,
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a contradiction. This implies that (4, U B,) N (A, U By) # 0. If A, N (A, U
By) # 0 or A, N (A, U B,) # (), we can easily find a rainbow Ky U tP,. Hence
Ay, N (Apy UBy) =0 and Ay N (A, U By) = (. This implies that A, N A, = 0,
A,NBy, =0, B,N Ay, = 0 and B, N B, # 0. When there exists an edge in
B, N By, such that E, and F,, cover distinct vertices of it, then it is easy to find
a rainbow K4 UtP,. So we can assume that F, and E,, cover one identical vertex
of each edge in B, N By, then we have

[V(H)| = 2|Av| 4 2[By| + 2[Aw| + 2(|Bw| — | By N By|) + [V (Ha)|
> (k=34 Bul) + (k— 3+ Bl — 21By 0 Bul) + 4
=n—3+|By|+ |Bw| — 2|B, N By| >n— 3.

Since |D| > 3, it follows that |D| = 3. So |By| = |Bw| = |By N By|. Hence the
equalities above must hold. This implies that 2|A4,| + |By| = k — 3 and 2|4, | +
|Bw| = k — 3. Thus we have that c({vvi,vva, vus,vus}) C I(v), c({wvr, wva, wos,
wug}) C l(w) and c(vy;) # c(vv)), c(wwv;) # c(wvy) for i # j. Then we get that
Ky v, v, v3,v] U Ky [vg, w] U Hy is a rainbow Ky U tPs.

Case 2. t > t,_1. From 0 < t, —t,1 < 1l and t < t,, we have t =
tn = tn—1 + 1. Then AR(K,_1,K4UtPy) = (t+1)(n—2—1t)+ ("})) + 1. So
le(Kp—1)| < (t+1)(n—2—1t) + (tgl) + 1. Hence the saturated degree of each
vertex of K, is at least (|5 |[2] +2) — (t+1)(n—2—1¢)+ (t;rl) +1).

When n = 2k,

(2n—3)—/2(n—-1)2-1

t:tn: B — (1.
We can get
" t TR L AN S
——n—-nt—nog+ —+—+ -+t + — =0.
4 T Ty T 1T

Hence we have that for each vertex v € V(K,,),

1o (|5]5]+2) - (4 vee-2-0+ ("51) +1)

_ b2l sy LR S SO
—4 n n 9 9 = noq 9 a1 9 = .

When n = 2k + 1,

2n—3) —\/2(n—1)2+1
t:tn:(n 3) 2(n )%+ .
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We can get

n? 3t 3ay 2 a3

——n—-nt—na+ -+ —+ 5 +taa+ =+ - =0

3
4 2 2 T2 2 4

Hence we have that for each vertex v € V(K,,),

[(v)] = (LgJ [%W +2) - <(t+1)(n—2—t)+ <t;1> +1>

n?2 t+5t+t2+3 1

=—-n—nt+ -+ - - =

4 2 2 4
2

=t+na2—@—m2—%+22t+2.
2 2
Hence we have the saturated degree of each vertex v of K, is at least ¢ + 2.
Since K, does not contain any rainbow K, UtPs, we have that for v,w € D and
sets Ey, By, c(yw) ¢ l1(H,w) if c(xv) € ly(H,v) for any xy € H;. This implies
that |l;(H,w)| < 2(t — 1) — |l1(H,v)|. Next we distinguish cases on |lo(H,v)| for
veD.

Subcase 2.1. There is a vertex v € D and a set E, such that |la(H,v)| <
1. Let w € D and w # v and take a set E,. Since |l2(H,v)| < 1, we have
|li(H,v)] > (t+2)—1=1t+1. Then |1 (H,w)| <2(t —1) — |l1(H,v)| <t—3.
Hence |lo(H,w)| > 5, a contradiction.

Subcase 2.2. There is a vertex v € D and a set E, such that |l2(H,v)| =
2. Let w € D and w # v and take a set E,. Since |l2(H,v)| = 2, we have
|li(H,v)| > (t+2)—2=t. Then |l1(H,w)| <2(t—1)—|l1(H,v)| <t—2. Hence
|lo(H,w)| = 4. Tt is obvious that we can find a rainbow K, UtPs, a contradiction.

Subcase 2.3. There is a vertex v € D and a set E, such that |lo(H,v)| =
4. Let w € D and w # v and take a set E,. Since |lo(H,v)| = 4, we have
|li(H,v)| > (t+2)—4=1t—2. Then |1 (H,w)| <2(t—1) — |l1(H,v)| <t. Hence
|l2(H,w)| > 2. It is obvious that we can find a rainbow K4 UtP,, a contradiction.

Subcase 2.4. For any = € D, |lo(H,z)| = 3. Then |l1(H,z)| > t — 1 for
each x € D. Take any two vertices v,w € D. Since |l1(H,v)| > t — 1, we have
|i(H,w)| < 2(t—1) — [lh(H,v)| < t—1. Then |l;(H,w)| =t — 1 and hence
|li(H,z)| =t—1 for any x € D.

Suppose that there exists a vertex v € D and a set E, such that A, = 0.
By |li(H,v)| = t — 1, we have |B,| =t — 1. Take any vertex w € D, w # v,
and any set E,. Since c(yw) ¢ l1(H,w) if ¢(xv) € I1(H,v) for any xy € Hj,
by |B,| =t — 1, we have |A,| = 0 and |By| = t — 1. Moreover, both E, and
FE,, cover exactly one identical vertex of each edge in H;. If there is a vertex v;
for some 1 < ¢ < 4 which saturates exactly one of v and w, then it is easy to
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find a rainbow K4 UtP,. Hence, without loss of generality, we can assume that
each vertex of {vy, ve,v3} saturates both v and w. Since K, does not contain any
rainbow K4 UtP,, we have c(vw) € ¢(H).

Suppose that c(vw) = c(zy), xy € Hy with x € V(H;)\(V(By,)NV(E,)). For
any edge xz with c(xz) € I(z), we have z € (V(B, \ {zy}) NV (E,))U{v1,va,v3},
otherwise we can get a rainbow Ky UtPs. Sot+2 < |l(z)] < |(V(By \ {zy}) N
V(Ey)) U{vi,v2,v3} =1t + 1, a contradiction.

Hence c(vw) € ¢(Hz). Notice that K,, does not contain any rainbow KUt Ps.
Consider the subgraph K, [ve, v, v, w]UK,[v1,v4]UH7, a copy of K4UtPs, we have
c(vw) € {c(vavs),c(vivg)}. Similarly, consider the subgraph K, [vi,va, v, w] U
Ky [vs, v4] U Hy, we have c(vw) € {c(viv2), c(vsvg)}. This easily yields a contra-
diction, since {c(v1vy), c(vavg)} N {c(vive), c(vsvg)} = 0.

Hence we can assume that A, # ) for each vertex x € D and any set F.
Take two vertices v,w € D. Notice that for any sets E,, Ey, c(yw) ¢ l1(H,w)
if c(zv) € l1(H,v) for any zy € Hy. By |[LW(H,v)| = |L(H,w)] =t — 1, we
can deduce that |A,| = |Ay| and |B,| = |Byl|. If there is a vertex v; for some
1 <4 < 4 which saturates exactly one of v and w, then it is easy to find a rainbow
K, UtPy. Hence, without loss of generality, we can assume that each vertex of
{v1,v2,v3} saturates both v and w. Then for any edge zy € A, and any edge =z
with ¢(zz) € l(x), we have z € (V(4,)\{z})U{v}U(V(B,)NV(E,))U{v1,ve,v3},
otherwise we can get a rainbow K4UtP,. Sot+2 < |l(z)| < [(V(A4y)\{z})U{v}U
(V(By) NV (Ey)) U{v1,v2,v3}| =t + 2. Hence the equality holds, which implies
that [(x) = c({zz]z € (V(Ay)\{z})U{v}U(V(B,)NV(E,))U{v1,v2,v3}}) and the
edge set {zz|z € (V(A,) \{z})U{v}U(V(By,) NV (E,))U{v1,v2,v3}} is rainbow.
Similarly, £(y) = c({y2]2 € (V(4,)\ {y}) U {0} U(V(By) 1V (E,) Ufor, 03, vs}})
and the edge set {yz|z € (V(A,) \{y}) U{v} U(V(B,) NV (Ey))U{vi,ve,v3}} is
rainbow. Hence we can get that K, [v1, z, y, v]| U Ky [va, v U Ky [vs, w] U (Hy — xy)
is a rainbow Ky U tP;.

2.3. Proof for the case t > t,,

Now we prove the inequality AR(K,,, K4UtP,) < (t+1)(n—1—1)+ (tgl) + 1.
By the induction hypothesis we have

AR(KmK4U(t—1)P2): L2J|72~|
tn—t)+ () +1, if t—1>t,

Let cbea ((t+1)(n—1—t)+ (tgl) +2)-edge-coloring of K,,. We assume that
¢ does not contain any rainbow Ky UtP,. Since (t+1)(n —1—1¢) + (tH) +2>
AR(K,,K4U(t—1)P) whent —1 =1, or t — 1 > t,, so it is obvious ¢ contains
a rainbow subgraph H, a disjoint union of Hy and Hj, where Hy; = (t — 1) P> and
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Hy = Ky4. Let D = V(K,,) \ V(H) and it is easy to check that ¢(K,[D]) C ¢(H).
Clearly, any subgraph K,_1 has no rainbow K4 U tP». Then by the induction
hypothesis on n, we have that |¢(K,—1)| < (t+1)(n—2—1t)+ (t;rl) + 1. Hence
the saturated degree of each vertex v of K, satisfies

t+1
2

t+1

l(v) > ((t+1)(n—1—t)+< 5

>+2)—((t+1)(n—2—t)+< >+1):t+2.

Since K, does not contain any rainbow K4 U tP,, we have that for v,w € D
and sets E,, By, c(yw) ¢ Iy (H,w) if ¢(xv) € l1(H,v) for any zy € Hy. This
implies that |l (H,w)| < 2(t — 1) — |[l1(H,v)|]. Next we distinguish cases on
|lo(H,v)| for v € D.

Case 1. There is a vertex v € D and a set E, such that |lo(H,v)| < 1. Let
w € D and w # v and take a set E,,. Since |l2(H,v)| < 1, we have |l;(H,v)| >
(t+2)—1=1t+1. Then |L(Hw) < 2(t—1)—|lh(H,v)| < t—3. Hence
|l2(H,w)| > 5, a contradiction.

Case 2. There is a vertex v € D and a set E, such that |lo(H,v)| = 2. Let
w € D and w # v and take a set E,,. Since |lo(H,v)| = 2, we have |l;(H,v)| >
(t+2)—2=t. Then |H(H,w)| <2(t—1)—|li(v)] <t—2. Hence |l2(H,w)| = 4.
It is obvious that we can find a rainbow K4 U tPs, a contradiction.

Case 3. There is a vertex v € D and a set E, such that |lo(H,v)| = 4. Let
w € D and w # v and take a set E,,. Since |l2(H,v)| = 4, we have |l;(H,v)| >
(t+2)—4 =t—2. Then |l1(H,w)| < 2(t—1)—|l1(H,v)| <t. Hence |lo(H,w)| > 2.
It is obvious that we can find a rainbow Ky U tP,, a contradiction.

Case 4. For any = € D, |la(H,z)| = 3. Then |l1(H,z)| > t — 1 for each
x € D. Take any two vertices v,w € D. Since |l;(H,v)| > t — 1, we have
|(H,w)| < 2(t—1) — |[li(H,v)] < t—1. Then |l(H,w)] = t—1 and hence
|li(H,z)| =t—1 for any x € D.

Suppose that there exists a vertex v € D and a set E, such that A, = 0.
By |li(H,v)| =t — 1, we have |B,| =t — 1. Take any vertex w € D, w # v,
and any set E,. Since c(yw) ¢ l1(H,w) if ¢(zv) € [1(H,v) for any xy € Hj,
by |By| =t — 1, we have |Ay| = 0 and |B,| = ¢t — 1. Moreover, both E, and
E,, cover exactly one identical vertex of each edge in Hy. If there is a vertex v;
for some 1 < ¢ < 4 which saturates exactly one of v and w, then it is easy to
find a rainbow K4 UtP,. Hence, without loss of generality, we can assume that
each vertex of {v1, v9,v3} saturates both v and w. Since K, does not contain any
rainbow K4 U tP,, we have c(vw) € ¢(H).

Suppose that c(vw) = c(zy), xy € Hy withx € V(H;)\ (V(By)NV(E,)). For
any edge xz with c¢(zz) € I(x), we have z € (V(B, \ {zy}) NV (E,)) U{v1,v2,v3},
otherwise we can get a rainbow Ky UtPa. Sot+2 < |l(z)] < |(V(By \ {zy}) N
V(Ey)) U{v1,ve,v3} =t + 1, a contradiction.
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Hence c(vw) € ¢(Hz). Notice that K,, does not contain any rainbow KUt Ps.
Consider the subgraph K, [va, v3, v, w]UK,[v1,v4]UH7, a copy of K4UtP,, we have
c(vw) € {c(vavs),c(vivyg)}. Similarly, consider the subgraph K,[vi,va, v, w] U
Ky [vs, v4] U Hy, we have c(vw) € {c(v1v2), c(vsvg)}. This easily yields a contra-
diction, since {c(v1vy), c(vavz)} N {c(viva), c(vzvy)} = 0.

Hence we can assume that A, # () for each vertex z € D and any set E,.
Take two vertices v,w € D. Notice that for any sets E,, Ey, c(yw) ¢ l1(H,w)
if c(zv) € l1(H,v) for any zy € Hy. By |[W(H,v)| = |L(H,w)] =t —1, we
can deduce that |A,| = |Ay| and |B,| = |Byl|. If there is a vertex v; for some
1 < i < 4 which saturates exactly one of v and w, then it is easy to find a rainbow
K, UtPs. Hence, without loss of generality, we can assume that each vertex of
{v1, v2,v3} saturates both v and w. Then for any edge zy € A, and any edge xz
with ¢(zz) € l(x), we have z € (V(Ay) \{z})U{v}U(V(B,)NV(E,))U{v1, va,v3},
otherwise we can get a rainbow K,UtP,. Sot+2 < |l(z)| < [(V(4y)\{z})U{v}U
(V(By) NV (E,)) U{v1,v2,v3}| =t + 2. Hence the equality holds, which implies
that I(z) = c({zz|z € (V(Ay)\{z})U{v}U(V(B,)NV(E,))U{v1,v2,v3}}) and the
edge set {xz|z € (V(Ay) \{z}) U{v}U(V(B,)NV(E,))U{v1,v,v3}} is rainbow.
Similarly, I(y) = c({yzlz € (V(Ay) \{y}) U{v} U(V(By) NV (Ey,)) U{v1, v2,v3}})
and the edge set {yz|z € (V(A,) \ {y}) U{v} U (V(B,) NV (E,))U{v1,v2,v3}} is
rainbow. Hence we can get that K, [v1, z,y, v]U Ky [ve, v4) U Ky [vs, w]U (Hy — zy)
is a rainbow K4 UtPs, a contradiction. This completes the proof of the result.

3. RESULT FOR C3UtP,

Bialostocki, Gilboa and Roditty [2] proved the following theorem for C5 U Ps.
Theorem 5 [2]. AR(K,,C3U P,) = max{n,6} for any n > 5.

Moreover, Gilboa and Roditty [7] obtained the result for C3 UtP,, t > 1, in
K, for large enough n.

Theorem 6 [7]. For any integers t > 1 and n > 5t +5, AR(K,,C3 UtP;) =
tin—t)+ (3) + L.

Here, we show that the formula in the theorem above holds for all n >
max{6, 2t + 3}.

Theorem 7. For any integers t > 2 and n > 2t + 3, AR(K,,C3 U tP,) =
tn—t)+ (3) + L.

Proof. In order to show the lower bound, we find an edge-coloring of K, without
rainbow C3 U tP,. Let V be the vertex set of K,. Choose a set V; C V of
cardinality n — ¢ and let G be the complete subgraph of K, on the vertex set
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V1. Color all the edges of G by the same color and then color all the other edges
by distinct new colors. Then we get a (t(n —t) + (3) + 1)-edge-coloring of K.
Clearly, any rainbow C3 contains at most two vertices of V;. Take a rainbow
C3 with vertex set {vi,ve,v3}. Suppose that it contains two vertices of Vi, say
vy € V\ V; and ve,v3 € V5. Then any rainbow ¢Ps in the graph K,, — {v1, va, v3}
contains an edge with the same color as vovs. The other cases can be verified
in the same way. In a word, there is no rainbow K4 U tP, in the coloring. This
implies that AR(K,,,C3 UtP,) > t(n—t) + (3) + 1.

We prove this by induction on ¢ and n. When t = 1, by Theorem 5,
AR(K,,C3UP,) = nfor any n > 6. Now let t > 2 and c be a (t(n—1t) + (5) +2)-
edge-coloring of K,,. We need to show that ¢ contains a rainbow C3 U tFP,. On
the contrary, we assume that ¢ does not contain any rainbow C3 U tP>. By
the induction hypothesis on ¢, it is obvious that ¢ contains a rainbow subgraph
H, a disjoint union of Hy; and Hs, where H; = (t — 1)P» and Hy = C3. Let
D =V (K,)\V(H). Clearly, any subgraph K, _; has no rainbow C3UtP. Then
by the induction hypothesis on n, we have |c¢(K,—1)] < t(n —1—1t) + (;) + 1.
Hence the saturated degree of each vertex v of K,, satisfies

|l(v)|2(t(n—t)—i—<;>+2)—(t(n—1—t)+(;)—i—l)zt—i—l.

Since K, does not contain any rainbow C'3 U tP», we have that for v,w € D
and sets E,, By, c(yw) ¢ 1 (H,w) if ¢(xv) € l1(H,v) for any zy € Hy. This
implies that |l3(H,w)| < 2(t — 1) — |[l1(H,v)|]. Next we distinguish cases on
|la(H,v)| for v € D.

Case 1. There is a vertex v € D and a set E, such that |lo(H,v)| = 0. Let
w € D and w # v and take a set E,,. Since |l2(H,v)| = 0, we have |l;(H,v)| >
t+ 1. Then |l;(H,w)| < 2(t —1) — |[l1(H,v)| < t—3. Hence |l2(H,w)| > 4, a
contradiction.

Case 2. There is a vertex v € D and a set E, such that |lo(H,v)| = 1. Let
w € D and w # v and take a set E,,. Since |lo(H,v)| = 1, we have |l;(H,v)| >
(t+1)—1=+t. Then |} (H,w)| <2(t—1)—|l1(H,v)| < t—2. Hence |lo(H,w)| = 3.
It is obvious that we can find a rainbow C3 U tP,, a contradiction.

Case 3. There is a vertex v € D and a set E, such that |lo(H,v)| = 3. Let
w € D and w # v and take a set E,,. Since |l2(H,v)| = 3, we have |l;(H,v)| >
(t+1)—3 =t¢—2. Then |l;(H,w)| < 2(t—1)—|l1(H,v)| < t. Hence |lo(H,w)| > 1.
It is obvious that we can find a rainbow C3 U tPs, a contradiction.

Case 4. For any = € D, |ls(H,z)| = 2. Then |l1(H,z)| > t — 1 for each
x € D. Take any two vertices v,w € D. Since |l;(H,v)| > t — 1, we have
|h(H,w)| < 2(t—1) — |lh(H,v)|] < t—1. Then |l;(H,w)] = t—1 and hence
|l1(H,z)| =t—1 for any z € D.
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Suppose that there exists a vertex v € D and a set F, such that A, = 0.
By |l1(H,v)| =t — 1, we have |B,| = t — 1. Take any vertex w € D, w # v,
and any set E,,. Since c(yw) ¢ l1(H,w) if ¢(zxv) € I1(H,v) for any zy € Hy, by
|By| =t — 1, we have |4,| = 0 and |B,| = t — 1. Moreover, both E, and E,,
cover exactly one identical vertex of each edge in Hy. If there is a vertex v; for
some 1 < i < 3 which saturates exactly one of v and w, then it is easy to find
a rainbow C3 U tP,. Hence, without loss of generality, we can assume that each
vertex of {v1, ve} saturates both v and w. Since K,, does not contain any rainbow
C3 UtP,, we have c(vw) € ¢(H).

Suppose that c(vw) = c(zy), zy € Hy with x € V(Hy) \ (V(B,) NV(Ey)).
For any edge zz with c(xz) € l(x), we have z € (V(B, \{zy}) NV (E,))U{v1, v},
otherwise we can get a rainbow C3 UtP,. Sot+ 1 < [l(z)| < |[(V(By \ {zy}) N
V(Ey)) U{v1,v2}| = t, a contradiction.

Hence c(vw) € ¢(Hs). Notice that K,, does not contain any rainbow C3UtPs.
Consider the subgraph K, [vs, v, w|U K,[v1,v3] U Hy, a copy of C5 UtP,, we have
c(vw) = ¢(v1v3). Similarly, consider the subgraph K, [vi, v, w|UKy[ve, v3]UH1, we
have c(vw) = ¢(vovs). This easily yields a contradiction, since ¢(v1v3) # c(vavs).

Hence we can assume that A, # () for each vertex x € D and any set E,.
Take two vertices v,w € D and let zy € A,. If there is a vertex v; for some
1 < ¢ < 3 which saturates exactly one of v and w, then it is easy to find a
rainbow Cs U tP,. Hence, without loss of generality, we can assume that each
vertex of {vy,ve} saturates both v and w. Then we can get that K,[z,y,v] U
Kp[w,v1] U Ky lvg,v3] U (Hy — xy) is a rainbow C3 U tP,, a contradiction. This
completes the proof of the result. [ |
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