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Abstract

An incidence of a graph G is a pair (v,e) where v is a vertex of G and
e is an edge of G incident with v. Two incidences (v,e) and (w, f) of G
are adjacent whenever (i) v = w, or (ii) e = f, or (iii) vw = e or f. An
incidence p-colouring of G is a mapping from the set of incidences of G to
the set of colours {1,...,p} such that every two adjacent incidences receive
distinct colours. Incidence colouring has been introduced by Brualdi and
Quinn Massey in 1993 and, since then, studied by several authors.

In this paper, we introduce and study the strong version of incidence
colouring, where incidences adjacent to the same incidence must also get
distinct colours. We determine the exact value of — or upper bounds on —
the strong incidence chromatic number of several classes of graphs, namely
cycles, wheel graphs, trees, ladder graphs, square grids and subclasses of
Halin graphs.

Keywords: strong incidence colouring, incidence colouring, tree, Halin
graph, ladder graph, square grids, necklace, double star, wheel graph.

2020 Mathematics Subject Classification: 05C15.


https://doi.org/10.7151/dmgt.2466

664 B. BENMEDJDOUB AND E. SOPENA

1. INTRODUCTION

All graphs considered in this paper are simple and loopless undirected graphs.
We denote by V(G) and E(G) the set of vertices and the set of edges of a graph
G, respectively, by A(G) the maximum degree of G, by N(v) the set of ver-
tices adjacent to the vertex v and by distg(u,v) (respectively, distg(uv, wz)) the
distance between vertices u and v (respectively, edges uv and wzx) in G.

An incidence of a graph G is a pair (v,e) where v is a vertex of G and e is
an edge of G incident with v. Two incidences (v, e) and (w, f) of G are adjacent
whenever (i) v = w, or (ii) e = f, or (iii) vw = e or f.

An incidence p-colouring of G is a mapping from the set of incidences of G
to the set of colours {1,...,p} such that every two adjacent incidences receive
distinct colours. The smallest p for which G admits an incidence p-colouring is
the incidence chromatic number of G, denoted by x;(G). Incidence colourings
were first introduced and studied by Brualdi and Quinn Massey [2]. Incidence
colourings of various graph families have attracted much interest in recent years,
see for instance [3, 4, 6, 7, 10, 11, 12].

A strong edge p-colouring of G is a mapping from the set of edges of G to the
set of colours {1,...,p} such that any two edges meeting at a common vertex, or
being adjacent to the same edge of GG, are assigned different colours. The smallest
p for which G admits a strong edge p-colouring is the strong chromatic index of
G, denoted by x4(G).

The strong version of incidence colouring is defined in a similar way. A strong
incidence p-colouring of a graph G is a mapping from the set of incidences of G
to a finite set of colours {1,...,p} such that any two incidences that are adjacent
or adjacent to the same incidence receive distinct colours. The smallest p for
which G admits a strong incidence p-colouring is the strong incidence chromatic
number, denoted by x:(G).

Our paper is organised as follows. We first give some preliminary results in
Section 2. We then study the strong incidence chromatic number of simple graph
classes (stars, complete graphs, cycles, wheel graphs and trees) in Section 3, of
ladder graphs in Section 4, of square grids in Section 5 and of subclasses of Halin
graphs in Section 6. We finally propose some directions for future research in
Section 7.

2. PRELIMINARY RESULTS

We list in this section some basic results on the strong incidence chromatic number
of various graph classes.

The square G? of a graph G is the graph defined by V(G?) = V(G) and
uv € E(G?) if and only if distg(u,v) < 2. A colouring of G? is called a 2-distance
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colouring of G and the 2-distance chromatic number of G is denoted by x2(G).

For any graph G, the incidence graph of G, denoted by Ig, introduced in
[1], is the graph whose vertices are the incidences of G, two incidences being
joined by an edge whenever they are adjacent. Clearly, every incidence colouring
of GG is nothing but a proper vertex colouring of Ig, and every strong incidence
colouring of G is nothing but a 2-distance colouring of I, so x;(G) = x(Ig) and
X;(G) = x2(Ig). Moreover, since every strong incidence colouring is an incidence
colouring, we have x;(G) < x;(G) for every graph G.

For every vertex v in a graph G, we denote by A~ (v) the set of incidences of
the form (v, vu), and by AT (v) the set of incidences of the form (u,uv) (see Figure
1). The incidences in A~ (v) and A" (v) are sometimes called strong, respectively,
weak. We thus have |A~ (v)| = |AT(v)| = deg(v) for every vertex v. Every edge
uv of G has two incidences (u,uv) and (v,vu). We will say that two incidences
are strongly adjacent if they are either adjacent or adjacent to the same incidence.
The following observation will be useful.

Observation 1. For every incidence (v,vu) in a graph G with maximum degree
A, the set of incidences that are strongly adjacent to (v,vu) is

U 4afwu | Aawu |J 4 (w),
)

weN (v)\u weN (v wEN (u)\v
whose cardinality is at most 3A% — 2A.

Indeed, the cardinality of the set of incidences that are strongly adjacent to
(v,vu) (see Figure 2) is

Y deg(w)+ > deg(w)+ Y deg(w) < 2A(A 1) + A%,

weN (v)\u weN (v) wEN (u)\v

Therefore, any partial strong incidence colouring with this number of colours
can be extended to the entire graph.
For a given graph G, we let

G)= 2d +d —1}.
o(G) = max {2degg(v)+ degg(u) ~1}

For every edge uv in E(G), the incidences of the set A~ (v)UAT (v)UA™ (u), of
cardinality 2 degq(v) +degq(u) — 1, are pairwise strongly adjacent, which means

that they must be assigned distinct colours. Therefore, we have the following
inequalities.

Proposition 2. For every graph G with mazimum degree A, o(G) < x$(G) <
3A2 —2A + 1.
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Incidences in A~ (u) : *, x
Incidences in A1 (v) : o, x

Incidences in A~ (v) : ©

Incidences in A1 (w), w € N(v) \ u: %
Incidences in A~ (w), w € N(v) : o

Incidences in A~ (w),w € N(u)\v:o

Figure 2. Incidences strongly adjacent to the incidence (v, vu).

In the following proposition we give an upper bound on the strong incidence
chromatic number of a graph G as a function of its strong chromatic index.

Proposition 3. For every graph G, x;(G) < 2x,(G).

Proof. Let A be a strong edge p-colouring of G. From A, a strong incidence
2p-colouring )\’ is obtained using the set of 2p colours {1,1,...,p,p'} as follows:
for every edge wv € E(G), if A(uwv) =k, k € {1,...,p}, then N (u,uv) = k and
N(v,ou) = K. Indeed, if N (u,uv) = N(w,wx) for two incidences (u,uv) and
(w,wz) of G, then A(uv) = A(wz), which implies distg(uv,wz) > 3, and thus
disty,, ((u, wv), (w,wz)) > 3. |

3. SIMPLE GRAPH CLASSES

In this section, we determine the strong incidence chromatic number of stars,
complete graphs, cycles, trees and wheel graphs.

We denote by S, n > 1, the star of order n+ 1; by K,, n > 1, the complete
graph of order n and by K, ,, m > n > 2, the complete bipartite graph with parts
of size m and n. In [2], Brualdi and Massey showed that x;(S,) = n+1, xi(K,) =
n and x;(Kmn) = m+ 2, for all m > n > 2. Since all incidences of any graph
in these classes of graphs are pairwise strongly adjacent, we have the following
proposition.
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Proposition 4. 1. For everyn > 1, x{(Sn) = 2n.
2. For every n > 2, x;(K,) =n(n—1).
3. For everym >n > 2, xi(Kmn) = 2nm.

Let C),, n > 3, denote the cycle of order n. Since C3 = K3, the result holds
by Proposition 4 for n = 3. Suppose now n > 4 and observe that Io, = C’an.
Therefore, a strong incidence colouring of the cycle C,, is a 2-distance colouring
of C3, that is nothing but a proper colouring of (C3,)? = C4,. We thus have the
following result.

Proposition 5. For every integer n > 3, x3(Cr) = x(C3,,)-
By setting a = 4, the following theorem gives the value of x(Cj,).

Theorem 6 (Prowse and Woodall [8]). Let n and a be positive integers such that
n > 2a andn = q(a+1)+r, withq > 0 and 0 < r < a. Then x(C%) = a+1+[r/q].

Using Proposition 5 and Theorem 6, we can infer the value of the strong
incidence chromatic number of any cycle.

Theorem 7. Let n be a positive integer such that n > 3 and 2n = 5q + r, with
q>0and0<r<4. Then x;(Cp) =5+ [r/q].

We now determine the value of x;(W,,), where W,,, n > 3, is the wheel graph
of order n + 1, obtained from C,, by adding a universal vertex. It is easy to
observe that x;(W,) = n + 1 for every n > 3. Indeed, since the square of W,
is the complete graph K11 and thanks to the relation between the incidence
colouring of G and the coloring of the square of G [12], we get

n+1=A0W,)+1< (W) < x(W?) = x(Kpy1) =n+1.

Using Proposition 4 and Theorem 7, we can determine the strong incidence chro-
matic number of wheel graphs.

Theorem 8. Let n be a positive integer such that n > 3 and 2n = 5q + r, with
q>0and 0 <7 <4. Then x;(Wa) = 5+ 2n+ [r/q].

Proof. Let T denote the spanning subgraph of W,, isomorphic to S,,. Since every
incidence in T is strongly adjacent to every incidence not in T', we get x5 (W,,) =
X5 (Cn) + x;(Syn) and the result follows from Proposition 4 and Theorem 7. m

We finally determine the strong incidence chromatic number of trees.

Theorem 9. If G is a tree then x;(G) = max,ep@){2 degq(v) +degg(u) -1} =
o(G).
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Proof. By Proposition 2, we have x;(G) > o(G). The other direction is proved
by induction on |V(G)|. If G is a star, then o(G) = 2n and the result follows
from Proposition 4. We can thus assume that G is not a star, so |V(G)| > 4. Let
u be a vertex of G of degree p + 1 > 2 having only one neighbour, denoted by
«', which is not a leaf, and let A = {vy,...,v,} be the set of p leaves that are
neighbours of u. Let A\ be a strong incidence colouring of G \ A. Now, observe
that each incidence of the form (u,uv;), 1 <i < p, has at most

2dega (') = 2degq(u) < 0(G) — degg(u) + 1

strongly adjacent incidences in G \ A, and each incidence of the form (v;, v;u),
1 <i < p, has at most

deg 4(u') + 1 = degg(u') +1 < 0(G) — 2degg(u) + 2

strongly adjacent incidences in G'\ A, so A can be extended to a strong incidence
colouring of G, starting by colouring the incidences of the form (u,uv;), 1 <i < p,
and then, the incidences of the form (v;,v;u), 1 < ¢ < p. This concludes the
proof. [

4. LADDER GRAPHS

The ladder graph, denoted by Ly, is obtained from two paths of order h, h > 1,
Py, = v1---vy and Pj = v} ---v}, by adding the edges v;vj, 1 < i < h. In the
following theorem, we give the value of x7(Lyp).

Figure 3. The graph L.

Theorem 10. For every integer h > 3, x5(Ly,) = 10.

Proof. Note that when h > 3, L, contains a subgraph isomorphic to the graph
L (see Figure 3) which contains 10 pairwise strongly adjacent incidences (marked
with a star), implying x7(Lp) > 10 for every h > 3. To complete the proof, it
suffices to give a strong incidence 10-colouring A\ of Lj. Such a colouring can be
obtained as follows (see Figure 4 for the case h = 5).

1. We sequentially colour the incidences of the path P, using the pattern 123456.
2. We sequentially colour the incidences of the path P} using the pattern 456123.
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3. For every ¢, 1 <1 < h, we set
o \(v},v[v;) =7 and A(v;,v;v}) = 8, if i is odd,

o \(v,v/v;) =9 and A(v;, v;v}) = 10) if i is even.

Figure 4. A strong incidence 10-colouring of Ls.

The so-obtained colouring is clearly a strong incidence colouring of Ly. This
concludes the proof. [

5. SQUARE GRIDS

The square grid Gy, is the graph defined by the set of vertices V(G pn) =
{vij | 1 <i<m, 1 <j<n} and the set of edges E(Gyyn) = {(vij,vir ) | i —
i'| + 17 — j'| = 1}. We denote by P; the path v;;---v;, and by PJ’ the path
V1, Um,j. In the following theorem, we give the value of x7(Gpr).

Theorem 11. For every integers m and n, m >n > 2, x;(Gmn) = 12.

Proof. Note that when m > n > 2, Gy, , contains a subgraph isomorphic to the
graph R (see Figure 5) which contains 12 pairwise strongly adjacent incidences
(marked with a star), implying x?(G,.n) > 12 for every m > n > 2. To complete
the proof, it suffices to give a strong incidence 12-colouring of G, ,, as follows.

®
*
* %] %
* *
* *
* x| *
*
[ ]

Figure 5. The graph R.
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[ \ 4 \ 4 > 4 9
7 10 7 10 7
8 11 8 11 8
4 5 6 1 2 3 4 5
[ 4 \ 4 \ 4 \ 4 @
9 12 9 12 9
10 7 10 7 10
1 2 3 4 5 6 1 2
[ \ 4 \ 4 > 4 ®
11 8 11 8 11
12 9 12 9 12
4 5 6 1 2 3 4 5
[ \ 4 \ 4 > 4 ®
7 10 7 10 7
8 11 8 11 8
1 2 3 4 5 6 1 2
[ @ @ @ ®

Figure 6. A strong incidence 12-colouring of G's 5.

1. For every i, 1 < i < m, we sequentially colour the incidences of the path
P; using the pattern 1.2.3.4.5.6 if i is odd, and the pattern 4.5.6.1.2.3 otherwise.

2. For every j, 1 < j < n, we sequentially colour the incidences of the path
P; using the pattern 7.8.9.10.11.12 if j is odd, and the pattern 10.11.12.7.8.9 if 4
is even.

The so-obtained colouring is clearly a strong incidence colouring of G, ;. This
concludes the proof. [

6. SUBCLASSES OF HALIN GRAPHS

Recall first that a Halin graph H is a planar graph obtained from a tree of order
at least 4 with no vertex of degree 2, by adding a cycle connecting all its leaves
[5]. We call this cycle the outer cycle of H. The subgraph T" obtained by deleting
all the edges of the outer cycle of H is thus a tree, called the internal tree of H.

In this section, we determine the exact value of — or upper bounds on —
the strong incidence chromatic number of every Halin graph whose internal tree
is either a comb or a double star.

6.1. Halin graphs whose internal tree is a comb

A tree is called a (3, 1)-tree if the degree of each non-leaf vertex is 3. A caterpillar
is a tree T  such that, after deleting all its leaves, the remaining graph is a simple
path called the spine of T. A comb is a caterpillar which is also a (3,1)-tree. It
is easy to see that every Halin graph whose internal tree is a comb is a cubic
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Halin graph. In particular, if the spine has one vertex then this is the complete
graph Kjy.

For every integer h > 1, we construct a Halin graph Hj, of order 2h + 2 whose
internal tree T}, is a comb, using the construction given in [9]. Let Py, = vivg - - vy
be the spine of T},. We denote by ¢; and ¢] (respectively, £5 and £}) the two leaves
of v1 (respectively, vy), by ¢; the unique leaf of v;, 2 < i < h — 1, and by C}, the
outer cycle of Hy,.

v1 V2 U3 Vph—2 Vh—1 U,
2 ¥
1 h

2 L l3 Lp—2 Lh-1 Ly,

Figure 7. The graph Nj,.

Let Hj§ be the set of all Halin graphs whose internal tree is a comb of order
2h 4+ 2. A Halin graph Hy, such that Cj = ¢ 414y - - {0} 0] is called a necklace.
We denote by Nj the (unique) necklace of order 2h + 2 (see Figure 7). Observe
that H{ = {N} for every h, 1 < h < 3.

It is easy to see that all incidences of N; are pairwise strongly adjacent.
Therefore, x{(N1) > 12. For Ny, the incidences of the set

A™ (v1) U AT (v1) UA™ (02) U{(€1, 0105), (65, £501), (01, €102), (L2, £2lr)},

of cardinality 12, are pairwise strongly adjacent. Hence, we have x7(N2) > 12.
Also, the cardinality of the set of the incidences of N3 is 24. Therefore, if we
colour the incidences of N3 with 11 colours, then at least two colours must be
repeated at least three times or at least one colour must be repeated at least four
times. It is tedious but not difficult to check that this is not possible. Hence,
X5 (N3) > 12. Strong incidence 12-colourings of Ny, 1 < h < 3, are given in
Figure 8.

Suppose now h > 4. In [9], Shiu, Lam and Tam proved the following theorem.

Theorem 12 (Shiu, Lam and Tam [9]). If H € H§, h > 4, then 6 < x,(H) < 8.

By Proposition 3 and Theorem 12, we get xJ(H) < 16, for every graph
H € Hj, h > 4. We prove that if H is not a necklace then this bound can be
decreased to 14.

Theorem 13. If H € Hj, \ {Np}, h > 4, then 11 < x3(H) < 14.
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Figure 8. Strong incidence 12-colourings of N1, Ny and N3.

Proof. Let H € H§\{Ny}. By exchanging if necessary the leaves ¢; and ¢/, or ¢},
and ¢}, we can assume that H has either the form depicted in Figure 9(a) or the
form depicted in Figure 9(b), where the edges v;¢;,3 < i < h — 2, may be either
upward or downward. In both cases, H contains a subgraph isomorphic to the
graph F' (see Figure 10) which contains 11 pairwise strongly adjacent incidences
(marked with a star), implying x5(H) > 11.

We now construct a strong incidence 14-colouring A of H assuming that H
has either the form depicted in Figure 9(a) or the form depicted in Figure 9(b).
Observe that in both cases the incidence (v, v2ls) (respectively, (vn—1, Vh—1lp—1))
is not strongly adjacent with the incidence (¢}, ¢,¢1) (respectively, (¢},¢,p))
Such a colouring can be obtained as follows (see Figure 11).

e We colour the incidences of the (¢} — ¢} )-path (which contains the path Pj)
sequentially, from (¢}, ¢{v1) to (¢}, 0} vp,) using the pattern 12345.

e For every integer ¢, 1 < i < h, we set A(v;,v;¢;) = 6 if i is odd and A(v;, v;il;) =7
otherwise.

e We colour circularly the incidences of the form (¢;, ¢;v;),1 < i < h according to
their order in the outer cycle C}, by alternating the colours 8 and 9.

e We now colour the incidences of the outer cycle C}, according to the value of h
mod 5.

h = 5k, k > 1 (see Figure 11(a) for the case h = 5). We first exchange
the colours of the two incidences (v2,v2fl2) and (ve,vev), and the colours of the
two incidences (vp—1,vp—1vp) and (vp—1,vp—1€p—1). We then set \(¢},0)¢1) =
A2, v2la), (41, 0147) = Mo, vaus), A€}, 01 0n) = Nvp—1,vh—10p—1) and A(4y,
pl}) = AN(Up—1, Uh—1Up—2). We finally sequentially colour the uncoloured in-
cidences of Cy, starting from (¢1,¢1¢2), using the pattern 10.11.12.13.14. If
Uy, € E(H) then we set A(va,vala) = A0y, 00¢,), v # 1. If 014,y € E(H)
then we set A(vp—1,vp—10h—1) = A€}, € lm), m # h.

h =5k+1, k > 1 (see Figure 11(b) for the case h = 6). We first set
A0, 0101) = A(ve,vav3). We then sequentially colour the uncoloured incidences
of Cp, starting from (€1, ¢1¢}), using the pattern 10.11.12.13.14.
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J/n U
@ L 4
V1 v2 v3 Vp—2 Vh—1 Uh
4 o . . A
@ L
L1 L2 Lp—1 Ly,
(a)
f1 )2 L
. L 4
Vh—2  Vp_1 v,
4 . . : A
v1 Vo v3
@ L
Ly Lp—1 173
(b)

Figure 10. The graph F.

h =5k+2, k> 1 (see Figure 11(c) for the case h = 7). We first exchange the
colours of the two incidences (ve,vafl2) and (ve,vav1). We then set A(¢), ¢1¢1) =
)\('UQ,'UQEQ), )\(fl,glﬁll) = A(Ug,vgvg) and )\(E;l,alﬁh) = /\(Uhfl,vhflvhfg). We fi-
nally sequentially colour the uncoloured incidences of C},, starting from (¢1, £142),
using the pattern 10.11.12.13.14.

h = 5k+3, k > 1 (see Figure 11(d) for the case h = 8). We sequentially colour
the incidences of Cj, starting from (¢}, ¢1¢1), using the pattern 10.11.12.13.14.

h = 5k +4, k > 0 (see Figure 11(e) for the case h = 4). We first ex-
change the colours of the two incidences (ve,v2f2) and (vg,vov1). We then set
A0, 0001) = Moz, v2l2) and A(€1,410)) = A(vz,vov3). We finally sequentially
colour the uncoloured incidences of C},, starting from ({1, ¢1¢2), using the pattern
10.11.12.13.14.
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10 11 12 13 14

13
(a)
11 12 13 14 10
10
8 9 8
5 11
6 7 6 3.4 5.1 2.3 4
m“y1 2 3 4 5 1 2 7 6 7 12
9 8 9
13
13012 11 10 14
(b)
10 11 12 13 14
9 8
1
4 6 3 4 5.1 2.3 4.5 1}
7 5 1 2 7 6 7 6 )
8 9 8 9
11
13012 1110 14 13 12
(c)
12 13 14 10 11 12 13
11
8 9 8 9
10 ,
6 7 6 T 5 1 2.3 4.5 1.2 3\
mu\1 2 3 4 5 1 2 3 4 6 7 6 7 10
9 8 9 8
13012 1110 145 13 12
(d)
10 11 12
8 9
6 4 1.2 3.4 5\13
5 6 7 7
o 81/
13 12 11

(e)

Figure 11. Strong incidence 14-colourings of some graphs in H§ \ {Np}, 4 <h <8.
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In each case, the so-obtained colouring is clearly a strong incidence colouring
of G' € Hj. This completes the proof. [

We now determine the value of the strong incidence chromatic number of
necklaces.

Theorem 14. For every necklace Ny, h > 1, we have

oo [ 12 ifR=1,2,3,5
Xi (Nn) = { 11 otherwise.

Proof. Similarly as in the proof of Theorem 13, N, contains a subgraph isomor-
phic to the graph F' (see Figure 10), which implies x(Nj,) > 11 for every h > 1.
The values of x7(Ny), 1 < h < 3, were given in the beginning of the subsection.

If h = 5, the cardinality of the set of the incidences of N5 is 36. Therefore,
if we colour the graph with 11 colours, then at least one color is repeated more
that four times, or at least three colors are repeated four times. We will prove
that at most two colors can be repeated four times, and no color can be repeated
more than four times, which will imply x7(Ns5) > 12.

The set of incidences of N5 can be partitioned into four sets, the set of
incidences marked with a star, the set of incidences marked with a diamond, the
set of incidences marked with a circle and the set of incidences marked with a
cross (see Figure 12(a)). Since, in each of these sets, all incidences are pairwise
strongly adjacent, the colour of any incidence of N; can be repeated at most
four times. Moreover, any colour repeated four times must be used exactly once
in each of these sets. We now prove that among the colours of the incidences
marked with a star in Figure 12(a), only two colours can be repeated four times.

e The incidence (¢}, (1 4%).

The set of the incidences that are not strongly adjacent with this incidence can be
partitioned into the two sets {(Ug, Ugfg), (1}2, UQ’Ug), (fg, 62’02), (82, 5253), (1}3, Ug’Ug),
(63,5263)} and {(’1)3,’1)363), (’1)3,’1}31)4), <€3,£303>, (€3,£3£4), (04,?}41)3), (1)4,?)454),
(vg,v405), (L4,04€3), (L4,04v4), (Ly,0405)}. Since, in each of these sets, all inci-
dences are pairwise strongly adjacent, the colour of the incidence (¢}, ¢}¢5) can
be repeated only two more times.

e The incidence (7, ¢jv1).

The set of the incidences that are not strongly adjacent with this incidence can be
partitioned into the two sets {(62, 621)2), (62, 5253), (1)3, 1)31)2), (Ug, ’U3€3), (213, 2131)4),
(63, £3€2), (63, 531}3), (53,£3€4)} and {(’1)4, ’1)41}3), (’1)4, ’U4£4), (’1)4, ’U4U5), (£4,€4£3),
(64, 541}4), (64, 5455), (U5, U5U4), (U5, 1)555), (55,6554), (65,657)5), } Since, in each
of these sets, all incidences are pairwise strongly adjacent, the colour of the inci-
dence (¢}, ¢jv1) can be repeated only two more times.
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* °
o x % Vlo o0 V20 x U3y xVio o Us0 o P
1 5
* [¢] [¢] X X o S
[¢] o X X <
* >
o o S
£y Lo Xgg ™ Xy L5

12 8 10 8 10

Figure 12. The necklace N5 (for the proof of Theorem 14).

e By symmetry, the case of the incidence (¢}, ¢1¢1) is similar to the case of the
incidence (¢, ¢jv1).

Based on the above, only the colours of the two incidences (¢1, ¢1¢}) and (v1,v1£})
can be repeated four times. Hence, x;(N5) > 12. A strong incidence 12-colouring
of N5 is given in Figure 12(b), so x$(N5) = 12.

Finally, if h = 4 or h > 6 then it suffices to construct a strong incidence
11-colouring of Np. Such a colouring can be obtained as follows (see Figure 13).
We consider two cases, depending on the parity of h.

e h is even.

We first colour the subgraph S induced by the set of vertices {v1, ..., v, {1,
..., ¢p} (which is isomorphic to the ladder graph Ly), as in the proof of Theo-
rem 10.

We then modify the colouring of the subgraph S; and we complete the colour-
ing of N}, according to the value of hmod 6:

x h = 6k, k > 1 (see Figure 13(a) for the case h = 6). We set \({1,¢10}) = 6,
)\(ﬁ’l,gllgl) = 10, )\(ﬁ/l’ﬁ/lvl) = 9, )\(2)1,2)15/1) = 11, /\(6/176/15;1) = 3, )\(5%,@%5’1) 2,
A, Gon) =T, M0, 0.0,) = 8, XMup, vply) = 11, Xy, £p4)) = 5.

x h =6k+2, k> 1 (see Figure 13(b) for the case h = 8). We set A\({1, {1/2) = 11,
)\(El,glf’l) = 6, )\( ’1,6/151) = 10, )\( /1, /1’01) = 9, )\(Ul,Ulfll) = 3, )\( /1, f’lflh) = 1,
A, 6.00) =2, M€, Gop) =T, X, 0.4h) = 8, Mun, vpt),) = 6, Ay, Lpl}) = 3.
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3/9 1.4 5.6 1.2 3.4 5.6 1.2 3_4 5.6 1_11 7)2
1 8 10 8 10 11 8 10 8 10 f
7 9 7 9 7 9 11 709
6 5
1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4
(e)
5.6 122 324 5.6 1.2 3 5.6 122 3.4 5.6 7
10 8 10 8 10 11 8 11 8 10 £
7 9 7 9 7 9 10 7 9 d
2 45 6 1 3 4 3 4 1
()

Figure 13. Strong incidence 11-colourings of Nj, 6 < h < 11.
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« h = 6k+4, k > 0 (see Figure 13(c) for the case h = 10). We set A(¢a, l2l1) = 11,
A(Elaglg,l) =6, )\( ’17€/1€1) = 10, )\( /17 /1'01) =9, A(Ulvvlgll) =3, )‘( /17 e,lglh) =2
A, 0.00) =11, X4, o) =T, ML, 6, Ln) = 8, Mvn, vpl)) =4, A(ln, Lpl)) = 1.

e h is odd.

We first colour the subgraph Sy, induced by the vertices {v1, ..., vp, 01, ..., 0n}
(which is isomorphic to the ladder graph Ly,), as in the proof of Theorem 10, and
we make the following modifications.

We set A(vp—g,0p—aln—a) = 11, ANvp_3,vp—30n—3) = 8, ANvp_1,0p-10p—1) =
8, /\(éh,l,éh,lvh,l) = 7, )\(vh,vhéh) = 10, )\(Eh,gh’l)h) =9.

We modify the colouring of the subgraph S;, and we complete the colouring
of Np according to the value of h mod 6:

x h =6k+1, k> 1 (see Figure 13(d) for the case h = 7). We set A\({2, l2¢1) = 11,
)\(fl,flfll) = 6, )\( /1,€/1€1) = 10, )\( ,1, ,1’()1) = 9, )\(Ul,’()lg/l) = 3, )\( /1, f’lflh) = 2,
)\(5%,@%5’1) = 11, )\(ﬁ%,e;ﬂjh) = 7, /\(&L,E;lgh) = 8, )\(”Uhy'UhKZ) = 4, /\(ghaEhZZ) = 1,
AMvp—2,vp—2lp—2) = 10, A(lp_o,€p_ovp_9) = 11. if h = 7 the we exchange the
colours of the incidences (vs,v3v4) and (vs,v3ls3).

* h =6k + 3, k> 1 (see Figure 13(e) for the case h = 9). We set A(¢1,¢1/})
6, N(¢,,0000) = 10, A&, Cv1) = 9, Muvi,vifh) = 11, A€, 0,¢,) = 3, A(¢
Eﬁlé’l) = 2, )\(6;7,7€;L’Uh) = 7, /\(Eﬁl,éﬁléh) = 8, )\(’Uh,'l}hal) = 11, /\(éh,éhﬁ’h) =
Avn—2,vh—2ln—2) = 10, X(lph—2, lp—2vp_2) = 11.

x h = 6k+5, k > 1 (see Figure 13(f) for the case h = 11). We set A(¢1,¢143) = 11,
A(l1, 648y) = 6, A(01, 6y6y) = 10, A(€), Lv1) = 9, (v, vily) = 3, M, 46,) = 1,
A, G.00) = 2, A, Gyon) = T, M8, 6,8n) = 8, Avn, vnly,) = 6, AM(€n, Ipl},) = 3,
A(Vn—2,vh—2lp—2) = 11, A(lh—2, lp—2vp—2) = 10.

/
h>
5,

In each case, the so-obtained colouring is clearly a strong incidence colouring
of Nj. This completes the proof. [

6.2. Halin graphs whose internal tree is a double star

The double star, denoted by Sy, ,, m > n > 2, is the graph obtained from the
stars Sy, and .S, by adding an edge joining the central vertex v of S, to the central
vertex u of S,,. The Halin graph H D, ,, (see Figure 14) is the Halin graph whose
internal tree is the double star S, ,, and whose outer cycle is uq - - - upVy, - - - V1U;.
We denote by P the path vy ---v,, and by P’ the path uq - - - uy,.

It is easy to see that for every graph H D, ,, m > n > 2, the incidences in
the set

A" () U AT (v) UA™ (u) U {(v1,v1u1)},

of cardinality 2deg(v) + deg(u) = o(HDy, ) + 1, are pairwise strongly adjacent.
Therefore, we have the following inequality.
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Figure 14. The Halin graph HD,, .
Proposition 15. For every two integers m and n, m > n > 2, x;(HDp, ) >
2m+n+3=0(HDp,) + 1.

We first define a partial colouring A\ of HD,, ,, for every m > n > 2, as
follows.

e The incidences (v,vu), (v,vv1), (v,vv2),...,(v,vvy,) are coloured with the
colours 1,2, 3,...,m + 1, respectively.
e The incidences (u,uv), (u,uuy), (u,uug),...,(u,uuy,) are coloured with the

colours m+2,m+ 3, m+4,...,m+n + 2, respectively.

e The incidences (v1,v1v), (v2, V20), ..., (Um, vmv) are coloured with the colours
m+n+3,m+n+4,...,2m+ n+ 2, respectively.

e The incidence (v1,vju1) is coloured with the colour 2m + n + 3.

In the next lemmas, we will extend A to a colouring of HD,, ,, according to
the values of m and n.

Lemma 16. For every integer m > 2,

s . U(HDm,2)+4 me:2;
X;(HDp,2) = { o0(HDp,2) +3  otherwise.

Proof. 1t is easy to see that if m = 2 then the incidences of the set
A (v) UAT(v) U A (u) U {(v1,v1u1), (v2, vous), (u1, utvy ), (U, ugva)},

of cardinality 12, are pairwise strongly adjacent. Therefore, xJ(HD22) > 12.
If m = 3, then each colour of the set {1,2,3,4,5,8,9,10,11} of cardinality 9
is forbidden on the incidences of P, due to the partial colouring A. To colour
the four incidences of the path P, we can use the two colours 6 and 7, and
we have to use two additional colours 12 and 13. Therefore, xJ(HD32) > 13.
A strong incidence 12-colouring of H D32 and a strong incidence 13-colouring
of HD35 are given in Figure 15. Suppose now m > 4. Observe that each
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colour of the set {1,...,m+1,m+2,m+5,...,2m + 4} of cardinality 2m + 2
is forbidden on the incidences of P, due to the partial colouring A. Therefore,
X;(HDp,2) > 2m +7 = 0(HD,,2) + 3. We now give a strong incidence 2m + 7-
colouring by extending A to a colouring of HD,, 2. To colour the incidences of
the path P, we can use the three colours m + 3, m 4+ 4 and 2m + 5, and we have
to use two additional colours 2m + 6 and 2m + 7.

Figure 15. Strong incidence colourings of HD3 5 and HDs3 5.

e We will sequentially colour the path P, starting with the incidence (v1,viv2),
according to the value of m mod 5, as follows.

m = 5k, k > 1 (see Figure 16(a) for the case m = 5). We use the pattern
Cm+T7)(m+4)(m+3)(2m +6)(2m + 5).

m = 5k+1, k > 1 (see Figure 16(b) for the case m = 6). We use the pattern
(2m +6)(m +4)(m + 3)(2m + 7)(2m + 5).

m = bk +2, k > 1 (see Figure 16(c) for the case m = 7). We use the pattern
(m+4)(m+3)(2m+6)(2m + 7)(2m + 5).

m = 5k+3, k > 1 (see Figure 16(d) for the case m = 8). We use the pattern
2m+T7)(m+4)(m+3)(2m + 6)(2m + 5).

m =5k +4, k > 1 (see Figure 16(e) for the case m = 9). We use the pattern
2m+7)(2m+ 6)(m + 3)(m +4)(2m + 5).

e We then set \(vp,, vpu,) = 2m + 5 if m = 5k + 3, and A(vp,, vmuy) = 2m + 6
otherwise.

e We finally complete the colouring of HD,, » by assigning the colours 3,4, 2m +
4,m + 5,2m + 3 and m + 6 to the incidences (u1,ujug), (ug, ugui), (ur, uiu),
(ug, ugu), (ug,uivy) and (ug, ugvy,), respectively.

In each case, the so-obtained colouring is clearly a strong incidence colouring
of HD,, 2. This completes the proof. [
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Figure 16. Strong incidence colourings of H Dy, 2, 5 <m < 9.

Lemma 17. For every integer m > 3,

s o U(HDm,3)+3 ifm:307’m24,
Xi(HDp3) = { 0(HDy,3) +2 otherwise.

Proof. If m = 3 then we consider two cases.
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o If \(vs,vsuz) = 12 then each colour of the set {1,2,3,4,5,9,10,11,12} is
forbidden on the incidences of the set {(u1,uiu), (u2,ugu), (us, usw), (u1, uivy),
(us,usv3)}, because these incidences are strongly adjacent to all the incidences
already coloured. We now consider two subcases.

If we colour the incidences of the set {(u1, uiu), (ug, ugu), (us, usw), (ui, uivy),
(us,ugv3)} with five distinct colours then we must use two additional colours 13
and 14. Therefore, x;(HD33) > 14.

If we colour the incidences of the set {(u1, uiu), (ug, ugu), (us, usu), (u1, u1v1),
(u3,ugvs)} with at most four colours then we have A(uy, u1v1) = (us, ugvs) = 13,
because only incidences (u1,ujv1) and (ug, ugvs) are not strongly adjacent. Thus
each colour of the set {1,2,3,4,5,9,10,11,12, 13} of cardinality 10 is forbidden on
the incidences of P, due to the partial colouring A. To colour the four incidences
of the path P we can use the three colours 6,7 and 8, and we have to use an
additional colour 14. Therefore, x;(HD33) > 14.

o If A\(v3,v3u3) = 13 then each colour of the set {1,2,3,4,5,9,10,11,12,13} of
cardinality 10 is forbidden on the incidences of P, due to the partial colouring .
To colour the four incidences of the path P we can use the three colours 6,7 and
8, and we have to use an additional colour 14. Therefore, x7(HD33) > 14.

If m = 4 then we again consider two cases.

o If A\(vyq,v4u3) = 14 then each colour of the set {1,2,3,4,5,6,10,11,12, 13,14}
of cardinality 11 is forbidden on the incidences of P, due to the partial colouring
A. To colour the incidences of the path P we can use the three colours 7,8 and 9,
and we have to use two additional colours 15 and 16. Therefore, x;(H Dy 3) > 16.

o If \(v4,vq4u3) = 15 then we consider two subcases.

If we colour the incidences of the set {(u1, uiu), (ug, ugu), (us, usw), (ui, uivy),
(u3, uzvy)} without using an additional colour then we have A(uj,ujvi) = 15
or A(u1,uju) = 15, because the incidences (ug,ugu), (us,usu) and (us,usvy)
are strongly adjacent with (vg4,vquz). In both cases, each colour of the set
{1,2,3,4,5,6,10, 11,12, 13,15} of cardinality 11 is forbidden on the incidences of
P, due to the partial colouring A. To colour the incidences of the path P we can
use the four colours 7,8,9 and 14, and we have to use an additional colour 16.
Therefore, x{(HD4s3) > 16.

If we colour the incidences of the set {(u1, uiu), (ug, ugu), (us, usw), (ui, uivy),
(us,us3vs)} using an additional colour then xJ(HDy43) > 16.

A strong incidence 14-colouring of H D3 3 and a strong incidence 16-colouring
of HD43 are given in Figure 17. Suppose now m > 5. Observe that each
colour of the set {1,...,m+1,m+2,m+6,...,2m + 5} of cardinality 2m + 2
is forbidden on the incidences of P, due to the partial colouring A\. Therefore,
X;(HDp,3) > 2m+7 = o(HD,,3) + 2. We now give a strong incidence 2m + 7-
colouring by extending A to a colouring of HD,, 3. To colour the incidences of
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Figure 17. Strong incidence colourings of H D33 and HDy 3.

the path P, we can use the four colours m + 3, m +4,m 4+ 5 and 2m + 6, and we
have to use an additional colour 2m + 7.

e We will sequentially colour the incidences of path P, starting from the incidence
(v1,v1v2), according to the value of m mod 5, as follows.

m = bk, k > 1 (see Figure 18(a) for the case m = 5). We use the pattern
(m+4)(m+5)(m+3)(2m + 7)(2m + 6).

m = 5k+1, k > 1 (see Figure 18(b) for the case m = 6). We use the pattern
2m+T7)(m+3)(m+4)(m+5)(2m + 6).

m = 5k +2, k > 1 (see Figure 18(c) for the case m = 7). We use the pattern
(m+4)(m+3)2m+T7)(m+5)(2m + 6).

m = 5k+3, k > 1 (see Figure 18(d) for the case m = 8). We use the pattern
(2m +T7)(m+5)(m +3)(m +4)(2m + 6).

m = 5k +4, k > 1 (see Figure 18(e) for the case m =9). We use the pattern
(m+4)2m+T7)(m + 3)(m + 5)(2m + 6).
e We then set A(vp,, vmu,) = 2m + 6 if m = 5k + 3, and A(vp, Vtn) =2m +7
otherwise.
e We finally complete the colouring of HD,, 3 by assigning the colours 5,4, 3, 2,
2m +5,2m +4,m + 6,m + 8 and m + 7 to the incidences (u1,ujus), (ug, uguy),
(ug, ugug), (us, usug), (u1,uru), (ug, ugu), (us, usu), (u1,u1v1) and (us, uzvy,), re-
spectively.

In each case, the so-obtained colouring is clearly a strong incidence colouring
of HD,, 3. This completes the proof. [

Lemma 18. For every integer m > 4,

. [ 0(HDpa)+1 ifm=3 (mod}5),
X;(HDpa) = { 0(HDp,4) +2  otherwise.
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Figure 18. Strong incidence colourings of HD;, 3, 5 <m < 9.

Proof. If m = 4 then we consider two cases.

o If A(vg,vq4uq) = 15 then each colour of the set {1,2,3,4,5,6,11,12,13,14,15}
of cardinality 11 is forbidden on the incidences of P, due to the partial colouring
A. To colour the four incidences of the path P we can use the four colours 7,8,9
and 10, and we have to use an additional colour 16. Therefore, x;(H Dy 4) > 16.
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o If A\(vyg,v4uq) = 16 then Xf(HD4,4) > 16.
If m = 5 then we again consider two cases.

o If \(vs,vsus) = 17 then each colour of the set {1,2,3,4,5,6,7,12,13,14,15,
16,17} of cardinality 13 is forbidden on the incidences of P, due to the partial
colouring A. To colour the four incidences of the path P we can use use the four

colours 8,9,10 and 11, and we have to use an additional colour 18. Therefore,
Xf(HD574) 2 18.

o If A(vs,vsuq) = 18 then x7(HDs4) > 18.

5 alb 179
16 12
2 8
2 10
3 8
18
7 1 17
4 11
9
6 8
12
5 717 18" 10

Figure 19. Strong incidence colourings of H D, 4 and HDs 4.

A strong incidence 16-colouring of H D, 4 and a strong incidence 18-colouring
of HDs 4 are given in Figure 19. Suppose now m > 5. Observe that each colour
of the set {1,...,m+1,m+2,m+7,...,2m+6} of cardinality 2m+2 is forbidden
on the incidences of P and the incidence (v, vpyuy,), due to the partial colouring
A. Since the colouring of the path P requires at least five colours, we have
X;(HDpa) > 2m~+7 = 0(HDy, 4)+1. We now give a strong incidence (2m +7)-
colouring by extending A to a colouring of HD,, 4. Since the incidence (vp,, Uptn,)
is strongly adjacent to all the incidences already coloured except the incidence
(U, Umtn), We have X, Upmtn) > 2m + 7, if Aoy, vpmu,) = 2m + 7, then we
can colour the path P with the colours m +3,m+4,m +5,m +6 and 2m + 7
if and only if m = 3 (mod 5). We will sequentially colour the incidences of the
path P, starting from the incidence (v1, v1v2), as well as the incidence (v, Uy ),
according to the value of m mod 5, as follows.

e m # 5k + 3 (see Figure 20(a) for the case m = 7). We use the pattern
(m+4)(m+3)(m+5)(m+6)(2m+7) for P and we set A(vp,, vmuy) = 2m + 8.

e m =5k+ 3, k> 1 (see Figure 20(b) for the case m = 8). We use the pattern
(m+6)(m+5)(m+4)(m+3)(2m+7) for P and we set A(vp,, vmuyn) = 2m + 7.
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Figure 20. Strong incidence colourings of HD7 4 and HDsg 4.

We finally colour the remaining incidences of HD,, 4 by assigning the colours
5,2,3,4,6,5,2m + 6,2m + 5,m + 8 m + 7,2m + 4 and m + 9 to the incidences
(u1,urug), (uz, uouy), (ue, ugus), (us, usua), (us, usug), (uq, ugus), (v, uiu), (ug,
ugu), (ug,usu), (ug,uqu), (ui,ujvy) and (ug, ugvy,), respectively. In each case,
the so-obtained colouring is clearly a strong incidence colouring of HD,, 4. This
completes the proof. [

Lemma 19. For every integer m > 5, x{(HDy,5) = 0(HDp,5) + 1.

Proof. By Proposition 15, x;(H Dy, 5) > 2m + 8 = 0(HD,, 5) + 1. To complete
the proof, we give a strong incidence (2m + 8)-colouring by extending A to a
colouring of HD,, 5 as follows.

e We first sequentially colour the incidences of the path P, starting from the
incidence (v1, v1v2), according to the value of m mod 5 as follows.

m # 5k +3, k > 1 (see Figure 21(a) for the case m = 7). We use the pattern
(m+4)(m +5)(m+6)(m +T7)(m+ 3).

m = 5k+3, k > 1 (see Figure 21(b) for the case m = 8). We use the pattern
(m+4)(m +5)(m+7)(m +6)(m + 3).

e We then sequentially colour the incidences of the path P’, starting from the
incidence (u1,uju2), using the pattern 32456.

e We finally colour the remaining incidences of HD,, 5 by assigning the colours
2m + 7,m + 10,2m + 8, m + 12,m 4+ 8, m + 11,m 4+ 11 and 2m + 8 to the in-
cidences (u1,uiu), (ug,ugu), (us,usw), (ug, ugw), (us,usu) (ur,u1v1), (us, Usvm)
and (v, Umy,), respectively.

In each case, the so-obtained colouring is clearly a strong incidence colouring
of HD,, 5. This completes the proof. [
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Figure 21. Strong incidence colourings of HD7 5 and HDsg 5.

Lemma 20. For every two integers m and n, m > n > 6, x;(HDmy) =
0(HDy, ) + 1.

12_13

18
5 10 5
6 14 6

3

3 11 3
2 12 2
4 7 13 4
5 10 5

22

6 3 2721 24712 11714 6 3 > 955 o0 1% 115

Figure 22. Strong incidence colourings of H D77 and HDg 7.

Proof. By Proposition 15, x{(HDmn) > 2m +n+3 = o(HDp,,,) + 1. To
complete the proof, we give a strong incidence (2m-+n+3)-colouring by extending
A to a colouring of HD,, ,, as follows (see Figure 22).

e We first sequentially colour the incidences of the path P, starting from the
incidence (v1, v1v2), using the pattern (m +4)(m + 5)(m + 6)(m + 3)(m + 7).

e We then sequentially colour the incidences of the path P’, starting from the
incidence (u1,uju2), using the pattern 32456.
e We finally set A(u;,u;u) = 2m + n + 3 — i, for every i,i € {1,2,4,...,n},
AMug, uzu) = 2m~+n+ 3, A(un, Unvm) = AM(u1, u1v1) = 2m+n and A(vp,, Unty) =
2m+n+ 3.

The so-obtained colouring is clearly a strong incidence colouring of H D, ,,.
This completes the proof. [
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Putting together Lemmas 16, 17, 18, 19 and 20, we finally get the following
theorem. Recall that o(HD,, ) = 2m +n + 2.

Theorem 21. For every two integers m and n, m >n > 2,

(( 0(HDppn) +4 ifn=2and m=2,
0(HDppn)+3 ifn=2 and m # 2,
or (n,m) € {(3,3), (3,4)},
0(HDpmp)+2 ifn=3 and m & {3,4},
orn =4 and m #Z 3 (mod 5),
0(HDp, ) +1  otherwise.

Xf(HDm,n) =

7. DISCUSSION

In this paper, we have introduced and studied the strong version of incidence
colouring. We have determined the exact value of — or upper bounds on — the
strong incidence chromatic number of several classes of graphs, namely cycles,
wheel graphs, trees, ladder graphs and some subclasses of Halin graphs. We
leave as open problems the following questions.

1. What is the best possible upper bound on the strong incidence chromatic
number of graphs with bounded maximum degree? In particular, what about
graphs with maximum degree 37

2. What is the best possible upper bound on the strong incidence chromatic
number of Halin graphs?

3. What is the best possible upper bound on the strong incidence chromatic
number of d-degenerated graphs?
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