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Abstract

Let G be a graph and C' a finite set of colours. A vertex colouring
f:V(G) — C is complete if for any pair of distinct colours ¢, co € C one can
find an edge {v1,v2} € E(G) such that f(v;) = ¢;, ¢ = 1,2. The achromatic
number of G is defined to be the maximum number achr(G) of colours in
a proper complete vertex colouring of G. In the paper achr(KgOK,) is
determined for any integer ¢ such that either 8 < g < 40 or ¢ > 42 is even.
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1. INTRODUCTION

Let G be a finite simple graph and C' a finite set of colours. A vertex colouring
f:V(GQ) — C is complete provided that for any pair {c1,c2} € (g) (of distinct
colours of (') there exists an edge {v1,v2} (usually shortened to vivs) of G such
that f(v;) = ¢;, i = 1,2. The achromatic number of G, in symbols achr(G), is the
maximum cardinality of the colour set in a proper complete vertex colouring of
G. The achromatic number was introduced in Harary, Hedetniemi, and Prins [3],
where among other things the following interpolation result was proved.

Theorem 1. If G is a graph, and an integer k satisfies x(G) < k < achr(G),
there exists a proper complete vertex colouring of G using k colours.

In the present paper the achromatic number of K¢l1K,, the Cartesian prod-
uct of K and K, (the notation following Imrich and Klavzar [8] is adopted), is
determined for all ¢ satisfying either 8 < ¢ < 40 or ¢ > 42 and ¢ = 0(mod 2).
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This is the third in a series of three papers, in which the problem of finding
achr(KsOK,) is completely solved. Some historical remarks concerning the achro-
matic number, a motivation of the problem and basic facts on proper complete
colourings of Cartesian products of two complete graphs are available in the pa-
per Hornak [4], where achr(KgOK,) has been determined for odd ¢ > 41. Maybe
a bit surprisingly, proving that achr(K¢OK7) = 18 has required quite a long
analysis contained in the paper Horndk [5].
For m,n € Z we work with integer intervals defined by

m,n]={2€Z:m<z<n}, [m,00) ={2z€Z:m < z}.

If p,g € [1,00) and V(K,) = [1,7], r = p,q, then V(K,0K,) = [1,p] x [1,¢], and
E(K,0K,) consists of edges (i1, j1)(i2,j2), where 41,42 € [1,p] and j1,j2 € [1,¢]
satisfy either i1 = i3 and j; # jo or i1 # o and j; = ja.

Let M(p, q,C) denote the set of p x ¢ matrices M with entries from C' such
that all lines (rows and columns) of M have pairwise distinct entries, and any pair
{a, 8} € (g) is good in M, which means that there is a line of M containing both
a and f3; the pair {«a, 8} is either row-based or column-based (in M) depending
on whether the involved line is a row or a column. In other words, the number
of lines witnessing the fact that the pair {a, 8} is good, is positive, and it may
happen that the pair {«, 5} is simultaneously row-based and column-based as
well. For a matrix M we denote by (M); ; the entry of M appearing in the ith
row and the jth column.

Proposition 2 [4]. If p,q € [1,00) and C is a finite set, then the following
statements are equivalent.

1) There is a proper complete vertex coloum'ng of K,K, 'LLSZW,Q as colours ele-
p q
ments of C.

(2) M(p,q,C) #0.

The implication (2) = (1) of Proposition 2 is based on a straightforward
observation that if M € M(p,q,C), then the vertex colouring fy of K,00K,
defined by f(7,75) = (M);; is proper and complete as well.

Proposition 3 [4]. If p,q € [1,00), C, D are finite sets, M € M(p,q,C), map-
pings p : [1,p] = [1,p], 0 : [1,¢q] = [1,¢], 7 : C — D are bijections, and M, ,, My
are p X q matrices defined by (M,s)i; = (M)p(i),o(j) and (Mz)i; = 7(M)i ),
then M, , € M(p,q,C) and M, € M(p,q, D).

Let M € M(p,q,C). The frequency of a colour v € C is the number frq(v)
of times v appears in M, while frq(M), the frequency of M, is the minimum
of frequencies of colours in C. A colour of frequency [ is an [-colour, Cj is the
set of l-colours and ¢; = |Cy|. Cj4 is the set of colours of frequency at least
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[ and ¢4+ = |Ciy|. For the (complete) colouring fj; mentioned above denote
Vy = f]\_/ll(y) C [1,p] x [1,q], and let N(V,) be the neighbourhood of V, (the
union of neighborhoods of vertices in V,). The excess of 7 is defined to be the
maximum number exc(y) of vertices in a set S C N (V) such that the restriction
of far formed by uncolouring the vertices of S is still complete with respect to
pairs of colours containing v. The excess of M is the minimum exc(M) of excesses
of colours in C.

We denote by R(i) the set of colours in the ith row of M and by C(j) the set
of colours in the jth column of M. Further, let

Ri(i) = CrNR@@), (i) = [R(d)],
Ci(j) =CinCQG),  ali) =ICG)l,

so that R;(7) and C;(j) is the set of [-colours appearing in the row i and those
appearing in the column j, respectively. For i, j, k € [1,p] let

R(i,5) = C2 NR(i) NR(j), r(i,j) = [R(% j)],
R(ivjv k) =Cs OR(Z) QR(]) QR(k‘)? T‘(i,j, k) = ‘R(Za]a k)|7

and for m,n € [1,q] let
C(m,n) = CaNC(m) N C(n), c(m,n) = |C(m,n)|.

Thus R(i, ) and C(m,n) are respectively the sets of colours which appear exactly
in rows 7 and j or columns m and n, while R(4, j, k) is the set of colours which
appear exactly in the rows i, and k. For v € C define

R(y) ={ie[l,p]: v € R()}

as the set of numbers of rows containing the colour . To avoid a possible confu-
sion coming from the double usage of R(-) in R(7y) and R(¢) note that whenever
R(-) is used with a Greek alphabet letter argument, then the argument points to
a colour in C, and not to a row of the matrix M.

If S C [1,p] x [1,q], we say that a colour v € C occupies a position in S
(appears in S or simply is in S) if there exists (i,j) € S with (M);; = . For a
nonempty set of colours A C C, the set of columns covered by A is

Cov(4) ={j € [1,q] : C(j) N A # 0},

i.e., the set of (numbers of) columns containing a colour of A. We put cov(A) =
|Cov(A)|, and for A = {a},{a, 5}, {a, 5,7} we use a simplified notation Cov(w),
Cov(a, ), Cov(a, B,7) and cov(«), cov(a, B), cov(a, B, 7) instead of Cov(A) and
cov(A).
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MATRIX CONSTRUCTIONS

2.

for 20 + n.

Proposition 4. achr(K¢OK,) > 12, achr(KgOKg) > 18 and achr(KsOK3)
> 21.
n

Proof. Let M, be the 6 x ¢ matrix below, ¢ = 4, 6,8, where n stands for 10 +n
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Lemma 5. If r € [3,9], then N, € M(6,r,V, UW,).

Proof. By inspection of the matrix N,. [

Proposition 6. If ¢ € [9,15], then achr(KsOK,) > 2q + 6.

Proof. The block matrix M, = (Mg N,—¢) belongs to M(6,q,C) with C =
[1,18] U Vo6 U Wy_g. To see it first realise that since the colourings faz and
fN,_s are proper (Proposition 4, Lemma 5), and [1, 18] N (V¢ U Wy_¢) = 0, the
colouring qu is proper, too.

Next, we have to show that each pair {a, [} € (g) is good in M,. The
colourings fus and fy,_, are complete, hence it suffices to restrict our attention
toa € [1,18] and 8 € V,_¢UW,_6. Insuch a case |R(a)N[1,3]| = 1 = [R(a)N[4, 6]
and R(B) € {[1,3],[4,6]} so that R(a) NR(B) # 0, and the pair {«, 8} is row-
based.

So, Proposition 2 yields achr(KsOK,) > |C| = 18 + 2(¢ — 6) = 2¢ + 6. |

For | = 0,1,2,3, let r; € [3,9], and let N,fl be the 6 x 7, matrix obtained
from N,, in such a way that v, (k) is replaced with v, (k) and wy, (k) is replaced
with wil(k) for each k € [1,7]; here we suppose that, given a fixed quadruple
(ro,r1,72,73), the sets [1,12] and

V! = {vl (k) : ke [1,7~l]}, Wl = {wil(k) ke [1,rl]}, 1=0,1,2,3,

Tl

are pairwise disjoint. Further, let N,l,l be the 6 x r; matrix obtained from erl by
interchanging its rows [ and [ + 3, [ = 1,2, 3.

Proposition 7. If g € [16,40], then achr(K¢OK,) > 2q + 4.
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Proof. Since 4-3 = 12 < g—4 < 36 = 4-9, there are integers 7, € [3,9],
1 =0,1,2,3, such that Z?:o r; = q — 4. Let us show that the block matrix M, =
(Mg N, N ]\732 Nﬁg) belongs to M (6, ¢,C) with C' = [1,12] U U?:O(V;ll UwWh).

By Lemma 5 and Proposition 3 we have N, € M(6,r;,V,, UW,,) and N}, €
M(6,m, VEUWE), 1=0,1,2,3, as well as N!, € M(6,r, VL UW!), 1=1,2,3.
The colouring fys with M € {My, N} N} N2 ]\7%} is proper, and the sets [1, 12],
VTll U WTZZ, [ =0,1,2,3, are pairwise disjoint, hence the colouring fyy, is proper.

Now consider a pair {«, 5} € (g) If both «, 8 are either in [1,12] or in VTZZ U
W,{l with [ € [0, 3], then the pair {a, 5} is good in M, because the colourings fas,
and fy; with M € {NQ Nr11 , NEQ, ]\7,?’3} are complete (Propositions 3,4, Lemma 5).

In all remaining cases we show that R(a) NR(S3) # (), which means that the
pair {«, 8} is row-based.

If o € [1,12] and B € Uj_o (V) UW!), then R() € {{1,4},{2,5},{3,6}} and
R(B) € {{1,2,3},{1,2,6},{1,3,5},{1,5,6},{2,3,4},{2,4,6},{3,4,5},{4,5,6}}
so that R(a) NR(B) # 0 follows immediately.

If « € VO and B € [J}_; V!, then R(e) NR(B) = [1,3] \ {I}; similarly, with
a € W2 and B € Uj_; W}, we have R(a) NR(5) = [4,6] \ {I}.

If {i,j,k} = [1,3], « € V}! and 3 € V%, then R(a) NR(B) = {k}; the same
conclusion holds provided that {i,, k} = [4,6], a € W/ and 3 € Wﬂj

If there is | € [1,3] such that either & € V,2 and 8 € W} or o € W), and
B €V}, then R(a) NR(B) = {i}.

Finally, o € V! with i € [1,3] and 8 € Wﬂj with 7 € [1,3] \ {i} leads to
R(a) NR(B) = {i + 3}.

Thus the colouring fys, is complete and M, € M(6,q,C). Since [C] =
12 + Z?:o 2r; = 2q + 4, by Proposition 2 we get achr(K¢OK,) > 2q + 4. [

For a given s € [2,00) consider colour sets Us = {uy : k € [1,s]} with
U e {X,Y, Z, T} such that the sets [1,12], X, Ys, Z5 and T are pairwise disjoint.

Proposition 8. If ¢ € [42,00) and ¢ =0 (mod 2), then achr(K¢OK,) > 2¢q + 4.

Proof. Let s = %, and let M, be the 6 x ¢ matrix below. We show that
M, € M(6,q,C) for C' = [1,12]U X, UY, U Z; UT,. Obviously, since s > 19 > 2,

the colouring fyy, is proper.

1 2 3 4 1 x -+ Tyl Ts Y1 Y2 0 Ys—1  Ys
5 6 7 8 Xy T -+ Ts o Ts_1 21 29 - Zs-1 Zs
9 10 11 12 i to - ts—1 ts r1T T2 - Ts—1 Tg
2 1 4 3 Z1 R v Zs—1 Zs t1 tog - ts—l ts
7 8 5 6 ts t1 - ls—2 Ts—1 Ys Y1 - Ys—2 Ys—1
12 11 10 9 w1 Y2 - Ys—1 Ys Zs Z1 cc Ze—2  Zs—1
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Notice that M, has a submatrix M, (formed by the first four columns of M,).
The colouring fy, is complete (Proposition 4), hence a pair {«, 8} € (g) is good
in M, provided that «, 8 € [1,12]. So, it remains to consider pairs {a, 5} with o €
C and € X,UY;UZ;UTs. Realise that R(a) € R; UR2 and R(5) € Ro, where
R1 = {{1,4},{2,5},{3,6}} and Ro = {{1,2,3},{1,5,6},{2,4,6},{3,4,5}}. As
RN Ry # () for any R € R UR2 and any Ry € Ra, the pair {«, 3} is row-based.

Thus, by Proposition 2 we see that achr(KOK,) > 4s 4+ 12 = 2¢ + 4. ]

3. SoME Basic FacTts CONCERNING MATRICES IN M(p,q,C)

In this section we first reproduce those facts from [4] that are necessary for our
paper.

Lemma 9 [4]. If p,q € [1,00), C is a finite set, M € M(p,q,C) and v € C,
then the following hold.

1. frq(7y) < min(p, q).

2. frq(y) =1 implies exc(y) =l(p+q—1—-1)—(|C| = 1) > 0.

3. frq(M) =1 implies |C| < |B|.
Lemma 10 [4]. If p,q € [1,00), C is a finite set and M € M(p,q,C), then
exc(M) = exc(y), where v € C satisfies frq(y) = frq(M).

Lemma 11 [4]. If ¢ € [7,00), s € [0,7], C is a set of cardinality 2q + s and
M € M(6,q,C), then the following hold.
1. ¢ =0.
2. =0 forle[7,00).
3. ¢y > 3s.
4. c34 < 2q — 2s.
5. 329 ic; < 6q — 6s.
6. frq(M) = 2.
7. exc(M)=7-—s.
8. cqq <o — 3s.
9. {i,k} € ([156]) implies r(i, k) < 8 — s.

Lemma 12. If g € [7,00), then achr(K¢OK,) < 2q + 6.

Proof. If our lemma is false, according to Theorem 1 and Proposition 2 there
is a (2¢ + 7)-element set C' and M € M(6,¢,C). By Lemma 11.3 and 11.7 then
cg > 3.7 =21 and exc(M) = 0. Further, by Proposition 3 we may suppose
without loss of generality that ro(1) > ro(i) for ¢ € [2, 6], which implies 6r2(1) >
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Z?:l ro(i) = 2¢o and ro(1) > [2%} > 7; we shall use on similar occasions (w)
to indicate that it is Proposition 3, which is behind the fact that the generality
is not lost. As a consequence there is i € [2,6] such that r(1,7) > [TQT(I)—‘ > 2.

With v € R(1,4) then each colour of R(1,%) \ {7} contributes one to the excess
of v, hence we have 0 = exc(M) = exc(y) > r(1,i) —1 > 1, a contradiction. m

4. SOLUTION

It turns out that the matrix constructions given by Propositions 4 and 6-8 are
optimum from the point of view of achr(Ks[1K,). The optimality was already
known for ¢ = 4 (Horndk and Puntigan [7]) and ¢ = 6 (Bouchet [1]), while the
rest of the present paper is devoted to the analysis of remaining ¢’s.

Theorem 13. achr(KgOKg) = 21.

Proof. By Proposition 4 and Lemma 12 we know that 21 < achr(KgKg) < 22.
Suppose that achr(Kg[OKg) = 22; because of Proposition 2 there is a 22-element
set of colours C' and a matrix M € M(6,8,C). With ¢ = 8 and s = 6 Lemma 11
yields co > 18, ¢34 < 4, frq(M) = 2, exc(M) =1, cay < cg — 18 and r(4,k) < 2
for {i,k} € ([156}). We are going to strengthen step by step the requirements on
M to finally reach a conclusion that M cannot exist at all.

Claim 14. Ifi € [1,6] and j € [1,8], then |R2(i) N C(j)| < 2.

Proof. Suppose that [C5] > 3 for Cy = Ro(i) N C(j). If @ = (M), ; € Csq, then
each colour of C) \ {a} contributes one to the excess of « so that, by Lemma 10,
1 = exc(M) = exc(a) > |C4\ {a}] > 2, a contradiction. On the other hand, if
a € Csy, then for any € Cf we have 1 = exc(M) = exc(f) > |CL\ {8} > 2, a
contradiction again. O

Claim 15. If {i,k} € ([156]) and o, € Ro(i, k), a # 3, then cov(a, B) = 2, so
that {a, B} C C(j) for both j € Cov(, ).

Proof. Suppose (w) i =1, k =2 and (M)11 = (M)22 = . If cov(er, B) = 4,
(W) (M)13 = (M)24 = B. Denote A = R(1) UR(2). From exc(a) = exc(f) = 1
it is clear that |A| = 14, |C \ A| = 8, and that, for both | € [1,2], each colour
of C'\ A occupies a position in the set [3,6] x [2l — 1,2[] (the colouring fys is
complete). Since [(C'\ A)NCs| = |C\ A|—|[(C\A)NCs4| > 8 —c34 > 4, there is
a colour v € (C'\ A)NCy. The neighbourhood of the 2-element vertex set £, (v)
contains ten vertices belonging to [3, 6] x [1, 4], all coloured with seven colours of
(C\ A)\ {7}. As a consequence we obtain 1 = exc(M) =exc(y) >10—-7=3, a
contradiction.
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If cov(e, ) = 3, (w) (M)12 = (M)23 = 8. With B = R(1) UR(2) UC(2)
then exc(a) = 1 implies |B| = 18 and |C \ B| = 4. Each colour v € C'\ B
belongs to C(1) NC(3) (both pairs {7, a} and {7, 8} are good in M) and satisfies
exc(y) > [(C'\ B) \ {7}| = 3, hence v ¢ Cy and v € C3;. Consequently, csy > 4,
czy =4,C\B =C34, B=Cy,§ =(M)13 € Cy, and the second copy of ¢ appears
in [3, 6] x [4, 8] so that exc(d) > 2 (if § = (M)m,n with (m,n) € [3,6] x [4, 8], then
both § and (M), 1 € C34 contribute to the excess of 0), a contradiction. 0

If Cov(a, B) = {7, 1} for the 2-colours a, 5 of Claim 15, then (w) a = (M); ; =
(M), and 8 = (M);; = (M) ;; we say that the set of 2-colours {«, 3} forms an
X-configuration (in M): both copies of a colour v € {«, 8} are diagonal to each
other in the “rectangle” of the matrix M with corners (1, 5), (i,1), (k, j), (k,1), and
this fact will be in the sequel for simplicity denoted by {«, 5} — X.

Claim 16. Ifi € [1,6], then r2(i) = 6 and r3(i) = 2.

Proof. Let (w) ra(1) > ro(i) for each i € [2,6] and r(1,7) > (1,7 + 1) for each
i € [2,5]. Suppose that ro(1) > 7. Then 2 > r(1,2) > {7‘2(1)1 = 2 so that

5

r(1,2) = 2. Moreover, r(1,6) < VZT(I)J = 1, and there is p € [2,5] such that
r(1,p) = 2 and r(1,p + 1) < 1 (which implies r(1,7) < 1 for any ¢ € [p + 1, 6]).
As rg(6) =8 —r34(6) > 8—c34 >4, we have |R2(6) \Ra(1)| = |R2(6) \R(1,6)| =
ro(6)—r(1,6) = [8—r34(6)]—7(1,6) > 4—1 = 3, and there exists a € Ry(6)\Ra(1).

Consider a colour 5 € R(7, k), where 1 < i < k. When counting the number
of pairs {3,v} with v € Ra(1), that are good in M because of the copy of § in
the mth row of M, m € {i,k}, we see that r(1,m) of them are row-based, and,
by Claim 14, at most two of them are column-based. There is ¢ € [2,5] such that
a € R(7,6). Proceeding as above we obtain that the number of pairs {a, v} with
v € Ra(1), that are good in M, is at most p = [r(1,4)+2]+[r(1,6)+2] < 6+4r(1,6).
Observe that we cannot have r(1,6) < ro(1)—7, because then p < 6+4[ra(1)—7] <
r2(1), a contradiction. Therefore, 1 > r(1,6) > ra(1) — 6 > 1, r(1,6) = 1 and
ro(1) = 7. Now p < 3, because p > 4 would mean 7 = r9(1) = Z?:Q r(1,4) >
20— 1)+ (6 —p) = p+ 4 > 8, a contradiction. Consequently, any colour
d € Cy \ R(1) needs a copy in a row k € [2,p]; to see it realise that, under the
assumption ¢ € R(a, b) with a,b € [p+1, 6], the number of pairs {d,7}, v € Ra(1),
that are good in M, is at most [r(1,a)+2]+[r(1,0)+2] < 2-14+4 < ra(1), which
is impossible. Thus 18 < ¢o < 7+ Y P J[ro(i) — r(1,4)] <74+ (p— 1)(7T—2) =
5p 4+ 2 < 17, a contradiction.

Since the assumption r2(1) > 7 was false, we have 36 > Y20 79(i) = 2¢p >
36. Therefore, ro(i) = 6 for each i € [1,6], co = 18, ¢4y = 0, C = Co U C3, and
the proof follows. 0
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By Claim 16, c; = % =18 and ¢35 = 6%32 = 4; moreover, for every i € [1, 6]
there is (at least one) p; € [1,6] \ {i} such that r(i,p;) = {%] = 2. Then, by
Claim 15, R(i,p;) — X for i € [1,6]. Let Cy = {a,f,7,6} C Cy be such that
{a, 8} = X and {v,0} — X, where {«, 5} # {7,0} (which immediately yields
{a, BY N {7,0} = ). We have cov(Cy) € [3,4], since with cov(Cy) = 2 each of
B,7,0 contributes one to the excess of « so that exc(a) > 3, a contradiction.

Thus (w) cov(a, 8) = [1,2] and cov(~,d) = [I,1 + 1], where [ € [2,3]. Then
C(1) UC(2) € Cy (because of r3(1) = r3(2) = 2 and exc(a) = 1, colours of
C3 occupy four positions in R(1) U R(2) and neither position in C(1) U C(2)),
and, similarly, C(I) U C(l + 1) € C3. So, all 3-colours appear exclusively in
7 — [ columns of M numbered from [ 4+ 2 to 8. There is j € [l + 2, 8] such that
cs3(j) > [%-‘ > [2] = 3, while ¢2(j) > 6—c3 = 2. If £ € Co(j)NR(m, n), then 3-
colours occupy at least r3(m)+r3(n)+[cs(j)—1] = c3(j)+3 > 6 positions in N(V;)
(since € € {(M)mj, (M)n;}, at least c3(j) — 1 positions in [1,6] x {j} occupied by
3-colours are positions that are not in {m,n}) x[1,8]), hence exc(e) > 6 —c3 = 2,
a final contradiction for the proof of Theorem 13. [

Theorem 17. If ¢ € [9,15], then achr(K¢OK,) = 2q + 6.
Proof. See Proposition 6 and Lemma 12. |

Theorem 18. If either q € [42,00) and ¢ = 0 (mod 2) or q € [16,40], then
achr(K¢OK,) = 2¢ + 4.

Proof. We proceed by the way of contradiction. Since achr(KsOK,) > 2¢ + 4
(Propositions 7 and 8), the assumption achr(KsOK,) > 2¢ + 5 by Theorem 1
and Proposition 2 means that there is a colour set C' with |C| =2¢+5=2¢+ s
and a matrix M € M(6,q,C). By Lemma 11 then C = U?:Q Cy, cg > 15,
ez < 2q — 10, 2?23 ic; < 6q — 30, frq(M) = 2 = exc(M), ¢4y < co — 15, and
{i,k} € ([156]) implies 7(i, k) < 3. A contradiction is reached first for ¢ > 19, then
for ¢ € [17,18], and finally for ¢ = 16.

Let G be an auxiliary graph G associated with M, in which V(G) = [1, 6]
and {i,k} € F(Q) if and only if (i, k) > 1.

Claim 19. A(G) < 3.

Proof. In [4] it has been proved that A(G) > 4 together with achr(KsOK,) =
2q + s implies ¢ < 40 — 5s = 15, a contradiction. O

In [4] one can find also proofs of the following two claims.
Claim 20. If {i,j,k,l,m,n} =[1,6] and r(i,7,k) > 1, then r(I,m,n) <9.

Claim 21. If {i,j,k,l,m,n} = [1,6], r(i,1) > 1, r(j,]) > 1 and r(k,l) > 1, then
r(l,m,n) >q+3s—24=q—09.
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Claim 22. If {i,j,k,l,m,n} = [1,6], r(i,l) > 1, r(j,l) > 1 and r(k,l) > 1,
{a,b} € (M) and r(a,b) > 1, then |{i,j,k} N {a,b}| = 1 = [{l,m,n} N {a,b}|.

Proof. The assumptions of Claim 22 imply that r(l,m,n) > g —9 > 7 (see
Claim 21). Consider a colour a € R(a, b).

If {a,b} C {i, 7, k}, the number of pairs {«, 5}, 8 € R(l, m,n), that are good
in M (and necessarily column-based), is at most 3cov(a) = 6 < r(I,m,n), a
contradiction.

On the other hand, with {a,b} C {l,m,n} each colour of R(l,m,n) con-
tributes one to the excess of a so that 2 = exc(M) = exc(a) > r(l,m,n) > 7, a
contradiction again.

Therefore, 2 = |{3,j,k,l,m,n} N{a,b} = |{i,7,k} N {a,b}| + |{l,m,n} N
{a,b}] <141 =2, and then |{3,j,k} N{a,b}| =1 = [{{,m,n} N{a,b}|. 0

Claim 23. If {i,k} € (%)), then (i, k) < 2.

Proof. Let (w) i =1, k = 2, Cov(R(1,2)) = [1,n], and assume (for a proof by
contradiction) that r(1,2) = 3 (see Lemma 11.9), which implies n € [3, 6].

We are going to show that A = C'\ (R(1) UR(2)) C Cs4. First observe that
each colour av € A occupies at least two positions in Sy, = [3,6] x [1,n] (all pairs
{a, B}, B € R(1,2), are good in M), hence |A| < L%"J = 2n. Moreover, from
IR(1) NR(2)] > r(1,2) we get |[R(1) UR(2)| < 2¢ — 3. Consequently, 2¢ + 5 =
|IC| = |A| + |R(1) UR(2)| < |A| + (2¢ — 3) leads to 8 < |A| < 2n and n € [4,6].

If n = 4, then |A| = 8, and any colour of A occupies exactly two positions
in Sy. Suppose there is a colour « € AN Cy. If a vertex (i,j) € Sy belongs to
N (Vy), then (M); ; € A\ {a}, hence 2 = exc(M) = exc(a) > 10 — [A\ {a}]| =3
(the set N (V) has 10 vertices in S4), a contradiction. Therefore, A C Cs .

If n = 5, thereis j € [1, 5] such that |C(5)NR(1,2)| = 2 and |C(I)NR(1,2)| =1
for I € [1,5]\ {j}. Then A = Ay U A3 U Ay, where A; consists of colours of A
occupying ! positions in Ss. With a; = |4;| we obtain as <4 (if @ € A2\ C(j), at
least one of three pairs {«, 5} with 5 € R(1,2) is not good in M, a contradiction),
az+ag=1Al—ay >8—-4=4,16+a3+ a4 <16+ a3+ 2a4 <2(ag+a3z+aq)+
as+2a4 = Z?zzlal =4-5=20,a3+a4 <20—16 =4, ag+ a4 = 4, all six above
expressions are 20, which implies a4 = 0, a3 = 4 = a2, and then all positions in
Sy are occupied by colours of AsUAs. If Cov(R(1,2)\C(5)) = {s,t} C [1,5]\{j},
then Ay C C(j) UC(s) UC(t). For the set B of colours in Cs \ Ay that are not in
[1,2] x [1,5] we have |B| > ca2 — [(2|[1,5]] —3) + a2] > 15 — 11 = 4. However, the
number of pairs {«a, } with a € Ay and § € B, that are good in M, is at most
three (if 8 € R(u), u € [3,6], only (M)y,j, (M) and (M), are available as ),
a contradiction.

If n = 6, the frequency of each colour in o € A is at least three, since all
pairs {«, 8} with 8 € R(1, 2) are column-based, and at most one of them satisfies
the implication o € C(j) = 5 € C(y).
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Thus A C C34 and Co C R(1) UR(2). For I € [1,6] let
K()={me[1,6)\ {l} : r(l,m) > 1},

so that A(G) < 3 (Claim 19) implies |K(1)| < 3. Further, for [, m € [1,6], [ # m,
let 75 (I,m) = |Ra(l) \ Ra(m)| be the number of 2-colours which occur in row !
123ut3not6row m. Observe that if m € K(I), then ry (I, m) = 3 c )\ fmy 71, P) <

The inclusion Cy C R(1)UR(2) implies co = r;5 (1,2)+r; (2,1)+7(1,2). Then
15<ey=ry(1,2)+75(2,1)+r(1,2) <2-6+3 =15, hence ¢o = 15, 1, (1,2) =
r5 (2,1) =6,7(1,2) =3,r2(1) =7, (1,2)+7r(1,2) =9 =1, (2,1)+7r(2,1) = r2(2),
|K(l)] =3 and r(l,p) = 3 for each p € K(I), 1 =1, 2.

The last two facts imply in particular that |K(1)\{2}| = 2 and that r(m) = 3
for both m € K (1) \ {2}. This means that we can repeat the entire reasoning
from the start of the proof of Claim 23 with the pair (1,m) instead of the pair
(1,2). Among other things we obtain ro(m) = 9 for both m € K(1)\ {2} C [3,6].
Together with r2(1) = 72(2) = 9 we then have

6
1 4-9
15=1cy = E rg(m)szl&
m=1

|

a contradiction. O
Claim 24. Ifi € [1,6], then r2(i) < 6.
Proof. Since A(G) < 3, the claim is a direct consequence of Claim 23. 0

Claim 25. The following statements are true.
1. A(G)=3.
2. G is a subgraph of K3 3.
3. cg < 18.

Proof. 1. The assumption A(G) < 2 would mean, by Claim 23, ro(i) < 2-2 =14
for i € [1,6] and 15 < ¢y = %Z?Zl ro(i) < & =12, a contradiction.

2. From Claims 25.1 and 22 it follows that there is a partition {I, K} of
[1,6] satisfying |I| = |K| = 3 such that r(i, k) > 1 with {i,k} € (“ﬁGl) implies
{i,k}N1I| =1=|{i,k} N K|. Thus, G is a subgraph of K33 with the bipartition
{I,K}.

3. Finally, by Claim 23, c2 = i/ > e (i, k) <9-2=18. 0

Henceforth we suppose (w) that the bipartition of the graph K33 from
Claim 25.2 is {[1, 3], [4, 6]}, which leads to
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3 6
Cy = J |JRG, k).
i=1k=4

Note that this assumption somehow restricts the meaning of (w) in the subsequent
analysis, namely the bijection p : [1,6] — [1,6] in Proposition 3 should satisfy
p([1,3]) € {[1,3], [4,6]}.

Claim 26. There is at most one pair (i,k) € [1,3] x [4, 6] with r(i, k) = 0.

Proof. 1f |{(i,k) € [1,3] x [4,6] : r(i,k) = 0}| > 2, Claim 23 yields 15 < ¢ <
7 -2 =14, a contradiction. 0

Claim 27. If (i,5,k) € {(1,2,3),(4,5,6)}, then 7 < q—9 < r(i, j, k) < 9.

Proof. From Claim 26 it immediately follows that max(degs(p) : p € [1,3]) =
3 = max(degg(p) : p € [4,6]). So, by Claims 21 and 20, ¢ — 9 <r(i,5,k) <9.

Use for an edge {i,k} of the graph K33 with bipartition {[1,3],[4,6]} the
label r(i,k) € [0,2] (see Claim 23). A colour a@ € Cy corresponds to an edge
{i,k} € E(K33) if o € R(4,k), and a corresponds to a set E C E(K33) if
there is e € F such that a corresponds to e. We denote by Col(E) the set of
colours corresponding to E. Colours a, 8 € Ca, a # 3, are column-related (in M)
provided that R(a) NR(B) = 0 (and, consequently, |R(a) UR(S)| = 4); then the
pair {«, 8} is not row-based, and hence it is column-based (thus if 2-colours «, 8
are column-related, then the pair {«, #} is column-based, but not necessarily vice
versa). Evidently, if {v; : j € [1,{]} is a set of pairwise column-related 2-colours,
where v; € R(ij, k), then r(ij, kj) > 1, {ij, k;} € B(Ka3), |Ujep (i, kit = 21,
{{ij,k;} - 5 € [1,]]} is a matching in K33, and so [ < 3. For a matching M in
K3 3 we denote by wt(M) the weight of M, i.e., the sum of labels of edges of M.

Claim 28. If M! is a perfect matching in K33, then there are perfect matchings
M? and M3 in K3 such that {M*, M? M3} is a partition of E(Ks3) and
wt(M?) > wt(M3); moreover, |J>_, Col(M?®) = Cy and 3°_, wt(M?®) = cy.

Proof. The set E(K33) \ M! induces a 6-vertex cycle C in K33. Then E(C)
has a partition {M?, M3} into perfect matchings of K33 so that {M*, M?, M3}
is a partition of E(K33); without loss of generality we may suppose wt(M?2) >
wt(M?3). Notice that each colour of Cy is in exactly one of the sets Col(M?*) C Cs,
s=1,2,3, hence Cy = |J>_, Col(M?®) and co =30 | S°0_, r(i, k) =32_, wt(M?).
(|

Let A be a nonempty subset of Cy. We say that A is of type t{*- Ctpp if

|A| >t; > -+ >1t, > 1, every column of M contains either 0 or exactly t5 colours
of A for some s € [1,p], and a4 is the number of columns of M that contain
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exactly ¢5 colours of A. Note that >, asts = 2|A|. Clearly, the type of A is
unique.

Claim 29. Under the assumptions {i, j, k} = {1,2,3}, {{,m,n} = {4,5,6}, a €
R(7,1), B € R(j,m) and v € R(k,n), the following statements are true.

1. If the set {a, 8,7} is of the type t}*---t,7, then Y F_, as (tQS) > 3.

2. Ifcov(a, B,7) < 3, then cov(a, B,7) = 3, each colour of Co\{«, 5,7~} appears
exactly once in the set [1,6] x Cov(a, B,7), and Uccov(a,p,4) C(s) = Ca.

3. The type of the set {a, 3,7} is either 313 or 23.

Proof. 1. The colours a, 3,7 are pairwise column-related, hence each of the pairs
{a, B}, {a,7v} and {B,~} is column-based; colours of such a pair share a column
whose number is in Cov(a, 3,7). A column of M containing exactly ts colours of
{a, 8,7} hosts exactly (tg) from among the above pairs, and so > L_; a, (tQS) > 3.

2. In the set [1,6] x Cov(a, 3,7) there are at most eighteen positions of which
six are occupied by «, 5,7y. Since co > 15, there are at least twelve other colours
in C9, and these must all occupy one of the remaining positions, otherwise for
a colour § € Cy \ {a, 3,7}, that is out of [1,6] x Cov(«, 3,7), the number of
e € {a,B,7} such that the pair {d,e} is good in M, is only 2 (such pairs are
row-based). Thus cov(a, 8,7v) = 3, ca = 15, each colour of Cy \ {«, 5,7} occupies
exactly one position in [1,6] x Cov(a, 3,7), and the set of colours, that appear
in [1, 6] x Cov(a, 8,7), is equal to Cy, i.e., Usecov(a,p,9) C(5) = Co.

3. Possible types of the set {a, 3,7} (that must satisfy Claim 29.1) are 32,
312111 3113 and 23. However, the type 3% has to be excluded since cov(a, 3,7) =
3 by Claim 29.2.

Suppose the set {a, 3,v} is of the type 312! 1. Observe that if b € Cov(a, 3,7)
satisfies {a, 8,7} NC(b) = {e}, there is (a unique) a € [1, 6] such that {«, 3,7} N
R(a) = {e} and ( = (M)qp # €. By Claim 29.2 then ¢ € C5, and the second
copy of ¢ is in [1,6] x ([1,q] \ Cov(a, B,7)); so, the number of pairs {¢,n} with
n € {«, 8,7} \ {€}, that are good in M (and necessarily row-based), is one, while
Ha, 8,7} \ {e}| = 2, a contradiction. 0

Claim 30. If{i,j,k} = {1,2,3}, {l,m,n} = {4,5,6}, R(3,1) = {1, a2}, R(j,m)
= {B1,52}, 1 € R(k,n) and a,b € [1,2], then the set {aq, By, V1} is of the type
3113,

Proof. 1If the claim is false, then, by Claim 29.3, (w) {«1, 51,71} is of the type
23, Cov(aq, B1,71) = [1,3], and, by Claim 29.2, as occupies exactly one position
in [1,6] x [1,3]. Clearly, co appears in the column of M containing both 5; and
~1 (the pair {f1,71} is column-based), for otherwise {«as, 81,71} would be of the
type 2212, which is impossible by Claim 29.3; so, by the same claim, {ag, 31,71}
is of the type 3'13, (w) Cov(ag, B1,71) = [1,4].
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Proceeding similarly as above we see that 82 appears in the column containing
a1, 71, and {a1,B2,71} is of the type 3113, so that the pair {ag, 32} can be
good in M only if {a9, B2} C C(4). Consequently, {co, 82,71} is of the type
23, If {a1,B1} € C(b), b € [1,3], then Cov(aa, B2, 71) = [1,4] \ {b}, so that, by
Claim 29.2, C(b),C(4) C Cy and C(b,4) = C(b) \ {1, 1} = C(4) \ {ag, f2}. In
such a case any colour 6 € C(b,4) C Cs satisfies 2 = exc(d) > |C(b,4) \ {0}| = 3,
a contradiction. O

From Claim 30 we see that if M is a perfect matching in K33 with wt(M) > 5
and colours «, 8,7 € Col(M) are pairwise column-related, then the set {«, 5,7}
is of the type 3'13.

Claim 31. Under the assumptions {i,j,k} = [1,3], {{,m,n} = [4,6], R(i,1)

{a17a2}’ R(]am) = {ﬁh/@Q}’ R(k7n) € {{’71}7{71772}} and 021 = R(Zvl) U
R(j,m) UR(k,n), the following statements are true.

There is a € [1,q] such that C3 C C(a).

If colours 6,e € Cd, 6 # ¢, are column-related, then cov(d,e) = 3.

If 6 € {a, B}, C3 C C(a) and Cov(81,02) = {a,b,d}, then |C(b) N C(d)| =3
and C(b,d) # 0.

{a1, a0} = X and {B1, B2} — X.

If R(k,n) = {v1,72}, then {71,72} = X.

cov(C3) = 4.

If 6 € O3\ C3, then 6 is in [1,6] x Cov(C3).

w o=

NS o

Proof. Consider the perfect matching M!' = {{i,1}, {j,m}, {k,n}}. From the
assumptions of Claim 31 we get 5 < wt(M?!) < 6.

1. By Claim 30 we know that (among others) all of the following sets are
of the type 3'1%: {a1, B1,m}, {a2, B1,m}, {a1, B2, 11} and {a1, 1,72} (provided
that 72 € R(k,n)). Then there is a € [1,q] with {a1,81,711} C C(a). Now
{az2, 81,711} NC(a)] > 2 > 1, hence [{a2, f1,m} NC(a)| =3 and az € C(a). A
similar reasoning shows that 82 € C(a) as well as y2 € C(a) (under the assumption
v2 € R(k,n)).

Before proceeding further let us mention that, by Claim 31.1, if M is a perfect
matching in K33 with wt(M) > 5, then all colours of Col(M) occur in (exactly)
one of columns of M.

2. There are s,t,u € {1,2} such that {0,e} C {as, 5,7} Therefore, the
statement is a direct consequence of Claim 31.1 and the fact that, by Claim 30,
the set {a, B, 7} is of the type 3113,

3. If § = o, Cov(a, ) = {a,b,d} and e € C" = C'\ (R(z) UR(l) U C(a)),
then, as both pairs {e,a1} and {e, a2} are good in M, we get € € C(b) N C(d).
Consequently, |C(b)NC(d)| > |C'| > 2¢+5—(2¢—2+4) = 3; further, by Claim 24,



426 M. HORNAK

[(R(A)UR(I)UC(a))NCs| <2-6—2+44 =14 < ¢g, and so C’ contains a 2-colour
¢. Having in mind that ¢ € C(b,d) and 2 = exc(¢) > [(C(b) NC(d)) \ {¢}| >
|C"\ {¢C}] > 2, we obtain |C(b) N C(d)| = 3.

An analogous reasoning applies in the case § =  and Cov(f1, 52) = {a, b, d}.

4. By Claim 31.1 there is a € [1,q] with C2 C C(a), hence 2 < cov(ay, az) <
3. Suppose that cov(ai,as) = 3 (which means that {a1,a2} — X is not true)
and Cov(ay, a2) = {a,b,d}. By Claim 31.3 then |C(b) N C(d)| = 3, and there is
(a 2-colour) € € C(b,d).

By Claim 28 there exists a partition {M?*, M? M3} of E(Kj3) into perfect
matchings in K33, ngl Col(M?) = Oy and wt(M?) > wt(M3). Let C5 =
Col(M?), s = 2,3, so that {C3,C3, C3} is a partition of Cy; then there is p € [2, 3]
with e € CP. Note that {M?2, M3} = {MP, M5~P} and {C2,C3} = {C?,C577}.

Let us show that wt(MP) < 4. Indeed, with wt(MP) = |Col(MP)| > 5,
by Claim 31.1 all colours of C5 = Col(MP) occur in one of columns of M, say
in the column e. Since ¢ € C, we have necessarily e € {b,d}. The column
e contains exactly one of colours «q,ag of C21 and all colours of Cg (thus 2-
colours only), which implies C(b) N C(d) = C(b) N C(d) N C(e) C C(e) C Cy,
C(b,d) = CaNC(b) N C(d) = C(b) N C(d) and |C(b,d)| = 3. From among three
colours of C(b) N C(d) C C(e) at least two appear in one of two “halves” of
the column e (the “upper half” and the “lower half”); more precisely, there is
I € {[1,3],[4,6]} such that the colours of C(b,d) occupy at least two positions in
I x {e}. Let ¢,n be distinct colours of C(b, d) occupying two positions in I x {e}.
Then the remaining copies of ¢, n occupy two positions in ([1,6]\ I) x {f}, where
{b,d} ={e, f}. Thus |R({)UR(n)| = 4, and so the colours (,n are column-related.
The colours ¢ and 7 correspond to e; and ez, repectively, with ej,eo € MP,
e1 # eg. If MP = {ey, ez,e3}, from Claim 23 we know that the label of the edge
e3 is either 1 or 2; let ¥ be a colour of C% that corresponds to es. The colours
¢,n,V¥ are pairwise column-related. Therefore, by Claim 30, the set {(,n, 9}
is of the type 3'1%. This, however, is contradicted by the following two facts:
¢, 9} NC(e)| = 3 and [{¢, 1,0} NC()| > ¢ m}l = 2> 1.

Since wt(M?) € [5,6] and Claim 28 yields 3°2_, wt(M®) = ¢g > 15, we have
wt(M°7P) = cg — wt(M?!) — wt(MP) > 15— 6 — 4 = 5. By Claim 31.1 all colours
of 025 P = Col(M>P) occur in one of columns of M, say in the column e. From
CI N CP = () it follows that e # a. Further, note that C(b) contains ¢ € C% as
well as one of colours aq, as € 021, and the same is true for C(d); as a consequence
of |C57P| = wt(M5P) > 5 then e ¢ {b,d}. Consider e1, ey € M5 P with i € ¢
and | € e;. Having in mind that {i,/} € M, we obtain e; # ey. If M5P =
{e1, €2, e3}, then the edge e3 is labelled with either 1 or 2. Observe that there is a
colour ¢ € C’;’ “P corresponding to e3, which does not belong to C(a). This is clear
if wt(M!) = 6, when C(a) N Col(M>~P) = Col(M!') N Col(M>P) = (). On the
other hand, with wt(M!) = 5 we have wt(M5>~P) = 6, the edge e is labelled with
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2, and for the choice of { there are two possibilities, at least one of which satisfies
the above requirement: C(a) contains at most one colour of Col(M?®~P). Now it is
clear that no pair {¢, as} with s € [1,2] is row-based (because R(a) = R(ag) =
{i,1} and R(¢) N {i,l} = (). As a consequence both pairs {(, a1}, {(,as} are
necessarily column-based. However, from e € Cov((), e ¢ Cov(ai, az) = {a,b,d}
and a ¢ Cov(¢) it follows that Cov(¢) N Cov(ai,az) = Cov(¢) N {b,d} and
|Cov(¢) N{b,d}| < 1; since |C(b) N{a1,a2}] =1 =|C(d) N{a1,az}|, the number
of pairs {(, a1}, {¢, as}, that are good in M, is at most 1, a contradiction.

Thus cov(ag,a) =2 and {a1, a0} — X.

The assumption cov(f, B2) = 3 leads to a contradiction similarly as above,
hence cov(f1, 82) = 2 and {f1, f2} — X.

5. Use Claim 31.4 with {71, 72} in the role of {a1, aa}.

6. This claim is a consequence of Claim 31.2, Claim 31.4 and Claim 31.5,
where the last one applies only if R(k,n) = {v1,72}.

7. If § € Cy \ C4 occupies only (two) positions in [1,6] x ([1,q] \ Cov(C3)),
then the number of pairs {0,e} with € € {a1, 81,71}, that are good in M (and
necessarily row-based), is 2 < 3 = [{a1, f1,71}|, a contradiction. 0

Let C5 = C3\ (R(1,2,3) UR(4,5,6)), c5 = |C5| and p3 =1(1,2,3)+1(4,5,6)
so that ¢z = p3 + ¢4 and p3 < 18 (see Claim 27).

Claim 32. If p3 > 15, then cov(R(1,2,3) UR(4,5,6)) < 9.

Proof. Suppose r(1,2,3) > r(4,5,6) and observe that if 7 € Cov(R(1,2,3) U
R(4,5,6)), then R(1,2,3) N C(j) # 0 and R(4,5,6) N C(j) # 0 as well. Indeed,
if 6 € R(1,2,3) N C(j) and R(4,5,6) N C(j) = 0, then the number of pairs {4,¢}
with € € R(4,5,6), that are good in M (they must be column-based), is at most
3|Cov(d0) \ {j} =6 <7< qg—9 < r(4,5,6) (Claim 27), a contradiction. A
similar contradiction can be reached under the assumption R(4,5,6) N C(j) # 0
and R(1,2,3) N C(j) = 0. So, cov(R(1,2,3) UR(4,5,6)) = cov(R(1,2,3)) =
cov(R(4,5,6)).

Claim 27 yields r(1,2,3) < 9. Suppose first that 7(1,2,3) = 9. In the case
cov(R(1,2,3)) < 9 the claim is proved. If cov(R(1,2,3)) > 10, there is j €
Cov(R(1,2,3)) with |R(1,2,3)NC(j)| < 2. In such a case for e € R(4,5,6)NC(j)
the number of pairs {e,0} with § € R(1,2,3), that are good in M, is at most
24+3+3<1r(1,2,3), a contradiction.

Thus 9 > r(1,2,3) > %[r(1,2,3) +7(4,5,6)] = 2 > % > 7,r(1,2,3) =8
and 8 > r(4,5,6) > 7. If cov(R(1,2,3)) > 10 and j € Cov(R(1,2,3)), then
necessarily |R(1,2,3)NC(j)| > 2, for otherwise 7(1,2,3) < 1+2-3 =7 < r(1,2,3).
Consequently, m = [{j € [1,q] : |R(1,2,3) N C(j)| = 3}| < 4, because m > 5
implies that the number of positions in M occupied by colours of R(1,2,3) is
3m+2[cov(R(1,2,3))—m] = 2cov(R(1,2,3))+m > 20+5 = 25 > 24 = 3r(1, 2, 3),



428 M. HORNAK

a contradiction. For each colour ¢ € R(4,5,6) we have n(¢{) = |{j € [1,q] :
IR(1,2,3) N C(j)] = 3,¢ € C(j)}| > 2, since n(¢) < 1 leads to r(1,2,3) <
3n(¢) +2[3—n(()] =6+n(¢) <7< 8=r(1,2,3). Then the number of colours
¢ € R(4,5,6), for which all pairs {(,0} with § € R(1,2,3) are good in M, is at
most L%”J < L%J =6 <7 <r(4,5,6); in other words, there is ( € R(4,5,6)
and § € R(1,2,3) such that the pair {(,d} is not good in M, a contradiction.
The case r(1,2,3) < r(4,5,6) can be treated analogously. 0

Claim 33. No perfect matching of K33 is of weight 6.

Proof. Suppose that wt(M!) = 6, where (w) M! = {{i,7—i} :i=1,2,3}, and
let « € R(1,6), 8 € R(2,5), v € R(3,4). By Claim 28 there exists a partition
(MY, M2, M3} of E(K33) into perfect matchings in K3, |J>_, Col(M?®) = Cs,
S8 wt(M®) = g > 15 and wt(M?) > wt(M?3), hence wt(M?)+wt(M3) = co—
6 > 9 and wt(M?) > 5. Let C§ = Col(M?), s = 1,2,3. Using Claims 31.1 and
31.4-6 we get (w) Ca = C(1), Cov(C3) = [1,4] and C3 C C(5) (each of columns
2, 3,4 contains two colours of C3). Further, as a consequence of Claim 31.7, and
the fact that C = C(1), any colour of Cy occupies a position in [1, 6] x (Cov(C3)\
{1}) = [1,6] x [2,4].

Now consider an arbitrary colour ¢ € C;. There are three distinct integers
a,b,d € [1,6] and a set I € {[1,3],[4,6]} such that a,b € I, d € [1,6] \ I and
e € R(a,b,d). Let us show that the colour £ occupies a position in [1,6] x [2, 5].
Suppose this is not true so that every pair {e,(} with ¢ € C3 U C3 is row-
based. Then I = {a,b,7 — d}; otherwise, if 7 — d € {a,b}, then {d,7 — d} C
{a,7—a}U{b,7—b}, there is ¢ € {«, 8,7} with R({)N({a,7—a}U{b,7—0b}) =0,
which leads to R(e) "R(¢) = {a,b,d} NR(¢) C ({a,7—a}U{db,7—0b})NR(C) = 0,
and the pair {e,(} is not good in M, a contradiction. Thus I = {a,b,7 — d} and
[1,6]\ I = {d,x,y}. The set {{7—d,d},{7 —d,z},{7 —d,y}} is a transversal
of the collection { M, M? M3} of pairwise disjoint perfect matchings of Kj 3,
hence there is z € {z,y} with {7 —d, 2} € M? and R(7 — d,z2) C C7 (recall that
{7—d,d} € M"). From wt(M?) > 5 we know, by Claim 23, that r(7 —d, z) > 1;
with n € R(7 —d, z) then R(e) "NR(n) = {a,b,d} N {7 —d, z} = 0, hence the pair
{n, e} is not good in M, a contradiction.

From the above reasoning we see that each colour of (Cy\ C2) U Cj occupies
a position in [1, 6] x [2, 5], and each colour of C3 occupies two positions in [1, 6] x
[2,5]. Therefore, co + ¢ + |C2] < |[1,6] x [2,5]] = 6-4 = 24 and cp + ¢ <
24 —|C3] = 24 — wt(M?) < 24 — 5 = 19.

Thus, by Lemma 11.8, ¢§+c44 < ci+(c2—15) < 19—15 = 4. Claim 24 yields
co =138 ro(i) < 88 =18, hence 2¢+5 = |C| = (co+¢5) +p3+eay < 19+ p3+
(c2—15) <194 p3+3 = 22+ p3, and p3 > (2¢+5) —22 > 15. Consequently, using
Claim 32, cov(R(1, 2, 3)UR(4, 5,6)) < 9, (w) Cov(R(L,2,3)UR(4,5,6)) C [¢—8, ql.
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If wt(M?3) > 5, then, by Claim 31.1 applied on C3, (w) C3 C C(6), Cov(C3) =
{2,3,4,6}, Cov(Cs) = [1,6], and, for any j € [7,q — 9] D {7}, C(j) C C3 U Cyy,
so that 6 = |C(j)| < c3 + ca4 < 4, a contradiction.

So, Wt(M?3) < 4, ¢p = 32 wt(M®) < 6+6+4 =16, 37 < 20+ 5 =
co+p3+c+cap <164+ 18+ (¢ + cay) <3444 =38 and ¢ = 16. Then 37 =
IC| = cotchtpatear < catci+pat(ca—15) = cotcs+ Y0 wt(M®)+p3—15 =
[ca + cf +Wt(M?)] + wt(M3) +6+ p3 — 15 < 24 +4+p3 — 9 < 28+ (18 — 9) = 37,
p3 = 18, cov(R(1,2,3) UR(4,5,6)) > [182] =9, cov(R(1,2,3) UR(4,5,6)) = 9,
Cov(R(1,2,3) UR(4,5,6)) = [8,16] and R(1,2,3) UR(4,5,6) = ;%5 C(j). Let
C'=C\(R(1,2,3) UR(4,5,6)), and let M’ be the 6 x 7 submatrix of M formed
by the first seven columns of M. Evidently, M’ € M(6,7,C"), which means, by
Proposition 2, that achr(KgOK7) > |C'| = 19. This, however, contradicts the
result achr(Ks[0K7) = 18 proved in [5]. 0

Claim 34. The following statements are true.

co = 15.

Each perfect matching of K33 is of weight 5.
cat = 0.

Each edge of K33 is labelled with either 1 or 2.

There are I, K € {[1,3],[4,6]}, I # K, and k € K such that for any i € I
and any | € K\ {k} it holds r(i,k) = 1 and r(i,1) = 2.

BNl

Proof. 1. Given a perfect matching M?! of K3 3, by Claim 28 we know that there
is a unique partition {M!, M2, M3} of E(K33) into perfect matchings of Kj 3.
By Lemma 11.3 and Claim 33 then 15 < ¢ = 32°_ wt(M*) < 32%_ 5 =15 and
Cy = 15.

2. From the proof of Claim 34.1 we see that wt(M?®) =5, s = 1,2,3. Thus
wt(M) = 5 for each perfect matching M of K33 (M can be chosen as M1).

3. By Lemma 11.8 and Claim 34.1 we have c44 < ¢co — 15 =0 and ¢4q = 0.

4. No edge of K3 3 is labelled with 0, otherwise any perfect matching of K33
containing such an edge would be of weight at most 2 -2 = 4 (Claim 23), which
contradicts Claim 34.2.

5. Denote by [(e) the label of an edge e € E(K33), and by [, the number
of edges of K33 labelled with n, n = 1,2 (see Claim 34.4); then i) + Iy = 9,
15=co=1014+2ls=9+15,l5 =6 and [; = 3. Let {61,62,63} e {6 S E(K&g) :
lle) =1}.

If a,b € [1,3], a # b, then e, Ney # (. To see it suppose that e, Nep = 0,
and take e € E(K33) \ {eq,ep} such that {e,,ep, e} is a perfect matching of
K33. The 6-vertex cycle in K33 with the edge set E(K33) \ {eq,es, e} has at
least five edges labelled with 2, hence one can find in K33 a perfect matching
M C E(Ks33)\ {eq, e, e} with wt(M) =3 -2 = 6, a contradiction.
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Thus e; Ney # 0, e; Neg # O and es Negz # (). Since the subgraph of the
bipartite graph K33 induced by the set of edges {e1, ez, e3} is bipartite (and so
free of odd cycles), the above three intersections (of 2-element sets) are nonempty
only if there is a vertex k € [1,6] = V(K3 3) such that e; NeaNes = {k}. Having
in mind that the bipartition of K3 3 is {[1, 3], [4, 6]}, there are I, K € {[1, 3], [4,6]}
such that I # K, k € K, and for any ¢ € [ and any [ € K\ {k} it holds r(i,k) = 1
and r(i,0) = 2. 0

Based on Claim 34.5 we suppose (w) I =[1,3], K = [4,6] and k = 6 so that
for any ¢ € [1,3] and any [ € [4,5] we have 7(i,6) = 1 and 7(¢,I) = 2. Then
ro(1) = 12(2) = 12(3) = 5, 12(4) = 72(5) = 6 and r2(6) = 3. Let R(4,6) = {ai6},
i=1,2,3.

If M is a perfect matching in K33, there is s € [1,6] such that M = M?,
where

M = {{1,6},{2,4},{3,5}}, M? = {{1,5},{2,6},{3,4}},

M? = {{17 4}7 {27 5}7 {37 6}}7 M* = {{17 6}7 {27 5}7 {37 4}}7

M® = {{1,4},{2,6},{3,5}}, MO = {{1,5},{2,4},{3,6}}.
We have |Col(M?)| =5 for each s € [1,6]. Applying Claim 31 on five colours of
Col(M?) we see that there is a® € [1, ¢] such that Col(M?) C C(a®). If 5,t € [1, 6],

s # t, then |M* N M!| < 1, hence |Col(M?*) N Col(M?)]| < 2 (Claim 23), and so
it is clear that a® # a'. From now on (w)

{a®: s €[1,6]} =[1,6],

(M)ii=cai6=(M)gi+3, ©=1,2,3.

Let us show that 8; = (M);i4+3 with ¢ € [1,3] is not a 2-colour. Indeed,
suppose it is. The number of pairs {f;, a6}, j € [1, 3], that are good in M, is 3.
However, each copy of 3; provides only one such pair (for the copy (M ); ;13 of 3;
it is the pair {f;, a; ¢}, while for the other copy of ; in one of rows 4,5 of M it
is a pair {f;, a6} that is column-based), a contradiction. As a consequence of
Claims 34.1 and 34.3 then all positions in the set

S ={(1,4),(2,5),(3,6),(6,1),(6,2),(6,3)}

are occupied by 3-colours, and the same is true for the set of positions [1, 6] x[7, ¢].
Moreover, all positions in the set ([1,6] x [1,6]) \ S are occupied by 2-colours.

Claim 35. Each position in the set S is occupied by a colour of C5.

Proof. 1If a position (7,74 3) with 7 € [1, 3] is occupied by a colour 8 € R(1,2,3),
that copy of § provides no pair {3,v} with v € R(4,5,6) that is good in M.
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Claim 27 yields min(r(1,2,3),7(4,5,6)) > ¢ —9 > 7. However, the number of
pairs {3,v} with v € R(4,5,6), that are good in M (and necessarily column-
based), is at most ) cou(an fitsy IR(4,5,6) NC(N)[ < 2-3 =6 < r(4,5,6), a
contradiction.

Similarly, if a position (6,7) with 7 € [1,3] is occupied by a colour § €
R(4,5,6), then the number of pairs {, ¢} with ¢ € R(1,2,3), that are good in M,
is at most 3 ;e o) (3 IR(L,2,3)NC(N)] < 2:3 =6 < r(1,2,3), a contradiction.

Claim 36. C; C R(6).

Proof. Consider a colour § € (3, and let n;, i € R(f), denote the number of
pairs {3,v} with v € {a16, 226,36}, that are good in M, and are provided
by the copy of § in the row i of M. If ¢ € [1,3], then n; = 1 (with v = a;6),
while ¢ € [4,5] implies n; = 0, and @ = 6 yields n;, = ng = 3. Now, under the
assumption B ¢ R(6), from the inequalities 1 < |R(5) N [1,3]| < 2 we obtain
Yicr(p) i = [R(B) N [1,3]] <2 <3 = [{ai6, az6,a36}|, a contradiction. 0

Claim 37. ¢ = 16, and there is a 3-colour € R(i,m,6) with i € [1,3] and
m € [4,5] that occupies a position in {6} x [7,16].

Proof. Since ¢4y = 0 (Claim 34.3) and 72(6) = 3, by Claims 36 and 27 we have
q = c2(6)+c3(6) = 3+[r(4,5,6)+ci] and ¢§ = ¢—3—r(4,5,6) > ¢—3—(¢—9) = 6.
On the other hand, from Claim 34.1 we get |C| = 2¢+5 = co+c3 = 15+[r(1,2,3)+
r(4,5,6)+c3] so that g—3 =r(4,5,6)+c5 = 2¢—10—7r(1,2,3), r(1,2,3) = ¢—7,
and then Claim 27 yields 9 > r(1,2,3) =¢—-7>16—-7=9, r(1,2,3) = 9 and
g = 16. Using Claim 27 again we obtain 7 =¢ —9 < r(4,5,6) = ¢—3 —c} =
13—¢5<13—-6=17,7r(4,5,6) =7 and c§ = 6.

The number of positions in [1,3] x [1,16], that are occupied by colours of
C3, is equal to 3-16 — co — 3r(1,2,3) = 48 — 15 — 27 = 6 = ¢}, and each colour
v € Cj5 is involved in that counting, since 1 < |R(y) N [1,3]| < 2. Therefore, for
any v € C5 we get |[R(y) N[1,3]| =1 and |[R(v) N[4,6]| = 2.

Let 5 € C§ occupy a position in {6} x [7,16]; the number of such colours
is ¢ — 3 = 3, because C5 C R(6) (Claim 36), the positions in {6} x [1,3] are
occupied by colours of C§ (Claim 35) and (M)g; = ay—36 € Ca, [ =4,5,6. Then
R(B) = {i,m, 6}, where i € [1,3] and m € [4,5]. 0

We are now ready to finish our analysis by showing that for a colour g €
R(i,m, 6) of Claim 37 the number of pairs {3, v} with v € Cs, that are good in M,
is less than co = 15, which represents a final contradiction proving Theorem 18.

First of all, if S occupies a position in {i} x [7,16], then all pairs {3,~}
with v € (5, that are good in M, are row-based. The number of such pairs is
ro(i) + ra(m) + r2(6) — [r(i,m) + r(i,6)] =5+6+3—(2+1) =11 < 15 =¢9, a
contradiction.
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Therefore, 8 = (M); ;+3, and we can find explicitly a colour v € Cy such that
the pair {3,~} is not good in M. Indeed, in this case C(i +3) N Cy = Col(M) D
{ai 6}, where the perfect matching M in K3 3 satisfies M ={{i,6}, {j, m}, {k,n}},
{i,75,k} ={1,2,3}, m € [4,5] and n = 9 — m. Then C(i + 3) = {8} UR(4,6) U
R(j,m) U R(k,n), and so R(j,n) N C(i + 3) = @ (recall that r(i,6) = 1 and
r(j,m) = 2 = r(k,n)); thus, the pair {8,7} with v € R(j,n) is not column-
based. Moreover, R(8) NR(y) = {i,m,6} N {j,n} = 0, the pair {B,~} is not
row-based, hence it is not good in M, a contradiction. [

The solution of the problem of determining achr(KsK,) is now complete.
It is summarised in the final theorem of the paper, where

J3 =12,3]U{q € [41,00) : ¢ = 1 (mod 2)},
Jy={1,4,7} U[16,40] U {q € [42,00) : ¢ = 0 (mod 2)},
J5 = {5,8},

Jo = {6} U[9,15],

and J3U Jy U J5U Jg = [1,00).
Theorem 38. Ifa € [3,6] and q € J,, then achr(K¢OK,) = 2q + a.

Proof. The achromatic number of KUK, was analysed in [7] for ¢ < 4 (for
q < 3 see also Chiang and Fu [2]), in Horndk and Pcola [6] for ¢ = 5, in [1] for
g =6, in [5] for ¢ = 7, and in [4] for ¢ € [41,00) with ¢ = 1 (mod 2). The
remaining statements have been proved in the present paper, see Theorem 13
for ¢ = 8, Theorem 17 for ¢ € [9,15], and Theorem 18 for ¢ satisfying either
q € [16,40] or g € [42,00) together with ¢ =0 (mod 2). |

Corollary 39. If g € [1,00), then 2g + 3 < achr(KsOK,) < 2¢ + 6.
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