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Abstract

As natural relaxations of pancyclic graphs, we say a graph G is k-
pancyclic if G contains cycles of each length from & to |V(G)| and G is
weakly pancyclic if it contains cycles of all lengths from the girth to the
circumference of G, while G is weakly k-pancyclic if it contains cycles of all
lengths from & to the circumference of G. A cycle C' is chorded if there is an
edge between two vertices of the cycle that is not an edge of the cycle. Com-
bining these ideas, a graph is chorded pancyclic if it contains chorded cycles
of each length from 4 to the circumference of the graph, while G is chorded
k-pancyclic if there is a chorded cycle of each length from & to |V(G)|. Fur-
ther, G is chorded weakly k-pancyclic if there is a chorded cycle of each length
from k to the circumference of the graph. We consider conditions for graphs
to be chorded weakly k-pancyclic and chorded k-pancyclic.
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1. INTRODUCTION

The study of cycles has a long and diverse history. Many different properties
have been developed concerning cycles. For example, early on Bondy [2] studied
one of the most important of these; pancyclicity. We say a graph G is pancyclic
if G contains a cycle of each length from three to the order of G and G is k-
pancyclic if it contains cycles of all lengths from k to the order of the graph.
Natural relaxations of pancyclic graphs have also been developed. In his thesis,
Brandt [3] introduced one such variation of pancyclic graphs. A graph is weakly
pancyclic if it contains cycles of all lengths from the girth to the circumference
of the graph. Further, a graph is weakly k-pancyclic if it contains cycles of all
lengths from k to the circumference (see for example [5]).

Another, more recent cycle variation is that of chorded cycles. We say an
edge between two vertices of a cycle is a chord if it is not an edge of the cycle.
We say cycle C is a chorded cycle if the vertices of C' induce at least one chord.
Pésa [13] asked what conditions imply a graph contains a chorded cycle. This
question has seen considerable interest lately (see for example [7-9]).

In this paper we consider a merging of the ideas we have discussed. We say
a graph is chorded k-pancyclic if it contains chorded cycles of all lengths from &
to |[V(G)| (see for example [10]). Further, G is chorded weakly k-pancyclic if G
contains chorded cycles of each length from k to the circumference of the graph.
Note that we did not say chorded cycles existed from the girth on up, since the
smallest chorded cycle contains a smaller cycle.

We consider only simple graphs in this paper. We use the standard notation
of V(G), E(G), and §(G) for the vertex set, edge set, and minimum degree of
the graph G. Let K, denote the complete bipartite graph with parts of order a
and b. Let C) denote the cycle of order k and Py, denote the path of order k. Let
Ny (z) denote the set of neighbors of the vertex x in the graph (or subgraph) H
and let < .S > denote the graph induced by the vertex set S. Given an orientation
of some path or cycle, we denote by 2™ and z~ the successor and predecessor
of the vertex z following the given orientation. Further, let 272 = (z*)* and
similarly, let 272 = (z7), etc. Similarly, N} (z) denotes the set of successors
of the neighbors of z on the cycle C following the given orientation. Let d(u,v)
denote the distance in the graph between vertices u and v. Given a subgraph or
vertex subset S let G — S be the graph obtained by removing S from G. The
girth is the length of the shortest cycle and the circumference is the length of a
longest cycle. For terms not defined here see [11].

In his thesis, Brandt [3] showed the following result.

Theorem 1. Let G # C5 be a nonbipartite triangle-free graph of order n. If
d(G) > n/3, then G is weakly pancyclic with girth 4 and circumference min{2(n —

a(G)),n}.
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In [4] it is shown that Theorem 1 is best possible.
Brandt, Faudree, and Goddard [5] provided another result on weak pancyclic
graphs, removing the triangle free condition of the previous result.

Theorem 2. Every nonbipartite graph G of order n with minimum degree 6(G) >
(n+2)/3 is weakly pancyclic with girth 3 or 4.

This result is almost best possible. The graph formed from K11 and K, ,,
(m > 3) by identifying a vertex from each has order n = 3m and minimum degree
m = 7, but contains no odd cycle of length more than m + 1, while having all
even cycles up to 2m.

We extend each of these last two results as follows.

Theorem 3. Let G be a nonbipartite triangle-free graph of order n > 13. If
(G) > %"1, then G is chorded weakly 6-pancyclic with circumference min{2(n —

a(@G)),n}.

Theorem 4. FEvery nonbipartite graph G of order n > 13 with minimum degree
d(G) > (n+2)/3 is chorded weakly 6-pancyclic.

Theorem 3 is best possible in the sense that as G is triangle-free, it contains
no chorded 4 or 5-cycles. We will prove Theorems 3 and 4 in Section 2.

Our second goal concerns the following. A well-known result of Chvatal
and Erdés relates connectivity (k(G)) and independence number (a(G)) to cycle
length.

Theorem 5 (Chvatal, Erdés [6]). If G is a graph of order n > 3 such that
a(G) < k(Q), then G is hamiltonian, that is, it contains a spanning cycle.

Amar et al. [1] conjectured that if a(G) < k(G) and G is not bipartite, then
G has cycles of every length from 4 to |V (G)|. Lou [12] considered this conjecture
and proved the following.

Theorem 6. Let G be a triangle-free graph of order n > 4 with a(G) < k(G).
Then G is 4-pancyclic or G = K%%, or G = (5.

Our goal is to extend Lou’s Theorem as follows.

Theorem 7. Let G be a triangle-free graph of order n > 13 with a(G) < k(G).
Then G is chorded weakly 8-pancyclic, or G = K

|3

n
2

Note that since G is triangle-free, there cannot be a chorded Cy or C5 in G.
In Section 3 we will prove Theorem 7 and provide examples to show there may
not be chorded 6 and 7-cycles in such graphs. Thus, in general, this result is best
possible.
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2. PROOFS OF THEOREMS 3 AND 4

In this section we prove Theorems 3 and 4. In order to do so, we begin with
several general lemmas that will apply in both proofs.

Lemma 8. Let G be a graph of order n > 12 with 6(G) > "TH If H is a
subgraph of G of order 6 +t (0 <t <5) and x,y,z are vertices of H such that

d = degy(x) + degr(y) + degr(z) < 6 +t, and
NG-n(z) " Ne-n(y) =0 = Ng-n(z) N No-n(2),
then |Ng—pm(y) N Na—u(z)| > 1.

Proof. Since §(G) > ™t we see that 36(G) —d > n — 5 —t. But from the
neighborhood intersection conditions, since |V(G — H)| = n — 6 — ¢, it then
follows that |[Na—pm(y) N Ne—m(2)| > 1. ]

Lemma 9. If G has order n > 12 and §(G) > ”T‘H, then G contains a chorded
6-cycle.

Proof. By Theorem 1 we know G contains 6-cycles. Suppose that G satisfies
the conditions of the Theorem and further, suppose the result fails to hold. Let
C :v1,v9,v3,...,06,01 be a chordless 6-cycle in G and let H = C.

Case 1. Assume that no two consecutive vertices of C' have a common neigh-

bor in G — C.

Consider the vertices vy, v2, v3. By our assumption and Lemma 8, we see that
there exists a vertex x with x € Ng_g(v1)NNg_p(vs). Let Hy =< V(C)U{x} >
and now consider vy, v3,v4. Again by Lemma 8, we can select a vertex y with
y € Ng—p, (v2) N Ng—pr, (v4). But then, the cycle vy, x, vs,v4, y,v2,v1 is a 6-cycle
with chord vyvs.

Case 2. Assume that there are two consecutive vertices of C with at least
one neighbor in G — H.

Without loss of generality, we may assume that z € Ng_g(v1) N Ng—p(v2).
Let Hy =< V(C)U{z} > and consider x,ve,vs. If there exists a vertex y with
y € Ng—p, (v2)NNg—p, (vs) then vy, x, va, y, vs, vg, v1 is & 6-cycle with chord vy vs.
Similarly, if y € Ng_m, (z) " Ng—m, (vs) then vy, va, z, y,vs, vg, v1 is a 6-cycle with
chord zvy. If both these fail to hold, then by Lemma 8, we conclude instead that
y € Ng—H, ()N Ng_H, (v2) and let Hy =< V(Hyp) U{y} > .

Now consider vg, z,y. If there exists a vertex z € Ng_p,(vs) N No—m,(x)
then vy, va,y,, z,v6,v1 is a 6-cycle with chord zvsy. If instead z € Ng_p,(y) N
Nea-m,(vg) then vi,ve,z,y, z,v6,v1 is a 6-cycle with chord zvy. If both of these
fail to hold, we conclude from Lemma 8 that z € Ng_p,(z) N Ng—m,(y) and we
let H3 =< V(Hg) U {Z} > .



CHORDED k-PANCYCLIC AND WEAKLY k-PANCYCLIC GRAPHS 341

Now consider vy, vs, z. If there exists a vertex w € Ng_p,(v1) N Ng—p,(vs)
we then have a 6-cycle vi,w, vs, vo, ¥y, x,v1 with chord xvs. But, if instead w €
Na-m,(2) N Ng—p,(vs) then ve,y, z, z,w,vs, va is a 6-cycle with chord zvy. Fi-
nally, if both of these fail to hold, then by Lemma 8, w € Ng_p,(vi) N Ng_m,(2),
then vy, w, z, x,y,v2, v1 is a 6-cycle with chord zvs, completing the proof. [ |

Lemma 10. If G has order n > 12 and §(G) > £}, then G contains a chorded
7-cycle.

Proof. By Theorem 1 we know G contains a 7-cycle. Let G be as stated, and
suppose the result fails to hold. Let C' : vi,v9,v3,...,v7,v; be a chordless 7-cycle
in G and let R =G — C and H = C. We now consider the following cases.

Case 1. Suppose that no two consecutive vertices of C' have a common
neighbor in R.

Consider vy, vg, v3. By our assumption and Lemma 8 we see that there exists
a vertex € Np(v1) N Ng(vs). Let Hy =< H U {z} >. Now consider vy, vs, vg.
If there exists a vertex w € Ng_m, (v2) NNg_m, (vs), then vy, va, w, vs, va, v3, T, v
is a 7-cycle with chord wvous. If instead w € Ng_p, (v2) N Ng—_m, (vg), then
v1, U7, Vg, W, V2, U3, T, V] is a 7-cycle with chord vive. However, by our assump-
tion and Lemma 8, one of these two facts must hold.

Case 2. Suppose there are two consecutive vertices on C' with a common
neighbor in R.

Without loss of generality let x € Ng(vi) N Ngr(v2), set Hy =< C U {z} >
and consider ve, vs, x. If there exists y € Ng_pr, (v2) N Ng—m, (vs), then

vl7x7 v27 y7 v57 UG, v77 vl

is a 7-cycle with chord wvjve. If instead y € Ng_m,(x) N Ng—p,(vs), then
v1, V2, X, Y, Vs, Vg, U7, U1 1S a T-cycle with chord zvy. If both of these fail to happen,
then by Lemma 8 there exists y € Ng_p, (v2)\Ng—m, (x). Let Hy =< HiU{y} > .

Now consider x,y,vg. If there exists a vertex z € Ng_pm,(ve) N No—m, (),
then vy, ve,y, x, 2, v, v7, v1 is a T-cycle with chord zv;. If instead, z € Ng_p, (y)N
NG, (vg), then vi,ve, z,y, 2, v, v7,v; is a 7-cycle with chord zv;. Otherwise, by
Lemma 8, there is a vertex z € Ng—p, () N Ng—m, (y). We now consider vs, v7, 2,
with Hy =< Ho U {Z} > .

If there exists a vertex w such that w € Ng_p,(2) N Ng_m,(v7), then
v1,02,Y, T, 2,w,v7,v1 is a 7-cycle with chord xv;. If instead w € Ng_pm,(z) N
NG—m4(v3), then ve, vy, x,y, 2, w, v3, va is a T-cycle with chord yve. Otherwise, by
Lemma 8, there us a vertex w € Ng_p,(v3) N Ng_p,(v7) and then

v1,2,Y,V2,V3,W, V7, V1

is a 7-cycle with chord vive. This completes the proof of the lemma. [ |
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Lemma 11. Let G have order n > 12 and §(G) > "L, Then G contains a
chorded 8-cycle.

Proof. By Theorem 1 we know that G contains an 8-cycle. Suppose all 8-cycles
are chordless and consider the 8-cycle C : v1,v9,v3,...,vs,v1 and let H = C. We
now consider two cases.

Case 1. Suppose no two consecutive vertices on C' have a common neighbor
inG—H.

Consider vy, v2,v3. Then, by our assumption and by Lemma 8 there exists a
vertex € Ng_p(v1) N Ng_pg(vs). Let Hy =< HU{x} > . Similarly, there exists
a vertex y with y € Ng_p, (v2) N Ng_p, (v4). Let Hy =< Hy U {y} > .

Next consider vg, v1,v9. Again, by our assumption and Lemma 8, there exists
a vertex z such that z € Ng_p, (v2) " Ng—p, (vs). Then, vy, x, v3, v4,y, v2, 2, v8, V1
is an 8-cycle with chord vjvs.

Case 2. Suppose there is a pair of consecutive vertices on C' with a common
neighbor in G — H.

Without loss of generality, let © € Ng_pg(v1) N Ng_g(v2) and H] =< H U
{z} > . Now consider vy, z,vs. If there exists y with y € Ng_g, (x) N Ng_p, (v5)
then, vy, ve,x,y,vs,v6,v7,vs,v1 is an 8-cycle with chord zvy. If instead y €
Ng—m, (v2) N Ng—p, (vs) then, vy, z, va, y, vs, Vg, U7, Vs, U1 is an 8-cycle with chord
v1ve. If both these cases fail to hold, then by Lemma 8 there exists y with y €
Ng-p, () N Na-g, (v2).

Let Hy =< H; U {y} > and now consider z,y,vg. If there exists w €
Na_m,(z) N Nog—m,(ve), then vi,ve,y, z, w, v, v7,vs,v1 is an 8-cycle with chord
zvy. If instead w € Ng_m, (y) N Na—p, (vg), then vy, ve, z,y, w, v, v7, Vs, v1 is an
8-cycle with chord xv;. If both of these cases fail to hold, then again by Lemma
8, there exists w € Ng—p, () N Na—m, (y).

Now let H3 =< Hy U {w} > and consider vz, w,vs. If there exists z €
Na-p,(v7) " Ng—p4(va), then vy, x, va, v3,v4, 2, v7,v8,v1 is an 8-cycle with chord
vivy. If instead z € Ng_p,(w) N Ng_p,(v7), then vy, v, y, x, w, z,v7,v8,v1 is an
8-cycle with chord zwv;. If both the previous cases fail to hold, then by Lemma 8
there exists z € Ng—p,(va) N Ng—p,(w), in which case va, v1,x,y, w, 2, v4, v3, V2
is an 8-cycle with chord xvs. This completes the proof of the lemma. [ |

Lemma 12. Let G be a graph of order n > 13 with 6(G) > ”TH Then G contains
chorded cycles of each length from 9 to the circumference of the graph.

Proof. By Theorem 1, G contains cycles of each length from 9 to the circumfer-
ence of G. Let G be as stated and suppose G has no chorded k-cycle for some
k>9.Let C=Cy:vyp,ve,...,u; be such a cycle in G. Further, let H = G — C}.
We consider the following cases.
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Case 1. Suppose, no two consecutive vertices of C have a common neighbor
off C.

By our assumption and Lemma 8, for any three consecutive vertices on Cj,
iy Vig1, Vit2, Na—m(vi) N Nag—g(vig2) # 0. Let w € Ng—_g(vi) N Nog—m(v3)
and let Hy =< H U {w} > . If Ng_p,(v2) N Ng—m, (vg) # 0, then take wo €
Ng-,(v2) N Ng—m, (vg) and note that

v, w, V3, V2, W2, Vg, V7, ..., Vk, V1

is a k-cycle with chord vjvy. Thus, we may assume Ng_ g, (v2) N Ng—pr, (vg) = 0
and by symmetry Ng_ g, (v2) N Neg—m, (vp—2) = 0.

If Ne_m, (1)3) NNg_H, (U7) #* (0, then let w3 € Ne_m, (Ug) NNg_H, (1)7). Now,
by our assumptions there exists wy € Ng_m, (vr) N Ng—m, (v2). Now by Lemma
8, we have that

V2,V1,W,V3,W3,V7,V8y...,Vk, Wk, VU2

is a k-cycle with chord vyvs. Note that if any pair of vertices v;,v;44 for i =
2,3,...,k— 3 share a common neighbor off C, then we can always find a chorded
k-cycle in a similar fashion. So we may assume this never happens.

Then, in particular, considering v, vs, vg, we know by our assumptions there
exists a vertex © € Ng_p, (v2) "\Ng—_m, (v5), and let Hy =< H1U{z} >. Similarly,
considering vs, vg, vg, we know there exists a vertex y € Ng_p, (25) N Ng—m, (vs).
Now v1, w, v3, Vg, T, Vs, Y, Us, Vg, . . . , Uk, U1 is a k-cycle with chord vive, completing
this case.

Case 2. Suppose two consecutive vertices of C' = H do have a common
neighbor in G — H.

Without loss of generality, say w € Ng_g(v1) N Ng_g(v2) and let H; =<
H U{w} > . Then if any pair v;, v;43 for i = 2,3,...,k — 3 satisfies Ng_g, (v;) N
NG-m, (viys) # 0 with a vertex x € Ng_p, (vi) N Ng—m, (viy3), there exists a
k-cycle vy, w,v2,vs, ..., Vi, T, Vit3, ...,V v1 With chord vivs.

Thus, assume no such pair exists. Then, in particular, considering v, vs, vg
we see that there exists a vertex, say wa, such that we € Ng_g(v2) N Ng—p(vs),
and considering the triple v, vg, vg, there must exists a vertex ws € Ng_g(v3) N
N¢g-m(vg) and considering vy, v7,v19 (here vigp may be v1) we have a vertex wy €
NG,H(U4) N NG,H(’Ulo). Then the cycle V1, V2, W2, V8, V9, W3, V3, V4, W4, V10, V11,
...,v1 (note again that it is possible that v; = v1g) is a k-cycle with chord vevs.
This completes the proof. [ |

Note that Case 2 may require at least 13 vertices, hence the condition that
n > 13. As this lemma is used in Theorems 3 and 4, the condition that n > 13
must be assumed in each result.

We are now ready to prove Theorem 3.
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Proof of Theorem 3. By Theorem 1, G is weakly pancyclic with girth 3 or 4.
Let G be a graph of order n > 13 with §(G) > ”TH Then by Lemmas 9, 10, 11,
and 12 we see that G contains chorded cycles of length 6 up to the circumference
of G. [

As G is triangle-free, there can be no chorded 4 or 5-cycles, thus the result
is best possible.

Example for Theorem 3. We construct a graph G as follows. Begin with
a copy of Cq4 = wvy,v9,v3,v4,v1. Blowup each of the vertices v; and v3 into
sets of %‘2 independent vertices and blowup the vertices vy and w4 into sets
of "T_Q independent vertices. For any edge of C4 insert all edges between the
corresponding sets. Finally, insert two new vertices x and y that are themselves
adjacent and join x to all vertices in the blowup of v; and ¥ to all vertices in the
blowup of v3 (see Figure 1). Note that §(G) = “EL. Further, it is easy to see that
G is chorded weakly 6-pancyclic.

n—2
3
o...0
n—2 . N . . n—2
6 6
e...0

Figure 1. Sharpness example for Theorem 3.

Proof of Theorem 4. By Theorem 2, GG is weakly pancyclic with girth 3 or 4.
Again by Lemmas 9, 10, 11, and 12, we see that G has chorded cycles of each
length from 6 to the circumference of G. [ |

3. PROOF OF THEOREM 7

The following from [12] will be useful.

Lemma 13. If G is a triangle-free graph of order n > 4 and C is a cycle in G,
then for every vertex v € G — C, the set N, (v) is non-empty and N (v) is not
an independent set, hence |NJ; (v)| > 2.

The next lemma has appeared in numerous papers, thus we attribute it to
folklore.
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Lemma 14. Let C be a cycle in a graph G and v € V(G — C). If there is an
edge in N (v), then G contains a cycle D with V(D) = V(C) U {v}.

We now state, in more detail, what Lou [12] proved.
Theorem 15. If G (G # K, or Cs) is a triangle-free graph with o(G) < k(G),
then
1. G is k-reqular and
2. k=a(G) =k(G) =k and G is k-reqular
3. G has diameter 2, and
4. G contains cycles of length 4 up to |V(G)].
What Lou proved actually puts some real restrictions on graphs G that satisfy

the conditions of being triangle-free with a(G) = k(G). The most severe is a
bound on the order of G.

Lemma 16. If G is a triangle-free graph of order n with a(G) = k(G) = k, then
n<k*+1.

Proof. Let G be as stated above. Select any vertex v. Then v has exactly k
mutually nonadjacent neighbors and each of these vertices may have at most k—1
distinct new neighbors. If there are any other vertices, say x, then d(v,z) > 2
and there is no way to create a path to v that would be of length at most 2.
Thus, no such z exists and son < 1+k+k(k—1) = k> + 1. ]

This lemma provides another simple observation that if a(G) = 2, then G is
either C5 or Cy, and if a(G) = 3, then n < 10. Thus, from now on we need only
consider a(G) > 4.

The graphs in Figures 2 and 3 show that the conditions of being triangle-free
with a(G) = k(G) are not enough to guarantee that 6 and 7-cycles are chorded.

U

\p

.
i

az by Co

Figure 2. Here o(G) = 3.



346 M. CrReAM AND R.J. GouLD

We now present our proof of Theorem 7, the extension of Lou’s Theorem,
which utilizes an expansion of the ideas in his approach.

Figure 3. Here o(G) = 4.

Proof. Suppose the result fails to hold. Then by Theorem 6, there must exist
an integer k with 4 < k < |[V(G)| — 2, such that G contains a C} but no chorded
Crr2. We next show that each of the following structures (see Figure 4) on a Cy,
actually provides a chorded Cpo.

+ 42

To see this for structure (I), consider the (k + 2)-cycle a,u,v,a*,a™=,... a

with chord aa™.

For structure (III), consider the (k+2)-cycle a,u,b,b7,...,a",v,b7,b%% ... a
with chord aa™.

For structure (IV), consider the (k+2)-cycle a,u,v,b,b=,...a*,b" b2 ... a
with chord aa™.

In order to handle structure II we first need to develop several facts.

Claim 1. Every vertex off the k-cycle Cy : x1,x9,...,xx,x1 (k > 6) has at least
one adjacency on Cl.

Proof. Suppose there is a vertex v ¢ V(Cy) such that v has no adjacencies
on Ck. Then since G is triangle-free, E(N(v)) = (. However, for any z; €
V(Ck), N(v)U{z;} is a set of cardinality x(G) + 1. If this set is independent, a
contradiction arises to Theorem 15. Thus, every vertex on Cj is adjacent to at
least one vertex in N(v). Without loss of generality, say x1v1 € E(G) for some
v € N(v). Now d(v,z3) > 2. Either there exists vs3 € N(v) such that v # v;
with vsxs € E(G) or z3v1 € E(G).

First suppose latter happens, then d(v,z4) > 2. Since G is triangle-free,
viz4 ¢ E(G), which implies there exists vy € N(v) such that vqzy € E(G). Next
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note that d(v,z2) > 2. If zovs € E(G) we obtain structure III, and hence a
chorded (k + 2)-cycle exists in G, a contradiction. Further, to avoid a triangle,
xov1 € E(G), so there exists vg € N(v) (v # v1,v4) such that vexs € E(G).
Note that we can extend Cj to a (k + 2)-cycle

*
c* = X2,V2,V,V4,T4,T5,...,T1,T2.

Now d(x2,x5) > 2. Further, zox5 ¢ E(G) as that would provide a chord for C*.
Also z125 ¢ E(G) for the same reason, and z3r; ¢ E(G) since G is triangle-
free. Thus, there exists some w ¢ V(C}) such that zow,zsw € E(G). Now

T1,V1,V, V9, Ta, W, T5, TG, - - -, Tk, T1 18 & (k + 2)-cycle with chord xyx2, a contra-
v
u v U v Uu v
l I V1 ()

(D) (IT) (I1I) (IV)

Figure 4. Four structures producing chorded (k + 2)-cycles.

Now consider the former case, that is, that there exists v ¢ V(C}) such that
v3 # v1 and v3v,vsrg € E(G). Since d(v,z2) > 2 and vixe,vs,x2 ¢ E(G), there
exists a vy € N(v) with vaze € E(G). Again there is a (k + 2)-cycle

!
C":x1,v1,0,03,T3, %4, . . ., Th, T1.

If there are any chords in Cj, not involving x5, then C” is chorded, a contradiction.
Now d(z2,x5) > 2. If there exists w € Ng_¢, (v2) — {21} such that wzs € E(G),
then

T1,V1,0,02,L2, W, L5, Ly« Lk, T]1

is a (k 4 2)-cycle with chord z1ze. So we may assume xox5 € E(G). Next note
that d(xs,zg) > 2. If vgz, € E(G), then again C’ is chorded with chord vsxy.
So we may assume there exists a vertex w € Ng_c, (z3) with wzy, € E(G). Now
we see that

r3,V3,V,02,L2,T5,LGy...Tk,W, T3
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is a (k + 2)-cycle with chord xex3, a contradiction completing this case and the
proof of the claim. O

Claim 2. If structure 11 exists in G, then a chorded (k + 2)-cycle ezists in G.

Proof. Suppose structure II arises and let Cy = x1, xo,, ..., xr. Without loss of
generality suppose that vy, v3 € Ng_c(v) and v121 and vszs are edges of G. Now,
by Claim 1, vertex v must have an adjacency on the cycle Cy. If vay € E(G), then
structure I is formed and we have a chorded (k + 2)-cycle, a contradiction to our
assumption. Thus, assume vze ¢ E(G). Further, vz, ves ¢ E(G), since either
edge would create a triangle in G. Thus, vz; € E(G) for some i, 4 < i < k. Now
this edge is a chord of the (k + 2)-cycle 1, v1,v,v3, 23, Z4, ..., 21, a contradiction
which completes the proof of the claim. 0

Next choose a cycle C of length m such that r = max,cg—c |No(v)| (that
is, over all vertices off C, v has the maximum number of adjacencies, and the
maximum is taken over all choices of cycles of length m). Take a vertex v from
G — C with |N¢(v)| = r and another vertex u € V(G — C') which is, if possible,
adjacent to v. By Lemma 13, the vertex u must have two neighbors y; and ys
on C such that y;y5 € E(G). Thus, by Lemma 14, there is an (m + 1)-cycle D
with V(D) = V(C) U{u}. If r > k — 1, then v has all of its neighbors on D, so
again by Lemma 14 there is a cycle on |V (D) U {v}| = m + 2 vertices with chord
ylyl+ , a contradiction.

Now we may assume that r < k — 2. Then uv € E(G) and v has another
neighbor w € G—C'. By Lemma 14, w also has two neighbors 21, z3 on C such that
2 2 € E(G). Since G is triangle-free, in any direction on C, there are at least
two vertices between z; and 2y, otherwise < zfr ,ZQ,Z;_ >= K3. Thus, we may
assume 21 ¢ {y;,v1,y; }. Fix an orientation on D with the path y3 ,...,y;,
and let S C D be the set of vertices y of C satisfying y~ € Ne(v). We wish to
show that Ng_c(v) USU {22} (with respect to the orientation on D) is an
independent set with cardinality x + 1, the final contradiction.

In order to do this note that on C, the vertex z; # a:1+2,a:1_2 or structure
IT results, a contradiction. Thus, the edges z12]" and z{ 25 on D are also on C.
Similarly, avoiding structure I, we see that there is no edge between any vertex
in Ng_¢(v) and any vertex of S. For the same reason, on D, zfr2 ¢ S and, in
particular, v is not adjacent to 2" on D. Also, on D, vz% ¢ E(G) otherwise,

+2 43 +2
215,20, 2, W, v, 2

is an (m + 2)-cycle with chord wzs. Moreover, z; 2 is not adjacent to a vertex
y € S since otherwise z1, w,v,y ",y 2, ... zf2, vy, 21,71 1s an (m + 2)-cycle
with chord wzy, again a contradiction to our assumption. Since an edge in S also

creates an (m + 2)-cycle with chord yy—, all that remains is to show that zf 2is
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not adjacent to any vertex of Ng_c(v). For any vertex of Ng_c(v) other than w,
this follows, as structure IT would be formed and hence a chorded (m + 2)-cycle
would exist. But if 2; 2 is adjacent to w, we can form a new m cycle ¢’ with w
replacing z;". As v is adjacent to w but not to 2;", v now has r + 1 neighbors
on ', contradicting our choice of cycle C. Thus, the set Ng_c(v) U {22} U S
is independent and has cardinality at least » + 1, a contradiction completing the

proof. [ |

4. CONCLUSION

It is clear from recent work that many conditions implying various cycle properties
in a graph can be used to show stronger results concerning cycles with chords.
This paper is just one such situation. Broadening our meta-conjecture from [9]:

Almost any condition that implies some cycle property in a graph also implies
a chorded cycle property, possibly with some families of exceptional graphs, and
small order exceptions.
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