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Abstract

A graph G is a DTDP-graph if it has a pair (D, T) of disjoint sets of
vertices of G such that D is a dominating set and T is a total dominating
set of G. Such graphs were studied in a number of research papers. In this
paper we study further properties of DTDP-graphs and, in particular, we
characterize minimal DTDP-graphs without loops.
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1. INTRODUCTION

The theory of domination in graphs is well studied in the literature. For recent
books on the topic we refer the reader to [5,6]. Let G = (Viz, Eg) be a graph with
vertex set Vi and edge set Eg, where multi-edges and multi-loops are allowed.
We remark that such a graph is also called a multigraph in the literature. A set
of vertices D C Vg in G is a dominating set of G if every vertex in Vi \ D is
adjacent to a vertex in D, while D is a total dominating set, abbreviated TD-set,
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of G if every vertex has a neighbor in D. We note that a vertex incident with
a loop totally dominates all its neighbors (and therefore also itself).

A DT-pair in a graph G is a pair (D,T) of disjoint sets of vertices of G
such that D UT = Vg, where D is a dominating set and T is a TD-set of G.
A graph that has a DT-pair is called a DTDP-graph (standing for “dominating,
total dominating, partitionable graph”). A connected graph G is a minimal
DTDP-graph, if G is a DTDP-graph and no proper spanning subgraph of G is a
DTDP-graph.

In this paper we study further properties of DTDP-graphs. We proceed
as follows. The necessary graph theory notation and terminology is given in
Section 1.1. In Section 2, we present selected known results on DTDP-graphs.
In Section 3, elementary properties of DTDP-graphs are presented. We define an
important class of DTDP-graphs, which we call 2-subdivision graphs, in Section 4.
In Section 5, we define what we have coined a “good subgraph” of a graph, and
show that these subgraphs play a role in determining non-minimal DTDP-graphs.
Our main results, namely Theorems 6.1 and 6.2, are presented in Section 6. These
results provide a structural characterization of minimal DTDP-graphs without
loops. We conclude the paper with an open problem section to stimulate further
research in the area.

1.1. Notation and terminology

For notation and graph theory terminology we generally follow [5,6,14]. Let G =
(Vi, Eg) be a graph with possible multi-edges and multi-loops. The neighborhood,
denoted by N¢(v), of a vertex v in G is the set of vertices adjacent to v, while its
closed neighborhood, denoted by Ng[v], is the set Ng(v)U{v}. (Observe that if G
has a loop incident with v, then Ng(v) = Ng[v].) In general, for a subset X C Vi
of vertices, the neighborhood of X, denoted by Ng(X), is the set |J,cx Na(v),
and the closed neighborhood of X, denoted by Ng[X], is the set Ng(X) U X.
Two vertices are neighbors if they are adjacent. A spanning supergraph F of the
graph G is a graph with the same vertex set as G and whose edge set contains
FE¢ as a subset, that is, Vg = Vp and Eg C Ef.

The degree of a vertex v in G, denoted by dg(v), is the number of edges
incident with v plus twice the number of loops incident with v. A vertex of
degree one is called a leaf, and the only neighbor of a leaf is called its support
vertez (or simply, its support). A strong support vertex is a support vertex with
at least two leaves as neighbors. A weak support vertex is a support vertex with
exactly one leaf neighbor. The set of leaves, the set of weak supports, the set of
strong supports, and the set of all supports of G is denoted by L¢, Sg, S, and
Sa, respectively. We denote by Eg(v) the set of edges incident with a vertex v
in G.

If A and B are disjoint sets of vertices of G, then we denote by E¢(A, B) the
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set of edges in G joining vertices in A and vertices in B. For one-element sets we
write Eg(v, B), Eg(A,u), and Eg(u,v) instead of Eg({v}, B), Eq(A,{u}), and
Ec({u},{v}), respectively.

For n > 1, we denote a complete graph, a path, and a cycle on n vertices by
K, P, and C,, respectively. We emphasize that K,, and P, are simple graphs,
as is the cycle C,, when n > 3. However, the cycle C is the graph of order 1 with
one loop, and the cycle Cy is the graph of order and size 2 with two (repeated)
edges. The corona G o K of a graph G, also denoted cor(G) in the literature, is
the graph obtained from G by adding for each vertex v € Vi a new vertex v’ and
the edge vv’. For an integer k > 1 we let [k] = {1,...,k}.

2. KNOWN RESULTS

In this section, we present selected known results on DTDP-graphs. Beginning
with the classical 1962 result of Ore [16], who was the first to observe that the
vertex set of a graph without isolated vertices can be partitioned into two domi-
nating sets, various graph theoretic properties and parameters of graphs having
disjoint dominating sets of different types were studied in a large number of
papers. Properties of DTDP-graphs (and properties of graphs with disjoint TD-
sets) were extensively studied, for example, in [1-4,8,9,12-15,17], to mention just
a few. In particular, it was proved in [12] that every connected graph with mini-
mum degree at least two and different from Cjs is a DTDP-graph. A constructive
characterization of all DTDP-graphs was given in [13].

3. ELEMENTARY PROPERTIES OF DTDP-GRAPHS

In this section, we present some elementary properties of DTDP-graphs that we
will need when presenting our main results. As an immediate consequence of the
definition of a DT-pair, we have the following observations, which we shall use
throughout the paper and at times without referencing.

Observation 3.1. If (D,T) is a DT-pair in a graph G, then every leaf of G
belongs to D, while every support of G is in T, that is, L C D and Sq CT.

Observation 3.2. If every component of a graph G is a DTDP-graph, then G
is a DTDP-graph.

Observation 3.3. A DTDP-graph is not a minimal DTDP-graph if it contains
parallel edges.

We observe that every spanning supergraph of a DTDP-graph is a DTDP-
graph, and every DTDP-graph is a spanning supergraph of some minimal DTDP-
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graph. Hence, minimal DTDP-graphs can be viewed as skeletons of DTDP-
graphs, in the sense that every DTDP-graph contains as a spanning subgraph
a skeleton.

Let G be a graph and let v be a support vertex in G. If G’ is obtained from
G by adding a new leaf, say v’, adjacent to v, then (D,T) is a DT-pair in G if
and only if (DU{v'},T) is a DT-pair in G’. This yields the following observation,
which shows that the addition of new leaves adjacent to an existing support vertex
of a graph preserves the property of being a (minimal) DTDP-graph.

Observation 3.4. Let v be a support vertex in a graph G. If G' is a graph
obtained from G by adding a new leaf, say v', adjacent to v, then G is a (minimal)
DTDP-graph if and only if G’ is a (minimal) DTDP-graph.

4. 2-SUBDIVISION GRAPHS OF A GRAPH

In this section, we define 2-subdivision graphs of a graph, and show that this
class of graphs is important when discussing DTDP-graphs. Informally, given
a multigraph H, we consider a 2-subdivision (obtained by adding two vertices on
each edge and each loop) of H called H'. Then we contract some vertices in the
neighborhoods of the original vertices, that is, vertices in Ny (v) where v € V.
Finally, we multiply certain leaves where desired.

More formally, let H = (V, Efr) be a graph with possible multi-edges and
multi-loops. By ¢y we denote a function from Ep to 2V# that associates with
each e € Ep, the set pp(e) of vertices incident with e. Let Xy be a set of 2-
element subsets of an arbitrary set (disjoint with Vg U Ey), and let £: Ey — Xo
be a function such that {(e) N&(f) = 0 if e and f are distinct elements of Ep.
If e € Eg and pg(e) = {u,v} (pu(e) = {v}, respectively), then we write £(e) =
{ue,ve} (€(e) = {vl,v2}, respectively). If pg(e) = {u,v} and &(e) = {ue,ve},
then we name the vertex u. the co-vertexr of u and the vertex v, the far-vertex
of u. Consequently, v, is the co-vertex of v and the vertex u, the far-verter of
v. Let So(H) denote the graph obtained from H by inserting two new vertices
into each edge and each loop of H. Thus for each vertex v € Vj, the neighbors
of v in S3(H) are the set of co-vertices of v, that is, Ng,m)(v) = {ve: ¢n(e) =
{u,v} and &(e) = {ue,ve}}. A graph H and its associated 2-subdivision graph
Sa2(H) are illustrated in Figure 1.

Formally, the graph Sa(H) has vertex set

Vsymy =Va U U £(e)

ecFEy
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Figure 1. A graph H and 2-subdivision graphs Se(H), So(H,P), and Ss(H, P, 0).

and edge set Eg, ) = E1 U Fa, where

Br = | {uete: &) = {ueve}}, and
ecEy

Ey, = U ({vve: e € Eg(v)} U {vv;,vvgz ¢ is a loop incident with v}).
veEVYH

In such a graph S»2(H), we let P = {P(v): v € Vi} be a family in which
P(v) is a partition of the set Ng, () (v) for each v € Vg C Vg, (). Further, we
let So(H,P) denote the graph (possibly with multi-loops and multi-edges) with
vertex set

Vaaarpy = ViU | ({v} x P(v))
veVy

and edge set Eg,y p) defined as follows. A vertex v € Vy is adjacent to (v, 4),
for every A € P(v), by a single edge. Further, if u and v are adjacent vertices in
H, then for A € P(v) and B € P(u), the vertices (v, A) and (u, B) are joined in
Sa(H,P) by {e € En: ¢ule) = {u,v}, ve € A,u. € B}| edges. In particular, if
u and v are vertices in H that are not adjacent, and A € P(v) and B € P(u),
then the vertices (v, A) and (u, B) are not adjacent in Sy(H,P). Similarly, we can
determine the number of edges between vertices (v, A) and (u, B) (and the number
of loops incident with (v, A) and (u, B)) if A, B € P(v). As an illustration, the
graph Sy(H,P) associated with a graph H and a given partition P is shown
in Figure 1. We remark that

Ng,m,p)(v) = {(v,A): A€ P(v)}
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ifveVy C VSZ(H,P)u and

Ng,m.p)((v, A)) = {v} U U {(u, B): B € P(u)and Ng,g)(A) N B # 0}
u€Ng (v)

if (v, A) € Upery, {v} x P(v)). Intuitively, So(H,P) is the graph obtained from
Sa(H) as follows: for every vertex v € Vi and every set A € P(v), we replace the
vertices in the set A € P(v) with a new vertex (v, A), which becomes adjacent
to all former neighbors of the vertices belonging to A. We remark that in the
special case when P = {P(v): v € Vg} and P(v) = {{z}: © € Ny (v)} for each
v € Vi, the graph So(H,P) is isomorphic to Sa(H).

For a positive function 0: Lg,gp) — N, we let

Lo: Lsy(up) = Lsympy X N

be a function such that Ly(z) = {(x,4): i € [0(z)]} for x € Lg,(gp). Finally, let
So(H, P, 6) denote the graph obtained from Ss(H,P) by replacing each leaf = of
Sa2(H,P) by its copies (x,1),...,(z,0(x)) and adding an edge joining each newly
added vertex to the support vertex adjacent to x in Sa(H, P). As an illustration,
the graph Sy(H, P, 0) associated with a graph H, a given partition P and a given
function 6, is shown in Figure 1. We remark that in the special case when 6(x) = 1
for every leaf x of So(H,P), the graph So(H,P,0) is isomorphic to So(H,P).

The graphs So(H), S2(H,P), and Sa(H,P,0) are said to be 2-subdivision
graphs of H (for a family P = {P(v): v € Vi } of partitions P(v) of neighborhoods
Ng,(my(v) where v € Vg C Vg, (), and for a positive function 0: Lg, g p)y — N).
Let Vs?z (H)> V§’2 (H,P)’ and VSQQ( H,P.0) be sets of vertices such that

V§2(H) = V() \ VSZ(H) = Vi,
V§2(H,7>) = Ve,mp) \ VSnQ(H,P) = Vi,
VO

So(H,PO) — VSQ(H,Pﬂ) \ VSZ(H,P,@)v

where Vg 1y = Ueep, €(€), and Vg, o) = V& 5 p gy = Uper,, {0} X P(v)).
As a consequence of the definition of the 2-subdivision graphs Se(H) and
Sa2(H,P), we have the following observation.

Observation 4.1. If H is a graph with no isolated vertex and P = {P(v): v €
Vu'} is a family in which P(v) is a partition of the neighborhood Ng, () (v) for
each v € Vi C Vg,(mp), then the following statements hold.

(1) Ifv € Vy, then Ng,(gy(v) and Ng,g p)(v) are nonempty subsets of Vs, ) \
Vi and Vs, (up) \ Vi, respectively.

(2) Ifv € Vp, then dg,m)(v) = du(v) and dg,up)(v) = [P(v)|.
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(3) If z € Vo) \ Vi, then [N,y (7) N Vi| = [Ngymy(x) N (Vey ) \ V)| = 1.
(4) If v € Vh and A € P(v), then |Ng,p) (v, A) N (Veym,p) \ V)| = |A] and
|Nsy(a,p) (v, 4)) N V| = 1.

The next result follows trivially from the construction of the 2-subdivision
graph So(H, P, 0).
Observation 4.2. If no vertex of a graph H is an isolated vertex, then the 2-
subdivision graph So(H,P,0) is a DTDP-graph for every family P = {P(v): v €
Vi} of partitions P(v) of neighborhoods Ng, () (v) where v € Vi, and for every
positive function 0: Lg, g py — N. In addition, (VSOQ(HP 0) VS"Q(HP 9)> 1s a DT-
pair in So(H,P,0).

It follows from Observation 4.2 that <V§2(H),V5%(H)), (VSOQ(H P)’VS@Q(H 73))’

and (VSOQ(HRG),V;Q (Hm)) are DT-pairs in So(H), Sa(H,P), and So(H, P, 6),
respectively. Consequently, every 2-subdivision graph Sy(H,P,6) is a DTDP-
graph. Simple examples presented in Figures 2 and 3 illustrate the fact that if
So(H,P,0) is a minimal DTDP-graph depends on the family of partitions P. In
Figure 3 we present examples of possible 2-subdivision graphs Sa(K?, P, 0) of K2,
where K7 denotes a graph of order 1 and size s. We remark that of all the graphs
in Figures 2 and 3, only So(C3), S2(Py), and So(K?%,P4) are minimal DTDP-
graphs. In the next two propositions we study these relations more precisely.

Q@H@%XXX

S2(C2) S2(C2,P") S2(Ca,P) S2(Py) So(Ps,P’) Sa(Py, P

Figure 2. Graphs 02, SQ(CQ), SQ(CQ,P/), SQ(CQ,PH)7 SQ(P4), SQ(P4,P/), and SQ(P4,P//).

@@%Vﬁ<<>%>€

52(K K ,P1) 52(K2 P2) Sz(K ,P3) S(K ,Pa) S2(K ,Ps) SZ(K Ps) SQ(K Pr,0)

Figure 3. Possible 2-subdivision graphs of K?.

Proposition 4.3. Let H be a graph without isolated vertices and let P = {P(v) :
v € Vi} be a family in which P(v) is a partition of the set Ng,my(v) for v €
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V. Then the 2-subdivision graph So(H,P) (and Sa(H,P,0) for every positive
function 0: Lg,mp) — N) is a DTDP-graph but not a minimal DTDP-graph if
there exists a verter v € Vi and a set A € P(v) such that A contains at least two
elements belonging to different edges or loops and at least one of them is not a
pendant edge of H.

Proof. By Observation 4.2, Sy(H,P) is a DTDP-graph and the pair (D,T) =
(V§2(H77,), Vé;(Hﬂp)) is a DT-pair in Sa(H,P). It suffices to observe that some

proper spanning subgraph of Sy(H,P) is a DTDP-graph. We consider two pos-
sible cases.

Case 1. Assume there exists a non-pendant edge e in H, say pg(e) = {v,u},
and let f be an edge (or a loop) incident with v and such that v, and vy (v, and
v}lc or ve and U%, if f is a loop) belong to the same set A which is an element of the
partition P(v). Let B be the only set belonging to P(u) that contains u.. Now
from the properties of the DT-pair (D, T) in So(H, P) it follows that if {u.} & B,
then (D, T) is a DT-pair in the proper spanning subgraph Ss(H, P)\ (v, A)(u, B)
of So(H,P). Similarly, if B = {u.}, then (D U {(u,{ue})}, T\ {(u,{ue})}) is
a DT-pair in the proper spanning subgraph So(H,P) — u(u, {uc}) of Sa(H,P),
where u(u, {ue}) is the edge joining the vertex u and the vertex (u, {u.}).

Case 2. Assume now that e is a loop incident with a vertex v in H, and
f is a pendant edge or a loop incident with v in H (f # e) and such that
{ol, w3} N A # 0 and vy € A (or {v},02} N A # 0 and {v},vj%} NA#0, if
f is a loop) for some A € P(v). If f is a pendant edge, and, without loss
of generality, if v},v; € A, then we consider three subcases: (i) v2 € A; (ii)
v & A and {v2} € P(v); (iii) v? ¢ A and {v?} & B € P(v). In the first
case (D,T) is a DT-pair in the spanning subgraph obtained from Sy(H,P) by
removing one loop incident with the vertex (v, A). In the second case the pair
(DU {(v,{v*}))}, T\ {(v,{v?})}) is a DT-pair in Sz(H,P) — v(v,{v?}). In the
third case (D, T) is a DT-pair in So(H, P) — (v, A)(u, B).

Finally assume that every set A € P(v) that contains at least two elements is
a subset of the set | J f{v}, UJ%}, where the summation is over all loops incident with
vin H. Let H, be the subgraph of H generated by all loops incident with v. Then
H, is isomorphic to K7 (where s is the number of loops incident with v in H), and
we consider the graphs Sz(H,) and Sa(Hy, Py), where P, = { BN Ng,(,)(v): B €
P(v), BN Ng,(m,)(v) # 0}. It is obvious that Sz(H,,Py) is an induced subgraph
of So(H,P), and ({v}, Vs,(m, p,) \ {v}) is a DT-pair in Sa(H,, Py). It remains to
prove that some proper spanning subgraph of So(H,, P,) has a DT-pair (D, T})
such that v € D,. This is obvious if So(H,,P,) contains parallel edges (see
Observation 3.3) or a loop adjacent to another loop or to at least 2 edges. Thus,
assume that Sy(H,,P,) contains neither parallel edges nor a loop adjacent to
another loop or to at least 2 edges. We may also assume that no two mutually
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adjacent vertices of degree 2 are adjacent to v. Let u € Ng,(y,)(v) be a vertex of
minimum degree in Se(H,,Py). Certainly, dg, g, p,)(u) > 2. Let w be a vertex
belonging to Ng, (g, p,)(u)\{v}. The choice of u and the assumption that no two
mutually adjacent vertices of degree 2 are adjacent to v imply that w is of degree
at least 3 in So(H,, Py). Consequently, w has a neighbor in Vg, (g, p,) \ {v,u}.
This implies that ({v,u}, Vs, (x, p,) \ {v,;u}) is a DT-pair in Sy(H,, Py) —uv, and
completes the proof. ]

Proposition 4.4. Let H be a graph without isolated vertices, and let P =
{P(v): v € Vg} be a family in which P(v) is a partition of the set Ng,(m)(v)
for every v € V. If P is such that for every v € Vg \ Ly and every non-pendant
edge e incident with v, the singleton {v.} is an element of P(v), then both 2-
subdivision graphs So(H) and So(H,P) are minimal DTDP-graphs or neither of
them is a minimal DTDP-graph.

Proof. For ease of observation, we assume that H has only one support vertex,
say v. Let u',...,u* be the leaves adjacent to v in H. Let H' be the subgraph
of H induced by the vertices v,u',...,u*. It follows from the properties of
P that the 2-subdivision graph So(H,P) results from Sy(H) replacing the tree
Sy (H') rooted at v by the tree So(H’,P’) rooted at v and defined for the family
P = {P'(z): x € Vi} in which P'(v) = {A € P: A C {vyy1,...,Vpur}} and
P'(u') = P(u') = {u’ ,} (for i € [k]). Now, the fact that both Sy(H’) and
Sa(H',P') are minimal DTDP-graphs implies that both Se(H) and S2(H, P) are
minimal DTDP-graphs or neither of them is a minimal DTDP-graph. [

Definition 1. If e is a pendant edge in H and ¢p(e) = {v,u}, where v is
a support vertex of degree at least 2 and w is a leaf, then the edge vv. in Sy(H) is
called a far part of the pendant edge e in H. If e is a loop incident with a vertex
vin H, then the edges vv}! and vv? in So(H) are said to be twin parts of the loop
ein H.

It follows from Propositions 4.3 and 4.4 that if Sy(H,P,0) is a minimal
DTDP-graph, then P can only contract far parts of adjacent pendant edges in H
or twin parts of a loop in H.

Corollary 4.5. If H is a connected graph of size at least 2, then the 2-subdivision
graphs Sa(H,P) and Sa(H,P,0) are minimal DTDP-graphs (for every family
P ={P(v): v € Vg} in which P(v) is a partition of the set Ng,m)(v) for each
v € Vg and for every positive function 0: Lg,(gpy — N) if and only if H is
a star.

Our aim is to recognize graphs which are present in non-minimal DTDP-
graphs. For this purpose, let F be the family of all graphs defined as follows.
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Definition 2 (The family F).

(1) We start with a rooted tree, say T, in which dp(x) < 2 for every vertex
x € Vp\ {r} (where r is a root of T') and form 2-subdivision graphs S2(T") and
So(T, P) for the family P = {P(z): x € Vr} in which P(z) is a partition of the set
Neyry(2), and where P(r) = {Ne,(r)(r)}, while P(x) = {{y}: y € Neyq)(x)} if
xz e Vp \ {’I“}

(2) From the choice of P it follows that r is a leaf in So(T,P) (and (7, Ng,(1)(7))
is the only neighbor of r in Sy(T,P). Finally, if 0: Lg,(7p) — N is a function
such that 6(r) is a positive integer and 0(z) = 1 for every = € Lg,(7,p) \ {7}, then
we form the 2-subdivision graph Sy (7T, P, 6) from S3(T, P) replacing the leaf r by
its copies (r,1),...,(r,0(r)) (adjacent to (r, Ng,(7)(r)) in S2(H,P,0)).

To illustrate this definition, consider the graphs drawn in Figure 4 that can
be obtained from the tree T in the leftmost drawing. We remark that the graph
Sao(T, P, 6) belonging to the family F can be obtained from the graph So(7") by
identifying the neighbors of the root r in the graph S3(T") into one new vertex,
namely the vertex (r, Ng,(1)(r)), and joining this new vertex to the vertex r and
to all far-vertices of r, and thereafter replacing the leaf r with 6(r) copies of r,
each of which is joined to the new vertex (r, Ng,(r)(r)). From this remark and
from Observation 4.2 we have the following corollary, which we shall use in the
proof of Theorem 5.6. For a graph G, we denote the distance between two vertices
uwand v in G by dg(u,v).

Corollary 4.6. Every tree belonging to the family F is a DTDP-tree, that is,
if T is a tree rooted at vertex r, and dr(z) < 2 for every vertex x € Vp \ {r},
1 <|Np(r)NLp| <dp(r)—1, and dr(z,r) = 2 (mod 3) for every x € Lp\ Np(r),
then T is a DTDP-tree. In particular, if T is a wounded spider rooted at vertex r,
that is, if 1 < |Np(r)NLy| < dr(r)—1 and dp(z,r) = 2 for every x € Lp\ Np(r),
then T is a minimal DTDP-tree.

(r,1) (r,0(r))

Ny (1) (1) (r,N
/m ﬁ o (r:Nsy (1) (1))
2(T,P,0)

Figure 4. A graph So(T, P, 8) belongs to the family F.
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5. GOOD SUBGRAPHS OF A GRAPH

In this section, we define what we have coined a “good subgraph” of a graph.
We show that the presence of such subgraphs play a key role in determining
non-minimal DTDP-graphs. Let @ be a subgraph without isolated vertices of
a graph H, and let Eq denote the set of edges belonging to Ey \ Eg that are
incident with a vertex of ). Let E be a set such that Eé CECEp\Eg, and
let Ag denote a set of arcs obtained by assigning an orientation for each edge in
E. Then by H*(Ag) we denote the partially oriented graph obtained from H by
replacing the edges in F by the arcs belonging to Ag. If e € E, then by e4 we
denote the arc in Ag that corresponds to e. By Hgy we denote the subgraph of
H*(Apg) induced by the vertices that are not the initial vertex of an arc belonging
to Ap, i.e., by the set {v € Vj: dItT*(AE)(U) = 0}.

We say that @ is a good subgraph of H if there exist a set of edges E' (where
Eqg CECER \ Eg) and a set of arcs Ap such that in the resulting graph
H*(Ag), which we simply denote by H* for notational convenience, the arcs in
Ap form a family F = {F,: v € V} of arc disjoint digraphs F, indexed by the
vertices of () and such that the following hold.

(1) For every v in @, the digraph F), is the union of a family, say P,, of arc
disjoint oriented paths that begin at v.

(2) If u € Vg \ Vg, then dj;.(u) < 1.

(3) If u € V=, then dj;. (u) < dp-(u).

(4) If z € Vg, N Vg, and v # u, then d;CU () =0 or d}u (x) =0.
One example of a good subgraph @ is shown in Figure 5. For clarity, the

edges of ) are bold, and the digraphs F,, F,,, F,,, and F, are represented by four
types arrows.

z w Fy -~
- R )
. . Fu .....
, .
L7 i
& ; Fu
. .
AN P, B TR F, ——--
v u

Figure 5. A bold subgraph is a good subgraph in the host graph.

From the definition of a good subgraph we immediately have the following
observation.

Observation 5.1. Neither a leaf nor a support vertex of a graph H belongs to
a good subgraph in H.
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Observation 5.1 also implies that not every graph has a good subgraph. In
particular, a corona graph (that is, a graph in which each vertex is a leaf or it is
adjacent to exactly one leaf) has no good subgraph. On the other hand, if @ is
a graph with no isolated vertex, and H is the graph obtained from () by attaching
at least one pendant edge to each vertex of () and thereafter subdividing these
new edges, then @) is a good subgraph in H. This proves that every graph without
isolated vertices can be a good subgraph of some graph.

Proposition 5.2. If e is a loop incident with a vertex v in a connected graph H,
then the subgraph H. of H with vertex set Vi, = {v} and edge set Ep, = {e} is
a good subgraph in H if and only if H # C1 and v is not adjacent to a pendant
edge in H.

Proof. If H, is a good subgraph in H, then, by Observation 5.1, the only vertex
v of H, cannot be a support vertex in H.

Assume now that the vertex v is not a support vertex in H. Then v is
neither a support vertex nor a leaf in H (as e is a loop incident with v). If
Ny (v) = {v}, then H = K} (s > 2) and, certainly, H. = K; is a good subgraph
in H. Thus assume that Ngy(v) # {v}. In this case, the set Ny(v) \ {v} is
nonempty and it consists of two disjoint subsets N! and N2, where N! = {z €
Niu() \ {v}: Ng(@) = {v}} and N2 = {o € Ny(v) \ {v}: {v} & Nu(2)}.
Consequently, the set E; of edges or loops belonging to Ey \ Eg, = Eg \ {e}
that are incident with v, consists of three disjoint subsets E!, E!l, and E?, where
E! is the set of loops incident with v which are distinct from e, E! = Eg(v, N})
(note that every edge in E} is a multi-edge), and E2 = Ey(v, N2). Now we
orient all edges in EY; . First, for every s € N} we choose two edges belonging
to Eg(v,s), say f° and g°. Let Agp be the set of arcs obtained from Ey by
assigning any orientation to every loop in E!, every edge in E2 is oriented toward
a vertex in N2, while edges belonging to F} are oriented in such a way that for
every vertex s € N} one chosen edge joining v and s, say f*, is oriented from
s to v, and all other edges belonging to Fx(v,s) \ {f°} are oriented toward s,
see Figure 6. Let P, be the family of oriented paths that consists of oriented
l-cycles (v, ha,v) (for every h € E!), oriented 2-cycles (v, g%, s, f5,v) (for every
s € N}), oriented 1-paths (v, ka, ) (for every x € N2 and every k € Eg(v,x)),
and (v,la,y) (for every y € N} and every | € Ey(v,y) \ {fY,g¥}). Finally, let
F), be the digraph with vertex set Ng[v] and arc set A.. From the choice of P,
one can readily observe that F, and P, have the properties (1)—(4) stated in the
definition of a good subgraph. Consequently, H, is a good subgraph in H. |

For s > 1, by K5 we denote a graph of order 2 and size s in which the vertices
are joined by exactly s edges.
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N

Figure 6. An example to Proposition 5.2.

Proposition 5.3. Ife is an edge joining two vertices, say v and u, in a connected
graph H, then the subgraph H. of H with vertex set Vi, = {u,v} and edge set
En, = {e} is a good subgraph in H if and only if H ¢ {C2,C3} and neither v
nor u is adjacent to a pendant edge in H.

Proof. Tt is easy to observe that if H, is a good subgraph in H, then H # K2,
H # K3, and, by Observation 5.1, neither v nor u is adjacent to a leaf in H.
Thus assume that H # K3, H # K3, e is an edge joining vertices v and u
in H, and neither v nor u is adjacent to a leaf in H. We shall prove that H, is
a good subgraph in H. We consider two cases, namely Ny ({v,u}) = {v,u} and

{v,u} & Nu({v,u}).

Casel. Ngy({v,u}) = {v,u}. In this case, H is a graph of order 2. If e is the
only edge joining v and u in H, then H, is a good subgraph in H if and only if
each of the vertices v and w is incident with a loop in H. If v and u are joined by
two parallel edges in H, then H, is a good subgraph in H if and only if at least
one of the vertices v and u is incident with a loop in H (or, equivalently, H, is
not a good subgraph in H if H = K3). Finally, if v and u are joined by at least
three parallel edges in H, then H. is always a good subgraph in H. In every case
it is straightforward to recognize arcs or directed paths forming the families of
directed paths P, and P, and desired digraphs F,, and F,, in graphs Hy,..., Hg
shown in Figure 7.

Case 2. {v,u} & Ng({v,u}). In this case, the set N, = Ng({v,u}) \ {v,u}
is nonempty, and, by our assumption, no vertex belonging to N_, is a leaf in
H. The set N, consists of five subsets: N! = {x € N, : Ng(z) = {v}},
N} ={x € N,,: Ny(z) = {u}}, N, = {z € N,,,: Ng(x) = {v,u}}, N2 = {z €
N,.: {v} ¢ Ng(x)}, and N2 = {z € N,,;: {u} & Ny(z)}. The sets N}, N},
N}, and N2UN? are disjoint, and it is possible that some of them are empty. Let
Apg be a set of arcs obtained by assigning an orientation to every edge belonging
to the set Ep , that is, to every edge incident with v or w and different from

e. The set Ag and families P, and P, of directed paths that begin at v and u,
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respectively, are defined in the following way.
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Figure 7. Examples to Case 1.

(1) To every loop f incident with = we assign an arbitrary orientation fg4,
and add the 1-cycle (z, fa,z) to P, if z € {v,u}.

(2) If an edge f belongs to Ey({v,u}, N2 U N2), then by f4 we denote the
orientation of f toward N2UNZ2. In addition, if ¢ (f) = {z,y}, where x € {v,u}
and y € N2, then we add the 1-path (x, fa,y) to Py.

(3) If x € N}UN]}, and y is the only neighbor of x (belonging to {v,u}), then
(as in the proof of Proposition 5.2) we choose two edges belonging to Ey(z,y), say
f* and g%, one of them, say f*, obtain an orientation from z to y, and all other
edges belonging to Ep(x,y)\{f*} are oriented toward z. In this case, the 2-cycle
(y, 9%, f%,y) and all the 1-paths (y, ha,z), for every h € Eg(z,y) \ {f*, ¢} (if
this set is nonempty), are added to P,.

(4) If the set N}, is nonempty, then we distinguish two cases.

(a) If at least one of the sets Ey (v, N} UN)UE! and Eg(u, N} UN})UEL
is nonempty, say Ex (v, NN\UNUE!L # (), then for every z € N},
edges belonging to Fg(z, {v,u}), say f* € Eg(z,v) and ¢* € Eg(z,u), orient f*
toward v, all other edges belonging to Ef(z,{v,u})\ {f?} are oriented toward z,
and to every edge in Fy(v,u)\{e} (if this set is nonempty) we choose an arbitrary
orientation, say from u to v. Now the 2-path (u, g%, z, f3,v), the 1-paths (u, ha, 2)
(for every h € Eg(u,z) \ {¢*}) and (u,ka,v) (for every k € Eg(u,v) \ {e}) are
added to P,, while the 1-paths (v,l4, z) (for every | € Eg(v,2)\ {f*}) to P,.

(b) If both the sets Ey (v, NN\UNY)UE! and Ep(u, N'UN})UE!, are empty,
then we consider two subcases.

(b1) If [N},| > 2, and if C is a smallest subset of Ey ({v,u}, N},) that covers
the vertices in {v,u}UN]L,, then we orient the edges in C toward {v, u}, the edges
in Ey({v,u}, NL,) \ C toward N},, and the edges belonging to Eg(v,u) \ {e}
(if this set is nonempty) in an arbitrary way, again say from u to v. We may
assume that N}, = {z1,...,2}, C = {f*, ..., f*}, and og(f*) = {z,z:},
where x; € {v,u} for i € [k]. Let D = {¢**,...,¢*}, where o (¢9*) = {zi, v}

we choose two
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and y; is the only element of {v,u} \ {x;} for i € [k]. Now, we add all 1-paths
(u,la,v) (for every | € Eg(v,u) \ {e}) and 1-paths (u,la,z;) (if ¢ € [k] and
l € Eg(u,z;) \ (CUD)) to Py, while we add 1-paths (v,pa,z;) (if i € [k] and
p € Eg(v,2) \ (CUD)) to P,. Finally, we add the 2-path (y;, 9%, zi, [, i),
i € [k], to Py (Py, respectively) if and only if y; = v (y; = u, respectively).

(b2) If |[N},| = 1, say N}, = {z}, then, since Vg = {v,u, 2z} and H # K3,
H is a proper spanning supergraph of K3 and, therefore, it has parallel edges
(as B, = E! = (). Without loss of generality, we assume that v is incident
with parallel edges. There are five cases to consider, and they are sketched in
Figure 8. In each of these cases, let f* and ¢g* be an edge belonging to Ex (v, 2)
and Ep(u,z), respectively. We orient f* toward v, all other edges belonging to
Eng({v,u},z)\{f?*} we orient toward z, and the edges belonging to Er(v,u)\{e}
(if Ex(v,u)\{e} # 0) are directed toward u. Now, the 2-path (u, g3, 2, f3,v) and
1-paths (u, h, 2z) (h € Eg(u, 2)\{g*}) form the family P,, while 1-paths (v, 4, z)
(l € Eg(v,2)\ {f*}) and (v,pa,u) (p € Eg(v,u) \ {e}) form the family P,,.

Let F, and F,, be digraphs generated by arcs belonging to families P, and
Pu, respectively. Since families P, and P, consist of 1- and 2-paths, we observe
that the digraphs F, and F,, and families P, and P, have the properties (1)—(4)
stated in the definition of a good subgraph. Consequently, H, is a good subgraph
in H. [

Figure 8. An example to Observation 5.3.

Remark 1. Let H be a graph without isolated vertices and let I be a proper
subset of V. Then the induced subgraph H[I| is a good subgraph in H if
1 < dg(v) < du(v) for every v € I, and Ny (x) \ I # 0 for every x € Ng(I)\ I.

A proof of this statement is similar to the proofs of Propositions 5.2 and 5.3
and is omitted.

As a consequence of Observation 5.1 and Propositions 5.2 and 5.3, we have
the following two corollaries.

Corollary 5.4. A connected graph has a good subgraph if and only if it has a good
subgraph generated by a loop or by an edge, that is, if and only if H ¢ {C1,Ca, Cs}
and it has an edge (or a loop) which is neither a pendant edge nor adjacent to
a pendant edge in H.

Corollary 5.5. A tree T' of order at least 2 has a good subgraph if and only if it
has an edge which is neither a pendant edge nor adjacent to a pendant edge in T
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It might be thought that a 2-subdivision graph of a graph having a good
subgraph is not a minimal DTDP-graph, but it is not true in general since, for
example, K 12 has a good subgraph and its 2-subdivision graph Sa (K 12, P4) shown
in Figure 3 is a minimal DTDP-graph. For this reason in the next theorem
(which is important in our characterization of the minimal DTDP-graphs) we
only consider 2-subdivision graphs without loops, that is, 2-subdivision graphs
in which no twin parts corresponding to a loop are contracted into a single edge
and, in consequence, forming a loop in the 2-subdivision graph.

Theorem 5.6. Let H be a connected graph without isolated vertices, and let
P ={P): v € Vi} be a family in which P(v) is a partition of the neighbor-
hood Ng,my(v) for every v € Vy. If H has a good subgraph and P does not
contract in So(H,P) any twin parts corresponding to a loop in H, then the 2-
subdivision graph Sa(H,P,0) is a non-minimal DTDP-graph (for every positive
function 0: Lg,gpy — N).

Proof. Let Q be a good subgraph in H. By Corollary 5.4 we may assume
that @ is a good subgraph generated by a loop or by an edge. By Observation
4.2 the 2-subdivision graph Sy(H,P,0) is a DTDP-graph. We shall prove that
So(H,P,0) is not a minimal DTDP-graph. By Observation 3.4 it suffices to
show that S9(H,P) is a non-minimal DTDP-graph. By virtue of Proposition
4.3 it suffices to show this non-minimality only in the case when P contracts in
Sa(H,P) far parts of adjacent pendant edges in H (since we have assumed that
P does not contract in So(H,P) any twin parts corresponding to any loop in H).
In such case it is possible to observe that So(H, P) is a non-minimal DTDP-graph
if and only if S3(H) is a non-minimal DTDP-graph. Thus it remains to prove
that So(H) is a non-minimal DTDP-graph.

Assume first that the good subgraph @ in H is generated by a loop, say
by a loop e incident with a vertex v. It is obvious that H = Kj has a good
subgraph and S3(K7) is a non-minimal DTDP-graph if and only if s > 2. Thus
assume that H is a connected graph of order at least 2. For simplicity, as far
as possible, we adopt the notation from the proof of Proposition 5.2. For ease
of presentation, we assume that N} = {v!,...,v*} and Eg(v,v%) = {e},...,el'}
(where j; > 2 as every edge in Fy(v,N}) is a multi-edge) for every v' € N}
We may assume that Ag is an orientation of E, (of the set of edges or loops
belonging to Ey \ Eg = Epn \ {e} that are incident with v) such that every
loop belonging to E! obtain an arbitrary direction, every edge belonging to E? is
directed toward N2, and edges belonging to E! are oriented in such a way that
for every vertex v’ € N} the edge e} is directed from v’ to v, and all other edges
belonging to Ex (v, v?) are directed toward v*. Let F, be the digraph generated by
the arcs belonging to Ag. Let P, be the family consisting of all directed 2-cycles
(v,e2, vt el,v) (for i € [k]) and of all directed 1-paths (and 1-cycles) generated

g A g A
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by all other arcs of F,, see the left part of Figure 9. The digraph F,, and the
family P,, as in the proof of Proposition 5.2, have the properties (1)—(4) stated
in the definition of a good subgraph, implying that @ is a desired good subgraph
in H.

Let G’ be the proper spanning subgraph obtained from Sy(H) by removing
the “middle” edge vlv? from the 3-cycle corresponding to the loop e of @, and the
third edge from the 4-path corresponding to the last arc in every directed path in
Py, as illustrated in the right part of Figure 9. Formally, G’ is the proper spanning
subgraph of Sy(H) with edge set Eq: = Eg ) \ ({vivZ} U {vv?: f € ELJu
R U R?), where

k
R! = U {vvel,vivég, .. ,viviji} and R? = U {uug: gEc EH(U,U)}.

i=1 uEN2

All that remains to prove is that G’ is a DTDP-graph. It suffices to observe
that every component of G’ is a 2-subdivision graph. Let G, be the component
of G’ containing the vertex v. We note that G! belongs to the family F and,
therefore, it is a DTDP-graph by Corollary 4.6. If the set N2 is empty, then
G' = G, and the desired result follows. Thus assume that the set N2 is non-
empty. Then, since every edge belonging to the set

U {uug: g € Ex(v,u)}

uEN2

joins a vertex in N2 to a vertex in Ve, while every edge belonging to the set

k
{v;vg} U {U’UJ%Z fe Ef)} U U {vveg,vivég,, o ,viviji}

=1

joins two vertices belonging to Vi, the subgraph G"” = G’ — Vi is an induced
subgraph of G and, in addition, G” is a 2-subdivision graph, G" = So(H — Vg1 ).
Thus, by Observation 4.2, G” is DTDP-graph. Consequently, since G) and G”
are DTDP-graphs, the proper spanning subgraph G’ of So(H) is a DTDP-graph
and, therefore, So(H) is a non-minimal DTDP-graph. (For example, in Figure 9
itis G' = 52(04)U52(K12710, P,0), where K12,10 is a star K 19 with two subdivided
edges, P in Sy(K 12’10) contracts all ten neighbors of the vertex corresponding to
the central vertex of K19 (or K%,10)7 and finally the “new” pendant edge in
Sa2(H, P) is replaced by twin pendant edges (using the function 6).)

Assume now that the good subgraph @) in H is generated by an edge, say
by an edge e which joins two vertices v and v in H. We know that Sa2(H) is
a DTDP-graph and we shall prove that So(H) is a non-minimal DTDP-graph.
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u v

Figure 9. Graphs H, So(H), and a spanning subgraph G’ of Sy(H).

We already know that Sa(H) is a non-minimal DTDP-graph if H has a good
subgraph generated by a loop. Thus assume that no subgraph of H generated
by a loop is a good subgraph in H. Consequently, since H is a connected graph
of order at least 2, every loop in H is incident with a support vertex, and, in
particular, neither v nor u is incident with a loop. Certainly, neither v nor v is
a support vertex in H. As in the proof of Proposition 5.3 we consider two cases,

namely Ny ({v,u}) = {v,u} and {v,u} & Ng({v,u}).

Case 1. Ng({v,u}) = {v,u}. In this case, since neither v nor u is incident
with a loop, H = K3 and s > 1. From the fact that K3 has a good subgraph it
follows that s > 3. Certainly, S2(K3) is a non-minimal DTDP-graph if s > 3.

Case 2. {v,u} & Ng({v,u}). For simplicity we use the same notation as
in the second part of the proof of Proposition 5.3. Consider the orientation
Ag of Eé , the families P, and P,, and the digraphs F, and F,, introduced
in Case 2 of the proof of Proposition 5.3. Let G’ be the spanning subgraph
of Sy(H) obtained from Sy(H) by removing the middle edge veu, from the 4-
path (v,ve,ue,u) corresponding to the edge e, and the third edge from each
4-path corresponding to the last arc in every directed path in P, or P,, see the
lower part of Figure 10. As in the first part of the proof, G’ is a DTDP-graph.
Consequently, the proper spanning subgraph G’ of So(H) is a DTDP-graph and
therefore So(H) is a non-minimal DTDP-graph. |

It follows from Corollary 5.4 that every path P, (with n > 6) and every
cycle Cy, (with m > 4) has a good subgraph, and, therefore, Observation 4.2,
Theorem 5.6, and a simple verification justify the following remark about minimal
DTDP-paths and minimal DTDP-cycles.

Remark 2. If C,, is a cycle of size m, then S3(C),) is a DTDP-graph for every
positive integer m, but S3(Cy,) is a minimal DTDP-graph if and only if m €
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Figure 10. Graphs H, S3(H), and a spanning subgraph G’ of So(H).

{1,2,3}. If P, is a path of order n, then Sy(P,) is a DTDP-graph for every integer
n > 2, while So(P,) is a minimal DTDP-graph if and only if n € {2,3,4,5}.

6. STRUCTURAL CHARACTERIZATION OF THE DTDP-GRAPHS

The next theorem presents general properties of DT-pairs in minimal DTDP-
graphs.

Theorem 6.1. A connected minimal DTDP-graph G is a 2-subdivision graph
Sa(H, P,0) of some connected graph H, where P = {P(v): v € Vi} is a family
in which P(v) is a partition of the neighborhood Ng,my(v) for v € Vy, and
0: Lg,mp) — N is a positive function.

Proof. Let G be a connected minimal DTDP-graph, and let (D,T") be a DT-
pair in G. We proceed with the following series of claims, that yield structural
properties of the graph G.

Claim 1. The set D is a mazximal independent set in G.
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Proof. If the set D were not independent, then two vertices belonging to D,
say x and y, would be adjacent, and then (D,T) would be a DT-pair in G — zy,
contradicting the minimality of G. Now, since D is both an independent set and
a dominating set of GG, the set D is a maximal independent set in G. 0O

Claim 2. Every component of G[T] is a star or it is a graph of order 1 and
size 1.

Proof. Since T is a TD-set of G, by definition, G[T] has no isolated vertex.
Consequently, every component of G[T] is either of order 1 and size at least 1 or
has order at least 2. From the minimality of G, a component of order 1 in G[T
has exactly one loop incident with its only vertex. Now let F' be a component
of order at least 2 in G[T']. To prove that F' is a star, it suffices to show that if
distinct vertices are adjacent in G[T7], then at least one of them is a leaf in G[T7.
If z and y are adjacent in G[T'] and neither of them is a leaf in G[T, then (D, T)
would be a DT-pair in G — zy, violating the minimality of G. 0

Claim 3. Ifx € T, then |[Ng(z) \T| =1 or Ng(z) \ T is a nonempty subset of
Lq. In addition, if x is a leaf in a star of order at least 3 in G[T'], then Ng(z)\T
is a nonempty subset of Lg.

Proof. Assume that x € T. Then Ng(z) \ T is a nonempty subset of D (since
D = Vg \ T is a dominating set in G). Therefore, since Lg C D (by Observation
3.1), either Ng(z)\T is a nonempty subset of Lg or Ng(x)\(LgUT') is nonempty.
It remains to prove that if Ng(z) \ (Lg UT) is nonempty, then |Ng(z) \ T| = 1.
Assume that y € Ng(z)\ (LgUT). Then, since D is independent and y € D\ Lg,
the set Ng(y)\{x} is a nonempty subset of T, say 2’ € Ng(y)\{z}. Now suppose
that |[Ng(x)\T| > 2, and let 3’ be any vertex in (Ng(z)\T)\ {y}. Then, since x
is dominated by ' and y is totally dominated by 2/, the pair (D, T) is a DT-pair
in G — xy, contradicting the minimality of G. Assume now that x is a leaf in a
star of order at least 3 in G[T]. Let 2’ be the only neighbor of x in G[T], and
let y € Ng(x) \ {2'}. It remains to show that y is a leaf in G. Suppose that y is
not a leaf in G. Then Ng(y) \ {z} # 0, and, if 2”7 € Ng(y) \ {z}, then the pair
(DU{x}, T\ {z}) is a DT-pair in G — zy, a contradiction. 0

We now return to the proof of the theorem. Let G = (V, Eg, ¢¢) be a graph
(where, as usually, ¢ (e) denotes the set of vertices incident with e € Eg).
Assume that G is a minimal DTDP-graph, and let (D,T) be a DT-pair in G.
The minimality of G implies that G has neither multi-edges nor multi-loops.
With respect to Observation 3.4 we may assume that GG has no strong supports.
This assumption, together with Claim 3, imply that every vertex v belonging to
T has exactly one neighbor in D, and, in addition, this unique neighbor of v is
a leaf in G if v is a leaf of a star of order at least 3 in G[T]. Consequently, if e
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is an edge in G[T], then the subset Ng(¢q(e)) \ T of D is of order 1 or 2. This
implies that the triple H = (Vu, Ey,¢p) in which Vg = D, Ey = Egp), and
or: Eg — 2V¥ is a function such that o (e) = Ng(pg(e)) \ T for each edge
e € Ey, is a well-defined graph with possible multi-edges or multi-loops. (If e is
an edge in G[T] and ¢g(e) = {a, b}, then e is an edge which joins the vertices a
and b in H. Similarly, if e is an edge or a loop in G[T] and ¢p(e) = {a}, then e is
a loop which joins a to itself in H.) Now, to restore the graph G from the multi-
graph H, we first form So(H) inserting two new vertices into each edge and each
loop of H. More precisely, if an edge e joins vertices a and b in the multi-graph
H (that is, if pg(e) = {a,b}), then by a. and b we denote the two mutually
adjacent vertices inserted into the edge e, where a. and b, are adjacent to a and
b, respectively. (If e is a loop incident with a vertex a (that is, if pg(e) = {a}),
then by a! and a? we denote two mutually adjacent vertices inserted into the loop
e and both adjacent to a.) Let P = {P(v): v € Vg } be a family in which the
partition P(v) of the set Ng,(g)(v) (for v € Vig (C Vg, () is defined as follows.

e If e is a loop in G[T] incident with a vertex Ng(v), then we let the 2-element
set {vl,v2} be an element of P(v).

e’ e
e If e is an edge (not a loop) in G[T] and ¢g(e) € Ng(v), then we choose both
one-element sets {v!} and {v2} to belong to P(v).

o If {e1,...,ex} is the edge set of a star in G[T] and the central vertex of this
star is in Ng(v) (or exactly one vertex of this star is in Ng(v), if K = 1), then
we select the set {ve,,...,ve, } as an element of P(v).

From the above definition of the family P, the 2-subdivision graph Sy(H, P)
(= S2(H,P,0) if 0(x) = 1 for every x € Lg,(gp)) obtained from Sy(H) is iso-
morphic to the graph G, see Figure 11 for an illustration. [

From Theorem 6.1 every minimal DTDP-graph is a 2-subdivision graph of
some graph. The converse, however, is not true in general. It is easy to check that
neither of the 2-subdivision graphs So(H), S2(H,P), and Sa(H, P, ) presented
in Figure 1 is a minimal DTDP-graph. In our last theorem we present the main
structural characterization of minimal DTDP-graphs without loops.

u v w z

Figure 11.
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Theorem 6.2. Let G be a connected graph of order at least 3 that has no loops.
Then the following statements are equivalent.

(1) The graph G is a minimal DTDP-graph.

(2) FEither (2a) G € {C3,Cg,Cy} or (2b) G is a 2-subdivision graph, say G =
Sao(H, P, 0) (where H is a connected graph of order at least 2, P = {P(v): v €
Vu} is a family in which P(v) is a partition of the set Ng,my(v) for v €
Vi, and 0: Lg,gpy — N is a positive function) in which (2bl) the pair
(Va,VE) = (V§2(H7P’9),V£(H7P79)) is the only DT-pair and, in addition, in
which (2b2) every component of GV is a star.

(3) The graph G is a 2-subdivision graph, say G = So(H, P, ), where either (3a)
H € {C1,C2,C3} or (3b) H is a connected graph of order at least 2 in which
(3bl) every non-pendant edge (and every loop) is adjacent to a pendant edge,
(3b2) P ={P(v): v € Viy} is a family in which every P(v) is a partition of
the set Ng,(my(v) for every v € Vi, and P contracts in Sa(H,P) only far
parts of adjacent pendant edges of H (if any), and (3b3) 0: Lg,mpy — N is
a positive function.

Proof. (1)=(2) Assume first that G is a connected minimal DTDP-graph. Then
G has no multi-edges and Theorem 6.1 implies that G is a 2-subdivision graph,
ie., G = S9(H,P,0) (for some connected graph H without a good subgraph (by
Theorem 5.6), some family P = {P(v): v € Vg } in which P(v) is a partition of
the neighborhood Ng,f)(v) (for v € Vi) which contracts at most far parts of
pendant edges (by Proposition 4.3), and a positive function 6: Ls,mpr) — N).
By Observation 3.4 we may assume that G has no strong supports, and therefore
we may assume that G = So(H,P) (as So(H, P) and Sa2(H, P, 6) are isomorphic if
0(x) = 1 for every x € Lg,(g py). By Observation 4.2, the pair (D,T) = (V&, V)
is a DT-pair in G. In addition, the minimality of G, Theorem 6.1 and our
assumption that G has no loop imply that every component of G[VZ] is a star.
Thus, it remains to prove that either G is a cycle of length 3, 6 or 9, or the pair
(V&, V) is the only DT-pair in G. We consider three cases depending on A(H).

Case 1. A(H) = 1. In this case, H = P, and G = Sa(H,P) = P, (as by our
assumption G has no strong supports). Moreover, (V2, V%) = (La, Sg) is the
only DT-pair in G.

Case 2. A(H) = 2. In this case, either H = C,, (m > 1) or H = P,
(n > 3). But, since Sa(H,P) is a minimal DTDP-graph, Remark 2 implies that
either H = Cy,, and m € {1,2,3}, or H = P,, and n € {3,4,5}. Now, depending
on P, So(Cy,P) = C5 or S3(C1,P) = Cy o K7 and only C3 has the desired
properties (as Cy o K7 has a loop). It is also a simple matter to observe that
So(Ps3, P) = S3(P3) = P; or So(Ps,P) = P3o K and each of these graphs has the
desired properties. Simple verifications and Proposition 4.3 show that each of the
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graphs S(Cq, P) (see Figure 2), S2(C3,P), Sa(Py, P), and Sao(Ps, P) is a minimal
DTDP-graph if and only if Sa(C2,P) = S2(Ca) = Cg, S2(C3,P) = S2(Cs) =
Cy, S2(Py,P) = S2(Py) = Pig, and So(P5,P) = Sa(Ps) = Pi3, respectively.
Certainly, each of these four graphs has the desired properties.

Case 3. A(H) > 3. In this case we claim that (D,T) = (V2,V{#) is the
only DT-pair in G. Suppose, to the contrary, that (D’,T") is another DT-pair
in G. Then, since D and D’ are maximal independent sets in G (by Theorem
6.1) and D # D', each of the sets D\ D' and D'\ D is a nonempty subset of
T" and T, respectively. Let v be a vertex of maximum degree among all vertices
in D\ D' CT'. Since v € T', it follows from Theorem 6.1 that dg(v) > 2. If
H = K{ and s > 2 (as dg(v) > 3), then K{ would be a good subgraph in H,
which is impossible. Hence, H has order at least 2. We consider two possible
cases.

Case 3.1. There is a loop, say e, at v. In this case, a pendant edge, say f,
is incident with v, as otherwise, by Proposition 5.2, the subgraph generated by
e would be a good subgraph in H, which again is impossible. Assume that f
joins the vertex v with a leaf u in H. We claim that v belongs to the set D’.
Let A be the only set in P(v) which contains the vertex vy. By Observation 3.1,
uw e D" and (uyf,{us}) € T'. Thus, (v,A) € T" as T" is a TD-set of G and (v, A)
is the only neighbor of (uf,{us}) in 7. Finally, this implies that v € D’ as D’
is a dominating set of G and v is the only neighbor of (v,A) € T = Vg \ D'.
Consequently, v € D’ and v € D\ D’ (by the choice of v), a contradiction.

Case 3.2. No loop is incident with v. In this case, let fi,..., fr be the edges
incident with v in H, say ¢y (fi) = {v,v'} for i € [k] (k > 2). If at least one of
the edges f1,..., fr is a pendant edge in H, then v € D’ (similarly as in Case
3.1) and this again contradicts the choice of v. Thus assume that none of the
edges f1,..., fr is a pendant edge in H. Then, since H has no good subgraph, it
follows from Corollary 5.4 that every vertex v!,...,v* is incident with a pendant
edge in H. Analogously as in Case 3.1, each of the vertices v', ..., vF belongs to
D’ in G. Now, the minimality of G implies in turn that the vertices (v’ {U;%})
belong to T" for i € [k]. Consequently, the vertices (v, {vy,}) also belong to 1",
since T is a TD-set in G and (v, {vy,}) is the only neighbor of (v°, {v}l}) which
is not in D’ (for ¢ € [k]). Finally, since all the neighbors (v, {vy,}) (i € [k]) of the
vertex v are in 1", the vertex v has to be in D', a final contradiction proving the
implication (1) = (2).

(2) = (1) Assume that G = S3(H, P, ) (for some connected graph H, some
family P = {P(v): v € Vg } in which P(v) is a partition of the neighborhood
Ng,(my(v) (for v € Vi), and some positive function 0: Lg,gp) — N). If G is
a cycle of length 3, 6 or 9, then G is a minimal DTDP-graph. Thus assume
that (V2,V#) is the only DT-pair in G' and every component of G[VZ] is a star.
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Certainly, G is a DTDP-graph (by Observation 4.2), and we shall prove that G
is a minimal DTDP-graph. Suppose, to the contrary, that G is not a minimal
DTDP-graph. Thus some proper spanning subgraph G’ of G is a DTDP-graph.
Let e be any edge belonging to G but not to G', say pg(e) = {v,u}. Then, since
V& is an independent set in G, either [{v,u} N V& =1 or {v,u} C V.

Let (D', T") be a DT-pair in G’ and, consequently, in G—vu and G. Therefore
(D', T") = (V&, V&) (since (V&, V%) is the only DT-pair in G) and (V2, V%) is
a DT-pair in G — vu. But this is impossible, as we will see below. Assume first
that [{v,u} NV =1, say v € Vg and uw € V&. Then Ng(u) NVE = {v} (by
Observation 4.1 (4)) and, therefore, Ng_y,(u) N VS = 0, which contradicts the
observation that (V3, V%) is a DT-pair in G —vu. Thus assume that {v,u} C V.
Because v and u are adjacent in G[V%] and every component of G[V] is a star,
at least one of the vertices v and w is a leaf in G[V{], say v is a leaf in G[VZ].
Hence, u is the only neighbor of v in G[V{#%] and, therefore, no neighbor of v
belongs to V7 in G —vu. Thus, V7 is not a TD-set of G'— vu, which contradicts
the observation that (Vg, V%) is a DT-pair in G — vu. We conclude that G is
a minimal DTDP-graph.

(1) = (3) Assume again that G is a connected minimal DTDP-graph. Then
the equivalence of (1) and (2) implies that either G € {C3,Cs,Co} or G is a
2-subdivision graph, say G = So(H,P,0) (where H is a connected graph of
order at least 2, P = {P(v): v € Vg} is a family in which P(v) is a partition
of the set Ng,m)(v) for v € Vpy, and 0: Lg,(zpy — N is a positive function).
Thus, either G = So(H) and H € {C1,C2,Cs} or G = S»(H,P,0), where H
is a connected graph of order at least 2 in which every non-pendant edge and
every loop is adjacent to a pendant edge (as otherwise H has a good subgraph
(by Corollary 5.4) and then G = S3(H,P,0) would be a non-minimal DTDP-
graph (by Theorem 5.6)), P = {P(v): v € Vi} is a family in which every P(v)
is a partition of the set Ng,z)(v) for every v € Vi, and P contracts in Sz(H,P)
only far parts of adjacent pendant edges of H (as otherwise G = So(H, P, 0) would
be a non-minimal DTDP-graph (by Proposition 4.3)), and 0: Lg,(gp) — N is
a positive function (as we already have observed).

(3) = (1) Assume finally that H, P, and 6 have the properties stated in (3).
Then G = Sy(H,P,60) is a DTDP-graph (by Observation 4.2). We shall prove
that G is a minimal DTDP-graph. Since the minimality of So(H,P,0) does
not depend on positive values of § (by Observation 3.4), we may assume that
0(z) = 1 for every x € Lg,( p), and therefore we may assume that G = Sa(H, P).
By our assumption P contracts at most far parts of adjacent pendant edges in
H, and since the minimality of So(H,P) does not depend on such contractions
(by Proposition 4.4), we may assume that G = Sy(H). We shall prove that
G = S3(H) is a minimal DTDP-graph. In order to prove this it suffices to show
that G has the properties stated in (2). If H € {C},Cs,C5}, then we note that
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G € {C3,C¢,C9}. Thus, since every component of G[V/4] is a star (in fact, a star
of order 2), it remains to prove that the pair (V, V%) is the only DT-pair in G
if every non-pendant edge and every loop is adjacent to a pendant edge in H.
Let (D, T) be a DT-pair in G. We shall prove that (D,T) = (V&, V%). Since the
pairs (D,T) and (V&, V%) form partitions of the set Vi, it suffices to show that
V& € D and Vi CT. We prove these two containments showing that if e is an
edge (a loop, respectively) of H and ¢p(e) = {v,u} (pmg(e) = {v}, respectively),
then py(e) € D and {ve,u.} € T ({vl,v2} C T, respectively). We distinguish
three possible cases: (1) e is a pendant edge in H; (2) e joins two support vertices
in H (or e is a loop incident with a support vertex in H); (3) exactly one of the
two end vertices of e is a support vertex in H.

Case 1. The edge e is a pendant edge in H, say pm(e) = {v,u}, where u €
L. In this case, (u, ue, Ve, v) is a 4-path in G = Sa(H) and dg(ue) = dg(ve) = 2.
Now u € D and u, € T (by Observation 3.1), and this implies that v, € T' (since
ue belonging to a TD-set T" in G has a neighbor in 7" and v, is the only neighbor
of ue in Vg \ D) and v € D (since D is a dominating set in G and v is the only
neighbor of v, which is not in D). Consequently, Ly U Sy C D and, in addition,
if a pendant edge e joins vertices v and u in H, then {ve,u.} C T

Case 2. pp(e) = {v,u} C Sy. In this case, py(e) C D (since Sy C D) and
both v and u, must be in T' (because {v,u} C D, Ng(ve) = {v,ue¢}, Ng(ue) =
{u,ve}, and (D,T) is a DT-pair in G). Similarly, if e is a loop incident with
a support vertex v in H, then py(e) = {v} C Sy C D and, certainly, both v}
and v?2 are in 7.

Case 3. A non-pendant edge e (which is not a loop) is incident with exactly
one support vertez, say ¢p(e) = {v,u} and pg(e)NSy = {u}. Let Eg(v) denote
the set of edges incident with v in H. Since v ¢ Sy and e is a non-pendant edge,
|Ex(v)] > 2 and every element of Fg(v) is a non-pendant edge (and it is not
a loop). Therefore, since every non-pendant edge is adjacent to a pendant edge in
H, each neighbor of v is a support vertex in H and, consequently, Ny (v) C Sy C
D in G. We claim that v also belongs to D in G. Suppose, to the contrary, that
visin T. Then, since (D, T) is a DT-pair in G, there is an edge f in Fy(v) such
that vy € D. Suppose, without loss of generality, that ¢p(f) = {v,w}. Then
Ng(wy) = {w,vs} C D, and, therefore, Ng(ws) N'T = (), which is impossible
as T is a TD-set in G. This proves that v € D and implies that both v and u
are in D. Finally, as in Case 2, we observe that both v, and u, are in 7. This
completes the proof. ]

As an immediate consequence of Theorem 6.2, we have the following corol-
laries.

Corollary 6.3. If H is a graph in which every vertex is a leaf or it is adjacent to
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at least one leaf, then Sa(H,P,0) is a minimal DTDP-graph if and only if P =
{P(v): v € Vu} is a family of partitions P(v) of sets Ng,(my(v) (v € Vi) which
contracts only far parts of adjacent pendant edges (if any), and 0: Lg,gpy — N
s a positive function.

Corollary 6.4. A tree T of order at least 4 is a minimal DTDP-graph if and
only if T is a 2-subdivision graph, say T = Sa(R, P, ), where R is a tree in which
every non-pendant edge is adjacent to a pendant edge, P = {P(v): v € Vg} is
a family of partitions P(v) of sets Ng,(g)(v) (v € VRg), and P contracts only
far parts of adjacent pendant edges (if any), and 0: Lg, g py — N is a positive
function.

7. OPEN PROBLEMS

We close this paper with the following list of open problems that we have yet to
settle.

(1) Characterize the graphs with loops which are minimal DTDP-graphs.

(2) The domatic-total domatic number of a graph G, denoted domy., (G), is the
maximum number of sets into which the vertex set of G can be partitioned in such
a way that the subgraph induced by the set is a DTDP-graph. It is clear that
domy,, (G) is a positive integer only for DTDP-graphs. We write dom,,(G) =0
if a graph G is not a DTDP-graph. Give bounds on the domatic-total do-
matic number of a graph in terms of order. It is quite easy to observe that
domy,, (G) < |Vi|/3. For which graphs G is dom,,, (G) = |Vg|/37 If G is a tree,
then dom,,, (G) < |Vg|/4. For which trees G is domy,, (G) = |Vg|/4?

(3) Study relations between the set of minimal DTDP-graphs and the set of
graphs G for which vy:(G) = |Vz|. The reader interested in knowing more about
the parameter yy;(G) is recommended to refer to the book [14].
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