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Abstract

Zarankiewicz proposed the problem of determining the maximum number
of edges in an (n, m)-bipartite graph containing no complete bipartite graph
Kop. In this paper, we consider a variant of the Zarankiewicz problem
and determine the maximum number of edges of an (n,m)-bipartite graph
without containing a linear forest consisting of even paths. Moveover, all
these extremal graphs are characterized in a recursion way.
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1. INTRODUCTION

Our notation in this paper is standard. Let G = (V(G), E(G)) be a simple
graph, where V(G) is the vertex set with size v(G) and E(G) is the edge set
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with size e(G). The degree of v € V(G), the number of edges incident to v, is
denoted by dg(v) and the set of neighbors of v is denoted by Ng(v). For a given
set X C V(G), let Nx(v) = Ng(v) N X and dx(v) = |Nx(v)|. Moreover, for
S C V(G), the induced subgraph of G by S is denoted by G[S]. Let G and H be
two disjoint graphs, denote by G U H the disjoint union of G and H, and by kG
the disjoint union of k copies of a graph G. Denote by G + H the graph obtained
from G U H by adding edges between all vertices of G and all vertices of H.
Denote by Py a path on k vertices (Py denotes the empty graph). We often refer
to a path by the natural sequence of its vertices, writing, P, = z122 - - -z} and
calling Py a path from x; to . We call a path even if it contains even number of
vertices and odd otherwise. Similarly, denote by C} a cycle on k vertices, writing,
Cy = w2 -xpwr. For 1 <4 < j <k, we use z;P,x; to denote the sub-path
2i%iy1 - --xj_1xj of P and x;Crx; denote the path z;x;41---2;_12; in C}. An
(n, m)-bipartite graph By, ,, is a bipartite graph of order n+m whose vertices can
be divided into two disjoint sets X and Y with |X| = n and |Y| = m such that
every edge joins one vertex in X to the other vertex in Y. Moreover, denote by
Ky, m the complete (n, m)-bipartite graph (if n > m = 0, then K, ,, denote the
independent set on n vertices).

The Turdn number of a graph H, ex(n, H), is the maximum number of edges
in a graph of order n which does not contain H as a subgraph. Denote by
EX(n, H) the set of graphs on n vertices with ex(n, H) edges containing no H
as a subgraph and call a graph in it an extremal graph for H. Often, there are
several extremal graphs. Similarly, for a given bipartite graph H, the maximum
value e(Bj, ;) under the condition that By, ,,, does not contain H as a subgraph is
denoted by ex(n,m; H). Furthermore, if a bipartite graph B,, ,, with ex(n, m; H)
edges does not contain H as a subgraph, then this bipartite graph is called a bi-
partite extremal graph for H. We say that a graph is H-free if it does not contain
H as a subgraph.

In 1941, Turén [14] proved that the extremal graph without containing K,
as a subgraph is the Turdn graph 7,_1(n), i.e., the complete (r — 1)-partite graph
on n vertices with partite sizes as equal as possible. Later, Moon [12] (only when
r — 1 divides n — k + 1) and Simonovits [13] showed that Kj_1 +T,—1(n —k+1)
is the unique extremal graph containing no copy of kK, for sufficiently large n.

In 1959, Erdds and Gallai [3] proved the following well-known result.

Theorem 1 (Erdés and Gallai, [3]). If G is a graph on n > k vertices, then
1
1) ex (. ) < 2k~ 2)n

with equality if and only if n = (k — 1)t, where t is an integer.

Furthermore, Erdés and Gallai in [3] also determined ex (n, M}) for all values
of n and k, where M} is the union of k disjoint edges. Recently, Bushaw and
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Kettle in [2] also determined the Turdn number of & disjoint copies of Py with £ > 3
and also characterized all extremal graphs for sufficiently large n. Furthermore,
Gorgol [6] studied the Turdn number of disjoint copies of connected graphs. Let
H be a connected graph on /¢ vertices; with the aid of the two graphs Ex(n —
kl+1,H)UKyp—1 and Ex(n—k+1, H) + Kj_1, she presented a lower bound for
ex(n,kH), where Ex(n —kl(+1,H) e EX(n—kl{+1,H) and Ex(n—k+1,H) €
EX(n—k+1,H).

The related results on the Turan number of paths, forests may be referred to
[1, 4,9, 10, 15] and the references therein.

On the other hand, Zarankiewicz in [16] proposed a variant of Turdn’s prob-
lem: determine the maximum number of edges of an (n,m)-bipartite graph con-
taining no copy of Kgp. This problem has attracted wide attention (see [5] and
the references therein). Later, Gyarfds, Rousseau and Schelp [7] considered a
variant of the Zarankiewicz problem for paths. Their result can be stated as
follows:

Theorem 2 (Gyarfas, Rousseau and Schelp, [7]). Let n > m. Then

nm, for m </{0-—1;
(2) ex(n,m; Py) =< (£ —1)n, for £—1<m<2(f—1);
—1)(n+m—204+2), for m>2({—1).
Furthermore,
(a) If m <€ —1, then the unique extremal graph is Ky, .
(b) Ift—1<m < 2({—1), then the unique extremal graph is K;_1 nUKp_r410-
(c) If m > 2(¢ — 1), then the extremal graphs are Ko_1m—r41U Ko—1n—p41; o7
Ky 1; UKy 1, fori=0,1,...,|n/2], when m =2({ —1).
Remark 3. In [7], Gyérfds, Rousseau and Schelp also determined the bipar-
tite Turdn numbers for odd paths. Moreover, Li, Tu and Jin [11] determined
ex (n,m; My) for all values of n,m and k, where M}, is the union of k disjoint
edges.

Theorem 4 (Li, Tu, and Jin, [11]). Let n > m > k. Then
ex (n,m; M) = (k — 1)n.
Moreover, the unique extremal graph s Ki_1 5, U Ky _g41,0-

A linear forestis a graph consisting of paths. Motivated by the above results,
we will study the bipartite Turan numbers of linear forests.
Let rj = Y7_ k; with ky > kg > -++ > kj. Define f (n,m;ki,...,kj) =

nm, for m <r; —1;
(rj — )n, for r; <m <2(r; —1);
(rji—1)(n—kj+1)+ (kj —1)(m—r; +1), for m>2r; —1.
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The main result of this paper can be stated as follows.

Theorem 5. Letn>m and k1 > --- > ky > 1 with £ > 1. Then
ex(n, m; Py, U- - -UPay,) =max{f(n,m; k1), f(n,m; k1, k2), ..., f(n,m; k1,..., ko)}.
Furthermore, we have EX (n,m; Pop, U --- U Py, )

= EX (n,m; Poy, ) U--- UEX (n,m; Pog, U-+-U Pay,, ) UB,

where
Kyom, when m < ry —1;
B_ Kp 10 UKy r41, when ry < m < 2ry — 3;
Ky 1i UKy, —1p—i:1€{0,1,..., kg — 1}, when m =2r;—2;
K1 n—ke+1 Y Kky—1,m—rg+15 when m > 2ry — 1.

In other words, all extremal graphs are characterized in a recursive way.

The rest of this paper is organized as follows. In Section 2, several technical
lemmas are presented. In Section 3, we will prove Theorem 5. In Section 4, we
give an open problem for conclusion.

2. SEVERAL TECHNICAL LEMMAS

In 1981, Jackson [8] proved the following theorem which is useful in the proof of
our main theorem.

Theorem 6 (Jackson, [8]). Let k > 2 and By, be a bipartite graph with partite
sets X andY such that |X|=n>2 and |Y| =m > k. Assume that each vertex

of X has degree at least k. If m < n, then By, ,, contains a cycle of length at least
2k.

The following simple lemmas are also needed.

Lemma 7. Let k1 > ko > 1 and B, ., be a bipartite graph with partite sets X
and Y. Let C' = zoyo - Thy+ko—1Yk,+ko—120 be a cycle of length 2ki + 2kg in
Bpm with {xo, ..., Tk 4ky—1} € X, {Y0,- s Ukytho—1} € Y. If there is a vertex
z € V(Bpm) \ V(C) with dyc)(z) > k1 + 1, then By m[V(C) U {2}] contains a
cycle Cop with k1 < € < ki + ko.

Proof. Without loss of generality, we may assume z € X. Since dy(y(2) >
k1 +1 > 3, it is easy to see yi,yirj € Ny(c)(2) with 2 < j < ky — 1 for some
i €{0,...,ki+ko—1}, where the indices are take under the additive group Zg, 4&,-
Hence, 2y;xi¥i—1 - - Yitj+1Titj+1Yitj2 i a cycle in By, 1, [V (Cok, 42k, ) U {2}] with
length 2¢, where k1 < ¢ < k1 + ko. The assertion holds. [ |
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Lemma 8. Let By, ,, be a bipartite graph. Let Pl = wjus - - - ugp be an even path
in Bpm. If dy(pry(u1) + dypry(uge) > €+ 1, then By [V (PY)] contains a copy
Of C'Qg.

Proof. Since dy (p1y(u1) +dy(pry(uze) > £+ 1, there exists an integer j such that
uj is adjacent to ugy and wj4q is adjacent to uj. Thus ulujHPlquujPlul is a
cycle of length 2¢, and we are done. ]

The following two lemmas follows easily in a similar way like in the proof of
Lemma 8. We omit their proofs.

Lemma 9. Let By, ,, be a bipartite graph with partite sets X and Y. Let Pl =
ujug - - ug, be an odd path in By, m, with both end vertices in X andy € Y\V (P).
If dy(pry(u1) + dypry(y) > |k1/2] + 1, then Bnm[V(PY) U {y}] contains a path
on ki + 1 vertices.

Lemma 10. Let B,, , be a bipartite graph with partite sets X and Y. Let cl =
ujug - - ugk, be a cycle in Bym, © € Y\V(CY) andy € Y\V(C1). If dy oy (z) +
dycny(y) > k1+1, then By, [V (CY)U{z, y}] contains a path on 2ki 42 vertices.

Lemma 11. Let B, ,, be a bipartite graph with partite sets X and Y. Let
Pl = ujug -+ - U, and p? = V1V - - Vg, be two vertex-disjoint paths in By, .
If dv(pz)(ul) + dV(p2)(ukl) > 0 with ¢ < UCQ/QJ, then Bmm[V(Pl) U V(PQ)]
contains a path on 2|k1/2] + 2¢ vertices.

Proof. Let k1 be even. If v; is adjacent to u1, then v;_1 and v; 1 are not adjacent
to ug,. Otherwise, there is a path leQUi,luklPlulviP%kQ (or kaPQUiHuklPl
ulviszl) on kq+ ko vertices, and we are done. Let v; be the vertex of P? which is
adjacent to uy or ug, with j maximum. Note that v; and vy, are not adjacent to
u1, as otherwise we are done. Since dy(p2y(u1) +dy(p2)(u,) > ¢, we have j > 2.
Thus, ulPluklij%l (or uklPlulij%l) is a path on at least ki + 2¢ vertices
and hence we are done when k; is even. Now assume that k; is odd. Without
loss of generality, let ui,ug, € X. If v; is adjacent to w;, then v;_9 and vi42 is
not adjacent to ug,. Otherwise, there is a path on ki + ko — 1 > 2| k1 /2] + 2/
vertices, and we are done. Thus, if v, is adjacent to u; and v, is adjacent to
up, with p # ¢, then we have [p — ¢| > 4 and [p — ¢| is even. (1) k2 is even.
Without loss of generality, let v; € X. Then v, is not adjacent to u; and uy,, as
otherwise we are done. As the previous case, we choose v; of P? which is adjacent
to uy or uy, with j maximum. Hence, by dV(ng (u1) + dy(p2)(ur,) > ¢, we have
j > 4[€/2] > 2¢. Thus, vy P?vju; Plug, (or viP?vjug, Pluy) is a path on ky + 2/
vertices, and we are done. (2) kg is odd. If both end-vertices of P? belong to
X, then the result follows similarly as the previous proof when ko is even. Let
v1, Uk, € Y. Then vs is adjacent to neither u; nor wug,. Otherwise, it is easy to
see that uy Plug, v3P?vg, (or ug, PlujvsP?uy,) is a path on 2|ky /2] + 2¢ vertices,
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and we are done. The rest proof of this case is similar as before (taking v; as
previous cases). The proof of the lemma is complete. [

Lemma 12. Let By, ;, be a bipartite graph with partite sets X and Y. Let Pl =
ULUg - - - U, and P2 = vyvg - - Uk, be two vertez-disjoint paths in By, ,, such that
ur, ug, € X. Assume that there is a vertex y € Y\ (V(P') UV (P?)) which is not
adjacent to end-vertices of P*. If dyp2y(y) + dy(pzy(u1) > €+ 1 with 20 < ks,
then Bmm[V(Pl) UV (P?)] contains either Py, 1901 or Py, _1U Py, 19 or Py, UCou
as a subgraph, where ! > {.

Proof. Let U be the set of neighbors of u; in P, and V' be the set of neighbors

of y in P,. Then we have U C {vk,—2¢+3, Vky—20+4, - - - , V20—3, U2p—2}. Otherwise,
By, contains a copy of Py, 42/—1, and we are done. Moreover, we have V' C
{vi, Vig2, ..., Vitar—6, Vigor—a} for some i € {2,3, ..., ka—2+3}. Otherwise, By,

contains a copy of Py, UCsy with ¢/ > ¢, and we are done. Note that UNV = . We
have U C {'Uz'—i-l, Vig3y v+ s Vit 2¥—7, Ui+2g_5}. Since dv(pz)(y) + dv(pz)(ul) >0+1,
there exist j; and jo such that vj,,vj, € U and vj,11,vj,+1 € V. Hence us Ptuy,
and vy P2v;j, u1vj, P?vj, 11yvj,4+1P%vg, form a copy of Py, _1U Py, 9. We finish the
proof of the lemma. [

Given a bipartite graph B, ,,, with partite sets X and Y, denote by L(x,y)
the set of edges incident with vertices x € X and y € Y and e(x,y) the size of
L(z,y). We will prove the main lemma of this section.

Lemma 13. Let ki > --- > ky > 1,£> 2 and n > 225:1]% — 1. Let By, be
a bipartite graph with partite sets X and Y. Assume that B, , contains P, U
- UPy, , UPy,_o as a subgraph. If

¢
(3) e(z,y) > Z ki + ke — 1 for every x € X and for everyy €Y,
i=1

then B, ,, contains Py, U---U Py, as a subgraph.

Proof. Let Fy = Py, U---U Py, and F) = Pap, U -+ U Pay, | U Pay,_o (for
ke =1, let F} = Poy, U---U Py, , UPyy, ). Let F be the set of subgraphs
of By consisting of paths and cycles and containing F, as a subgraph. By
the condition of the lemma, F is not empty. Choose F' € F with minimum
number of components and maximum number of cycles. Let F = ClU--- U
C*UP'U---U P! Moreover, we choose F with v (P'U---UP") as large as
possible and v (Cl u---u CS) as small as possible. Let C* contains a copy of
Py, for i € {1,...,s} and P’ contains a copy of Py, ; for j € {1,...,t}, where
z; = Y .ex, and {Xi,..., X4} is a partition of {ki,... , ke—1,ke — 1}. Let
X =X\V(F),Y =Y \V(F) and B' = B, ,, \ V(F). Suppose that B,, , does
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not contain Fy as a subgraph. We will prove the lemma by contradictions. Note
that if ky — 1 ¢ X;, then v(C?) < 2x; + 2ky — 2 or v(P'™*) < 2x; + 2kp — 1. If
ke — 1 € X;, then v(C?) = 22; or v(P"~*) < 2x; + 1. Thus, we have

4
(4) min{|V(F) N X[, [V(F)N Y[} 2> ki + (£ — Dk,
=1
with equality holds if and only if k; = --- = ky, s = 0, v(P!) = 2k, — 1,

v(PY) = 4k, — 1 for i = 2,...,¢ and all end-vertices of P’ lie in X (suppose that
ke—1€ Xy). Since |X|=|Y|>23_, ki — 1, we have min{|X’|,|Y’|} > ky — 1.
Without loss of generality, let |X'| < |Y'|. If | X’| > kg, then there is a vertex in
Y’ with degree less than ky. Otherwise, it follows from Theorem 6 that there is a
cycle of length at least 2k, and hence B,, ,, contains a copy of Fy. If | X'| = ky—1,
then the equality of (4) holds. Hence we have |Y’| > 1 and each vertex in Y’ has
degree less than | X’| < ky — 1. Thus, in both cases, there is a vertex, say 3/, in
Y’ with degree less than k. We divide the proof into the following two cases.

Casel. t > 1.

Case 1(a). There is an even path in P!, ..., P, Without loss of generality,
let P! be an even path and 2 € X, y € Y be two end-vertices of P!. Then,
by the maximality of v (Pl u---u Pt), x and y are not adjacent to each vertex
of B’. Moreover, by the minimality of s + ¢, z and y are not adjacent to each
vertex of C*U---UC®. If ky — 1 ¢ X, 1 and v(P') = 2x,,1 + 2k; — 2, then we
can repartition {ki,...,ke} into X7,..., X, such that k, — 1 € X ;. Thus,
we may assume that v(P') < 2z4.1 + 2k, — 4 for ky — 1 ¢ Xepq (ie., ky — 1
belongs to X7 U --- U X;) and v(P!) = 22441 for ky — 1 € X441. Hence, we
have dv(p1)(:L’) + dv(Pl)(y) < xgp1 + ke — 2 for kp — 1 ¢ Xs4+1 and dv(p1)(x) +
dy(p1)(y) < wsq1 for ky — 1 € X1, Otherwise, by Lemma 8, there is a cycle on
v(Pl) in B, ,[V(Py)], contradicting our choice of F. For i = 2,...,t, we have
dy (pi) (@) +dy(piy(y) < xs4;—1. Otherwise, by Lemma 11, there is an F' € F with
s+t —1 components, contradicting the minimality of s+¢. Combining the above
arguments, since either ky — 1 € Xg4q or ky — 1 € Xy with v(Py) < 2x1 + 2k, — 2,
we have

s+t s+t } s+t 4

e(:c,y)gmax{ Doowi Yy @itk =30 <Y withe—1=) kithki 2,
=1 1=1

1=s+1 1=s+1

contradicting (3). Hence, we finish the proof of Case 1 when P!, ..., P! contains
an even path.

Case 1(b). There is no even path in P,... P! Since |X'| > |Y’|, without
loss of generality, assume that P! is an odd path with both end-vertices in X.
As in Case 1(a), we may assume that v(P') < 2w 1 + 2k — 3 for ky — 1 ¢ Xg4q
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and v(P') = 2241 + 1 for ky — 1 € X441. Let x be an end-vertex of P! and 3/
be a vertex in Y’ with dg/(y') < kg — 1.

Clearly,  is not adjacent to any vertex of C* for i = 1,...,s. Otherwise,
we will get a contradiction to the minimality of s + ¢. By Lemma 7, we have
dy(cy)(y) < 2x;. Otherwise there is an F' € F with smaller v(C' U --- U C*),
contradicting our choice of F. For the path P!, we have dy (p1y () +dy(p1y(y') <
|v(P')/2]. Otherwise, by Lemma 9, the subgraph of B, ,, induced by V (P1)U{y'}
contains path on v(P!) + 1 vertices, contradicting the choice of F. Moreover,
we have dy(piy(z) + dy(pi)(y') < 54 for i = 2,...,t. Otherwise, it follows
from Lemma 12 that the subgraph of B, induced by V(P') U V(P%) U {y'}
contains Py, 195, 1 0or Py 1 U Pyyq9 or Py U ng;'eri as a subgraph (2 ; > Ts1),
contradicting our choice of F. Combining the above arguments, since either
ke —1€ Xgyq1 0r kg —1¢ Xgpq with v(Py) < 221 4 2k — 3, we have

S s+t s+t s+t ¢
e(z,y) <Z$i+max{ Z Zi, Z T+ ke — 2} Sziﬁﬁ-k‘z—lzz ki+ke—2,
i=1 i=1

i=1 i=s+1  i=s+1
contradicting (3). Thus, the proof of Case 1 is complete.

Case 2. t = 0. Clearly, Py,_o of Fé is contained in a cycle of F. Without
loss of generality, let ky — 1 € X;. Then the length of C is 2x1, the length of C;
is at most 2x; + 2ky — 2 for ¢ = 2,...,p. Otherwise, G contains Fy as a subgraph,
and hence we are done. First, we have that C; is not connected to any Cp;.
Otherwise, it is easy to see that G contains a copy F’ € F with smaller number
of components than F, contradicting our choice of F. Note that | X'| = |Y'| > ky.
There is a vertex 2/ € X’ and a vertex ' € Y’ such that dp/(2') < ks — 1
and dp/(y') < k¢ — 1. If there is a vertex x € X’ which is adjacent to C, then
dp/(x) = 0. Otherwise, it is easy to see that B,, ,, contains a copy of Fy. Moreover,
by the minimality of s + ¢, « is not adjacent to each vertex of C* for i = 2,...,p.
Furthermore, we have dy(c,)(2) + dy(c,)(y') < x1. Otherwise, it follows from
Lemma 10 that B, ,, contains a copy of Fy. Combining the above arguments, we
have

s 14
e(w,y) <D withki—1=> kith—2,
i=1 i=1
contradicting (3).

Now, assume that each vertex of B’ is not adjacent to C;. Take a vertex
y € YUV(C1). Hence, we have

s l
e(@,y) <Y wmithe—1=Y ki+k —2,
i=1 i=1

contradicting (3). Thus, the proof of the lemma is complete. [
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3. PROOF OF THEOREM 5

In this section, we are ready to present the proof of the main theorem in this
paper.

Proof of Theorem 5. Let k1 > ko > -+ > kg > 1, n>m > 1 and £ > 1.
Let r; = 23:1 k;. Let Fp = Pop, U--- U Ple and Fé = Py, U--- U P2ke—2 (fOI‘
ke=1,let F) = Pay, U---U Pay, ,). Let B be the set of bipartite graphs defined
in Theorem 5. We will show that EX (n,m; Pay, U--- U Pyy,)

= EX (n,m; Poy,) U--- UEX (n,m; Py, U"‘UPQ]W_I) UB.

Hence, the bipartite extremal graphs for Fj are characterized by induction on /.

The theorem holds trivially for m < r,—1. For ry < m < 2ry — 2, since By, ,
contains P»,, as a subgraph implies that B, ,, contains Fy as a subgraph, the
theorem follows from Theorem 2 by an easy observation (consider the extremal
graphs in Theorem 2).

Now, let m > 2r, — 1. We will prove the theorem by induction on £, ry
and n + m. Roughly speaking, we apply induction on ¢ to show that B, ,, may
belong to EX (n, m; P, U---U P2ke71) and on 7, to deduce that B, ,, contains
a copy of F;. Finally, we apply induction on n+ m to characterize the remaining
extremal graphs. The theorem holds for £ = 1 by Theorem 2. Let £ > 2 and
assume that the theorem is true for ¢ < ¢. For ¢ > 2, the theorem holds for
r¢ = £ by Theorem 4. Assume that the theorem is true for 7, < r¢. Let By, be a
bipartite graph with a partition X UY such that | X| =n and |Y| = m. Assume
that

(5)  e(Bpm) > max{f(n,m;k1), f(n,m;k1,ka),..., f(n,m;ki,...,ko)}.

A basic calculation shows that f(n,m;ki,...,ke) > f(n,m;k1, ... ki—1,ke — 1)
when ky > 2 (for ky = 1, weset f(n,m;k1,..., ki—1,ke—1)=f(n,m; k1, ..., ke—1)).
Then, by (5), we have

(6) e(Bpm) > max{f(n,m;k1), f(n,m;ki,ka),...,f(n,m;k1,....,ke—1)}.

Thus, by induction hypothesis, either B, ,, contains F} as a subgraph or we have
Bpm € EX (n,m; Py, ) U--- UEX (n, m; Pop, U---U P2k:e_1)- In fact, we apply
induction on £ for ky = 1 and we apply induction on r, for ky > 2. Assume that
B,,m contains F; as a subgraph. We prove the theorem in the following three
cases. The following case is the basis of induction.

Case 1. n =m = 2ry; — 1. By Lemma 13, there exist a vertex € X and a
vertex y € Y such that e(x,y) < ry+ky—2. Otherwise, we will get a contradiction
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to the fact that B, is Fy-free. Let By,_1 -1 = Bnn — {z,y}. By (5), we have

€(Bn-1n-1) = relke—1)+ 2re—ke)(re —1) — (re + ke — 2)
= (2re—=2)(re—1).

Since Bj,,_1,-1 does not contain Fy as a subgraph and n — 1 = 2r, — 2, we
have Bn—Ln—l = KT[—LTL—l—i U KTE—Li for i € {O,. ok — 1}. So we have
e(r,y) = r¢ + k¢ — 2. Note that x,y can not be adjacent to the larger partite
vertex set of K,,_1,-1—; in By_1,-1. Otherwise, B, , contains Fj as a sub-
graph, a contradiction. Thus, we must have By, 1,1 = Ky ,—1n—k, U Kry—1 k,—1-
Therefore, we have B, , = Ky;,—1n—k,+1 U Ky, k,—1- We finish the proof of our
main theorem for n = m = 2r, — 1.

From now on, we may suppose that the theorem holds for smaller n + m.
Clearly, by Case 1 and n > m, the theorem holds for n +m < 4ry, — 2.

Case 2. 2r; —1 < m < n. There exists a vertex x € X with d(z) <7y — 1.
Otherwise, it follows from Theorem 6 that B, ,, contains C9,, and so Fy as a
subgraph. Let By, _1,m = Bpm \ {z}. By (5), we have

e(Bp—1m) = e(Bpm)—d(z)
> (m—Tg—f—1)(]{?4—1)—{-(’0—]{:4)(7“4—1).

By induction hypothesis, we have B, 1, = Kpn—pq1k-1 U Ky_p,r,—1 and
dB,.,.(y) = r¢ — 1. Hence, we have By, ,;,, = Ky—pyq1,k—1 U Kp—pyy1,7,—1. Other-
wise, B, ,, contains Fy as a subgraph, a contradiction.

Case 3. n =m > 2ry. By Lemma 13, there exist z € X and y € Y such that
e(x,y) < 1+ ke — 2. Otherwise B, ,,, contains Fy as a subgraph, contradicting
that By, ,,, is Fy-free. Let By_1,-1 = Bnn \ {z,y}. By (5), we have

€ (Bn—l,n—l) e (Bn,n) - (Té + kg — 2)
(n—?”g—l—l)(k’g—1)+(7’L—]€g+1)(7“4—1)—(?“z—i—ke—Q)

= (n—T’g—i—l)(kg—1)+(n—/€g+1)(7“g—1).

>
>

Since B,,_1,-1 does not contain Fy as a subgraph, by induction hypothesis, we
have Bp—1n—1 = Kp—ryky—1 U Kn_p, r,—1 and e(z,y) = v+ k¢ — 2. The result
follows by an easy observation. [

4. CONCLUSION

In [7], Gyarfds, Rousseau and Schelp also characterized the bipartite extremal
graphs for Pspq. The bipartite extremal graphs for Pspy; is quit complicate
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than the bipartite extremal graphs for Pyy. Thus, it seems hard to characterize
the bipartite extremal graphs for linear forest consisting of at least one odd path.
We leave this as an open problem for future research.
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