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Abstract

A path in an edge-colored graph is called monochromatic if all the edges
in the path have the same color. An edge-coloring of a connected graph
G is called a monochromatic connection coloring (MC-coloring for short) if
any two vertices of G are connected by a monochromatic path in G. For a
connected graph G, the monochromatic connection number (MC-number for
short) of G, denoted by me(G), is the maximum number of colors that ensure
G has a monochromatic connection coloring by using this number of colors.
This concept was introduced by Caro and Yuster in 2011. They proved that
me(G) <m—n+kif K(G) < k—1. In this paper we characterize all graphs
G with me(G) = m—n+k(G) +1 and me(G) = m —n+ k(G), respectively,
where x(G) is the connectivity of G. We also prove that me(G) < m—n+4
if G is a planar graph, and classify all planar graphs by their monochromatic
connection numbers.
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1. INTRODUCTION

All graphs considered in this paper are simple, finite and undirected. For
notation and terminology not defined here we refer to the book [2]. We use
k(G) to denote the connectivity of a graph G, and x(G) to denote the chromatic
number of G. A planar graph is an outerplanar graph if it has an embedding with
every vertex on the boundary of the unbounded face. If the vertex-set V(G) of
a graph G can be partitioned into k independent subsets Uy, ..., U, such that
every vertex of U; connects every vertex of U; in G for any 7 # j, then we call G
a complete k-partite graph. For nonempty and pairwise disjoint k sets Vp,..., Vi
of vertices, if every vertex of V; is adjacent to every vertex of V; for any ¢ # j,
then we say that Vp,..., Vi form a complete k-partite graph. Note that here each
V; is not necessarily an independent set. If there is no confusion, we always use
m and n to denote the number of edges and the number of vertices of a graph,
respectively. Sometimes, we also use e¢(G) and |V (G)| to denote the two numbers,
respectively. For a graph G, dg(v) denotes the degree of a vertex v in G. We
use P,,Cy, Sy, K, to denote a path with n vertices, a cycle with n edges, a star
with n edges and a graph obtained from K, by removing one edge, respectively.
Analogically, a k-path or a k-cycle is a path or a cycle with k edges. For an edge
e = xy of G, G/e is called the contraction graph that is obtained from G by
deleting e and then identifying x and y, which means replacing the two vertices
x and y by a new wverter such that the new vertex is incident with all the edges
which were incident with either x or y in G before. Suppose G and H are vertex-
disjoint graphs. Then let G V H denote the join of G and H, which is obtained
from G and H by adding an edge between every vertex of G and every vertex of
H, and let G + H denote the graph with vertex-set V(G) U V(H) and edge-set
E(G)UE(H). If G = H, we also denote G + H by 2G.

Generally, the notation [k] refers to the set {1,2,...,k} of integers. An edge-
coloring of G is a mapping from E(G) to a set of positive integers, say [k]. A
momnochromatic subgraph is a subgraph whose edges are assigned to the same
color. An edge-coloring of a connected graph G is called a monochromatic con-
nection coloring (MC-coloring for short) if any two vertices of G are connected by
a monochromatic path in G, and the edge-colored graph G is called monochro-
matic connected. An extremal monochromatic connection coloring (extremal MC-
coloring for short) of G is a monochromatic connection coloring of G that uses
the maximum number of colors. For a connected graph G, the monochromatic
connection number (MC-number for short) of G, denoted by mec(G), is the num-
ber of colors in an extremal monochromatic connection coloring of G. Huang
and Li in [8] recently showed that it is NP-hard to compute the monochromatic
connection number for a given graph.

Suppose I' is an edge-coloring of G' and i is a color of I'(G). The i-induced
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subgraph is a subgraph of G induced by all the edges with color . We also call an -
induced subgraph a color-induced subgraph. Suppose F' is the i-induced subgraph.
If F is a single edge, then we call the color ¢ and F' trivial. Otherwise, they are
called nontrivial. For a subgraph H of G, we denote I'| as the edge-coloring of
H by restricting the edge-coloring I' of G to H.

An edge-coloring of G is simple if any two nontrivial color-induced subgraphs
intersect in at most one vertex. Caro and Yuster in [5] proved that each color-
induced subgraph in a graph is a tree under any extremal MC-colorings of the
graph and there exists a simple extremal MC-coloring for every connected graph.
If there are t edges in a color-induced subgraph, then we say that the subgraph
wastes t — 1 colors. Suppose I' is an MC-coloring of G and H is the set of all
nontrivial color-induced subgraphs H. Then I' wastes w(I') = Xgey (e(H) — 1)
colors. Thus, the number of colors used in G is equal to m — w(I'). If ' is an
extremal MC-coloring of GG, then since each color-induced subgraph is a tree, we
have that w(l') = Ygey (e(H) — 1) = Egen (|[V(H)| — 2), and thus me(G) =
m—Xpgen (|V(H)| - 2).

For a connected graph G, we can obtain an MC-coloring by coloring a span-
ning tree monochromatically and coloring every other edge with a trivial color.
Therefore, me(G) > m —n + 2 for every connected graph G. Caro and Yuster in
[5] obtained the following results.

Theorem 1.1 [5]. Let G be a connected graph with n > 3. If G satisfies one of
the following properties, then me(G) = m —n + 2.
(1) w(G) > 4, where G is the complement of G;

) G is triangle-free;

(2
2m—3(n—1

(3) AG) <n— 232G,

(4) the diameter of G is greater than or equal to three;

(5) G has a cut-vertex.

Theorem 1.2 [5]. Let G be a connected graph. Then
(1) me(G) <m —n+ x(G);
(2) me(G) <m—-n+k+1ifk(G)=k.

A graph G is called s-perfectly-connected if V(G) can be partitioned into s+ 1
parts {v}, V1,..., Vs, such that each V; induces a connected subgraph, Vi, ...,V
form a complete s-partite graph, and v has precisely one neighbor in each V;. We
call v a special vertex.

Proposition 1.3 [5]. If §(G) = s, then mc(G) < m —n + s, unless G is s-
perfectly-connected, in which case me(G) =m —n+ s+ 1.

Jin et al. in [10] characterized all graphs with mc(G) = m —n + x(G). Li
et al. in [11, 12] generalized the concept of MC-coloring. For more knowledge
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about the monochromatic connection of graphs, we refer to [1, 3, 4, 6, 7, 9, 13, 14].
Caro and Yuster in [5] showed that the bound of the second result of Theorem 1.2
is sharp, and they studied wheel graphs, outerplanar graphs and planar graphs
with minimum degree three.

The rest of this paper is organized as follows. In Section 2, we characterize
all graphs G with mc(G) = m — n + k(G) + 1 and mc(G) = m — n + k(G),
respectively, where k(G) is the connectivity of G. In Section 3, we classify all
planar graphs by their monochromatic connection numbers.

2. EXTREMAL GRAPHS G WITH k(G) =k

For a graph G with connectivity x(G) = k, we know that mc(G) < m —n +
k+ 1. In this section, we characterize all graphs with mc(G) = m —n+k(G)+1
and mc(G) = m — n + k(G), respectively. These results will be used in the next
section for the classification of planar graphs.

Let S be a set of trees. Then we use V' (S) to denote Jp.g V(T), and [S] to
denote the number of trees in S. Suppose that G is a graph with x(G) = k and I’
is an MC-coloring of G. Let S = {wy, ..., wx} be a vertex-cut of G and Ay, ..., A
be the components of G — S. For a vertex x € V' (4;), we always use 7, to denote
the set of nontrivial trees connecting z and a vertex in (J;,; V (4;). Since z
connects every vertex of (J; ,; V (4;) by a nontrivial tree, we have |J;,; V' (4;) C
V(Tz).

Let A, 1, be the set of graphs Kj_; V H, where H is a connected graph with
|V(H)|=n—k+1 and H has a cut-vertex.

Theorem 2.1. Suppose k > 2 and G is a graph with k(G) = k. Then mc(G) =
m—n+k+1 if and only if either G € A, . or G is a k-perfectly-connected graph.

Proof. 1f G is a k-perfectly-connected graph, then by Proposition 1.3, mc(G) =
m-n+k+1 If G = K,V Hisa graph in A, , then let I' be an edge-
coloring of GG such that a spanning tree of H is the only nontrivial tree. Then
I' is an MC-coloring of G and I' wastes n — k — 1 colors. By Theorem 1.2,
me(G) =m—n—+k+ 1.

Next, we prove that either G € A, or G is a k-perfectly-connected graph if
me(G) = m —n + k+ 1. Suppose that I' is an extremal MC-coloring of G and
S is the set of all non-trivial trees. Let S = {wi,...,wi} be a vertex-cut and
Aq, ..., A; be the components of G — S. We distinguish the following cases.

Case 1. There is a component, say A, and a vertex u of Ay, such that
V(A1) CV(T).

Let T, = {Ti,...,T,}. Since u connects every vertex of | J'_, V (4;) by a
nontrivial tree in {7%,..., T}, we have J;c(y V (4i) C V(Uz’e[r] T;). Since any
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two trees of {T1,...,T,} share a common vertex u and I' is simple, we have
Uiep T5 is a tree. Moreover, ’V(Uie[r] T;) N S| = r. Therefore, Uiep Ti wastes
at least n — (k—r) —1—r =n—k —1 colors. Since mc¢(G) =m—n+k+1, we
have § = {T1,...,T,} and !V (Uie[r} TZ> HS‘ = r. Thus, |V (T3) OS‘ =1, say
V(T;) NS = {w}.

If Ay = {u}, then since kK(G) = k and dg(u) < |S| = k, 6(G) = k. By
Proposition 1.3, mc(G) = m —n+k+1 implies that G is a k-perfectly-connected
graph.

If |V (A1) > 2, then r = 1; otherwise, there are at least two nontrivial trees
in S. Suppose v € V (A1) \{u} and v € V (T1). Let w € (UEZQ V(A;)) NV (Ty).
Then there is a nontrivial tree T} connecting w and v. Since v € V (T}) and v ¢
V (Ty), Tj # T». However, {u,w} C V (Tj) NV (T3), a contradiction. Therefore,
S = {T1}. Since me(G) =m —n+k+1, we have |V (T1) | = n — k + 1. Recall
that V (Th) NS = {w1}. Let S’ = S\ {w1}. Then T} is a spanning tree of G — 5.
Thus, G — S’ is connected and w; is a cut-vertex of G —S’. Since T} is the unique
nontrivial tree of G, we have G[S'] = Kj_1 and G = G[S'] vV (G — S§’). Therefore,
G e An,k-

Case 2. For each component A; of G — S and each vertex u € V (4;),
V(A)\V (Tu) # 0.

For a vertex u of Aj, denote A=V (A1)\V (T,) and v € A. Let w € V (Ag),
and let F be the set of nontrivial trees connecting w and a vertex of A. Since I is
simple, we have !V (7;)05” > !7;‘ and }V (F) HS{ > ‘]-" So, T, wastes at least
n—k—|A|—1 colors, and F wastes at least | A| colors. Since mc(G) = m—n+k+1,
T., wastes precisely n — k — |A] — 1 colors, F wastes precisely |A| colors and
S = T, UF. The conclusion that F wastes precisely |A| colors implies that
V (A2) NV(T) = {w} for each T € F. Since V (A2) € V (Ty), there is at least
one vertex in V (A2) \ V (Ty), say w’ € V (A2) \ V (Ty). Then there is no tree of
T. U F that contains both v and w’, which contradicts that S = T, U F. [

For convenience, we define three sets of graphs G, say B}L,k’ be’k and 5’2,@
with k(G) = k in the following.
B}l . denotes the set of graphs G that satisfies the following four conditions.

1. V(G) can be partitioned into k nonempty sets {u}, Ui, ..., Ui_1 such that
the subgraph induced by each U; U {u} is connected,

2. Uy,...,Ug_1 form a complete (k — 1)-partite graph,

3. u has precisely two neighbors in U; for ¢ € [k — 1] as well as one neighbor
in U; for i # t,

4. G is neither a k-perfectly-connected graph nor a graph of A, ;.
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B2 ok denotes the set of graphs K oV H', where H' is a graph with connec-
tivity 2 and |V(H")| =n—k+2, and K_» \/H’ is neither a k-perfectly-connected
graph nor a graph of A, ;.

Bi,k denotes the set of graphs K, ; V G’, where G’ is a connected graph of
order n — k + 1 with a cut-vertex.

Lemma 2.2. For every graph G € Bikf G is neither a k-perfectly-connected
graph nor a graph of Ay, k.

Proof. Suppose G € B3 neand G = HV H', where H = K,_; and H' is a
connected graph of order n — k + 1 with a cut-vertex. It is 0bv10us that there
are at most k — 2 vertices of G with degree n — 1. Since every graph of A, ;
has at least k — 1 vertices of degree n — 1, sz N A,k = 0. Suppose that G
is a k-perfectly-connected graph and v is a Spe7cial vertex of G. If v € V(H'),
then H is a complete graph, a contradiction. If v € V/(H), then H' = K,,_j2, a
contradiction to that H' has a cut-vertex. Therefore, G is neither a k-perfectly-
connected graph nor a graph of A, . [ |

Combining Lemma 2.2 and the definitions of Bl k and Bn » we have that for
every graph G € Brlz,k U B2 ik Y Bn o G is neither a k-perfectly-connected graph

nor a graph of A, 1. Slnce H(G) =k, by Theorem 2.1, mc(G) < m —n + k.
Lemma 2.3. IfG € B}%k U Bz’k uBs

n,k’

then mc(G) =m —n + k.

Proof. Since mc(G) < m—n+k, we only need to prove that me(G) > m—n+k
below.

If G e Bn ,» then let T; be a spanning tree of G[U; U{u}| for i € [k —1]. We
color the edges of T; with ¢ and color any other edges with trivial colors. Then
the edge-coloring is an MC-coloring of GG, which uses m — n + k colors. Thus,
me(G) > m —n+ k.

If G € B? ke then G = Ki_o V H'. We color the edges of G such that a
spanning tree of H' is the unique nontrivial color-induced subgraph. The edge-
coloring is obviously an MC-coloring of GG, which uses m — n + k colors. Thus,
me(G) >m —n+ k.

IfG e Bi,k’ then G = K, _,VG'. Let T be a spanning tree of G’ and let F be
a 2-path obtained by connecting one vertex of G’ and two nonadjacent vertices
of K, ;. We color the edges of G such that {T', '} is the set of nontrivial color-
induced subgraphs. The edge-coloring is obviously an MC-coloring of G, which
uses m — n + k colors. Thus, me(G) > m —n + k. |

Theorem 2.4. Suppose k > 3, and G is a graph with k(G) = k. Then mc(G) =
m —n+k if and only szEBlkUB UB%k.
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Proof. 1f G € B}l,k U Bijk U BZJ:? then by Lemma 2.3, me(G) =m —n + k.

Suppose mc(G) = m —n + k. We will prove that G € B}L’k U Bik U Bg,k'
Suppose that S = {v1,...,vx} is a vertex-cut of G and G — S has r components
Ai,...,A,. Let T be an extremal MC-coloring of G and u € V (A;). Then T’
wastes n — k colors. Since I' is simple, any two trees of 7, intersect only at u.
Thus, 7, wastes

Uv
12
(1) =n—k—|V((A)\V(T) [+ ([V(T) N S| = [Tul) -1

HV(T) NV (A) |+ |V (Ta) N S| -1 ||

colors.
Claim 2.5. Suppose U C V (A1). Then ey Tw wastes at least

T

UV ()

=2

\U|+ -1

colors.

Proof. Let U = {a1,...,aq} and let F; =T, \U;;} Ta,- Suppose F; contains ¢;
vertices of U. Then ¥;ciqc; > g = |U|. Since each tree of F; connects one vertex
of S and one vertex of | J;_, V (4;), F; wastes at least ¢; colors if ¢; # 0. Since
F; = Ta, wastes at least |{J;_y V (A1) | + 1 — 1 colors by equality (1), Uyep Tw
wastes at least

r

q
+C1—1+Zcz‘=

S wi> V(A UV | -1+ e
1€[q] =2 =2 =2 i€q]
> | Jv) | +u]-1
1=2
colors. 0O

Claim 2.6. If T is a 2-path of G, then the two leaves of T are nonadjacent.

Proof. Suppose the two leaves of T are adjacent. Then recolor every edge of T
by a trivial color. It is easy to verify that the new coloring is an MC-coloring of G.
However, the new coloring wastes less colors, a contradiction to the assumption
that T' is extremal. O

The proof of Theorem 2.4 continues by distinguishing the following cases.

Case 1. There is a component, say Aj, and a vertex u of A; such that

Ay CV (Ty).
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Let T, ={Th,...,T;} and B = |J_, V (A4;). Here T; is a tree colored with i.
Each T; contains at least one vertex of S.

Case 1.1. V (A;) = {u}.

Since S is a vertex-cut of order k and x(G) = k, u connects every vertex of
S, that is, S = N(u).

If there is a tree of T, say T3, which contains at least two vertices of .S,
then by equality (1), 7, wastes at least n — k colors. Since mc(G) = m —n + k,
T. wastes precisely n — k colors. Thus, T; contains precisely two vertices of S
(say v, ve41), and T; contains precisely one vertex of S for [ € [t — 1] (say v;).
Therefore, T, is the set of all nontrivial trees of GG. Since I is simple, any two
trees of T, share a common vertex u. Let U; = V (T;) \ {u} for ¢ € [t] and
Ui =A{viy1} fort+1<i <k —1. Then u,Uy,...,Ui_1 form a partition of V(G)
and each G [U; U {u}] is connected. Moreover, |U; N N(u)| = 1 for ¢ # ¢ and
|Uy N N(u)| = 2. Since there is no nontrivial tree connecting a vertex of U; and a
vertex of Uj if i # j, Uy,...,Uk_; form a complete (k — 1)-partite graph. Since
me(G) #m —n+ k+ 1, by Theorem 2.1, G is neither a k-perfectly-connected
graph nor a graph of A,, ;. Thus, G € B}L i

If every tree of T, contains precisely one vertex of S, say V(T;) N S = {v;}
for ¢ € [t], then T, wastes n — k — 1 colors. Thus, there is a nontrivial tree T
that wastes one color, in other words, T is a 2-path. So, 7, U{T'} is the set of all
nontrivial trees of GG. Since T is a 2-path, by Claim 2.6, the two leaves of T" are
nonadjacent. Let U; = V (T;) \ {u} for i € [t] and U; = {v;} for t +1 < i < k.
Since I' is simple, the two leaves of T' cannot appear in the same set U;. Thus,
there are two different integers i, j of [k] such that one leaf of T is in U; and the
other leaf is in U;. Then Uy,...,U; UUj, ..., Uy form a complete (k — 1)-partite
graph. Since mc(G) # m—n+k+ 1, by Theorem 2.1, G is neither a k-perfectly-
connected graph nor a graph of A, ;. Recalling the definition of B}hk, we get
G e B,

Case 1.2. t = 1.

From the assumption, Uie[r] V (A;) CV (T1). Then Ty wastes n—k:+’V (Th)N
S ‘ —2 colors. Since I" wastes n — k colors, either 77 is the only nontrivial tree and
|V (T1)nS| =2, or |V (T1) N S| =1 and there is a 2-path F such that {F,T}} is
the set of all nontrivial trees. Let V =V (T1) and U = V(G) \ V.

If ‘V (Th)nS ‘ = 2, then since T} is the unique nontrivial tree of I', we have
that G[U] = Kj_2 and G = G[U] V G[V]. Since S is a vertex-cut with |S| = &,
V (T1) N S is a vertex-cut of G — U, then G[V] is a graph with connectivity 2.
Since G is neither a k-perfectly-connected graph nor a graph of A, ;, we have
GeBl,.

If ‘V(Tl) N S‘ = 1, then suppose F' = xiejyesrs and V (T1) NS = {w}. If,
by symmetry, 21 € V (T1), then V(F) NV (T1) = {z1}. Let w' € V (T1) \ {x1}.
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Then w'zy is a trivial edge of G. Let T = T7 U w'xzs and let IV be an edge-
coloring of G such that T is the only nontrivial tree of G. Then I'” is an extremal
MC-coloring of G with |V(T') N S| = 2, this case has been discussed above. If
{z1,22} NV(T1) = 0, then G[U] = K,_, and G = G[U] V G[V]. Moreover, G[V]
is a connected graph with a cut-vertex w. Thus, G € Bi,k.

Case 1.3. |V(A1) ’ >2and t > 2.

If ‘V (A1) ‘ > 3, then there are two trees of Ty, say 11, T5, such that either
V() NV (A)| =23or [V(T)NV(A)| = |V (T2) NV (A1) ]| = 2. Let w; €
V(T;) N Bforie [2]. If |V (T1) NV (A1)| > 3, then there are trees of Ty, \ Tu
connecting wy and V (T1) NV (A1) \ {u}. It is obvious that T, \ T, wastes at
least two colors. Since 7, wastes at least n — k — 1 colors, Ty, U 7, wastes at
least n —k —1+4+2 =n — k + 1 colors, which contradicts that I' is an extremal
MC-coloring of G. If [V (T1) NV (A1)| = |V (Tz) NV (A1) | = 2, say {z} =
V(T;) NV (A1) \ {u} for i € [2]. Then there is a nontrivial tree F} connecting
w1, 22, and a nontrivial tree F5 connecting ws, z1. Since I' is simple, we have
Fy # F5. Since {Fy, F5} NT, =0, {F1, F>} U T, wastes at least n — k + 1 colors,
a contradiction. Therefore, ‘V (A1) = 2. Let V(A1) = {z,u} and let T} contain
z,u. Then V (T;) NV (A1) = {u} for i > 2.

Since t > 2, we have B \ V(T1) # 0. Then z connects every vertex of
B\ V(T1) by a nontrivial tree, 7, \ 7, is not an empty set. It is obvious that
7., wastes at least n — k — 1 colors and T, \ 7, wastes at least one color. Since
me(G) = m —n + k, T, wastes precisely n — k — 1 colors and T, \ 7, wastes
precisely one color. Therefore, T\ T, has only one member, and the member is a
2-path (denoting the 2-path by F, then 7.\ 7, = {F'}). So, |[B\ V(T1)| =1 and
t = 2. Then 7, = {11,152} and S = {F,T1,T»} is the set of all nontrivial trees.
We can also get that each tree of S intersects with S at only one vertex. So, F'
and T are 2-paths.

Let T” be an edge-coloring of G obtained from I' by recoloring 7" = Ty U F
with 1 and recoloring any other edges with trivial colors. Then the new coloring
is also an MC-coloring of G. Since IV wastes n — k colors, I is an extremal MC-
coloring of G. Then T” is the unique nontrivial tree of IV and ‘V (NS ‘ =2,
this case has been discussed in Case 1.2.

Case 2. For each i € [r] and each u € V(4;), V(4;) \ V(Ty) # 0 (then each
A; has an order at least two).

If there is an integer i € [r] such that | Uz V(Al)| > 3, then let u € V(4;)
and let A" =V (4;) \ V(T,). Then T, wastes at least n — |A’| — k — 1 colors.
By Claim 2.5, {J,c a4 Tw Wastes at least |A'| + [, V(A)| — 1 colors. Since
(Upear Tw) N Tu =0, Ty U (Uypear Tw) wastes at least n — k + 1 colors, a contra-
diction. Therefore, [, ; V(A;)| < 2 for each i € [r], and |V (4;) | =2 for i€ [r]
and r = 2. Let V (A1) = {x1, 22} and V (A2) = {y1,y2}. Then each nontrivial
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tree contains at most two of {1, z2,y1,y2}. Therefore, there is a nontrivial tree
T; ; connecting x;,y; for 4,j € [2], and the four nontrivial trees are pairwise dif-
ferent. Since n = k + 4 in this case and I" wastes n — k = 4 colors, each T; ; is a
2-path and there is no other nontrivial tree. By Claim 2.6, the two leaves of each
T; ; are nonadjacent. Thus, G = {z1y1, T1Y2, T2y1, T2y} is a 4-cycle. Choose a
vertex of S, say vi. Let T = Uie[Q} (viz; Uvry;). Then T is a tree of G. Let
I'" be an edge-coloring of G such that T is the only nontrivial tree. Then I" is
an MC-coloring of G and it wastes three colors, which contradicts that I' is an
extremal MC-coloring of G. [

3. CLASSIFICATION OF PLANAR GRAPHS

In this section, we consider the monochromatic connection numbers of all
planar graphs. Since the connectivity of a planar graph is at most five, the
monochromatic connection number of a planar graph is less than or equal to
m —n+ 6. In fact, we get that m —n+2 < mc(G) < m —n+4if G is a planar
graph. We characterize all planar graphs G of k(G) = k with me(G) = m—n+r,
for1<k<bHand 2<r<A4.

It is well-known that a graph is outerplanar if and only if it does not con-
tain a K4-minor or a K5 3-minor, and an outerplanar graph with connectivity 2
contains a vertex of degree 2. Moreover, if k(G) = 2, then the exterior face of an
outerplanar graph G is a Hamiltonian cycle, called the boundary of G. A forest is
called a linear forest if every component of the forest is a path (possibly a single
vertex).

Lemma 3.1. Let H be a graph. Then the following is satisfied.
(1) K1V H is a planar graph if and only if H is an outerplanar graph.

(2)
(3) KoV H is a planar graph if and only if H is a linear forest.
(4)

4) If H is an outerplanar graph with k(H) = 2 and |V (H)| > 4, then H contains
two nonadjacent vertices of degree 2.

2K1V H is a planar graph if and only if H is either a cycle or linear forest.

Proof. Notice that K1 V H is a planar graph if H is an outerplanar graph. On
the other hand, if K1 V H is a planar graph but H is not an outerplanar graph,
then H contains either a Ky-minor or a K3 3-minor. Therefore, K7 V H contains
either a Ks-minor or a K3 3-minor, a contradiction.

It is obvious that 2KV S3 contains a K3 3 as a subgraph, and 2KV (K3+ K1)
contains a Ks-minor. Therefore, H does not have vertices of degrees at least three
when 2K, V H is a planar graph. Then each component of H is either a cycle or
a path. If H has two components Hy, Hy such that Hi is a cycle, then H has a
(K3 4 Kp)-minor. Thus, 2K, V H has a Ks-minor, a contradiction. Therefore,
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H is either a cycle or a linear forest if 2K V H is a planar graph. On the other
hand, if H is either a cycle or a linear forest, then 2K7 V H is clearly a planar
graph.

If H is a linear forest, then K9V H is obviously a planar graph. If KoV H is
a planar graph, then since 2K7 V H is a subgraph of KoV H, H is either a cycle
or a linear forest. Since KoV H contains a Ks-minor if one component of H is a
cycle, H is a linear forest.

If H is an outerplanar graph with connectivity 2 and |V (H)| = 4, then H
has two nonadjacent vertices of degree 2. If |V (H)| > 5 and H does not have any
chord, then H has two nonadjacent vertices of degree 2. If |V (H)| > 5 and H has
a chord e = zy, then the two {z, y}-components, say H; and Ha, are outerplanar
graphs with connectivity 2. For i € [2], if |V (H;) | > 4, then by induction, H; has
a vertex z; ¢ {z,y} such that dp,(2;) = 2; if H; = K3, let {z;} =V (H;) \ {z,y}.
Then z1, zo are two nonadjacent vertices of degree 2 in H. [

Let Py denote the set of graphs G = vV H, where H is a connected outerplanar
graph with a cut-vertex.

Lemma 3.2. Let G be a planar graph with k(G) = 2. Then mc(G) =m —n+3
if and only if G € Py.

Proof. By Lemma 3.1 (1) and Theorem 2.1, G is a planar graph and mc(G) =
m—n+3if G € P;. Suppose me(G) = m—n+3. Then by Theorem 2.1, G is either
a 2-perfectly-connected graph or a graph in A,». If G € A, 2, then G =vV H
and H is a connected graph with a cut-vertex. Then by Lemma 3.1 (1), H is a
connected outerplanar graph with a cut-vertex. If G is a 2-perfectly-connected
graph, then V(G) can be partitioned into three nonempty sets {v}, A, B such
that A, B form a complete bipartite graph. Let |A| < |B|. Then 1 < |A4| < 2;
otherwise, G' contains a K33 as a subgraph. If |[A| = 1, say A = {z}, then by
Lemma 3.1 (1), G[B] is a connected outerplanar graph. Let H = G[BUwv]. Then
H is a connected outerplanar graph with a cut-vertex and G = « vV H, and so
G € P1. If |A| = 2, that is, G[A] = Ky, then G[B] is a path by Lemma 3.1 (3).
Let A ={z,y} and N(v) = {z, 2}, Then G—x = (y vV G[B]) Uvz. Since G[B] is a
path, G — x is an outerplanar graph with a cut-vertex z. Since G = x V (G — x),
we get G € Py. |

Let P, = {vVH : H is an outerplanar graph with x(H) =2 and H # uV P,_2}.

Lemma 3.3. Let G be a planar graph with k(G) = 3. Then
(1) me(G) =m —n+3 if and only if G € {2K1 V Py_a2} U Pa;
(2) me(G) =m —n+4if and only if G = K3V P,_».

Proof. By Lemma 3.1 (3) and Theorem 2.1, K3 V P,_2 is a planar graph with
me (Ko V P,_2) = m —n + 4. Next, we prove that G = Ko V P,_9 if me(G) =
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m — n + 4. Suppose mc(G) = m —n + 4. Then either G € A, 3 or G is a 3-
perfectly-connected graph. If G is the latter, then V(G) can be partitioned into
four parts v, Vi, Va, V3, such that each V; induces a connected subgraph, Vi, Vs, V3
form a complete 3-partite graph, and v has precisely one neighbor in each V;. Let
V1| < |Va] < V3. If [Vi| = |Va| = 1, then G[V; U V3] is an edge, say e. Thus,
G = eVG[V3Uv]. By Lemma 3.1 (3), since G is a graph with x(G) = 3, G[V3Uv] is
a path of order n — 2. Therefore, G = K3V P,_o. If |V3| > 2, then G[V; UV, U V3]
contains a Ks-minor, a contradiction. If G € A, 3, then G = Ky V H. By
Lemma 3.1 (3), since G is a graph with x(G) = 3, G = K3 V P,,_s. Therefore,
me(G) =m —n+4 if and only if G = Ky V P,_o.

If me(G) = m —n + 3, then G € 871173 U 5’72173 U 8273. If G e B,?ib’g, then V(G)
can be partitioned into two parts U,V such that G[U] = K; = 2K;, G[V] is a
connected graph with a cut-vertex and G = G[U] vV G[V]. Note that x(G) = 3.
By Lemma 3.1 (2), we get that G[V] is a path. If G € 872%3, then G = K1 V H,
where H is a graph with connectivity 2. Since G is planar, by Lemma 3.1 (1),
H is an outerplanar graph with connectivity 2 (recall that connectivity of H is
possibly 1 or 2). Therefore, G € Py. If G € B}L,g, then V(G) can be partitioned
into three parts v, A, B, such that v has two neighbors in A and one neighbor in
B, and A, B form a complete bipartite graph.

If G[A] = Ko, then by Lemma 3.1 (3), G[B] is a path P,_3. Thus, G =
Ky V P,_5, a contradiction to the assumption that mc(G) = m —n + 3. If
G[A] = 2K, then G = G[A] V G[B U v]. By Lemma 3.1 (2), G[B U] is either a
path P,_3 or a cycle C),_3. Since v has precisely one neighbor in B, G[B U v] is
a path. Thus, G = 2KV P,_s.

If |A| > 3, then |B| < 2. Let x be the neighbor of v in B. Since mc(G) =
m —n + 3, we have G # Ky V P,_o. If |B] = 2, that is, G[B] = Ko, then
G =z V (G —z), where © = Ng(v) N B. Thus, G — z is an outerplanar graph
with connectivity 2. If |B| =1, then V(B) = {z} and G = 2V (G — z), and thus
G — z is an outerplanar graph with connectivity 2. Therefore, G € Ps. [

Lemma 3.4. Suppose G is a planar graph with k(G) = k and S is a vertex-cut
with |S| = k. Then G[S] is either a cycle or a linear forest.

Proof. Let u,v be two vertices in different components of G — S. Since G is a
graph with k(G) = k, there are k internally disjoint uwv-paths Lq,..., L. Let H
be a graph obtained from Uie[k] L; by contracting all edges but those incident
with v and v. Then H = Ky, is a minor of G with one part S. Thus, by Lemma
3.1 (2), G[S] is either a cycle or a linear forest. |

Lemma 3.5. Let G be a planar graph with k(G) =k and S be a vertezx-cut with
|S| = k. Suppose I' is an extremal MC-coloring of G such that G[S] does not
contain nontrivial edges. Then we have the following.
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(1) If k=4 and G[Y] is not a 4-cycle, then mc(G) = m —n + 2;

(2) If k=5, then mc(G) =m —n+ 2.

In addition, if k = 4 and G[S] does not contain nontrivial edges under any
extremal MC-colorings, then me(G) =m —n + 2.

Proof. By Lemma 3.4, G has a K p-minor with one part S. Since G is a planar
graph, by Lemma 3.1 (2), G[S] is either a cycle or a linear forest. Let A;,..., A,
be the components of G — S.

Suppose I' is an extremal MC-coloring of G such that G[S] does not contain
nontrivial edges. We use S to denote the set of all nontrivial trees of G. For
each T € S, let zp = |[V(T) N S| when |V(T) N S| > 2 and let z7 = 1 when
|[V(T)N S| < 1. Suppose T is a tree of S such that z7 is maximum. Since G[S5]
is not a complete graph, we have x7 > 2.

Without loss of generality, suppose A; is a minimum component of G — S.
Choose two vertices w,v from Aj, Ag, respectively. Let U = V(A1) \ V(Tu).
Denote F as the set of nontrivial trees connecting v and a vertex of U (if U = (),
then F = 0). Then T, wastes n — k — [U| — 1 + Xqve7, (x7r — 1) colors and F
wastes at least |U| 4+ Xqvex (xpr — 1) colors. Assume T = T, UF. Then T wastes

(2) wr 2n—k—14Yper (zp —1)

colors. Moreover, the equality will mean that each tree of F intersects with
Uiz1 Ai only at v if F # 0. Since G[S] does not contain nontrivial edges, if
T' € S\ T, then T wastes at least x7 — 1 colors. Then I' wastes

(3) w[‘Zn—k‘—l—f—ET/es(xT/—l)

colors. If the equality of (3) holds, then the equality of (2) will hold. Therefore,
the equality of (3) will mean that each tree of F intersects with (J;; 4; only at
vif F # 0.

Claim 3.6. If it does not simultaneously happen that G[S] is a 4-cycle and xp =
2, then me(G) =m —n + 2.

Proof. Note that G[S] is either a cycle or a linear forest. Therefore, G[S] contains
a 5-cycle if |S| = 5, and G[S] contains a 2K if |S| = 4.

Suppose zp > 4. If K = 4, then wpr > n—2. If k =5 and zp > 5, then
wr >n—2. If k=5 and xzp =4, then let S\ V(T') = {v}. Since G[S] contains
a b-cycle, v’ does not connect a vertex of S\ {v'} in G[S]. Therefore, u’ connects
this vertex by a nontrivial tree different from 7. Thus, wpr > n — 2.

Suppose x7 = 3. If k = 4, then let S\ V(T) = {u}. Since G[S] contains a
2K, u does not connect a vertex of S\ {u} in G[S]. Therefore, u connects this
vertex by a nontrivial tree different from 7". Thus, wr > n —2. If k =5, then let
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{u,v} = S\ V(T). Since G|[S] contains a 5-cycle, u connects a vertex of S\ {u}
by a nontrivial tree T3, and v connects a vertex of S\ {v} by a nontrivial tree
T5. No matter T} = T5 or not, I' wastes at least n — 2 colors.

Suppose x7 = 2. Since 7' is a tree of § such that zp is maximum, for any two
different pairs of nonadjacent vertices of S, there are two different nontrivial trees
connecting them, respectively. Therefore, ¥7vecs (xpr — 1) > e(G[S]). Since G[S]
contains a 5-cycle for k = 5 and G[S] contains a 2K for k = 4, if I" wastes at most
n — 3 colors, then k = 4 and G[S] = 2K5. Note that it does not simultaneously
happen that G[S] is a 4-cycle and zp = 2. Thus, I wastes at least n — 2 colors,

and then mc(G) =m —n+ 2. 0

By Claim 3.6, the former two results hold. Now we prove that if k¥ = 4 and
G[S] does not contain nontrivial edges under any extremal MC-colorings, then
me(G) = m —n + 2. If it does not simultaneously happen that G[S] is a 4-cycle
and zp = 2, then by Claim 3.6, mc¢(G) = m —n+ 2. Thus, we only need to prove
that subject to the conditions that G[S] is a 4-cycle and zp = 2, we can get a
contradiction if me(G) > m —n + 3.

Assume that G[S] is a 4-cycle and z7 = 2. Then let E(G[S]) = {v1v2, v3v4}.
Suppose, to the contrary, that me(G) > m —n + 3. Since xp = 2, there is a
nontrivial tree 71 connecting vy, v2, and a nontrivial tree 75 connecting wvs, v4.
Then I' wastes at least

4) n—k-1+3Ypes(ezpr—1)>2n—k—1+(zp, —1)+ (2, —1)=n—-3

colors. Since mc(G) > m —n + 3, I' wastes exactly n — 3 colors, and so the
equality of (4) holds. Since the equality of (4) will mean that the equality of (3)
holds, each tree of F intersects with As only at v if F # (). In addition, T} and T
are the only two trees each of which intersects with S at more than one vertex.

If S # T, then 8 =S\ T # (). Since T} and T, are the only two trees each
of which intersects with S at more than one vertex, 7 wastes at least

n—k—1+Ypernin ny (@ —1)

colors, and I" wastes at least

n—k—1+Spernin ny (@ — 1) + Sresngn,ny (e(T') — 1)

colors. Let 77 € &'. Since k = 4 and T" wastes exactly n — 3 colors, T” is a 2-path
and 7" € &' N{Ty, T}, say T = Ti. Let T* = viv3 U vavg and let TV be an
edge-coloring of GG obtained from I' by recoloring T™ with a new nontrivial colors
and recoloring all edges of T} with new trivial colors. Then I" is an extremal
MC-coloring of G and G[S] contains nontrivial edges, a contradiction.
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If § =T and U # 0, then each tree of F intersects with V (Az) only at v.
Suppose ‘Ul?ﬂ V(4)|>2and v € Uizt V (A) \ {v}. Since U # 0, there is a
nontrivial tree 7" connecting v’ and a vertex of U. However, T” is not a member
of T, a contradiction to that S = 7. Thus, | Uiz V (A1) | =1, in other words,
GG — S has two components Ay, Ay and ‘V (Az) ‘ = 1. Note that A; is a minimum
component of G — S, ’V(Al)] = 1. Therefore, G = 2K; V C4 and G[S] = Cy.
Let F’ be a 2-path connecting the two components of G — S in G, and let F”
be a 3-path of G[S]. Suppose I' is an edge-coloring of G such that F’, F" are
all nontrivial trees. Then I" is an extremal MC-coloring of G and G[S] contains
nontrivial edges, a contradiction.

If S =7 and U = (), then § = T,. Since each pair of different trees in
7., intersect only at u, we have 7, = {T1,T2}. Therefore, S = {T1,T»}. Let

B; =V (T})N (s UUia V (Al)> for i = [2]. Then |V (By) |, |V (By) | > 3. Since
Ty and T5 intersect only at u, every vertex of B; connects every vertex of By by
a trivial edge, then G[B; U Bs] contains a K3 3, a contradiction. [

Lemma 3.7. Let I' be a simple extremal MC-coloring of G and e = xy be a
nontrivial edge in G. Suppose that mc(G) = e(G) — |V(G)| + x and H is the
underlying graph of G/e. Then mc(H) > e(H) — |V (H)| + .

Proof. Since T" is a simple extremal MC-coloring of G and me(G) = e(G) —
|[V(G)| + z, I wastes |V (G)| — z colors. Suppose z is the new vertex of V(G/e).
Then any parallel edges are incident with z, and between any two vertices there
are at most two parallel edges. Since e is a nontrivial edge, I is simple and every
color-induced subgraph in G is a tree, we have that any color-induced subgraph
of G/e is a tree. It is obvious that any two vertices of G /e are connected by
a monochromatic path under I'|g/.. Moreover, I'|g/. wastes [V(G)| -1 -z =
|V (G/e)| — x colors.

Suppose there are parallel edges e, es between u and z. If there is a trivial
and parallel edge between u and z, say ej, then we delete e;. Then the resulting
graph is also monochromatic connected, and the edge-coloring wastes |V (G/e)|—z
colors. If the two parallel edges are nontrivial, then suppose e1, es are edges of two
nontrivial trees 11, Tb, respectively. Let T be a spanning tree of 17 UT5 containing
e1. Let IV be an edge-coloring of G/e — e5 obtained from I' by recoloring T' with a
new nontrivial color, and then recoloring any other edges of E (71 UTs) \ E(T) \
{ea2} with trivial colors. Then I" is an MC-coloring of G/e — ez and I wastes
at most ’V (G/e —e3) | —x = |V(G/e)| — x colors. By the above operation, we
obtain an underlying graph H of G/e, and a simple MC-coloring I of H, which
wastes at most |V (H)| — x colors. Thus, me(H) > e(H) — |V(H)| + x. |

Lemma 3.8. Let G be a planar graph and e = ab be an edge of G. If the
underlying graph of G /e contains {u,v} V P, as a subgraph, u is the new vertex
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and a (and also b) connects two leaves of P;, then either Ng(a) N1 = () and
I C Ng(b), or Na(b) NI = 0 and I C Ng(a), where I is the set of internal
vertices of P;.

Proof. If Ng(a) NI # () and Ng(b) NI # (0, then let G’ be a graph obtained
from G by contracting all but two pendent edges of P;. Then G’ has a subgraph
K3 3 with one part {a,b,v}, and so G also has a K3 3-minor, a contradiction. ®

Lemma 3.9. If G is a planar graph with k(G) = 4, then mc(G) < m —n + 3,
and mc(G) =m —n+ 3 if and only if G = 2K, V Cy—s.

Proof. Suppose G = {u,v}VH, where H is an (n—2)-cycle and uv is not an edge
of G. Then there is a 2-path P connecting v and v. Let L be a spanning tree of H.
Suppose ' is an edge-coloring such that P and L are all nontrivial trees of G. Then
I' is an MC-coloring of G , which wastes n — 3 colors. Thus, mc(G) > m —n + 3.
It is easy to verify that G is neither a graph of A, 4 U B}LA U BTQLA U B?LA, nor a
4-perfectly-connected graph. Therefore, mc(G) = m —n + 3.

Suppose mc(G) > m—n+3. We prove that G = 2KV C,,_3 below. Suppose
S = {x1, 22, 23,24} is a vertex-cut of G. If G[S] does not contain nontrivial edges
under any extremal MC-colorings of G, then by Lemma 3.5, me(G) = m —n+ 2.
If there is an extremal MC-coloring I" of G such that G[S] has a nontrivial edge,
say e = x1x9, then by Lemma 3.7 the underlying graph H of G/e satisfies that
mc(H) > e(H) — |V(H)| + 3. Since H is a graph with x(H) = 3, H is either
2K,V P,_3 or KoV P,_3, or a graph of Py. Since k(G) = 4, if there is a vertex
x of H with dg(x) = 3, then either x is the new vertex or z is incident with the
new vertex.

Case 1. Either H =2KV P,_3or H =K,V P,_3.

From the assumption, V(H) can be partitioned into two parts A = {u, v}
and B, such that H[B] = P,_3 and H = H[A] V H[B|. Here, uv is an edge
of Hif H= KsV P,_3, and uv is not an edge of H if H = 2KV P,_3. Let
H[B] = viejvzes - - ep—gqvp—3. If |B| = 3, then H contains a spanning subgraph
K; v C4. Since each vertex of V(H) \ {va} has a degree three in H, vy is the
new vertex and G has a subgraph Ks V C4, a contradiction to the choice that G
is a planar graph. Thus, |V (B)| > 4 and v, v,_3 are the only two vertices with
degree 3 in H. Therefore, the new vertex is either v or v, say w by symmetry.
Since x(G) = 4, v; (and also v,_3) connects z1,z2 in G. Then by Lemma 3.8,

suppose that x1 does not connect any vertices of {UQ, cee vn_4} and x9 connects
every vertex of {va,...,v,—4}. Since K(G) =4, x1 connects v. Then G[BUz1] is
an (n — 2)-cycle and thus G = 2K V Cj,—o.

Case 2. H € Ps.

From the definition of P, H = v V R, where R is an outerplanar graph
with connectivity 2. If R = Kj, then |V(G)| = 5. Since k(G) = 4, G =
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K5, a contradiction. Thus, |V(R)| > 4. Since R is an outerplanar graph with
connectivity 2, by Lemma 3.1 (4), R has two nonadjacent vertices of degree 2.
Moreover, the boundary C' of R is a Hamiltonian cycle.

Case 2.1. R has at least three vertices of degree two, say u1, us, us.

Note that every vertex of degree 2 in R is either a new vertex or incident with
the new vertex in H. Thus, v is the new vertex and each u; connects both x1 and
z9 in G. Note that uy,us and ug divide C into three paths. Let H' be a graph
obtained from H by contracting all but one edge of each such path. Then the
underlying graph of H' is a K5, and so G also has a Ks-minor, a contradiction.

Case 2.2. R has exactly two vertices of degree two and v is not the new
vertex.

Suppose w1, wsy are nonadjacent vertices of degree 2 in R. Since v is not the
new vertex, wi,ws have a common neighbor 2z in R, and z is the new vertex.

Let P = R — z. We prove that H = vz V P and P is a path. We first prove
that R = z V P, which implies that each chord of R is incident with z. Suppose,
to the contrary, that there is a chord f = 2122 of R such that z ¢ {21, 22}.
Then z1, zo divide C into two paths L; and Lo, say z is an internal vertex of Lj.
Since R is an outerplanar graph, z does not connect any internal vertices of Lo
in H. Furthermore, since z is the new vertex, neither x1 nor x5 connects internal
vertices of Ly in G. Thus, {v, 21, 22} is a vertex-cut of G, a contradiction to the
assumption that x(G) = 4. So, R = zV P and P is a path. Since v connects
every vertex of R, we have H = vz V P.

Consider the graph GG below. Since wi,wsy are vertices of degree 3 and z is
the new vertex of H, w; (and also ws) connects z1 and x5 in G. Let I = V(P)\
{wi,we}. Since H = vz V P, by Lemma 3.8, suppose that z; does not connect
any vertices of I and o connects every vertex of I. Then D = G[V(P) U z] is
a Cp_9 and G —v = x2 V D. Since {v,z2} V D is a spanning subgraph of G, v
does not connect xo by Lemma 3.1 (3). This implies that G = {z2,v} vV D, and
so G=2K;VC,_s.

Case 2.3. R has exactly two vertices of degree two and v is the new vertex.

Suppose a,b are nonadjacent vertices of degree 2 in R. Then a,b divide
C into two paths, say L and Lo. Let L; = aejzies---zses41b and Ly =
afiwi fo - - wy frp1b. Since a, b are vertices of degree 3 in H, a (and also b) con-
nects 1 and x5 in G.

If Ng (x1)N(V (L1) \ {a,b}) # 0 and Ng (z2)N(V (L1) \ {a,b}) # 0, then let
J be a graph obtained from H by contracting all edges of C' but e, es+1 and fi.
Then the underlying graph of J is a K5, and so G has a Ks-minor, a contradiction.
Thus, by symmetry, suppose V(L;) C Ng(x1) and Ng (z2) NV (L1) = {a,b}.
By the same reason, it will happen that Ng (x1) N (V (L2) \ {a,b}) # 0 and
Ng (z2) N (V (L2) \ {a,b}) # 0. Thus, V (L2) C Ng (x2) and Ng (z1) NV (Lg) =
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{a,b}. Therefore, Ng (x1) NV (R) =V (L1) and Ng (z2) N V(R) =V (La).
If R= K,V P,_3, then G =2K;V C,,_5. We will prove that R = K1V P,_3
below.

Claim 3.10. Suppose | = ning is a chord of R. Then one end of | is contained
in V (L1) \ {a,b} and the other end of | is contained in V (L2) \ {a,b}.

Proof. Suppose, to the contrary, that {n1,n2} C V (Ly). Then S’ = {x1, 22,11,
na} is a vertex-cut of G with [S’| = 4. However, dgg(z1) = 3, a contradiction
to Lemma 3.4. 0

If, by symmetry, }V (L1) ‘ =3, then L1 = aejz1e2b, and so by Claim 3.10, z;
connects every vertex of Ly. Thus, R = K1 V P,,_3.

If |V (L1)|,|V (L2)| > 4, then recall that e = zyz2 is a nontrivial edge
under I'. Suppose e is an edge of a nontrivial tree 7. Then there is a nontrivial
edge f of T between {x1,x2} and R. By symmetry, suppose f = zjw, where
w € V(Ly). Let H' be the underlying graph of G/f. Then by Lemma 3.7,
mc(H') > e(H") — |V(H')| + 3. Since H' is a planar graph with x(H') =3, H' is
either 2K V P,_3 or KoV P,_3, or a graph of Ps.

Suppose H' is either 2KV P,_3 or KoV P,_3. Let H = AV P,_3, where
V(A) = {y1,y2}. If zo € V(A) (say x2 = ya2), then since |Li| > 4, y; is an
internal vertex of Ly and y; # w. This implies that either yia or y1b is an edge
of G, a contradiction. If xo € {y1,y2}, then the degree of x5 in H' is at most
4. Since V (L2) C Np/(x2) and |La| > 4, we have |Ly] = 4 and A C V (Ly).
So, Ly = afiw; fowafsb. Since |Li| > 4, by Claim 3.10, A = {wy,ws}. Let J
be a graph obtained from H’ by contracting all edges of L; but es. Then the
underlying graph of J is a K5, and so G has a Ks-minor, a contradiction.

Suppose H' is a graph of Py. Then H' = y VvV H”, where H” is an outerpla-
nar graph with connectivity 2. If y = z9, then x3 connects every vertex of R.
However, since Ng(z2) NV (L1) = {a,b} and ’V (L1) ’ > 4, we get a contradic-
tion. If y # x9, then y € V(R) and thus R = K; V P,_3, a contradiction to the
assumption that |V (L1) |, |V (L2) | > 4. ]

Lemma 3.11. If G is a planar graph with kK(G) =5, then mc(G) = m —n + 2.

Proof. Suppose mc(G) > m —n+ 3. Let S = {v1,...,v5} be a vertex-cut of
G and I" be an extremal MC-coloring of G. If G[S] does not contain nontrivial
edges, then by Lemma 3.5, mc¢(G) = m —n+2, a contradiction. Otherwise, there
is a nontrivial edge in G[S], say e = vjvy. Let H be the underlying graph of G/e.
Then by Lemma 3.7, me(H) > e(H) — |V(H)| + 3. Since x(H) = 4, we have
me(H) =e(H)—|V(H)|+3. Thus, H =2K;V Cy,_9, say H = {u,v} Vv C, where
C = Cp_o. Since each vertex of C' has a degree 4 in H, either u or v is the new
vertex. By symmetry, let u be the new vertex. Thus, v1,vo connect every vertex
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of C, in other words, eV C' is a subgraph of GG, a contradiction to the choice that
G is planar. n

Combining Lemmas 3.2, 3.3, 3.9 and 3.11, we get the following conclusions.

Theorem 3.12. Suppose G is a connected planar graph. Then mc(G) < m—n+4
and the following results hold.

(1) If G is a graph with k(G) =1, then mc(G) =m —n + 2;

(2) If G is a graph with kK(G) = 2, then m —n+2 < me(G) <m —n+ 3 and
me(G) =m —n+ 3 if and only if G € Py;

(3) If G is a graph with k(G) = 3, then m—n+2 < mc(G) < m—n+4. Moreover,
me(G) =m —n+4 if and only if G = KoV P,_a, and me(G) =m —n+3
if and only if either G € Py, or G = 2K,V Py_o;

(4) If G is a graph with k(G) =4, then m —n+ 2 < mc(G) <m —n+3, and
me(G) =m —n+ 3 if and only if G = 2K,V Cp_a;

(5) If G is a graph with k(G) =5, then me(G) =m —n + 2.

For ease of reading, the classification of planar graphs are summarized in the

following table (remember that the connectivity x(G) of a planar graph G is at
most 5).

K(G)
me(C) 1 2 3 4 5
m-n+4 | 0 0 G=KyV P,_s 0 0
either G € Ps, -
m-—n-+3 0 GePr or G = 2KV P,y s G=2K;VC,_o | 0
m—n+2 | all | all but the above | all but the above | all but the above | all

Table 1. The classification of planar graphs.
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