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Abstract

Let G be a simple graph with no isolated vertex and let 7,4z (G) be the
total double Roman domination number of G. In this paper, we present
lower and upper bounds on 7y:qr(G) of a graph G in terms of the order,
open packing number and the numbers of support vertices and leaves, and
we characterize all extremal graphs. We also prove that for any connected

graph G of order n with minimum degree at least two, viqr(G) < L%”J
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1. INTRODUCTION

Throughout this paper, G is a simple graph with vertex set V(G) and edge set
E(G). The order |V (G)| of G is denoted by n = n(G). The open neighborhood
of a vertex v in G is the set Ng(v) = {u € V(G) : w € E(G)} and its closed
neighborhood is the set Ng[v] = Ng(v) U {v}. The degree of a vertex v in G is
d(v) = dg(v) = |[Ng(v)|. The minimum degree and maximum degree among all
vertices of G are denoted by 0(G) and A(G), respectively.

For a subset S of vertices of G, we denote by G[S] the subgraph induced by
S. The distance d(u,v) between two vertices u and v of a connected graph G
is the length of a shortest (u,v)-path in G. The eccentricity of a vertex v in a
connected graph G is the maximum of the distances from v to the other vertices
of G and is denoted by ecci(v). The diameter of G is the maximum eccentricity
taken over all vertices of G and is denoted by diam(G). If the length of a path
P of G is equal to diam(G), then we call P a diametral path of G. A subset S of
vertices of G is an independent set if no two vertices of S are adjacent in G.

We write P, for the path of order n, C,, for the cycle of length n, K, for the
complete graph of order n and K, , for the complete bipartite graph with two
partite sets having p and ¢ vertices. A vertex of degree one is referred as a leaf
and its unique neighbor is called a support vertexr. A strong support verter is a
support vertex adjacent to at least two leaves, while a weak support vertex is a
support vertex adjacent to precisely one leaf. A star S, of order n > 2 is the
complete bipartite graph K ,—1. We call the center of a star to be a vertex of
maximum degree. A double star is the tree with exactly two vertices that are not
leaves. The corona graph cor(H) of a graph H is the graph obtained from H by
attaching one pendent edge at each vertex of H.

A subdivision of an edge wv is obtained by removing the edge uv, adding a
new vertex w, and adding edges uw and wv. For a set S of vertices in a graph G,
the subgraph obtained from G by deleting all vertices in .S and all edges incident
with vertices in S is denoted by G—S. If S = {z}, then we simply denote G —{z}
by G — z. For two disjoint graphs G and H, the union of G and H, denoted by
G U H, is the graph with vertex set V(G) UV (H) and edge set E(G)U E(H).

A subset S of vertices in a graph G is an open packing if the open neighbor-
hoods of vertices in S are pairwise disjoint. The open packing number p°(Q)
is the maximum cardinality of an open packing. For a real-valued function
f:V(G) = Rand S CV(G), we define f(S) =>", g f().

A double Roman dominating function (DRDF) on a graph G is a function
f: V(G) — {0,1,2,3} having the property that if f(v) = 0, then the vertex
v must be adjacent to at least two vertices assigned 2 or one vertex assigned 3
under f, whereas if f(v) = 1, then the vertex v must be adjacent to at least one
vertex assigned 2 or 3. The weight of a DRDF f is the value w(f) = f(V(G)).
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The concept of double Roman domination in graphs is now well studied in [1-3,
5-7,9,10,13,14] and elsewhere.

As a new variant of the double Roman domination, the total double Roman
domination was introduced by Hao et al. [8]. The concept was studied further in,
for example, [4,11,12]. The total double Roman dominating function (TDRDF)
on a graph G with no isolated vertex is a DRDF f on G with the additional
property that the subgraph of G induced by the set {v € V(G) : f(v) # 0} has
no isolated vertices. The total double Roman domination number viqr(G) is the
minimum weight of a TDRDF on G. A TDRDF on G with weight vy4r(G) is
called a yqr(G)-function.

In this paper, we continue the study of the total double Roman domination
number and we establish some new bounds for it. Some of our results improve
the previous bounds.

Now, we are in a position to give the main results of this paper.

Let G be the family of all graphs that can be obtained from a graph G of
order n with A(G) = n — 1 by adding a pendent edge to a vertex v of G, where
dg(v) =n—1.

Theorem 1. For any connected graph G of order at least three,
Yar(G) = 3p°(G)/2 4+ 1
with equality if and only if G € G.

We now give a lower bound for the total double Roman domination number
of a tree in terms of its order and the number of leaves, and characterize all trees
achieving equality for the proposed bound.

Theorem 2. For any tree T of order n(T) > 2 with I[(T) leaves,

6(n(T) —UT) +2)
5

Ytar(T) >

with equality if and only if T is a path of order n(T) =0 (mod 5).

We next turn our attention to investigate an upper bound on the total double
Roman domination number of a tree. Let 7 = {cor(T) : T is a tree of order at
least two}.

Theorem 3. For any tree T of order n(T) > 3 with s(T) support vertices,

6n(T) + 3s(T)

Yar(T) < :

with equality if and only if T € T.
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Remark 4. We note that for an arbitrary tree T" of order n(7T") > 3, T has at
most n(7T")/2 support vertices and hence by Theorem 3,
6n(T) + 3s(T) < 3n(T)

) -2

Yar(T) <

implying that Theorem 3 improves the known result due to Shao et al. [12], that

iS? ’Yth(T) S 3%(11)

Remark 5. We remark that if G is a connected graph of order n(G) > 3 with
s(G) support vertices that is not a tree, then it is not necessarily true that

Yar(G) < w. For example, Hao et al. [8] determined the exact value of

Ydr(Chr), that is, 1qr(Cp) = [%”] for any integer n > 3. Thus if n # 0 (mod 5),
then

6n 6n  6n+3s(C,
Ytdr(Cn) = [-‘ > — = bn + 35(Cn) >.

5 5 5
Finally, we derive an upper bound on 74r(G) for connected graphs G with
minimum degree at least two.

Theorem 6. For any connected graph G of order n with 6(G) > 2, var(G) <
L%”J and this bound is sharp for Cy,, (n € {3,4,5,6,7,8,11}).

2. PROOF OF THEOREM 1

In this section, we prove Theorem 1. For this purpose, we shall need the following
result due to Hao et al. [8].

Proposition 7 [8]. For any graph G of order n > 3 with no isolated vertex,
Yar(G) = 4 if and only if A(G) =n — 1.

We are now in a position to present a proof of Theorem 1.

Proof. Let f be a vr(G)-function and let X be an open packing of cardinality
p°(G) in G. Since Ng(u) N Ng(v) = 0 for any two distinct vertices u,v € X, we
have G[X| = mKa U (p°(G) — 2m) K1, where 0 < m < p°(G)/2. It can be easily
verified that the following two facts are true.

Fact 1. For any isolated vertex x in G[X], f(Ng[x]) > 3 and for any two adja-
cent vertices x and y in G[X], f(Ng(x) U Ng(y)) > 3.

Fact 2. For any vertex x € V(G), |[Ng(x) N X| < 1.
We now have the following claims as follows.

Claim 1. If p°(G) > 2m + 1, then yqr(G) > 3p°(G)/2 + 3/2.
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Proof. Let X1 = {z : x is an isolated vertex in G[X]}. In this case, we have
| X1| = p°(G) — 2m > 1. Thus by Facts 1 and 2, we have

mar(G) = fV(G) = > f(Na(@)UNa®)+ > f(Nalz])

ry€E(G[X]) reXq

> 3m + 3|X1| =3m+ 3(p°(G) — 2m) > 3p°(G)/2+ 3/2,

and so Claim 1 holds. O

In the following, by Claim 1, we may assume that p°(G) = 2m. This implies
that G[X] = ng.

Claim 2. If there exists some edge, say uv, in E(G[X]) such that f(Ng(u) U
Na(v)) = 3, then var(G) > 3p°(G)/2 + 2.

Proof. Since f(Ng(u)U Ng(v)) = 3, it is easy to verify that f(u) + f(v) = 3
and f(xz) = 0 for each € (Ng(u) U Ng(v))\{u,v}. Without loss of generality,
assume that f(u) = 1 and f(v) = 2. Noticing that G is a connected graph
of order at least three, we may assume that there exists some vertex, say w,
in Ng(v)\{u} (the case when there exists some vertex in Ng(u)\{v} is similar).
Clearly f(w) = 0. This forces that there exists some vertex, say wi, in Ng(w)\{v}
such that f(w;) > 2.

First, suppose that wy is not adjacent to a vertex of X in GG. Then by Facts
1 and 2, we have

Yar(G) = f(V(G) = flw)+ Y f(Na(z) UNa(y))
2zy€E(G[X])
> 3m+2 = 3p°(G)/2 +2.

Second, suppose that w; is adjacent to a vertex, say up, of X in G. It is
easy to verify that u; # u (for otherwise, it is a contradiction to the fact that
f(z) =0 for each z € (Ng(u) UNg(v))\{u,v}). From our earlier assumption, we
note that G[X] = mK,. Thus there exists some vertex, say v1, of X such that
uivy € E(G[X]). Moreover, since f(w;) > 2 and w; € Ng(u1), it can be easily
checked that f(Ng(ui)U Ng(v1)) > 5. Consequently, by Facts 1 and 2, we have

1ar(G) = f(V(G)) = f(Ng(u1) U Ne(v1)) + > f(Na(x) UNG(y))
zy€B(GIX])\{u1v1}
>5+4+3(m—1)=3p°(G)/2 +2.

Thus Claim 2 holds. O

In the following, by Fact 1 and Claim 2, we may assume that for any edge
zy € BE(G[X]), f(Nc() U Na(y)) > 4.
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Claim 3. If m > 2, then var(G) > 3p°(G)/2 + 2.
Proof. By Fact 2, we have

nar(G) = f(V(G) = Y f(Na(x)UNa(y) > 4m > 3p°(G)/2+2
rycE(G[X))

and hence Claim 3 holds. |

Claim 4. If m = 1, then yqr(G) > 3p°(G)/2 + 1 with equality if and only if
Geg.

Proof. In this case, we have G[X] = K. Now let uv be the unique edge in
E(G[X]). As previously mentioned, f(Ng(u)U Ng(v)) > 4. Then by Fact 2, we
have

(1) 1ar(G) = f(V(G)) = f(Na(u) U Na(v) = 4 =3p°(G)/2 + 1,

establishing the desired lower bound.

Suppose next that v4r(G) = 3p°(G)/2+ 1. Then we have equality through-
out the inequality chain (1). In particular, v;gz(G) = 4 and hence by Proposition
7, we have A(G) = n(G) — 1. If d(z) > 2 for each z € V(G), then for any two
distinct vertices u,v € V(G), we have Ng(u) N Ng(v) # 0, this implies that
p°(G) = 1, a contradiction to the fact that p°(G) = 2m = 2. Therefore, there
must be a vertex of degree one. This forces that G € G. Conversely, suppose
that G € G. It is easy to verify that v;4r(G) = 4 and p°(G) = 2, implying that
Yar(G) = 3p°(G)/2 + 1. Thus Claim 4 holds. O

The proof is completed. [

3. PROOF OF THEOREM 2

In this section, we prove Theorem 2. Before presenting our proof, we list below
two preliminary observations whose proofs are easy to see and a known result
that will be useful in proving our results later.

Observation 8. Let T be a tree with diameter at least three and let v be a strong
support vertex of T. Then there exists a vyiqr(T)-function f such that f(v) = 3
and f(x) =0 for every leaf adjacent to v.

Observation 9. Let T be a tree and let v be a weak support vertex adjacent to the
unique leaf u. Then there exists a viar(T')-function f such that f(u) + f(v) = 3.
In particular, if v has degree 2, then there exists a Yiar(T)-function f such that

flu)=1 and f(v) =2.
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Hao et al. [8] determined the total double Roman domination number of
paths as follows.

Proposition 10 [8]. Forn > 2,

6, fn =4,
Yedr(Pn) = { [Gn v

71 , otherwise.

We now give a proof of Theorem 2.

Proof. We proceed by induction on the number n(T"). If n(T) € {2,3,4,5} and
T # Ps, then it is easy to verify that yqr(T) > w. If T = Ps, then
it follows from Proposition 10 that y4r(T) = 6 = w. Assume, then,
that n(T) > 6 and that for any tree 7" of order n(T") with I(T") leaves and
2 <n(T) <n(T), var(T") > w with equality if and only if 7" is a
path of order n(7”) =0 (mod 5). Let T be a tree of order n(T") with I(T) leaves.
If diam(T) = 2, that is, if T is a star, then yiqp(T) = 4 > SDZUDE2) - g
diam(7T") = 3, that is, if T is a double star, then y;4r(T) = 6 > w. So
in the following we may assume that diam(7") > 4.

Now let P = vjvg---vgpq1 be a diametral path of T (d = diam(7T)). If
T # P, then let v be the first vertex of P such that dr(vg) > 3. Without
loss of generality, we choose the diametral path P such that k is as small as
possible. By symmetry, we may assume that 2 < k < [(d+1)/2]. Let f be a
Year(T)-function.

Claim 1. If dr(v2) > 3, then yiap(T) > SDZHTH2).

Proof. By Observation 8, we may assume that f(ve) = 3 and f(z) = 0 for each
leaf adjacent to ve. Clearly, f(vs) > 1.

First, suppose that f(vs) > 2. Let 7" = T — (Np(v2)\{vs}). Then the
function f’ defined by f’(ve) =1 and f'(x) = f(x) for each z € V(T")\{v2}, is a
TDRDF on 7”. Note that n(T) = n(T")+dr(v2) —1 and [(T) = I(T") +dr(v2) —2.
Then by the induction hypothesis, we have

war(T) = f(V(T)) = f'(V(T") + f(Nr(v2)\{vs}) + f(v2) = f'(v2)
6(n(1) ~ (1) +2)
5

_ 6((n(T) = dr(v2) +1) = (UT) — dr(v2) +2) +2) P

9
_ 6(n(T) —5l(T) +2)

v

as desired.
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Second, suppose that f(v3) =1 and dp(vs) > 3. Let 7" = T — (Np[v2]\{vs}).
Note that f(v3) = 1. One can verify that if v3 is a support vertex of 7" adjacent
to a leaf, say u, in V/(T")\V(P), then f(u) = 2; and if v3 is adjacent to a support
vertex, say w, in V(T")\V(P), then we may assume that f(w) =3 and f(z) =0
for every leaf x adjacent to w. In either case, the restriction f’ of f on V(T”) is a
TDRDF on T”. Note that n(T) = n(T") + dr(ve) and ((T) = I(T") + dr(ve) — 1.
Then by the induction hypothesis, we have

nar(T) = f(V(T)) = f'(V(T")) + f(Nr[va]\{vs})
> 6(n(1") —SZ(T’) +2) 43
_ 6(((T) — dr(v2)) = (UT) —dr(va) +1) +2) 4
S 6(n(T) —UT)+ 2)’ ’

)
as desired.
Finally, suppose that f(v3) = 1 and dp(v3) = 2. Assume now that f(vg) < 1.
Let 7" = T — Np[vz]. Then the restriction f’ of f on V(71”) is a TDRDF on
T'. Note that n(T) = n(T") + dr(v2) + 1 and I(T") + dr(v2) — 2 < |(T) <
I(T") + dp(vy) — 1. Then by the induction hypothesis, we have

nar(T) = f(V(T)) = f(V(T") + f(Nr[va])

SUUCYET Rz I
6((n(T) —dr(v2) = 1) = ((T) — dr(v2) +2) +2)
5

v

+4

_ 6(n(1) 5Z(T) +2)

as desired.

Assume next that f(vs) > 2. Let T/ =T — (Np[v2]\{vs}). Then the restric-
tion f’ of f on V(T”") is a TDRDF on 7”. Note that n(T") = n(T") + dr(v2) and
I(T) =U(T") + dr(ve) — 2. Then by the induction hypothesis, we have

nar(T) = f(V(T)) = f(V(T) + f(Nr[va]\{vs})
"N /
> 6(n(T") 5Z(T)+2) +3

_ 6((0(T) —dr(v) = (T) —dr(e2) +2)+2)

5
_ S(n(T) —5l(T) +2)

as desired.
By the above discussions, Claim 1 holds. (]
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In the following, by Claim 1, we may assume that dp(ve) = 2 and so by
Observation 9, we may assume that f(v1) =1 and f(vg) = 2.

Claim 2. If dy(v3) > 3, then yyqp(T) > SO HIE2),

Proof. First, suppose that vs is a strong support vertex of 1. By Observation
8, we may assume that f(v3) = 3 and f(x) = 0 for every leaf x adjacent to vs.
Let 7" = T — vy. Then the function f’ defined by f’(v2) = 1 and f'(z) = f(x)
for each z € V(T")\{v2}, is a TDRDF on T"'. Note that n(T) = n(T’) + 1 and
I(T) = I(T"). By the induction hypothesis, we have

6(n(T") — I(T") + 2)

Yar(T) = fF(V(T)) = f/(V(T") + f(v1) +1 > = +2
_6((n(T) — 1;_ UT)+2) ) 6(n(T) —5Z(T) +2)

as desired.

Second, suppose that v is a weak support vertex of T'. Let u be the unique
leaf adjacent to vz. By Observation 9, we may assume that f(u) + f(vs) = 3.
Let 7" = T — {v1,v2}. Then the function f’ defined by f'(u) = 1, f'(v3) = 3
and f'(z) = f(x) for each z € V(T")\{u,vs3}, is a TDRDF on 7’. Note that
n(T) =n(T")+2 and I(T) = I(T") + 1. By the induction hypothesis, we have

6(n(T") —1(T") +2)

5
_ (@) =2 - UD) -Y+2)  , 6(n(T) - UT) +2)

) 5 ’

nar(T) = f(V(T)) = f'(V(T) + f(v1) + flv2) =1 = +2

as desired.

Finally, suppose that v3 is not a support vertex of T'. By the choice of the
diametral path P = vjvy - - - v441, we may assume that u; € Np(vs)\{ve,vs} for
eachi € {1,2,...,t}, where t = dp(v3)—2, and that w; is the unique leaf adjacent
to u;. Then by Observation 9, we may assume that f(u;) = 2 and f(w;) = 1 for
each i €{1,2,...,t}.

Assume now that f(vs) > 1 or dp(vs) > 4. Let 7" =T — {v1,v2}. Then the
restriction f’ of f on V(1) is a TDRDF on 7”. Note that n(T) = n(7") + 2 and
I(T) =1(T") + 1. By the induction hypothesis, we have

6(n(T") — I(T") +2)

nar(T) = f(V(T)) = f{(V(T) + f(v1) + f(v2) = +3

5
_ (M) =2 - UD) - +2) o 6(n(T) - UT) +2)

) ) ’

as desired.



1042 G. Hao, Z. XIE, S.M. SHEIKHOLESLAMI AND M. HAJJARI

Assume next that f(vs) = 0 and dr(vs3) = 3. This implies that ¢ = 1. Let
T" = T—{v1,v9, w1 }. Then the function f” defined by f’(vs) = 1 and f'(z) = f(x)
for each x € V(T")\{vs}, is a TDRDF on T". Note that n(T) = n(T’) + 3 and
I(T) = I(T") + 1. By the induction hypothesis, we have

nar(T) = f(V(T)) = f'(V(T') + f(v1) + f(va) + f(wr) = 1

> 6(n(1") —5l(T’) +2) 5 _ 6((n(T@) —3) _5(Z(T) —1)+2)
6(n(T) —UT)+2)

> )
5

+3

as desired.
By the above discussions, Claim 2 holds. U

In the following, by Claim 2, we may assume that dr(vs) = 2.
Claim 3. If f(v3) > 1, then yyqp(T) > SDHTE2),
Proof. We distinguish three cases as follows.

Case 1. f(v3) > 2. Let T" = T — vy. Since f(v;) = 1 and f(v9) = 2
by our earlier assumption, we have that the function f’ defined by f’(ve) = 1
and f'(z) = f(z) for each x € V(T")\{v2}, is a TDRDF on T’. Note that
n(T) =n(T")+ 1 and I[(T) = I(T"). By the induction hypothesis, we have

6(n(1) ~ 1T +2)

ar(T) = f(V(T)) = f'(V(T) + f(v1) +1 2

5
_ S((T) — ) ~UT) +2) ,  6((T) ~ U(T) +2)

) S ’

as desired.

Case 2. f(v3) = 1 and f(vgy) < 1. Let TV = T — {v1,vg,v3}. It is easy
to verify that the restriction f’ of f on V(T") is a TDRDF on T’. Note that
n(T) =n(T")+ 3 and I(T") < I(T). By the induction hypothesis, we have

war(T) = F(V(T)) = f/(V(T) + f(v1) + f(v2) + f(vs)

_ 6(n(T") —5l(T’) +2) L, 6((n(T) - 333 —UT) +2)
6(n(T) — I(T) + 2)

>
5 ’

+4

as desired.

Case 3. f(vs) =1 and f(vq) > 2. Let T" = T —{v1,v2}. Then the restriction
frof fonV(T')isa TDRDF on T”. Note that n(T) = n(T")+2 and I(T') = I(T").
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By the induction hypothesis, we have
6(n(T") —U(T") + 2)

Yar(T) = f(V(T)) = f/(V(T) + f(v1) + f(v2) > 3 +3
_ 6((n(T) — 2;— U(T)+2) 13 6(n(T) —SZ(T) + 2)7
as desired.
By the above discussions, Claim 3 holds. ([

In the following, by Claim 3, we may assume that f(vs) = 0.
Claim 4. If f(v4) = 3, ordr(vs) >3 and f(v4) = 2, then yqr(T) > w.
Proof. 1f f(vq) = 3, then by the method similar to Case 3 of Claim 3, it is
easy to verify that vip(T) > w. Assume next that dr(vs) > 3 and
f(va) = 2. Let TV = T — {v1,v2,v3}. Clearly the restriction f’ of f on V(T")
is a TDRDF on 7. Note that n(T) = n(T") + 3 and {(T) = I(T") + 1. By the
induction hypothesis, we have

+3

3 N
yar(T) = f(V(T)) = f(V(T) + > fvi) > 6(n(T") = I(T") +2)
=1

5
_ 6((n(T)—3) - (UT) —1) +2) L3 6(n(T) — U(T) +2)
N 5 5 ’
as desired. Thus Claim 4 holds. O

By our earlier assumption, f(v2) = dr(vs) = 2 and f(v3) = 0. This forces
f(v4) > 2. Moreover, by Claim 4, we may assume that dr(vs) = f(v4) = 2 in the
following.

Claim 5. If f(v5) > 2, then yyqp(T) > SDZHIE2),

Proof. Let T" = T — {v1,v2,v3}. Then the function f’ defined by f'(vq4) =1
and f'(x) = f(x) for each z € V(T')\{vs}, is a TDRDF on 7”. Note that
n(T) =n(T") + 3 and I(T) = I(T"). By the induction hypothesis, we have

6(n(T") —I(T") +2)

war(T) = f(V(T)) = f/(V(T) + > floi)+1> - +4
i=1
_ 6((n(T)—3)—UT)+2) e 6(n(T) —U(T)+2)
5 5 ’
as desired. Thus Claim 5 holds. U

By our earlier assumption, f(v3) = 0 and dr(vs) = f(v4) = 2. This forces
f(vs) > 1. Moreover, by Claim 5, we may assume that f(vs) = 1 in the fol-
lowing. Since dp(vi) = 1, dp(ve) = dp(vs) = dp(vs) = 2 and n(T) > 6 by our
assumptions, we have dp(vs) > 2.
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Claim 6. If dp(vs) = 2, then yyr(T) > w with equality if and only
if T is a path of order n(T') =0 (mod 5).
Proof. First, suppose that f(vg) > 2. Let 7" = T — {v1,v9,v3,v4}. It is easy

to verify that the restriction f’ of f on V(T') is a TDRDF on 7”. Note that
n(T) =n(T")+4 and [(T) = I(T"). By the induction hypothesis, we have

4 N ,
wan(T) = JV(T) = PV + 3 o) > LMD
=1
_ 6((n(T)—4)—U(T)+2) 5> 6(n(T) — I(T) + 2)
5 3 ,

as desired.

Second, suppose that f(vg) < 1. Let T/ = T — {v1,v2,v3,v4,v5}. It is easy
to verify that the restriction f’ of f on V(T') is a TDRDF on 7’. Note that
n(T) = n(T") + 5. By the induction hypothesis, we have

5 N ,
yar(T) = V(D) = VTN + Y flor) > 6(n(T") 5l(T)+2) 6
i=1
(2) 5 6((n(T) —5;—Z(T) +2) o _ 6(n(T) _5z(:r) +2),

establishing the desired lower bound.

Assume next that var(T) = w. Then we have equality through-
out the inequality chain (2). In particular, I[(T") = I(T) and f/(V(T")) =
w. This implies that vr(T")<f (V(T"))= w. More-
over, since yr(T') > w
Year(T') = w. Again by the induction hypothesis, we have T" =
Pyry = Por)—5, where n(T") = 0 (mod 5). As shown earlier, [(T") = I(T).
Thus dr(ve) = 2, implying that 7' = P, 1) and n(T) =0 (mod 5). On the other
hand, if T" = P, and n(T) = 0 (mod 5), then by Proposition 10, we have
vear(T) = 6néT) _ 6(n(T)—51(T)+2)'

by the induction hypothesis, this forces

By the above discussions, Claim 6 holds. O
Claim 7. If dr(vs) > 3, then yyqp(T) > SDHTE2),
Proof. Let H be the connected component of T'— {vy4,v6} containing the vertex
vs. Since P = vjvg---vg41 is a diametral path of T', we have 1 < eccy(vs) < 4.
Let ujug - - ug be a path of H such that k = eccy(vs) and wuy is adjacent to vs
in H.

Case 1. eccy(vs) = 1. In this case, vs is adjacent to the leaf uy. Since f(v5) =
1 by our earlier assumption, we have f(u;) = 2. Let 7" = T—{vy,v2,v3,v4}. Then



BouNDS ON THE TOoTAL DOUBLE ROMAN DOMINATION NUMBER ... 1045

the restriction f’ of f on V(7”) is a TDRDF on T". Note that n(T) = n(T") + 4
and [(T) = I(T") + 1. By the induction hypothesis, we have

+5

4 N ,
Yar(T) = F(V(T) = F(V(T)) + 3 f(vi) = 6(n(T") — U(T") +2)
=1

5
_ (@) -4 - (@) -V +2) o 60u(T) - UT) +2)

) 5 ’

as desired.

Case 2. 2 < eccy(vs) < 4. If dr(ug) > 3, then by the similar method to
Claim 1, we have vqr(T) > w. So in the following we may assume
that dp(ug) = 2. Then by Observation 9, we may assume that f(u;) = 1 and

f(u2) = 2. If eccy(vs) = 2, then by the similar method to Claim 2, we have
Year(T) > w.

Assume now that eccy(vs) = 3. If dp(us) > 3, then again by the similar
method to Claim 2, we have vr(T) > w. Now let dr(ug) = 2. This
implies that us has exactly two neighbors us and vs. Moreover, since f(uz) = 2
and f(vs) = 1, this forces f(us) > 1. Thus by the similar method to Claim 3, we
have yar(T) > w.

Assume next that eccy(vs) = 4. Note that P/ = ujususugvsve - - - vg1q is also
a diametral path of T'. By the choice of the diametral path P = vjvg - - - vgy1, we
have dr(us) = dr(us) = dr(ug) = 2. If f(ug) > 1, then by the similar method to
Claim 3, we have yqr(T) > w. Hence we may assume that f(us) = 0.
This forces f(uq) > 2. If f(uq) = 3, then by the similar method to Claim 4, we

have viqr(T) > w. Thus it suffices for us to consider the last case
when f(u4) = 2. In this case, by the similar method to Case 1 of this claim, we

have vr(T) > —6(n(T);l(T)+2).
By the above discussions, Claim 7 holds. U
The proof is completed. ]

4. PROOF OF THEOREM 3

We now give a proof of Theorem 3.

Proof. We proceed by induction on the number n(7"). If n(T) = 3, that is,
if T'= Py ¢ T, then yqr(T) = 4 < w. If T = Py, then T € T and
yiar(T) = 6 = SOED) 17 — g then T ¢ T and ypap(T) = 4 < U3
Assume, then, that n(7') > 5 and that for any tree 7" of order n(T") with s(T")

support vertices and 3 < n(T") < n(T), we have yqr(T’) < w with
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equality if and only if 77 € T. Now let T be a tree of order n(T) > 5 with
s(T) support vertices. If diam(7) = 2, that is, if T = S,,, then T ¢ T and
Year(T) = 4 < w. If diam(T") = 3, that is, if 7' is a double star, then
T ¢ T since n(T) > 5 and yqr(T) =6 < w. So in the following we may
assume that diam(7") > 4.

Claim 1. If T has a strong support vertex, then var(T) < 7671@);38@).

Proof. Let v be a strong support vertex of T', u be a leaf adjacent to v, T/ = T —u
and let f' be a viqr(T")-function. Note that v is a support vertex of 77, If v is
a weak support vertex of 7" adjacent to a unique leaf w, then by Observation
9, we may assume that f/(v) + f/(w) = 3 and we may assume, without loss of
generality, that f/(w) < f’(v); and if v is a strong support vertex of T”, then
by Observation 8, we may assume that f’(v) = 3 and f'(x) = 0 for each leaf x
adjacent to v in T”. In either case, it is easy to see that the function f defined
by f(u) =1 and f(x) = f'(z) for each x € V(T"), is a TDRDF on T. Note that
n(T) =n(T")+ 1 and s(T') = s(T”). By the induction hypothesis, we have

6n(T") + 3s(1")

Yar(T) < fF(V(T)) = f/(V(T") + f(u) < - +1
_ 6(UT) — 1) +35(T) | _ 6n(T) +35(T)
5 5 ’
and so Claim 1 holds. O

By Claim 1, we may assume that every support vertex of 1" is a weak support

vertex. If T is a path, then clearly T' ¢ T since n(T") > 5 and so by Proposition

10, we have vr(T) = FméT)—‘ < GH(T)QSS(T), as desired. Hence we may assume

that T is not a path, that is, there exists some vertex of degree at least 3 in 7.
Let P = vjvg---v441 be a diametral path of T, where d = diam(7") > 4, such
that vy is the first vertex of P with dp(vx) > 3. By our earlier assumption, we
note that k£ > 3.

Claim 2. Ifk = 3, then vqr(T) < w with equality if and only if T € T.

Proof. Let T' = T — {v1,v2} and let [’ be a ~vyqr(T’)-function. Then the
function f defined by f(v1) =1, f(ve) =2 and f(z) = f'(z) for each x € V(T"),
is a TDRDF on T'. Note that n(T) =n(T")+2 and s(T) =s(T")+1. U T ¢ T,
then clearly T' ¢ T and by the induction hypothesis, we have

6n(T") + 3s(1")

ar(T) < f(V(T)) = f{(V(T") + f(v1) + f(v2) < +3

5
_6((T) = 2) +3(s(T) = 1), ,_ 6n(T) +35(T)

) )
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Suppose now that 77 € T. Noticing that dr(vs) > 3, we have T € T. Let f be
a Yiar(T)-function. By Observation 9, we may assume that f(u) + f(v) = 3 for
any support vertex v of T and a unique leaf u adgacent to v. Moreover, since

n(T) = 25(T), we have ~r(T) = 3s(T) = ) Thyg Claim 2 holds. O

Claim 3. Ifk = 4’ then ’Yth(T) < w

Proof. Let T = T — {v1,vs,v3} and let f’ be a yqr(T’)-function. Then the
function f defined by f(v1) = f(vs) = 1, f(v2) = 2 and f(z) = f/(z) for each
x € V(T'), is a TDRDF on T'. Note that n(T) = n(T") + 3 and s(T) = s(T") + 1.
By the induction hypothesis, we have

> 6n(T") + 3s(T")

war(T) < F(V(T) = F(VT) + > flwi) < z +4
i=1
_ 6(n(T)—3)+3(s(T)—1) d< 6n(T") + 3s(T)
5 5
and so Claim 3 holds. O

Claim 4. Ifk = 5’ then ’}’th(T) < w

Proof. First, suppose that vs is a weak support vertex in T. Let 77 = T —
{v1,v2,v3,v4} and let f’ be a yqr(T’)-function. Since vs is a weak support
vertex in T, we have that vs is also a weak support vertex in 77. Let u €
V(T)\V(P) be the unique leaf adjacent to vs. By Observation 9, we may assume
that f/(vs) + f/(u) = 3. Further, we may assume that f’(vs) =2 and f'(u) =1,
or f'(vs) =3 and f'(u) = 0. In either case, the function f defined by f(v1) =1,
f(v2) = f(vs) =2, f(vg) =0 and f(z) = f'(x) for each z € V(T"), is a TDRDF
on T. Note that n(T) = n(T") + 4 and s(T) = s(T’) + 1. By the induction
hypothesis, we have

6n(T") + 3s(1")

Yar(T) < f(V(T)) = f/(V(T') + Y _ flvi) < : +5
1=1
_ 6(n(T) —4) +3(s(T") — 1) L5e 6n(T) + 33(T).
5 5

Second, suppose that vs is not a support vertex in T'. Let T7 be the connected
component of T' — vg containing the vertex vs. If there exists some vertex in
V(T1)\{vs} of degree at least 3 in T, then by the similar method to Claim 2 or
3, we have yyr(T) < w. Hence we may assume that every vertex of
V(T1)\{vs} has degree 1 or 2. If there exists some leaf at distance 2 or 3 from
vs in 17, then again by the similar method to Claim 2 or 3, we have vr(T') <

w. So in the following we may assume that 77 is the tree that can be



1048 G. Hao, Z. XIE, S.M. SHEIKHOLESLAMI AND M. HAJJARI

obtained from a star s; with center vs of order ¢ > 3 by subdividing every edge
three times.

Now let To = T—T7 and let f’ be a y4qr(T3)-function. Since P = vjvg - - vg41
is a diametral path, this forces that n(73) > 4. Observe that the function f
defined by f(z) = 2 for every vertex x at distance 1 or 3 from vs in T3, f(z) = 0 for
every vertex z at distance 2 from vs in T, f(z) = 1 for other vertices x of T} and
f(z) = f'(z) for x € V(T2), is a TDRDF on T. Note that n(T) = n(Ts) + 4t — 3
and s(Ty) +t — 2 < s(T). By the induction hypothesis, we have

an(T) < J(V(T)) = JV(T) + F(V(T) < 5t~ 1) + 14 ST u 35(T)
6(n(T) — 4t +3) + 3(s(T) —t+2) _ 6n(T) +35(T)
5 5

and so Claim 4 holds. O

Claim 5. If k =6, then vqr(T) < w_

Proof. Let T' =T — {v1,v9,v3,v4,v5} and let f' be a vqr(T")-function. Then
the function f defined by f(vi) = f(vs) = 1, f(va) = f(va) = 2, f(v3) = 0 and
f(z) = f'(z) for any z € V(T"), is a TDRDF on T. Note that n(T) =n(T") +5
and s(T) = s(T") + 1. By the induction hypothesis, we have

< 5t—4+

5 / /
an(T) < VD) = FVE) + 3 fle) < P23 46
i=1
_ 6(n(T)—5)+3(s(T)—1) 46 < 6n(T") + 3s(T)
5) 9
and so Claim 5 holds. O

Claim 6. If k € {7,8}, then vqr(T) < w_

Proof. Let T =T — {v1,v9,v3,v4,v5}. First, suppose that T" ¢ T. Let f’ be a
Year(T")-function. By the induction hypothesis, we have f'(V(T")) = vq4r(T") <
w. Then the function f defined by f(v1) = f(vs) =1, f(v2) = f(va) =
2, f(vs) =0 and f(z) = f'(z) for each x € V(T”), is a TDRDF on T. Note that
n(T) =n(T")+5 and s(7") < s(T). Thus we have

5

yar(T) < fFV(T) = f/(V(T)) + ) flvi) <

i=1

6n(T") + 3s(1")

6
5 +

6(n(T) = 5) +3s(T) | 6n(T) +3s(T)
5 5 ’

IN

as desired.
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Second, suppose that 77 € 7. By the induction hypothesis, we have v145(T")
= w. One can verify that the function f’ defined by f'(z) = 2 for
every support vertex of 77 and f'(z) = 1 for every leaf x of T", is a yqr(T")-
function with f/(V(T")) = w. In particular, if & = 7, then f'(vg) = 1
and f'(x) = 2 for each © € Np[v7]\{vs} and if k = 8, then f'(vg) = 1 and
f'(v7) = f'(vs) = 2. If k = 7, then define a function f on T by f(v1) = 1,
f(va) = f(vs) = f(vs) = 2, f(va) = f(vr) = 0 and f(z) = f'(x) for each
x € V(T")\{vr}. If k = 8, then define a function f on T by f(v1) = f(vs) = 1,
f(va) = f(va) = f(vs) = 2, f(v3) = f(vr) = 0 and f(z) = f'(x) for each
x € V(T")\{ve,v7}. In either case, one can check that the resulting function f is
a TDRDF on T. Note that n(T) =n(T") + 5 and s(T) = s(7”). Thus we have

war(T) < f(V(T)) = f'(V(T) = f'(ve) = f'(vr) + Y f(wi)

6n(T") + 3s(T") N
N 5 N 5 5 '

as desired.
By the above discussions, Claim 6 holds. U

Claim 7. If k > 9, then yr(T) < w.

Proof. Let T' =T — {v1,v9,v3,v4,v5} and let f' be a yqr(T")-function. Then
the function f defined by f(v1) = f(vs) = 1, f(v2) = f(vq4) = 2, f(v3) = 0 and
f(z) = f'(z) for any € V(T"), is a TDRDF on T Note that n(T) =n(T") +5
and s(T') = s(T"). Noticing that 7" ¢ T, it follows from the induction hypothesis
that

> 6n(T") + 3s(T")

Nar(T) < f(V(T)) = f(V(I') + Y flvi) < : +6
i=1
_ 6(n(T) —5) +3s(T) 46— 6n(T) + 3s(T)
B 5 B 5
and so Claim 7 holds. O
The proof is completed. [

5. PROOF OF THEOREM 6

First we recall a result proved in [8].

Proposition 11 [8]. For n > 3, vqr(Cr) = [%].
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The proof of Theorem 6 is based on the following two lemmas. For positive
integers £ > 3 and [ > 1, let Cj; be the graph obtained from a cycle C} =
r1T9 - - xpxy by adding a pendant path ziy1y2 - - - y;.

Lemma 12. For positive integers k > 3 and [ > 1, yqr(Cr,) < Alkdd)

Proof. If k+1 = 4, then obviously vqr(Ck) =4 < 4(k+l) . Let k+1>5. Since
adding an edge cannot increase the total double Roman domination number of
the path zo - - - xxx1y1 - - -y, Proposition 10 implies that

6(k+l)w _Ak+D)
5 |~ 3

YdRr(Cr,i) < Year(Prt1) < [

as desired. m

Now define Ry to be the family of all connected loopless multigraphs with
minimum degree at least three and define R to be the family of all graphs that
can be obtained from a graph in R; by subdividing every edge t times, where
t € {1,2,4}. Observe that any graph in R has order at least five.

We shall adopt the following definitions and notations. Let G be a simple
graph with minimum degree at least two and let M = {z € V(G) : d(z) > 3}.
An M-ear path in G is a path P = vjvy - - - vg such that {svi,vpr} € E(G) and
d(v;) =2 for 1 < i < k, where s,7 € M. And we also say that “s is connected to
the M-ear path P”. Let P; = {P : P is an M-ear path of order i in G} for each
i>1and let P =J;»; Pi. If G € R, then we have P = P; U Py U Py.

Lemma 13. Fvery graph G € R of order n has a TDRDF h that assigns two to
every vertex of degree at least three and w(h) < %".

Proof. We proceed by induction on n. The result is immediate for n = 5.
Assume, then, that n > 6 and that the result holds for all graphs G’ € R of order
less than n. Let G € R be a graph of order n and let M = {z € V(G) : d(z) > 3}.

Assume now that there exists an M-ear path xixox3x4 € P4 such that
sz1,x4r € E(G), where s, € M. Let G’ be the graph obtained from G — {z2, z3,
x4} by adding a new edge z17. Obviously, G’ € R and by the induction hypoth-
esis, G’ has a TDRDF g that assigns two to every vertex of degree at least three
and w(g) < w In particular, g(s) = g(r) = 2. It is easy to check that the
function h defined by h(z3) = h(z4) = 1, h(z2) = 2 and h(z) = g(z) for other
vertices z, is a TDRDF on G and w(h) = w(g) +4 < 4(" Anzd) g = 4 as desired.

So in the following we may assume that Py = 0), 1mply1ng that 73 P1 U Pa.
Suppose that |M| = 2. It is easy to check that the function h defined by h(z) =
for each x € M and h(z) = 1 for each x € V(G)\M, is a TDRDF on G and
wh)=n+2< %”, as desired.
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Henceforth, we may assume that |[M| > 3. Suppose next that there exist
two vertices s, € M with min{d(s),d(r)} > 4 such that P = x; € P; (or P =
x1x2 € Pa) is an M-ear path in G, where sz, 217 € E(G) (or sz1,z2r € E(G)).
Let G’ = G — V(P). Obviously, every connected component of G’ belongs to R
and by the induction hypothesis, G’ has a TDRDF g that assigns two to every
vertex of degree at least three and w(g) < 4‘VgG/)| = 4("_|¥(P)|). In particular,
g(s) = g(r) = 2. It is easy to check that the function h defined by h(z) = 1 for
each x € V(P) and h(z) = g(z) for each x € V(G)\V(P), is a TDRDF on G and
w(h) = w(g) + [V(P)| < 2D 41y (P)| < 41 as desired.

Hence we may assume that for any two vertices s,r € M, if there exists an
M-ear path x € P; (or zy € Ps) such that sz,xr € E(G) (or sx,yr € E(Q)),
then one of d(s) and d(r) is equal to 3 and the other is equal to at least 3. We
now have the following claims.

Claim 1. If Py # (), then G has a TDRD h that assigns two to every vertex of
degree at least three and w(h) < %".

Proof. Let x1z2 be an M-ear path in P such that sz, zor € E(G), where
s,r € M. From our earlier assumption, we may assume that d(s) = 3 and

d(r) > 3.

Case 1. s is connected to three M-ear paths in Py. Let y1y2 and z122 be two
M-ear paths in P, different from the M-ear path zxs, such that syq, sz1, ysot, 20t’
€ E(G), where t,t' € M\{s}.

First, suppose that |{r,¢,¢'}| € {2,3}. Without loss of generality, assume
that ¢’ ¢ {r,t}. This implies that r,¢ and ¢’ are distinct or r = t # t'. Let G’
be the graph obtained from G — {s,y1,21} by adding two new edges z1t’ and
y229. Obviously, G’ € R and by the induction hypothesis, G’ has a TDRDF g
that assigns two to every vertex of degree at least three and w(g) < @. In
particular, g(r) = g(t) = g(t') = 2. Moreover, since y2 and 22 have degree two in
G, g(y2) + g(22) > 2. Then the function h defined by h(y1) = h(y2) = h(z1) =
h(z2) =1, h(s) =2 and h(z) = g(z) for other vertices z, is a TDRDF on G and
wh) <w(g) +4< ZL(HT_?’) +4 =4 as desired.

Second, suppose that » = ¢ = ¢/. Since |M| > 3, there exists an M-ear
path wiwsy in Py such that rwy,wet” € E(G) or there exists an M-ear path w
in Py such that rw,wt” € E(G), where t" € M\{s,r}. Assume now that the
former holds. Let G’ be the graph obtained from G — {s, 1,22} by adding two
new edges 1y1t” and z1t”. Obviously, G’ € R and by the induction hypothesis,
G’ has a TDRDF g that assigns two to every vertex of degree at least three
and w(g) < @. In particular, g(r) = g(t”) = 2. Moreover, since w; and
wy have degree two in G/, g(w1) + g(wz) > 2. Then the function h defined by
h(z1) = h(z2) = h(wy) = h(wz) =1, h(s) = 2 and h(x) = g(x) for other vertices
z,is a TDRDF on G and w(h) < w(g) +4 < @ +4= %", as desired.
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So in the following we may assume that there exists an M-ear path w in P;
such that rw,wt” € E(G), where t” € M\{s,r}. Suppose now that dg(r) > 5.
Let G’ be the graph obtained from G — {s, z1, 2,91, 2, 21} by adding a new edge
29t”. Obviously, G’ € R and by the induction hypothesis, G’ has a TDRDF g
that assigns two to every vertex of degree at least three and w(g) < An=6) 1y
particular, g(r) = g(t") = 2. Then the function h defined by h(x1) = h(z2) =
h(y1) = h(y2) = h(z1) = h(z2) = 1, h(w) = max{g(z2),g9(w)}, h(s) = 2 and
h(z) = g(z) for other vertices z, is a TDRDF on G and w(h) < w(g) + 8 <
@ +8= %", as desired.

Suppose next that dg(r) = 4. Since dg(t") > 3, there exists an M-ear path
P = wjwy € Py such that t"w), wst’"” € E(G) or there exists an M-ear path
P = w' € Py such that t"w',w't" € E(G), where ¢ € M\{s,r,t"}. Let G’
be the graph obtained from G — {s,z1,z2,y1,¥2, 21,22} by adding a new edge
rt"”’. Obviously, G’ € R and by the induction hypothesis, G’ has a TDRDF g
that assigns two to every vertex of degree at least three and w(g) < w. In
particular, g(t") = g(t"") = 2. Moreover, g(r) + g(w) > 2 since r and w have
degree two in G’ and if P € Py, then g(w]) + g(wh) > 2 since w} and wh have
degree two in G’. Then the function h defined by h(w) = 0, h(z1) = h(z2) =
h(y1) = h(y2) = h(z1) = h(z2) = h(x) = 1 for each z € V(P), h(s) = h(r) =2
and h(z) = g(x) for other vertices z, is a TDRDF on G and w(h) < w(g) +9 <
@ +9 < %”, as desired.

w

Case 2. s is connected to two M-ear paths in Po and an M-ear path in P;y.
Let y1y2 be an M-ear path in Py different from the M-ear path zize and let z
be an M-ear path in P; such that sy;, sz, yot, 2t' € E(G), where t,t' € M\{s}.

Subcase 2.1. 7t and ¢ are distinct. Let G’ be the graph obtained from
G — {s,x1,x2, } by adding two new edges y;r and zt. Obviously, G’ € R and by
the induction hypothesis, G’ has a TDRDF g that assigns two to every vertex of
degree at least three and w(g) < @. In particular, g(r) = g(t) = g(t') = 2.
Moreover, since y; and y2 have degree two in G’ g(y1) + g(y2) > 2. Then the
function h defined by h(z1) = h(z2) = h(y1) = h(y2) = 1, h(s) = 2 and h(z) =
g(x) for other vertices x, is a TDRDF on G and w(h) < w(g)+4 < @—1—4 = %",
as desired.

Subcase 2.2. v =t # t'. Suppose now that dg(r) > 4. Let G’ be the graph
obtained from G—{s, x1, 22, y1 } by adding a new edge y22. Obviously, G’ € R and
by the induction hypothesis, G’ has a TDRDF g that assigns two to every vertex of
degree at least three and w(g) < w. In particular, g(r) = g(¥') = 2. Moreover,
since y2 and z have degree two in G’, g(y2)+g(z) > 2. Then the function h defined
by h(z1) = h(z2) = h(y1) = h(y2) = h(z) = 1, h(s) = 2 and h(z) = g(z) for
other vertices x, is a TDRDF on G and w(h) < w(g) +5 < @ +5< %”, as
desired.
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Suppose next that dg(r) = 3. Since P = P; U Py, there exists an M-ear path
wiwg € Po such that rwy, wet” € E(G) or there exists an M-ear path w € Py
such that rw, wt” € E(G), where t” € M\{s,r}. If the former holds, then by the
method similar to Case 1, the assertion is trivial. Hence we may assume that the
latter holds.

Now assume that ¢t # t’. Let G’ be the graph obtained from G—{s, z1, z2, 1,
Y2, 2} by adding a new edge rt’. Obviously, G’ € R and by the induction hypoth-
esis, G’ has a TDRDF ¢ that assigns two to every vertex of degree at least three
and w(g) < @. In particular, g(t') = g(t") = 2. Moreover, since r and w
have degree two in G, g(r) + g(w) > 2. Then the function h defined by h(z1) =
h(z2) = h(y1) = h(y2) = h(z) = h(w) =1, h(s) = h(r) = 2 and h(z) = g(z) for
other vertices z, is a TDRDF on G and w(h) < w(g) +8 < @ +8 =14 as
desired.

So in the following we may assume that t” = t'. Since ¢’ € M, dg(t') > 3 and
hence there exists an M-ear path P = wjw) € Py such that t'w], wht” € E(G)
or there exists an M-ear path P = w’ € P such that t'w’, w't" € E(G), where
t" € M\{s,r,t'}. Let G’ be the graph obtained from G — {x1,z2,y1,y2} by
adding two new edges st”” and rt”. Obviously, G’ € R and by the induction
hypothesis, G’ has a TDRDF ¢ that assigns two to every vertex of degree at least
three and w(g) < @. In particular, g(t') = g(t"") = 2. Moreover, since s,
z, r, w and every vertex of V(P) have degree two in G’, we have min{g(s) +
9(2),9(r) + g(w)} > 2 and if P € Py, then g(w)) + g(w)) > 2. It is easy to
check that the function h defined by h(z) = h(w) =0, h(x1) = h(z2) = h(y1) =
h(y2) = h(z) =1 for each x € V(P), h(s) = h(r) = 2 and h(z) = g(z) for other

vertices z, is a TDRDF on G and w(h) < w(g) +5 < 4("?:4) +5 < 4, as desired.

Subcase 2.3. r =t' # t (the case t =t/ # r is similar). Let G’ be the graph
obtained from G — {s,z1, 22} by adding two new edges zt and y;r. Obviously,
G’ € R and by the induction hypothesis, G’ has a TDRDF ¢ that assigns two
to every vertex of degree at least three and w(g) < @. In particular, g(r) =
g(t) = 2. Moreover, since y; and ys have degree two in G, g(y1) + g(y2) > 2.
Then the function h defined by h(z) = 0, h(z1) = h(xz2) = h(y1) = h(y2) = 1,
h(s) = 2 and h(x) = g(z) for other vertices z, is a TDRDF on G and w(h) <

w(g)+4< 4(%—3) +4 =4 as desired.

Subcase 2.4. r =t = t'. Since |[M| > 3, there exists an M-ear path P =
wiwg € Py such that rwq, wet” € E(G) or there exists an M-ear path P = w € P,
such that rw, wt” € E(G), where t" € M\{s,r}.

Suppose now dg(r) > 5. Let G’ be the graph obtained from G — {s, 1, x2, 91,
y2} by adding a new edge zt”. Obviously, G’ € R and by the induction hypothesis,
G’ has a TDRDF g that assigns two to every vertex of degree at least three
and w(g) < @. In particular, g(r) = g(¢”") = 2. Define the function h
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1) = h(z2) = h(y1) = h(y2) = 1, h(wz) = max{g(2), g(w2)},
(s) = 2 and h(z) = g(x) for other vertices x when P € Ps; and by h(z) = 0,
(1) = h(z2) = hly1) = h(ye) = 1, h(w) = max{g(z), g(w)}, A(s) = 2 and
(z) = g(z) for other vertices x when P € P;. In either case, it is easy to check
that h is a TDRDF on G and w(h) < w(g) +6 < ( )+6< , as desired.

So in the following we may assume that dg(r ) = 4. Flrst, assume that
P = wywy € Py. Let G’ be the graph obtained from G — {s,z1, 22} by adding
two new edges y1t” and zt”. Obviously, G’ € R and by the induction hypothesis,
G’ has a TDRDF g that assigns two to every vertex of degree at least three and
w(g) < @. In particular, g(r) = g(¢") = 2. Moreover, since w; and ws have
degree two in G’, we have g(w1) + g(wz) > 2. Then the function h defined by
h(z) = 0, h(z1) = h(xz2) = h(w1) = h(w2) = 1, h(s) = 2 and h(z) = g(x) for
other vertices z, is a TDRDF on G and w(h) < w(g) +4 < (n 9 4 g= an - as
desired.

Second, assume that P = w € P;. Since t” € M\{s,r}, dg(t") > 3 and
hence there exists an M-ear path P’ = wjw/, € Py such that t"w],wit” € E(G)
or there exists an M-ear path P’ = w’ € P; such that t"w’, w't” € E(G), where
t" e M\{s,r,t"}. Let G' be the graph obtained from G — {s,x1,z2,y1,¥y2,2}
by adding a new edge rt"”’. Obviously, G’ € R and by the induction hypothesis,
G’ has a TDRDF g that assigns two to every vertex of degree at least three
and w(g) < @. In particular, g(t") = g(t”) = 2. Moreover, since r, w
and every vertex of V(P’) have degree two in G’, we have g(r) 4+ g(w) > 2 and

g(w}) + g(wh) > 2 when P’ € Py. Then the function h defined by h(z) =

h(w) = 0, h(x1) = h(z2) = h(y1) = h(y2) = 1, h(xz) = 1 for each z € V(P'),
h(s) = h(r) = 2 and h(x) = g(z) for other vertices z, is a TDRDF on G and
wh) <w(g)+7< 4(713_6) +7 < 4, as desired.

by h(z) = 0, h(z
) =

> S S

Case 3. s is connected to an M-ear path in Py and two M-ear paths in P;.
Let y and z be two M-ear paths in P; such that sy, sz,yt,2t' € E(G), where
t,t’ € M\{s}. First, suppose that r,t and t' are distinct. Let G’ be the graph
obtained from G — {s,z1,x2} by adding two new edges yr and zr. Obviously,
G’ € R and by the induction hypothesis, G’ has a TDRDF ¢ that assigns two
to every vertex of degree at least three and w(g) < @. In particular, g(r) =
g(t) = g() = 2. Observe that the function h defined by h(z1) = h(z2) = 1,
h(s) = 2 and h(z) = g(x ) for other vertices z, is an TDRDF on G and w(h) =

w(g) +4 < 4nz )+4 , as desired.

Second, suppose that r =t #t (the case r = t' # t is similar). Let G’ be
the graph obtained from G — s by adding two new edges z1t’ and yz. Obviously,
G’ € R and by the induction hypothesis, G’ has a TDRDF ¢ that assigns two
to every vertex of degree at least three and w(g) < @. In particular, g(r) =
g(t') = 2. Moreover, since z1, x2, y and z have degree two in G’, g(x1)+g(x2) > 2
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and g(y) + g(z) > 2. Observe that the function h defined by h(y) = 0, h(z1) =
h(ze) = h(z) =1, h(s) = 2 and h(x) = ( ) for other vertices x, is an TDRDF
on G and w(h) <w(g)+1< 4(" D11 <% ag desired.

Third, suppose that ¢t = t/ 7é r. Let G’ be the graph obtained from G —
{s, 21,22} by adding two new edges yr and zr. Obviously, G’ € R and by the
induction hypothesis, G’ has a TDRDF g that assigns two to every vertex of
degree at least three and w(g) < @. In particular, g(r) = g(t) = 2. Observe
that the function h defined by h(z1) = h(zz) = 1, h(s) = 2 and h(z) = g(x) for
other vertices x, is an TDRDF on G and w(h) = w(g) +4 < 4(n Sy 4 as
desired.

Finally, assume that » = ¢ = ¢/. Since |M| > 3, there exists an M-ear
path P = wjwy € Py such that rwy,wot” € E(G) or there exists an M-ear
path P = w € P; such that rw,wt” € E(G), where t" € M\{s,r}. Let G’
be the graph obtained from G — {s,z1,z2} by adding two new edges yt” and
zt”. Obviously, G’ € R and by the induction hypothesis, G’ has a TDRDF
g that assigns two to every vertex of degree at least three and w(g) < 4("; 3
In particular, g(r) = g(t”) = 2. Define the function h by h(y) = h(z) = 0,
h(z1) = h(z2) = 1, h(wz) = max{g(y), g(z), g(wz)}, h(s) = 2 and h(z) = g(z)
for other vertices x when P € Py; and by h(y) = h(z) = 0, h(z1) = h(z2) =1,
h(w) = max{g(y), g(z), g(w)}, h(s) = 2 and h(x) = g(x) for other vertices x
when P € Pj. In either case, it is easy to check that h is a TDRDF on G and
wh) <w(g)+4< An— )+4_— as desired.

By the above arguments, Claim 1 is true. U

Claim 2. If P = Py, then G has a TDRDF h that assigns two to every vertex
of degree at least three and w(h) < %”.

Proof. Let x1, y1 and z; be three M-ear paths in P; such that sz1, sy1, sz1, z17,
yit and z1t’ € E(QG), where s,r,t,t' € M. From our earlier assumption, we may
assume, without loss of generality, that d(s) = 3.

Case 1. |{r,t,t'}| = 2. Without loss of generality, assume that r = ¢ # t'.
First, suppose that dg(r) = 3 and there exists some vertex, say wi, in G that is
adjacent to r and t'. Since ¢’ € M, we have dg(t') > 3 and hence there exists
some vertex, say weg, in G that is adjacent to t' and t”, where t” € M\{s,r,t'}.
Let G’ be the graph obtained from G — {s,x1,y1} by adding two new edges rt”
and z1t”. Obviously, G’ € R and by the induction hypothesis, G’ has a TDRDF
g that assigns two to every vertex of degree at least three and w(g) < @. In
particular, g(t') = g(¢") = 2. Moreover, since r and w; have degree two in G’,
g(r) + g(w1) > 2. Then the function h defined by h(y1) = h(z1) = h(wy) = 0,
h(z1) = h(wg) = 1, h(s) = h(r) = 2 and h(z) = g(z) for other vertices z, is a
TDRDF on G and w(h) <w(g) +4 < 4(%—3) +4 =4 as desired.
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Second, suppose that dg(r) = 3 and there exists some vertex, say w, in G
that is adjacent to r and ¢, where t"” € M\{s, r,t'}. Let G’ be the graph obtained
from G — {s,x1,y1,7} by adding a new edge wz;. Obviously, G’ € R and by the
induction hypothesis, G’ has a TDRDF ¢ that assigns two to every vertex of
degree at least three and w(g) < @. In particular, g(¢') = g(t") = 2. Then
the function h defined by h(z1) =0, h(y1) =1, h(s) = h(r) = 2 and h(z) = g(z)
for other vertices z, is a TDRDF on G and w(h) = w(g) +5 < 4(n And) 5 < n
as desired.

Finally, suppose that dg(r) > 4. Let G’ be the graph obtained from G —
{s,z1,y1} by adding a new edge rz;. Obviously, G’ € R and by the induction
hypothesis, G’ has a TDRDF ¢ that assigns two to every vertex of degree at least
three and w(g) < @. In particular, g(r) = g(¢') = 2. Then the function h
defined by h(xz1) =0, h(y1) =1, h(s) = 2 and h(x) = g(z) for other vertices z, is
a TDRDF on G and w(h) = w(g) +3 < 4(" D 4 3< 4" , as desired.

Case 2. r,t and t' are distinct. Assume now that dg(r) > 4. Let G’ be the
graph obtained from G — {s,x1,y1} by adding a new edge z1t. Obviously, every
connected component of G’ belongs to R and by the induction hypothesis, G’
has a TDRDF g that assigns two to every vertex of degree at least three and
w(g) < @ In particular, g(r) = g(t) = g(t') = 2. Then the function h
defined by h(x1) =0, h(y1) =1, h(s) = 2 and h(xz) = g(z) for other vertices z, is
a TDRDF on G and w(h) = w(g) +3 < 4(n 3) +3 < 4” , as desired.

So in the following we may assume that da(r) = 3. Let w; and wy be two
M-ear paths in Py such that rwi,rws, wit” and wet” € E(G), where t" " €
M\{s,r}. If t” = t", then by the method similar to Case 1 of Claim 2, the
assertion is trivial. Hence we may assume that ¢’ # ",

First, suppose that {¢" ¢} C M\{s,r,t,t'}. Let G’ be the graph obtained
from G — {s,z1,r} by adding two new edges y;21 and wiwy. Obviously, every
connected component of G’ belongs to R and by the induction hypothesis, G’
has a TDRDF g that assigns two to every vertex of degree at least three and
w(g) < @. In particular, g(t) = g(t') = g(t") = g(t"") = 2. Moreover, since
Y1, 21, w1 and wo have degree two in G’, g(y1) +g(z1) > 2 and g(w1) + g(w2) > 2.
Then the function h defined by h(z1) = 0, h(y1) = h(z1) = h(wi) = h(w2) =1,
h(s) = h(r) = 2 and h(x) = g(z) for other vertices z, is a TDRDF on G and
wh) <w(g)+4< 4(n:;3) +4 =12 as desired.

Second, suppose that t” € {t,t'} and " € M\{s,r,t,t'} (the case t"" € {t,t'}
and t" € M\{s,r t,t'} is similar). Without loss of generality, assume that ¢ = ¢
and t"" € M\{s,r,t,t'}. Let G’ be the graph obtained from G — {s,x1,r} by
adding two new edges y121 and wjwy. Obviously, G’ € R and by the induction
hypothesis, G’ has a TDRDF ¢ that assigns two to every vertex of degree at least

three and w(g) < @. In particular, g(t) = g(t') = g(¢""") = 2. Moreover, since



BouNDS ON THE TOoTAL DOUBLE ROMAN DOMINATION NUMBER ... 1057

Y1, #1, w1 and wy have degree two in G’, g(y1)+¢g(z1) > 2 and g(w1) +g(w2) > 2.
Then the function h defined by h(z1) = 0, h(y1) = h(z1) = h(w1) = h(ws) = 1,
h(s) = h(r) = 2 and h(x) = g(z) for other vertices x, is a TDRDF on G and
wh) <w(g) +4 < @ +4 =4 as desired.

Finally, assume that t” = t and ¢/ = t' (the case t” = ¢ and ¢ =t is
similar). Let G’ be the graph obtained from G — s by adding two new edges =1t
and 1121. Obviously, G’ € R and by the induction hypothesis, G’ has a TDRDF
g that assigns two to every vertex of degree at least three and w(g) < @. In
particular, g(r) = g(t) = g(t') = 2. Moreover, g(y1) + g(z1) > 2 since y; and 2z
have degree two in G’ and g(z1)+ g(w1) + g(w2) > 1 since N (r) = {x1, wi, w2 }.
Then the function h defined by h(z1) = h(y1) = h(w2) = 0, h(z1) = h(wy) =1,
h(s) = 2 and h(x) = g(z) for other vertices z, is a TDRDF on G and w(h) <
w(g)+1< @ +1< %”, as desired.

Case 3. r =t = t'. From our earlier assumptions, we note that P = Py,
|M| > 3 and for any two vertices s, € M, if there exists an M-ear path z € P; (or
xy € P2) such that sz, xr € E(G) (or sx,yr € E(G)), then one of d(s) and d(r) is
equal to 3 and the other is equal to at least 3. Noticing Cases 1 and 2, it suffices
to consider the graph G, where V(G) = {u} U{v;: 1 <i<k}U{w] :1<i<k
and 1 < j <3} and E(G) = {uwf,viwg :1<i<kand1l<j<3}. Observe that
n = 4k + 1. It is easy to check that the function h defined by h(u) = h(v;) = 2
for 1 <i <k, h(wil) = 1for 1 <i <k and h(x) = 0 for other vertices z, is a
TDRDF on G and w(h) =3k +2 < %", as desired.

By the above arguments, Claim 2 is true. ([

The proof is completed. [
We are now in a position to present a proof of Theorem 6.

Proof. Since viqr(G) is integer, it suffices to show that yr(G) < %. We
proceed by induction on n + |E(G)|. If n + |E(G)| = 6, then G = C3 and
the result is trivial. Assume, then, that n + |E(G)| > 7 and that the result
holds for all connected graphs G’ with |[V(G')| + |E(G')] < n + |E(G)| and
d(G') > 2. Let G be a connected graph of order n with 6(G) > 2 and let
M = {x € V(G) : d(x) > 3}. If M = (), then G is a cycle and hence by
Proposition 11, we have vy4r(G) = [%"] < %”. Suppose next that M # (.

If there exists an edge e € E(G) joining two vertices in M such that G — e
is connected, then by the induction hypothesis, 1qr(G) < Yar(G —e) < %".
If there exists an edge e € E(G) joining two vertices in M such that G — e
is disconnected with connected components G; and Gg, then by the induction
hypothesis, 114r(G) < Yiar(G1)+71ar(G2) < 4‘V%G1)|+4W(3G2)| = 4 Henceforth,
we may assume that M is an independent set. We now have the following claims.
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Claim 1. If there exists an M-ear path P in P whose leaves are adjacent to the
same vertez, say s, in M such that dg(s) = 3, then var(G) < %4t

Proof. Since G is simple, P has order at least two. Let Ng(s)\V(P) = {t}.
Then there exists a unique M-ear path P’ such that ¢ is a leaf of P’. Let
G' =G— (V(P)UV(P')U{s}). Then 6(G’) > 2 and hence by the induction hy-
pothesis, yqr(G’) < %Gl)'. On the other hand, since G[V(P)UV (P )U{s}] =
Clv(p)1v(py)s Wwe have 1qr(GIV(P) U V(P') U {s}]) < BV
Lemma 12. As a result, we have

Ydr(G) < Yar(G") + var(G[V(P) UV (P') U {s}])

CAVIG)]  AVP)UVP) U s} _ 4n
- 3 3 3

and hence Claim 1 is true. O

Therefore for any M-ear path P € P, if two leaves of P are adjacent to the
same vertex, say s, in M, then we may assume that dg(s) > 4.

Claim 2. If there exists an M-ear path P in Py (k=3 or k >5), then viar(G)
< 4n
= 3

Proof. Let G' = G-V (P). Then every connected component of G’ has minimum
degree at least two and hence by Proposition 10 and the induction hypothesis,
we have

uar(G) < ruan(P) + vuanlc’) < | T o AL < 2

and hence Claim 2 holds. O
By Claim 2, we may assume that P = Py U Py U Py in the following.

Claim 3. If two leaves of any M -ear path are adjacent to distinct vertices in M,
then yar(G) < 4.

Proof. Observe that G € R and hence by Lemma 13, we have y4r(G) < %” and
so Claim 3 holds. (|

For k € {2,4}, let P, = {P € Py : two leaves of P are adjacent to the
same vertex in M}. Note that G is simple. By Claim 3, we may assume that

Py UPy # 0.

Claim 4. If there are two M-ear paths P and P’ in Py U P} such that every leaf
of P and P' is adjacent to the same vertex, say s, in M, then vqr(G) < %".

Proof. Let G’ = G — V(P’). Note that §(G’) > 2. By the induction hypothesis,

A(n=|V(P)])
3

we have yr(G') < . Let g be a yyr(G’)-function. First, suppose
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that P = ujug € Pj. Observe that g(u1) + g(u2) + g(s) > 3. Define the function
h by h(u1) = h(ug) = 0, h(z) = 1 for each x € V(P’), h(s) = 3 and h(z) =
g(x) for other vertices x when P’ € Pj; and by h(u1) = h(uz2) = h(vi) = 0,
h(ve) = h(vg) =1, h(vs) = 2, h(s) = 3 and h(z) = g(z) for other vertices  when
P’ = vivgugvy € P). In either case, it is easy to check that h is a TDRDF on
G and hence yi4r(G) < w(h) < w(g) + [V(P")] < =L v () < 4
desired.

Second, suppose that P = ujugusug € Py. If g(s) > 1 and P’ € P}, then the
function h defined by h(z) = 0 for each z € V(P’), h(s) = 3 and h(z) = g(x)
for other Vertices z, is a TDRDF on G and so vr(G) < w(h) < w(g) +2 <
4( 2) +2< 4 , as desired. If g(s) > 1 and P’ = vjvousvy € 77!1, then the function
h deﬁned by h(vl) = h(vs) =0, h(v2) =1, h(vs) =2, h(s) = 3 and h(z) = g(z)
for other vertices z, is a TDRDF on G and so v4r(G) < w(h) < w(g) +5 <
@ +5< %", as desired. Hence we may assume that g(s) = 0. One can verify
that g(u1)+g(u2)+g(ug)+g(usg) > 6. Define the function h by h(u1) = h(ug) =0,
h(ug) = 1, h(us) = 2, h(z) = 1 for each z € V(P’), h(s) = 3 and h(z) = g(z)
for other vertices & when P’ € Pj; and by h(uy) = h(ug) = h(v1) = 0, h(ug) =
h(v2) = h(vs) =1, h(uz) = h(vs) = 2, h(s) = 3 and h(z) = g(x) for other vertices
x when P’ = vjvgugvg € Pj. In either case, it is easy to check that h is a TDRDF
on G and hence 7r(G) < w(h) < w(g) + [V(P')| < 2=V 4y (pr)) < 4n
as desired.

Thus Claim 4 is true. (]

Claim 5. If there are no two M-ear paths P and P' in Py U P} such that every
leaf of P and P’ is adjacent to the same vertex in M, then yyqr(G) < %".

Proof. First, suppose that there exists an M-ear path P € Pj U Pj whose
leaves are adjacent to the same vertex, say s, in M such that dg(s) = 4. Let
Na(s)\V(P) = {wy,wz} and let G’ be the graph obtained from G — (V(P) U
{s}) by adding a new edge wiws. Obviously, G’ has minimum degree at least
two and hence by the induction hypothesis, vr(G') < %G,)'. Let g be a
Yar(G')-function. If P = ujugs € P), then the function h defined by h(ui) = 0,
h(uz) = 1, h(s) = 3 and h(zx) = g(z) for other vertices =z, is a TDRDF on
G and hence y4r(G) < w(h) = w(g) + 4 = nar(G') +4 < 4(” D44 = 4—” If
P = ujugusuy € P}, then the function h defined by h(ui) = 0, h(ug) h(u ) 1,
h(uz) = h(s) = 2 and h(z) = g(x) for other vertices x when g(w;) + g(ws2) = 0,
and by h(ui) = h(us) = 0, h(uz) = 1, h(uz) = 2, h(s) = 3 and h(z) = g(x)
for other vertices  when g(wi) + g(wz) > 1, is a TDRDF on G and hence
Yar(G) < w(h) =w(g) + 6 = 1ar(G') + 6 < ( 5 16 < 4" , as desired.

Second, suppose that for any M-ear path P € Py U 774, two leaves of P
are adjacent to the same vertex in M of degree at least 5. For k € {2,4}, let
my, = |P}| and let P; = {viviviv} : 1 <i < myg}. From our earlier assumption,
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we note that Py UP) # 0. Let X = Upepyup, V(P) and let G' = G — X. Since
P =P1UPyUPy, we have G’ € R and hence by Lemma 13, G’ has a TDRDF ¢
that assigns two to every vertex of degree at least three and w(g) < M' It is
easy to check that the function h defined by h(z) =1 for each z € | Pepy V(P),
h(vi) = h(vy) = 0 for 1 < i < my, h(vy) = h(v}) = 2 for 1 < i < my and
h(z) = g(x) for each x € V(G’), is a TDRDF on G and hence vy4r(G) < w(h)
w(g) +|X] < w +|X| < 4, implying that Claim 5 is true.
The proof is completed.
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