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Abstract

This research contains as a main result the proof that every chordal
B1-EPG graph is simultaneously in the graph classes VPT and EPT. In
addition, we describe structures that must be present in any B1-EPG graph
which does not admit a Helly-B1-EPG representation. In particular, this
paper presents some features of non-trivial families of graphs properly con-
tained in Helly-B1-EPG, namely bipartite, block, cactus and line graphs of
bipartite graphs.
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1. Introduction

Models based on paths intersection may consider intersections by vertices or
intersections by edges. Cases where the paths are hosted on a tree appear first
in the literature, see for instance [9–11]. Representations using paths on a grid
were considered later, see [12,13,15].
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Let P be a family of paths on a host tree T . Two types of intersection graphs
from the pair < P, T > are defined, namely VPT and EPT graphs. The edge
intersection graph of P , EPT(P ), has vertices which correspond to the members
of P , and two vertices are adjacent in EPT(P ) if and only if the corresponding
paths in P share at least one edge in T . Similarly, the vertex intersection graph of
P , VPT(P ), has vertices which correspond to the members of P , and two vertices
are adjacent in VPT(P ) if and only if the corresponding paths in P share at least
one vertex in T . VPT and EPT graphs are incomparable families of graphs.
However, when the maximum degree of the host tree is restricted to three the
family of VPT graphs coincides with the family of EPT graphs [10]. Also it is
known that any chordal EPT graph is VPT (see [19]). Recall that it was shown
that chordal graphs are the vertex intersection graphs of subtrees of a tree [8].

Edge intersection graphs of paths on a grid are called EPG graphs.
In [12], the authors proved that every graph is EPG, and started the study

of the subclasses defined by bounding the number of times any path used in the
representation can bend. Graphs admitting a representation where paths have
at most k changes of direction (bends) were called Bk-EPG. In particular, when
the paths have at most 1 bend we have the B1-EPG graphs or a single bend EPG
graphs. Sometimes we can refer to a specific path of the representation and its
number of bends, for this particular case, we denote by k-bend the path or the
set of paths that have at most k bends.

A pertinent question in the context of path intersection graphs is as follows.
Given two classes of path intersection graphs, the first whose host is a tree and the
second whose host is a grid, is there an intersection or containment relationship
among these classes? What do we know about it?

In the present paper we will explore B1-EPG graphs, in particular diamond-
free graphs and chordal graphs. We will work on the question about the contain-
ment relation among VPT, EPT and B1-EPG graph classes.

A collection of sets satisfies the Helly property when every pairwise inter-
secting subcollection has at least one common element. When this property is
satisfied by the set of vertices (edges) of the paths used in a representation, we
get a Helly representation. Helly-B1-EPG graphs were studied in [5]. It is known
that not every B1-EPG graph admits a Helly-B1-EPG representation. We are
interested in determining the subgraphs that make B1-EPG graphs that do not
admit a Helly representation. In the present work, we describe some structures
that will be present in any such subgraph, and, in addition, we present new Helly-
B1-EPG subclasses. Moreover, we describe new Helly-B1-EPG subclasses and we
give some sets of subgraphs that delimit Helly subfamilies.
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2. Definitions and Technical Results

The vertex set and the edge set of a graph G are denoted by V (G) and E(G),
respectively. Given a vertex v ∈ V (G), N(v) represents the open neighborhood
of v in G. For a subset S ⊆ V (G), G[S] is the subgraph of G induced by S. If
F is any family of graphs, we say that G is F-free if G has no induced subgraph
isomorphic to a member of F .

A cycle, denoted by Cn, is a sequence of distinct vertices v1, . . . , vn, v1 where
vi 6= vj for i 6= j and (vi, vi+1) ∈ E(G), such that n ≥ 3. A chord is an edge
that is between two non-consecutive vertices in a sequence of vertices of a cycle.
An induced cycle or chordless cycle is a cycle that has no chord, in this paper
an induced cycle will simply be called a cycle. A graph G formed by an induced
cycle H plus a single universal vertex v connected to all vertices of H is called a
wheel graph. If the wheel has n vertices, it is denoted by n-wheel.

The k-sun graph Sk, k ≥ 3, consists of 2k vertices, an independent set
X = {x1, . . . , xk} and a clique Y = {y1, . . . , yk}, and edge set E1 ∪ E2, where
E1 = {(x1, y1); (y1, x2); (x2, y2); (y2, x3); . . . , (xk, yk); (yk, x1)} and E2 = {(yi, yj)
| i 6= j}.

A graph is a Bk-EPG graph if it admits an EPG representation in which
each path has at most k bends. When k = 1 we say that this is a single bend
EPG representation or simply a B1-EPG representation. A clique is a set of
pairwise adjacent vertices and an independent set is a set of pairwise non adjacent
vertices. A path (in the grid) is defined as a finite sequence of consecutive edges
e1 = (v1, v2), e2 = (v2, v3), . . . , ei = (vi, vi+1), . . . , em = (vm, vm+1), where vi 6= vj
for i 6= j. A segment is a path without bends. The notation [xi, xj ] × {y}
(respectively, [yp, yq]× {x}), where i < j (respectively, p < q), is used to denote
the horizontal segment (respectively, vertical segment) between columns xi and
xj (respectively, between rows yp and yq), on row y (respectively, column x). In
B1-EPG representations we use y-path notation and x-path notation to denote
the path that has horizontal segment and with bend at right to up, and at left
to up, respectively.

Given three 1-bend paths P1, P2, P3 that have at least one segment on the
same line L0 (row or column) of the grid. Let S1 = [x1, x2] × {y} (analogously
S1 = [y1, y2] × {x}), S2 = [x3, x4] × {y} (analogously S2 = [y3, y4] × {x}), S3 =
[x5, x6] × {y} (analogously S3 = [y5, y6] × {x}) be the segments on L0, when
x3 ≥ x2 (respectively, y3 ≥ y2) and x4 ≤ x5 (respectively, y4 ≤ y5) we say that
the segment S2 (or the path P2) is between S1 and S3 (respectively, P1 and P3)
on the line L0.

Given an EPG representation of a graph G, we will identify each vertex
v of G with the corresponding path Pv of the grid used in the representation.
Accordingly, for instance, we will say that a vertex of G covers or contains some
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edge of the grid (meaning that the corresponding path does), or that a set of paths
of the representation induces a subgraph of G (meaning that the corresponding
set of vertices does).

In a B1-EPG representation, a clique K is said to be an edge-clique if all the
vertices of K share a common edge of the grid (see Figure 1(a)). A claw of the
grid is a set of three edges of the grid incident to the same point of the grid, which
is called the center of the claw. The two edges of the claw that have the same
direction form the base of the claw. If K is not an edge-clique, then there exists
a claw of the grid (and only one) such that the vertices of K are those containing
exactly two of the three edges of the claw; such a clique is called claw-clique [12]
(see Figure 1(b)).

(a) Representation of a
clique as edge-clique.

(b) Representation of a
clique as claw-clique.

Figure 1. Examples of clique representations.

Notice that if three vertices induce a claw-clique, then exactly two of them
turn at the center of the corresponding claw of the grid, and the third one contains
the base of the claw. Furthermore, any other vertex adjacent to the three vertices
must contain two of the edges of that claw, then the following lemma holds.

Lemma 1. If three vertices are together in more than one maximal clique of a
graph G, then in any B1-EPG representation of G the three vertices do not form
a claw-clique.

In [3] Asinowski et al. proved the following lemma for C4-free graphs.

Lemma 2 [3]. Let G be a B1-EPG graph. If G is C4-free, then there exists a B1-
EPG representation of G such that every maximal claw-clique K is represented
on a claw of the grid whose base is covered only by vertices of K.

We have obtained the following similar result for diamond-free graphs. A
diamond is a graph G with vertex set V (G) = {a, b, c, d} and edge set E(G) =
{ab, ac, bc, bd, cd}.

Lemma 3. Let G be a B1-EPG graph. If G is diamond-free, then in any B1-
EPG representation of G, every maximal claw-clique K is represented on a claw
of the grid whose edges are covered only by vertices of K.



Relationship Among B1-EPG, VPT and EPT Graphs Classes 845

Proof. Let K be a maximal clique which is a claw-clique in a given B1-EPG
representation of G. Then there exist three vertices of K which induce a claw-
clique K ′ on the same claw of the grid as K. Assume, in order to derive a
contradiction, that a vertex v /∈ K covers some edge of the claw. Clearly, v
must cover only one of such edges. Therefore v and the vertices of K ′ induce a
diamond, a contradiction.

Let Q be a grid and let (a1, b), (a2, b), (a3, b), (a4, b) be a 4-star centered at
b as depicted in Figure 2(a). Let P = {P1, . . . , P4} be a collection of four paths
each containing a different pair of edges of the 4-star. Following [12], we say that
the four paths form

• a true pie when each one has a bend at b, Figure 2(b); and

• a false pie when exactly two of the paths bend at b and they do not share an
edge of the 4-star, Figure 2(c).

(a) 4-star in grid. (b) True pie. (c) False pie.

Figure 2. B1-EPG representation of the induced cycle of size 4 as pies with emphasis in
center b.

Clearly if four paths of a B1-EPG representation of G form a pie, then the
corresponding vertices induce a 4-cycle in G. The following result can be easily
proved. We say that a set of paths form a claw when each pair of edges of the
claw is covered by some of the paths.

Lemma 4. In any B1-EPG representation of a graph G, a set of paths forming
two different claws centered at the same point of the grid contains four paths
forming either a true pie or a false pie. Therefore, in any B1-EPG representation
of a chordal graph G, no two maximal claw-cliques of G are centered at the same
point of the grid.

Lemma 5. Let G be a graph whose vertex set can be partitioned into a non trivial
clique K and an independent set I = {w1, w2, w3}, such that each vertex of K is
adjacent to each vertex of I. Then, in any B1-EPG representation of G, at least
one of the cliques Ki = K ∪ {wi}, with 1 ≤ i ≤ 3, is an edge-clique.



846 L. Alcón, M.P. Mazzoleni and T.D. Santos

Proof. Assume, in order to derive a contradiction, that the three cliques are
claw-cliques. By Lemma 4, they have different centers, say the points q1, q2, q3
of the grid, respectively. Since at least two paths have a bend at the center of
a claw, for each i ∈ {1, 2, 3}, there must exist a vertex vi of K such that the
corresponding path Pvi turns at the point qi of the grid. Notice that each one of
the three paths Pvi must contain the three grid points q1, q2 and q3. To prove
that this is not possible, we will consider, without loss of generality, two cases.
First, q1 is between q2 and q3 in Pv1 . Then, Pv3 cannot turn at q3 and contain
q1 and q2. And second, q2 is between q1 and q3 in Pv1 . In this case, Pv2 cannot
turn at q2 and contain q1 and q3; thus the proof is completed.

Three vertices u, v, w of a graph G form an asteroidal triple (AT) of G if for
every pair of them there exists a path connecting the two vertices and such that
the path avoids the neighborhood of the remaining vertex [4]. A graph without
an asteroidal triple is called AT-free.

Lemma 6 [3]. Let v be any vertex of a B1-EPG graph G. Then G[N(v)] is
AT-free.

Let C be any subset of the vertices of a graph G. The branch graph B(G|C),
see [12], of G over C has a vertex set, V (B), consisting of all the vertices of G
not in C but adjacent to some member of C, i.e., V (B) = N(C) \ C. Adjacency
in B(G|C) is defined as follows: we join two vertices x and y by an edge in E(B)
if and only if in G occurs.

1. x and y are not adjacent;

2. x and y have a common neighbor u ∈ C;

3. The sets N(x)∩C and N(y)∩C are not comparable, i.e., there exist private
neighbors w, z ∈ C such that w is adjacent to x but not to y, and z is adjacent
to y but not to x; we say that x and y are neighborhood incomparable.

We let χ(G) denote the chromatic number of G.

Lemma 7 [12]. Let C be any maximal clique of a B1-EPG graph G. Then the
branch graph B(G|C) is {P6, Cn for n ≥ 4}-free, and χ(B(G/C)) ≤ 3.

3. Subclasses of Helly-B1-EPG Graphs

In this section, we delimit some subclasses of B1-EPG graphs that admit a Helly-
B1-EPG representation. It is known that B1-EPG and Helly-B1-EPG are hered-
itary classes, so they can be characterized by forbidden structures. In both cases,
finding the list of minimal forbidden induced subgraphs are challenging open
problems. Taking a step towards solving those problems, we describe a few
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structures at least one of which will necessarily be present in any B1-EPG graph
that does not admit a Helly representation. In addition, we show that the well
known families of block graphs, cactus and line graph of bipartite graphs are
totally contained in the class Helly-B1-EPG.

Let S3, S3′ , S3′′ and C4 be the graphs depicted in Figure 4.

Theorem 8. Let G be a B1-EPG graph. If G is {S3, S3′ , S3′′ , C4}-free, then G
is a Helly-B1-EPG graph.

Proof. If G is not a Helly-B1-EPG graph, then in each B1-EPG representation
of G, there is at least one clique that is represented as claw-clique and not as
edge-clique. Consider any B1-EPG representation of G and let K be a maximal
clique which is represented as a claw-clique. Assume, without loss of generality,
K is on a claw of the grid with base [x0, x2] × {y0} and center C = (x1, y0).
Denote by PK the set of paths corresponding to the vertices of K. By Lemma 2,
the grid segment [x0, x2]× {y0} is covered only by vertices of K.

For every y-path (respectively, x-path) belonging to PK , we do the following.
If the path does not intersect any path Pt /∈ PK on column x1, then we delete its
vertical segment and add the grid segment [x1, x2]×{y0} (respectively, [x0, x1]×
{y0}). If after this transformation there is no more y-paths (respectively, x-paths)
in PK , then we are done since we have obtained an edge-clique. So we may
assume that every y-path and every x-path in PK intersects some path Pt /∈ PK
on column x1 (notice that we can assume is the same path Pt for all the vertices).

Now, if none of the y-paths belonging to PK intersect a path not in PK on
the line y0, then we can replace the horizontal part of those paths by the segment
[x1, x2] × {y0}, getting an edge representation of the clique K. Thus, we can
assume there exists at least one y-path Pv ∈ PK intersecting some path Pt′ /∈ PK
on line y0. Analogously, there exists at least one x-path Pv′ ∈ PK intersecting
some path Pt′′ /∈ K on line y0, as depicted in Figure 3. Notice that vertex t′

cannot be adjacent to any of the vertices t, v′ or t′′; and, in addition, vertex t′′

cannot be adjacent to t, or v.
Finally, since K is claw-clique, there is a path Pu ∈ PK covering the base of

the claw. Depending on the possible adjacencies between u and t′ or t′′, one of
the graphs S3, S3′ or S3′′ is obtained.

Notice that any bull-free graph is {S3, S3′ , S3′′}-free, so our previous result
implies Lemma 5 of [3].

Next theorem has as consequence the identification of several graph classes
where the existence of a B1-EPG representation ensures the existence of a Helly-
B1-EPG representation.

Theorem 9. If G is a B1-EPG and diamond-free graph, then G is a Helly-B1-
EPG graph.
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(a) Claw with paths. (b) Subgraph induced by paths.

Figure 3. Reconstruction of the intersection model.

(a) Graph S3. (b) Graph S3′ .

(c) Graph S3′′ . (d) Graph C4.

Figure 4. Graphs on the statement of Theorem 8.

Proof. If G is not a Helly-B1-EPG graph, then in each B1-EPG representation
of G, there is at least one clique that is represented as claw-clique and no as
edge-clique. Consider any B1-EPG representation of G and let K be a maximal
clique which is represented as a claw-clique. Assume, without loss of generality,
K is on a claw of the grid with base [x0, x2] × {y0} and center C = (x1, y0),
similar to the proof of Theorem 8. Denote by PK the set of paths corresponding
to the vertices of K. By Lemma 3, the grid segment [x0, x2] × {y0} is covered
only by vertices of K. For every y-path (respectively, x-path) belonging to PK ,
we do the following. If the path does not intersect any path Pt /∈ PK on column
x1, then we delete its vertical segment and add the grid segment [x1, x2] × {y0}
(respectively, [x0, x1] × {y0}). If after this transformation there is no more y-
paths (respectively, x-paths) in PK , then we are done since we have obtained
an edge-clique. So we may assume that every y-path and every x-path in PK
intersects some path Pt /∈ PK on column x1 (notice that we can assume there
is the same path Pt for all the vertices). Since K is claw-clique, there is a path
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Pu ∈ PK covering the base of the claw. Thus, G[v, v′, u, t] induces a diamond, a
contradiction.

An independent set of vertices is a set of vertices no two of which are adjacent.
A graph G is said to be bipartite if its set of vertices can be partitioned into two
distinct independent sets. There are bipartite graphs that are not B1-EPG, for
instance K2,5 and K3,3 (see [7]). Clearly, since bipartite graphs are triangle-
free, any B1-EPG representation of a bipartite graph is also a Helly-B1-EPG
representation. A similar result (but a bit weaker) is obtained as a corollary of
the previous theorem.

Corollary 10. If G is a bipartite B1-EPG graph, then G is a Helly-B1-EPG
graph.

Proof. The bipartite graphs are diamond-free, thus by Theorem 9 these graphs
are Helly-B1-EPG graphs.

A block graph or clique tree is a type of graph in which every biconnected
component (block) is a clique.

Corollary 11. Block graphs are Helly-B1-EPG.

Proof. Block graphs are known to be exactly the chordal diamond-free graphs,
so by Theorem 19 of [3], all block graphs are B1-EPG. If follows from Theorem 9
that all block graphs are Helly-B1-EPG.

A cactus (sometimes called a cactus tree) graph is a connected graph in which
any two cycles have at most one vertex in common. Equivalently, it is a connected
graph in which every edge belongs to at most one cycle, or (for nontrivial cactus)
in which every block (maximal subgraph without a cut-vertex) is an edge or a
cycle. The family of graphs in which each component is a cactus is closed under
graph minor operations. This graph family may be characterized by a single
forbidden minor, the diamond graph.

Corollary 12. Cactus graphs are Helly-B1-EPG.

Proof. In [6], it is proved that every cactus graph is a monotonic B1-EPG graph
(there is a B1-EPG representation where all paths are ascending in rows and
columns). Thus, cactus graphs are B1-EPG graphs.

Since cactus are diamond-free, by Theorem 9, the proof follows.

Given a graph G, its line graph L(G) is a graph such that each vertex of L(G)
represents an edge of G and two vertices of L(G) are adjacent if and only if their
corresponding edges share a common endpoint (i.e., are adjacent) in G. A graph
G is a line graph of a bipartite graph (or simply line of bipartite) if and only if it



850 L. Alcón, M.P. Mazzoleni and T.D. Santos

contains no claw, no odd cycle (with more than 3 vertices), and no diamond as
an induced subgraph [16].

In [17] was proved that every line graph has a representation with at most 2
bends. We proved in the following corollary that when restricted to the line of
bipartite we can obtain a Helly and 1-bended representation.

Corollary 13. Line of bipartite graphs are Helly-B1-EPG.

Proof. Line of bipartite graphs were proved to be B1-EPG in [14]. Since they
are diamond-free, the proof follows from Theorem 9.

The diagram of Figure 5 illustrates the containment relationship among the
graph classes studied so far in this work. We list in Figure 6 examples of graphs
in each numbered region of the diagram. The numbers of each item below corre-
spond to the regions of the same number in the diagram depicted in Figure 5.

(1) (B1-EPG) - (Helly-B1-EPG) graphs, depicted in Figure 6(a), graph E1;

(2) (line of bipartite) - (cactus) - (block) - (bipartite) graphs, depicted in Fig-
ure 6(b), graph E2;

(3) (Helly-B1-EPG) - (line of bipartite) - (block) - (cactus) - (bipartite) graphs,
depicted in Figure 6(c), graph E3;

(4) (block) ∩ (line of bipartite) - (cactus) - (bipartite), depicted in Figure 6(d),
graph E4;

(5) (block) ∩ (line of bipartite) ∩ (cactus) - (bipartite), depicted in Figure 6(e),
graph E5;

(6) (cactus) ∩ (line of bipartite) - (block) - (bipartite). This intersection is
empty. Let G be a graph that is cactus and line of bipartite then G is
{claw, odd cycle, diamond}-free. But G is not a bipartite graph, then G
has odd cycle, absurd with the hypothesis of G is line of bipartite;

(7) (bipartite) ∩ (line of bipartite) - (cactus) - (block) graphs, depicted in
Figure 6(f), graph E7;

(8) (bipartite) ∩ (line of bipartite) ∩ (cactus) - (block) graphs, depicted in
Figure 6(g), graph E8;

(9) (bipartite) ∩ (line of bipartite) ∩ (cactus) ∩ (block) graphs, depicted in
Figure 6(h), graph E9;

(10) (bipartite) ∩ (cactus) ∩ (block) - (line of bipartite) graphs, depicted in
Figure 6(i), graph E10;

(11) (bipartite) ∩ (cactus) - (block) - (line of bipartite) graphs, depicted in
Figure 6(j), graph E11;

(12) (bipartite) ∩ (Helly-B1-EPG) - (cactus) - (block) - (line of bipartite) graphs,
depicted in Figure 6(k), graph E12;
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(13) (bipartite) - (B1-EPG) graphs, depicted in Figure 6(l), graph E13;

(14) (block) - (bipartite) - (line of bipartite) - (cactus) graphs, depicted in Fig-
ure 6(m), graph E14;

(15) (block) ∩ (cactus) - (line of bipartite) - (bipartite) graphs, depicted in
Figure 6(n), graph E15;

(16) (cactus) - (block) - (line of bipartite) - (bipartite) graphs, depicted in Fig-
ure 6(o), graph E16, the odd cycles C2n+1, n ≥ 2;

(17) (Helly EPG) - (B1-EPG) - (bipartite) graphs, depicted in Figure 6(p), graph
E17;

Figure 5. Diagram of some graph classes.

In the next section we explore the chordal B1-EPG graphs through of a subset
of forbidden graphs and we will prove that this class is in the strict intersection
of VPT and EPT graphs.

4. Containment Relationship Among Chordal B1-EPG, VPT and
EPT Graphs

Any graph that admits a B1-EPG representation whose paths do not cover all the
edges of a polygon of the grid (i.e., the subjacent grid subgraph is a tree) is also
an EPT graph: the same representation is both B1-EPG and EPT. However, it is
easily verifiable that the subjacent grid subgraph of any B1-EPG representation
of a cycle Cn with n ≥ 5 is not a tree, although Cn is an EPT graph. Our long-
range goal is understanding the B1-EPG graphs that are also EPT graphs. When
can a B1-EPG representation be reorganized into an EPT representation? In this
section, we answer that question for chordal B1-EPG graphs, in fact we prove that
every chordal B1-EPG graph is EPT. We made several unsuccessful attempts to
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(a) Graph E1. (b) Graph E2. (c) Graph E3. (d) Graph E4.

(e) Graph E5. (f) Graph E7. (g) Graph E8. (h) Graph E9.

(i) Graph E10. (j) Graph E11. (k) Graph E12. (l) Graph E13.

(m) Graph E14. (n) Graph E15. (o) Graph E16, C2n+1, n ≥ 2. (p) Graph E17.

Figure 6. The set of instances for the Venn diagram on Figure 5.

prove this result by considering for a graph G, a B1-EPG representation whose
paths cover all the edges of some polygon on the grid, and trying to show that
if none of the paths could be modified in order to avoid an edge of the polygon,
then G had some chordless cycle (i.e., G is not chordal). The surprise was that
the only way we found to demonstrate our main Theorem 23 was through VPT
graphs. We will prove the following theorem.

Theorem 14. Chordal B1-EPG ( VPT.

In Lévêque et al. [18] apud [2], VPT graphs were characterized by a family
of minimal forbidden induced subgraphs, the ones depicted in Figure 7 plus the
induced cycles Cn for n ≥ 4. Therefore, in order to prove that chordal B1-EPG
graphs are VPT is enough to show that none of the graphs in Figure 7 is B1-EPG.

First notice that in each one of the graphs F1, F2, F3, F4 and F5 (Figures 7(a),
(b), (c), (d), (e), respectively), the neighborhood of the universal vertex (the one
that is a bit bigger than the others, in the respective figures) contains an asteroidal
triple. Therefore, by Lemma 6, these graphs are not B1-EPG.

Now, in each one of the graphs F11, F12, F13, F14, F15 and F16 (Figures 7(k),



Relationship Among B1-EPG, VPT and EPT Graphs Classes 853

(l), (m), (n), (o), (p), respectively), let C be the maximal clique in bold. It is
easy to check that, in all cases, the branch graph B(G|C) contains an induced
cycle Cn, for some n ≥ 4, or an induced path P6; thus, by Lemma 7, graphs
F11, F12, F13, F14, F15 and F16 are not B1-EPG.

Observation 15. Let e`, em and er be three distinct edges of a 1-bend path P ,
and assume that em is between e` and er on P . If P` and Pr are 1-bend paths
such that: P` contains e`, Pr contains er, and P` and Pr intersect in at least one
edge, then P` or Pr contains em.

Observation 16. Let e and q be an edge and a point of a 1-bend path P , re-
spectively. If a 1-bend path P ′ contains both e and q, then P ′ contains the whole
segment of P between q and e.

Lemma 17. Let G be a graph whose vertex set can be partitioned into a clique
K = {a, b} and an independent set I = {x, y, z}, such that each vertex of K is
adjacent to each vertex of I. If in a given B1-EPG representation of G, Pa ∩ Py

is between Pa∩Px and Pa∩Pz, then {a, b, y} is an edge-clique, and Pa∩Py ⊂ Pb.
Even more, any vertex adjacent to both a and y, but not to b (or to b and y, but
not to a) has to be adjacent to x or to z.

Proof. Assume in order to obtain a contradiction that {a, b, y} is not an edge-
clique. Then, by Lemma 5, we can assume, without loss of generality, that
{a, b, x} is an edge-clique. It implies that there is an edge e` of Pa ∩ Px covered
by Pb. Since every edge of Pa ∩ Pz is covered by Pz, z and b are adjacent, and z
and y are non adjacent, we have by Observation 15, that every edge of Pa ∩ Py

is covered by Pb, which implies that {a, b, y} is an edge-clique, contrary to the
assumption.

Thus, {a, b, y} is an edge-clique. By Observation 16, we have that the whole
interval of Pa between Pa∩Px and Pa∩Pz is contained in Pb, and so, in particular,
Pa ∩ Py ⊂ Pb. Observe that this implies that if q is an end point of the interval
Pa ∩ Py, and e is the edge of Pa incident on q that do not belong to Py, then e
belongs to Pb or to Px or to Pz.

Now, assume there exists a vertex v adjacent to both a and y, but not to
b. Then, the clique {a, y, v} has to be a claw-clique. Let q be the center of the
claw, notice that q has to be an end vertex of the interval Pa ∩Py. Since v is not
adjacent to b, it follows from the observation at the end of the paragraph above,
that v has to be adjacent to x or to z.

Lemma 18. The graph F6 in Figure 7(f) is not B1-EPG.

Proof. Let K = {1, 2} and I = {3, 4, 5}. If there exists a B1-EPG representation
of F6, by Lemma 17, because of the existence of the vertices 6, 7 and 8, none of
the vertices 3, 4 and 5 may intersect 1 between the remaining two, thus such a
representation does not exist.
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Lemma 19. The graph F7 in Figure 7(g) is not B1-EPG.

Proof. Let K = {1, 2} and I = {4, 5, 6}. If there exists a B1-EPG representation
of F7, by Lemma 17, because of the existence of the vertices 7 and 8, the vertex
6 must intersect vertex 1 between 3 and 4. But considering K ′ = {1, 3}, because
of the existence of the vertices 5 and 6, vertex 4 must intersect vertex 1 between
5 and 6. This contradiction implies that such a representation does not exist.

Lemma 20. The graphs F8, F9 and F10(8) in Figures 7(h), (i) and (j), respec-
tively, are not B1-EPG.

Proof. Let K = {2, 3} and I = {1, 6, 7}. If there exists a B1-EPG representation
of anyone of those graphs, by Lemma 17, because of the existence of the vertices
4 and 5, the vertex 1 must intersect 2 between the vertices 6 and 7. In addition,
since {2, 6, 8} is a clique, the vertex 8 intersects the vertex 2 in an edge of P6∩P2

(edge-clique) or in an edge incident to P6∩P2 (claw-clique). Analogously, because
of the clique {2, 7, 8}, the vertex 8 intersects 2 in an edge of P7∩P2 (edge-clique)
or in an edge incident to P7 ∩ P2 (claw-clique). In any case, it implies that 8
intersects 2 on two different edges, each one in a different side of P2 ∩ P1, thus,
by Observation 16, 8 contains the interval P2 ∩P1, in contradiction with the fact
that the vertices 1 and 8 are not adjacent.

Lemma 21. The graphs F10(n) for n ≥ 8 in Figure 7(j) are not B1-EPG.

Proof. The case n = 8 was considered in the previous Lemma 20, so assume
n ≥ 9. Let K = {2, 3} and I = {1, 6, 7}. If there exists a B1-EPG representation
of anyone of those graphs, by Lemma 17, because of the existence of the vertices
4 and 5, the vertex 1 must intersect vertex 2 between 6 and 7. In addition,
since {2, 6, 8} is a clique, 8 intersects 2 in an edge of P6 ∩ P2 (edge-clique) or
in an edge incident to P6 ∩ P2 (claw-clique). Analogously, because of the clique
{2, 7, n}, n intersects 2 in an edge of P7 ∩ P2 (edge-clique) or in an edge incident
to P7 ∩ P2 (claw-clique). In any case, it implies that 8 and n intersect 2 on two
different edges, each one in a different side of P2 ∩P1. Therefore, there exist two
consecutive vertices of the path 8, 9, . . . , n, say the vertices j and j+ 1, such that
each one intersects P2 on a different side of P2 ∩ P1. Thus, by Observation 15,
Pj or Pj+1 must contain the interval P2 ∩ P1, in contradiction with the fact that
neither j nor j + 1 is adjacent to 1.

We have proved that every minimal forbidden induced subgraph for VPT
is also a forbidden induced subgraph for chordal B1-EPG. Moreover, there are
graphs in VPT that do not belong to B1-EPG, for instance the graph 4-sun S4
is not in B1-EPG, see [12], but it has a VPT representation, see Figures 8(a)
and 8(b). Thus, VPT graphs properly contain chordal B1-EPG graphs. This
ends the proof of Theorem 14.
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Corollary 22. Each one of the graphs depicted in Figure 7 is a forbidden induced
subgraph for the class B1-EPG.

(a) Graph S4. (b) A VPT and EPT representation of S4.

Figure 8. Graph S4 and one of its possible VPT and EPT representations.

Theorem 23. Chordal B1-EPG ( EPT.

Proof. Let G be a chordal B1-EPG graph. By the previous Theorem 14, G is
VPT. And, by Lemma 7, χ(B(G/C)) ≤ 3 for every maximal clique C of G. In [1]
(see Theorem 10), it was proved that if the chromatic number of the branch graph
of a VPT graph is at most h for every maximal clique, then the graph admits a
VPT representation on a host tree with maximum degree h. Therefore, G admits
a VPT representation on a host tree with maximum degree 3. Finally, in [10] (see
Theorem 2), it was proved that any VPT graph that admits a representation on
a host tree with maximum degree 3 is also an EPT graph. Consequently, G is
EPT.

The same graph S4 used in the proof of the previous theorem (see Figure
8(b)) shows that there are EPT graphs that are not B1-EPG.

5. Conclusion and Open Questions

In this paper, we have considered three different path-intersection graph classes:
B1-EPG, VPT and EPT graphs. We showed that {S3, S3′ , S3′′ , C4}-free graphs
and others non-trivial subclasses of B1-EPG graphs are Helly-B1-EPG, namely
by instance bipartite, block, cactus and line of bipartite graphs.

We presented an infinite family of forbidden induced subgraphs for the class
B1-EPG and in particular we proved that chordal B1-EPG ⊂ VPT ∩ EPT.

In [3], Asinowski and Ries described the split graphs that are B1-EPG graphs
in case the stable set or the central size have size three. The graphs F2, F11, F13, F14
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and F15, given in Figure 7 are split, we have used a different approach to prove
that they are not B1-EPG graphs. So one question is pertinent. Can we charac-
terize split graphs in general based on the results of this paper?

Finally, another interesting research would be to explore families of Helly-
EPG graphs more deeply. We would like to understand the behavior of other
graph classes inside B1-EPG graph class, i.e., if given an input graph G that is
an instance of (for example) weakly chordal B1-EPG. What is the relationship
of G with the EPT/VPT graph class? What happens when we demand that the
representations be Helly-B1-EPG? Does recognizing problem remains hard for
each one of these classes?
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