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If we consider a fixed graph G € I'; then let V' be the vertex set of G and
EC (‘2/) be the edge set of G. Moreover, for u € V, let N(u) be the neighborhood
of uin G, d(u) = |N(u)| the degree of u in G, and N[u] = N(u) U {u}. The
minimum degree of G is denoted by J.

For a positive integer n, the class I';, contains all graphs in I' on n vertices.
Clearly, n >3 and § <n—-2if G €T,

A set D CV is a dominating set of G if D N N[u] # () for every u € V. The
domination number v(G) of G is the minimum cardinality of a dominating set

of G.

We call aset I C V an independent set of G if the subgraph G[I] of G induced
by I is edgeless. The independence number a(G) of G is the maximum cardinality
of an independent set of G.

It is hard to determine v(G) or a(G) for G € I since the associated decision
problems are known to be NP-complete ([8]). If we restrict the consideration to
bipartite graphs in I', then the computation of v(G) remains hard ([6]) (note that
this is not the case for a(G)). For these reasons, we present new upper bounds
on the domination number (even for bipartite graphs) in Section 1 and a new
lower bound on the independence number in Section 2. All bounds considered
here depend on the degrees or even on the edge set of G € I'. In Section 3, our
bounds are compared to recent ones.

It is well-known how to use the alteration principle as a powerful tool to
prove upper bounds on v(G) and lower bounds on a(G) (e.g. see [1]). f X CV
is randomly chosen, then D = X UY with Y = {u € V | Nuln X = 0} is a
dominating set of G and I = X \ Y/ with Y/ ={u € X | N(u) N X # 0} is an
independent set of G. Moreover, if u(z) and u(2’') are the expectations of the
random variables z = |X| + |Y] and 2’ = |X| — |Y’|, respectively, min(z) is the
minimum of z, and max(z’) denotes the maximum of 2/, then v(G) < min(z) <
u(z) and (@) > max(2') > u(2').

In [3], the Bhatia-Davis inequality Var < (@ — min)(max —u) linking the
variance Var, the expected value p, the minimum min, and the maximum max
of any random variable with bounded distribution is proved. We use this result
in the proofs of the forthcoming Theorem 1, Theorem 3, and Theorem 4 to
strengthen the inequalities min(z) < p(z) and max(z’) > p(2’) (see also [2]).

Our bounds on v(G) and on «(G) are in terms of binomial coefficients. Still,
these bounds can be computed efficiently. To see this, we discuss the computa-
tional complexity of the factorial. In [13], it is shown that the product of two (at
most) s-digit positive integers can be computed in O(slogs) time. Combining
this with a result in [14], the computational complexity of n! is O(nlog?n). The
slightly weaker statement O(n(lognloglogn)?) can be found in [4].
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1. DOMINATION

Clark, Shekhtman, Suen, and Fisher [7] proved several upper bounds on v(G)

for G € T, in terms of the degrees of G, the strongest one being vossr(G) :
n—d(u)—1
mingep,—g) (t +> uev ((Zn))> We remark that in the definition of yogs5r(G)

in [7J the minimum is taken over ¢ € [n], however, this is not necessary since
(") = 0 for allu € V if t > n — 4.

The forthcoming Theorem 1 presents an upper bound g1 (G) on v(G) such
that a1 (G) < vossr(G) for every G € T', however, vga1(G) not only depends
on the degrees (as ycssr(G)) but also on the edge set E of G. As a consequence
of Theorem 1, an upper bound ygar2(G) only depending on the degrees of G is
presented in Corollary 2.

n—d(u)—1
Theorem 1. Let G € T, and, fort € [n— 9], a(G,t) =t+ ) ((ﬁ)) and
ueV t
(n—d(u)—l) (n—|N[u]UN[1J]\) €
bGt)= Y ~——2+2 Y —A—
ueV <i) {U,U}G(g) (t)

Then a(G,t) < n and b(G,t) — (a(G,t) —t)?> > 0 for all t € [n — §] and

b(G,t) — (a(G,t) — t)2>
n —a(G,t) '

Y(G) < yam1(G) = min <a(Gat) -
te[n—4d]

Proof. Let t € [n — §] be fixed and pick X € (‘t/) uniformly at random. If
Y ={ueV|NunNX =0}, then the set X UY is a dominating set of G and it
holds u € Y if and only if X € (V\M')). Consider 2 = [X UY| = |X| + |V and
it follows

w(z) = p( XD +p(Y) =t + > Pluey)=t+3 P (X c (V\f{u]))

ueV ueV
‘ V\N[u])| n d( u 1
=t+ ) —t+z —a(G,t).
ueV t)‘ ueV

Note that G is connected, | X| < n, and that G’ does not contain an edge between
X and Y. It follows V\(XUY) # 0, 2 <n—1, and a(G, t) = pu(z) < max(z) < n,
where max(z) is the maximum of z.

If min(z) denotes the minimum of z, then v(G) < min(z) and, by the Bhatia-

Davis inequality, v(G) < u(z) — :f;((zz)) =a(G,t)— n‘izzg)t) Because Var(z) > 0,
it suffices to show that Var(z) = b(G,t) — (a(G,t) — t)? to complete the proof.
Note that Var(z) = Var(|X|+|Y]) = Var(t + |Y]) = Var(|Y]). If, for u € V,

Y(u)=1if uw €Y and Y (u) = 0 otherwise, then
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Var(|Y|) = Var ( > Y(u)> =Y Var(Y(w)+2 Y Cou(Y(u),Y(v))

ueV ueV {u,v}e(‘;)
= > (Y (W) = p(Y@)?) +2 Y (Y (@)Y (0) = p(Y (w)u(Y (v)))
ueV {u,v}e(‘;)
= Y@ +2 Y pY (@)Y () = (u()_ Y (w))
ueV {u,v}e(g) ueV
=Y aY @ +2 Y Y (WY () - (u(Y))?
ueV {u,v}e(‘g)
=Y uY@)+2 Yy Y (@)Y () - (a(G.t) — 1)
ueV {U,U}G(‘Q/)

Note that Y (u)Y (v) = 1 if and only if X € (Vﬁ(N[lz}UN[UD). Using Y (u)? = Y (u),
it follows

(n—d(u)—l) (n—\N[u]uN[vH)
Var(|Y]) =) (tT +2 ) #
v fuvpe(y) t
— (a(G,t) = t)* = b(G, t) — (a(G,t) — t)*. -

Obviously, ("_|N[7§]UN[””) > ("_d(“)t_d(v)_2) for {u,v} € (‘2/), thus, the forth-
coming Corollary 2 is a consequence of Theorem 1.
n—d(u)—1
Corollary 2. If G eI'y, t € [n—46], a(G,t) =t -+ v ((tn)), and ¢(G,t) =
(nfd(tu)fl) nfd(u);d('u)f2) k
ZUGV 7(?) + 2Z{u,v}e(‘g) @) , then
C(G7 t) — (CL(G, t) — t)2
(a(G, t) = alG.) .

’}/(G) S ’)’HMQ(G) = min
ten—d]
For a bipartite graph G € T', several upper bounds on v(G) depending on the
cardinalities of the bipartite sets, the size, the minimum degree, or the maximum
degree of G can be found in the literature (e.g. see [10, 12]). In Theorem 3, a
bound g ar3(G) including much more information on G is presented.

Theorem 3. Let G be a connected bipartite graph with bipartite sets A and B such
that |A|,|B| > 2. For (a,b) € S(|A,|B|) = {(a,b) | a € {0}U[|A]], b € {0}U[|B]],
0<a+b<|Al+|Bl|}, let
Al —a g~ (1) 1B =6 = ()
b) = b a
Aol =t b T 2 R 2y
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Al —a) (1) (0 (1A= a) (M)
renn= 3 (M5 (it )

ucA

. |B| — )(IA\*d(U)) - (|B| - b)(\Alfad(U))
o= 2 (5 (-5 ))

B|—|N(u)UN (v
h(G,a,b) = ) E(A) <(A| |—A72|(1|4f|1_—16)z— n (7 (I(%T) )
<|7Ar —21>2 (P (PR
— ‘A|2 (|§|)2 )7
|A|=|N(u)UN (v)]
i(G,a,b) = ) EE:(B) (UB! ‘Bﬁzy(gl_ 1?; D) ( (@) )
(\ér —21>2 (M) (A7)
_ ‘BP (|13|)2 > )

and
(IAI—\{U}UN(v)I) (\B\—\{U}UN(u)I)

J(Gab)= > > ( (|§|) (I%I)

{u}eA {v}eB
(4= a) (P (1B = b) (M)
ALy BE )y )

Then e(G,a,b) < |A|+|B|, k(G,a,b) = f(G,a,b)+g(G,a,b)+2(h(G,a,b)+
Z(Ga a, b) +](G7a7b)) >0, and

' k(G a,b) )
G < G = Gv ab -
Y(G) < s (G) (a.0)eS(ALIBI) (e( @) |A[ + |B| — e(G, a,b)

< min{|Al, |B|}.

Proof. Let (a,b) € S(|A],|B]|) be fixed and pick X4 € (f) and Xp € (E)
independently and uniformly at random. Clearly, X4 U X5 # 0.

IftY, = {UE A | u ¢ XA,N(U)QXB :(b} and Yp = {u € B | ugé XB,N(u)ﬁ
X4 = 0}, then the set X4 U XpUY, UYp is a dominating set of G. Clearly,
u € Yy if and only if X4 € (A\iu} ) and Xp € (B\]l\)[(”)). An analog observation
holds for u € Yp. Consider z = | X, UXpUYaUYR| = | Xa|+ |XB|+ |Ya|+ |YB]
and it follows
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n(z) = p(|Xal) + p(1XB]) + u(Yal) + 1Y)

= a—l—b—l—ZP(uGYA)—I-ZP(uGYB)

aw+§p@ﬁ(§@)pgﬂ(mgw»
u€A

B {u} AN\ N(u)
o (e (1)) (e (1)
a () ()
= U VTN = (U

If YUY =0, then z = | X4|+|Xp| = a+b < |A|+|B|. If Y4UYp # 0, then
(X4UXB)N(Y4UYpR) =0 and G does not contain an edge between X4 UXp # ()
and YAUYp # (). Since G is connected, we obtain (AUB)\ (X AUXpUYAUYR) # 0
and z < |A|+|B]| also in this case. It follows, e(G,t) = p(z) < max(z) < |A|+|B],
where max(z) is the maximum of z. If min(z) is the minimum of z, then v(G) <
min(z) and v(G) < p(z) — % =e(G,a,b) — %.

We will show that Var(z) = f(G,a,b)+g(G,a,b) +2(h(G,a,b) +i(G,a,b) +
j(G,a,b)). Because Var(z) > 0, it follows k(G,a,b) > 0. Clearly, Var(z) =
Var(|Xa| +|Xg|+ |Ya| + |YB|) = Var(a+ b+ |Ya| + |Ys|) = Var(|Ya| + |YB]).
If, for u € A, Ya(u) = 1 if u € Y4 and Y4 (u) = 0 otherwise, and, for u € B,
Yp(u) =1if u € Yp and Yp(u) = 0 otherwise, then

(\Al—l) (IBI—bd(u))

=a+b+

+

Var(z) = Var <Z Ya(u)+ ) YB(u)> =) Var(Ya(w) + Y _ Var(Yp(u))

ucA ueB ucA ueB

+2< > Cov(Ya(u),Ya))+ Y. Cov(Ya(u),Ya(v))

{uwhe(2) {uw}e(3)
+ Z Z Cov(Ya(u), YB(”)))‘
{u}eA {v}eB
We obtain
> Var(va() = 3 (u(Va()?) = p(Ya@)?) = > (n(¥a(w)) = p(Ya(w)?)
weA u€A u€A
=Y P(u€Ya)(l—Plu€Ya))
ucA

(|A|71) (‘B‘;;d(U)) (1 - (\A\*l) (IBlbd(“))> = f(G,a,b)

T2 ) GG
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and, analogously, > .5 Var(Yg(u)) = g(G, a,b). Moreover,

Z Cov(Ya(u),Ya(v))

{uv}e()
= > (Va(w)Ya(v)) — p(Ya(w)u(Ya(v)))
{uv}e(3)
= Y (Pu,veYa)—PlucYa)PveYy))
{uv}e()
- (4172 (IPEINGIUNEI (g g2 () (181w )
RN AR AT B
and
> Cou(Yp(u),Yp(v) = i(G,a,b).
{uv}e(3)
Eventually,
> D Cov(Ya(u), Ya(v))
{u}eA {v}eB

=Y Y (PueYsveYp)—PucYa)P(veYp)) =j(G,ab).
{u}eA {v}eB

It remains to show that yga3(G) < min{|A|,|B|}. If a = |A| and b = 0, then
X4 =AY,y =0, Xp =10, and, since G is connected, Yg = 0, thus, z = |A| is
a constant. It follows e(G, |A|,0) = u(z) = |4|, k(G,|A|,0) = Var(z) = 0, and
vams(G) < |A]. If a = 0 and b = |B|, then, analogously, ygas3(G) < |B|. |

We remark that the ideas used in the proofs of Theorem 1 and Theorem 3 can
be applied to establish upper bounds on domination numbers of other domination
concepts. As an example, we consider total domination in graphs. A set D C V of
G is total dominating if N(u)ND # () for every u € V' (in contrast to N{u]ND # ()
for a dominating set D). Note that a total dominating set of G exists if and only
if 6 > 1; V itself is a total dominating set in this case. The minimum cardinality
of a total dominating set of G is the total domination number v(G) of G.

For a randomly chosen set X C V., let Y ={u eV | N(u)NX # 0} and w,
be an arbitrary neighbor of w € Y. If S = {w,, | v € Y}, then X U S is a total
dominating set of G, SN X =0, and |S| < |Y]. It follows 1 (G) < p(|X U S|) =
p(| X+ [S]) < p(|X|+1Y]). Using the random variable z = | X| + |Y'|, an upper
bound on 74(G) (as in Theorem 1 for (¢)) can be proven. Analog arguments
for bipartite graphs lead to a bound on (G) similar to that one for (G) in
Theorem 3.
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2. INDEPENDENCE

Even though some of the lower bounds on «(G) presented here may also be valid
if G is complete or disconnected, we restrict our consideration to G € T'.
Caro and Wei [5, 16] proved the classical lower bound acw (G) = >, oy
on a(QG).
It is well-known, that acw (G) > 1 if G € I'. The forthcoming bounds ag(G)
by Selkow [15] (see also [9]), aacr(G) by Angel, Campigotto, and Laforest [2],
and agr(G) due to Harant and Rautenbach [12] all strengthen acw (G):

1

d(u)+1

- 1 dlu) 1
(@) Z as(G) = acw(G) + g du) +1 7% { d(u) + 1 2 d(v) + 1’0}'

vEN (u)

In [2], it is proved that A(G) > 0 and that a(G) > aacr(G) := acw(G) +
% if G €I and

acw (G)
_ d(u) 2
AG) = uezv (d(w) +1)2 {U’UZ}GE (d(u) + 1)(d(v) + 1)
2|N (u) N N (v)|
" {W}EE(:,,)\E (d(w) + 1)(d(v) + 1)(2 + d(u) + d(v) — [N (u) N N(v)])’

The following result is proved in [12].

If G €T, then there exist a positive integer k € N and (u) € {0} U [d(u)]
for alluw € V', such that

1
o G2 k2 oy
and
(2) > p(u) > 2(k - 1).
ueV

Consider the function

¢<G,l>=min{g i Hl_ o | € (U@, ;wu) Z}

for I € {0} U|E|]. It follows ¢(G,0) = acw(G) and, by (1) and (2), o(G) >
agr(G) = k for G € T, where k is the smallest integer such that k& > ¢(G,
2(k —1)).
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To determine apr(G), let F(G,0) be the family of values d(u) + 1 for
u € V (note that a family may contain a member more than once). More-
over, for a non-negative integer [, let F(G,l + 1) = (F(G,1) \ {max(F(G,1))}) U
{max(F(G,1)) — 1}, where max(F(G,1)) is a maximum member of F(G,[). For
example, F(Ps,2) = {1,2,2} for a path P3 on 3 vertices. By induction on [, it
can be seen easily that ¢(G,1) =3 rc % for all 1 € {0} U[|E]], thus, agr(G)
can be calculated by the following algorithm:

1. k=1

2. while k < ¢(G,2(k — 1)) do
begin k: =k + 1, go to 2. end

3. OéHR(G) = k.

Using the ideas of the proof of Theorem 1, the forthcoming Theorem 4
presents a lower bound oy (G) on a(G).

Note that as(G), aacr(G), and agy(G) depend also on the edge set of G
in contrast to the fact that for the calculation of acw (G) and of agr(G) only
the degrees of G are needed.

Theorem 4. Let G € T and, for 2 <t € [n— 4], a(G, ):ZueV( i 1) 1) and
b6 1) = 25 e (7097 + (TG = (TNEENE). Then

a(G) > agyu(G) = 232%1){—6] <2t -1- Zig’ g)

Proof. Clearly,n > 3 and § < n—2. Let 2 <t € [n—4] be fixed and pick X € ( )
uniformly at random. For convenience, let ¢’(G,t) = ((n)) and V' (G,t) = b((G)t),
t t

Note that P(u € X) =% and P(u,v € X) = Tigt 1)) for u,v €V, u #v.

Y ={ue X | Nu)nX # 0}, then the set X \ Y is an independent set of
G and it holds u € Y if and only if w € X and X \ {u} ¢ (V}"), thus

P(ueY) _P<ueX/\X\{u}¢ <V\N1[ }>>
—p(uex)recvt ¢ (V)00 e x)

er s () e )40 )

Consider z = | X \ Y| = |X| — |Y| > 0 and it follows
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u(z) = p( X)) = p(lY) =t =Y PlueY)

ueV
n—d(u)—1 n—d(u)—1
ey (- CED) - CED v
ueV t—1 ueV t

and u(|Y]) =t —d'(G,t) > 0.

Since X =Y if G[X] is connected, it follows min(z) = 0. Since t < n — 4,
it is possible that X contains a vertex u € V of minimum degree d such that
N(u) N X = (. In this case, z > 1, hence, u(z) > 0 for 2 <t € [n — §] and we
obtain a(G) > u(z) + VS(Z()Z) = d(G,t) + Z,‘Zg(ig because a(G) > max(z). For
u€V,let Y(u) =1ifu €Y and Y (u) = 0 otherwise. Using Y (u)? = Y (u), it
follows

Var(z) =Var(t —|Y|) = Var(lY)])

=Var (Z Y(u)) = Z Var(Y(u)) +2 Z Cov(Y (u),Y (v))

ueV ueV {u,v}e(g)

=) (Y (@) = p(Y(@)?) +2 Y (Y (@)Y (0)=p(Y (u)p(Y (v)))

ueV {u,v}E(g)

2
=D uY)+2 3T Y (WY (©) - p (Z Y<U>)
ueV {u,v}E(‘Q/) ueV
=u(lYD+2 Y (Y)Y () — u(Y )2
{uvte(3)

Let v # v and note that Y (u)Y(v) = 1 if and only if X \ {u} ¢ (VEJ_VI[“]),
X\ {v} ¢ (V}ivl[v])’ and u,v € X.
If {u,v} € E, then Y (u)Y (v) =1 if and only if u,v € X, thus,

(Y (u)Y (0) = P(u,v € X):P(X \ {u, v} € <V> uw})) (%) _te-

-2 () nh-1)
If {u,v} € (‘2/) \E and u,v € Y, then X\ {u} ¢ (V>J_Vl[“]) if and only if X\ {u,v} ¢
)

In this case, Y(u)Y (v) = 1 if and only if X \ {u,v} ¢ (V>iVQ[“]), X\ {u,v} ¢
(VXTQ[”]), and u,v € X, thus
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p(Y (W)Y (v)) = (v) =1)

PX\ {u, 0} ¢ (Vt\N )/\X\{u v} ¢ <V\N[ ]>/\u,veX)

= P(u,v € X) P(X\{u v} ¢ (V\N[ ]>/\X\{u v}¢(V\N[ ]> u,v€X>

2
:ng [ P(X\{u v}e( 2[]>\/X\{u,v}€(vt\_N2[ ]) |u,U€X)]
1t —1) V\ Ny

= =) [1—P<X\{u,v}e< iy ) |u,veX>

Vt\_N;“U AX N\ {u,0) € (Vt\_]g”]) w0 € X)]

-1 <1 _ (ni(ti(fuz)fl) (nff(v)*l) (nNEzL]EJN[v]))

_|_

R )

_e-n () () ()
n(n—1) (1) (1) ()
We obtain
Var(z) =t —d (G, t) - (t—d (G, 1))* +2 Y u(Y(u)Y(v))
{uv}e( )
o Elt(t—1)
=1—d(G,1) — (t = d'(G,1))* + n(n—l)
(H_l iy 1) e +(""N£J2“N“’])>
(¥) (¥)

{u, U}E

=t—d(G, t) (t—d (G, t)> +tt—1)

) e S W o o W G )
: Z)\E( G 5

t

—a/(G,t)—(t—a' (G,t))? —-1)-b' (G v (G
Thus, o(G) 2 (G.¢) + GRS = 2 - i =

20— 1— 05 )foralltsuchthat2<t€[n—5]
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3. CLASSIFICATION OF THE RESULTS

In this section, we will compare the upper bounds vossr, YaMm1, and Y2 on
the domination number (Theorem 5, Table 1, and Table 2) and the lower bounds
ascr, as, agr, and agys on the independence number (Theorem 6, Table 3,
and Table 4), where the tables contain the evaluation of random graphs. The
bound s is not included in this comparison since it is valid for bipartite
graphs only and, to our best knowledge, a similar upper bound (also depending
on the edge set and being valid for bipartite graphs only) on the domination
number of a bipartite graph is not known in the literature. Just an example: for
the Complete bipartite graph K2710(]0, it follows '}/(KQJOOO) = '7HM3(K271000) =
2 by Theorem 3, however, computations show that ygari (K2 1000) > 60 and
v m2(K21000), YessF(K2,1000) > 600.

We say that two bounds on v(G) or on a(G) are incomparable if there exist
two graphs in I" such that each of the two bounds results in a smaller value than
the other bound by one of these graphs.

Theorem 5. 1. vum1(G) < vessp(G) and yum (G) < yum2(G) for all
graphs G € T'.

2. yugme and yossy are incomparable.

3. There is a sequence {Gn,} C T such that limy, o % =0.

Proof. The assertion 1 of Theorem 5 follows by Theorem 1 and Corollary 2. The
forthcoming Table 1 and Table 2 imply that vg2 and yossF are incomparable.

Eventually, we show that lim,, JCH#((%ZL)) = 0 for the star G, = K1

onn = m+1 > 3 vertices. Actually, we prove vossr(Kim) > %m and
'YHMl(Kl,m) < 2\/72-
n—d(u)—1
For t € [m], it follows a(K1,m,t) =t+3_,cv(k, ) (5)) =t+m- (milg—i-

t
0=1t+ (m+1’r;i)§m—t)'

(mA1-t)(m—t) o ool t € [1,m] attains its minimum for ¢t = %

The function ¢+ ¢ |
and we obtain 'YCSSF(Kl,m) = minte[m} (a(KLm, t)) > % + (47?7:_2"_)17? > %m

According to Theorem 1, let

(n—|N[u]UN[v]|)

b(Kim,t) = a(Kim,t) —t+2 > #

{u,v}E(V(K;m)) , t

ittt ()

(m—t)(m—t+1) N (m—t+1)(m—t)(m—t—1)
m+1 m+1

= (m—=1) - (a(Kim,t) = 1)

~+
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and

b(K1m,t) — (a(K1m,t) — t)?
m+1— a(Kl,m,t)
(m—1) - (a(K1m,t) —t) — (a(K1m,t) —t)?
: (m+1—1) — (@(Gomit) — )
_ o (m=t) - (a(Eim,t) = t) = (a(Kim, t) = t)?
=t (a(Kym,t) =) (m+1—1) — (@(Gomt) — )
a(Kim,t) — t ¢ m

=t ) - - _
Tt — (Gt -1 T <

B(Kl m,t) = G(Kl m,t) —

)

With ¢ = [/m], we conclude ygar (K1) = min B(Kj,,t) < [vV/m] +

te[m)|

ﬁ<2\/ﬁ ]

Theorem 6. 1. aacyr, as, agr, and apgy are pairwise incomparable.

(Gm)
2. There is a sequence {Gp, } C T' such that n{gnoo max{aACL(GigﬁHR(Gm),as(Gm)}

= Q.

Proof. The assertion 1 of Theorem 6 follows from the forthcoming Table 3 and
Table 4. For the proof of 2. let, for an integer m > 2, K,,,, € I' be the
complete bipartite balanced graph on n = 2m vertices being m-regular. Clearly,

acw (Kmm) = as(Kpmm) = n%—’fl < 2. To calculate aacr,(Kmm), note that
_ a(m om _ 2m?(m—1) A(Km,m) _ 2m?
A(Kmnm) =2(73) D2 (mT2) = () 2(mt2) S, o RS = ) () <

A m,m
2, hence, CtAC’L(Kan) = aCW(Km,m) + % < 4.

Recall the definition of ¢(G, 1) and it follows ¢(Kp, m,2(1 — 1)) = "%—Tl > 1

and ¢(Kpm,2(2 — 1)) = 27’:;12 + 2 < 2, hence, agr(Kpmm) = 2. Next we

will show that apa(Kpmm) > (36 - —) m + o(m) = 0.10102... - m + o(m),
where ¢ = 1 — g Therefore (see Theorem 4), let f(t) =2t —1— % for
2<ten—29=[m).

We obtain a(Kp,m,t) = 2m("}" ) and b(Kpym,t) = 4(%) (2 (T_zl) - (T:;)).
Using (T__Ql) = ﬁ(? 1) and ("} 22) = =L 1), it follows f(t ) =2t—1—
(m=1)(t—1) (7277 — 7by) = 3t —2 - 20BN > 30— 2 —amtshy = g().
We choose tg = |em] and sy = em — 1, hence, sg < tg < sg + 1 It follows
amy (Kmm) > f(to) > g(to) > 3s0 — 2 — 200 — <3c——)m+o( ). ]

We considered two kinds of random graphs. First, let G(n,p) be the prob-
ability space of all graphs with vertex set [n] and each possible edge appears
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with probability p independently from all other choices. We tested 20,000 con-
nected and non-complete graphs in G(n, p) with 500 graphs in each combination
of pe {.2,.3,.5,.6,.8} and n € {10, 20, 30, 50, 80, 100, 120, 150}.

Since it seems that our bounds perform well on graphs that have a structure
“close” to bipartite graphs, we further investigated another probability space
B(n,pr,pa) of all graphs on n vertices, where 0 < pr,p4a < 1. A graph from
B(n,pr,pa) can be sampled by starting with a complete bipartite graph Kj; on
n = k + [ vertices for random k chosen uniformly from {%, %, ey "771} Then
each of the k - [ edges of K} is removed independently with probability pr and
each of the (g) + (é) non-edges of K} is added independently as an edge with
probability p4. Note that B(n,1 — p,p) = G(n,p) for all p with 0 < p < 1. We
considered 18,000 connected and non-complete graphs with 500 graphs randomly
sampled with parameters for each combination of p4,pgr € {.02,.05,.1} and n €
{10, 25,50, 100}.

Table 1 and Table 2 should be read as follows. The percentage of considered
random graphs describes the cases where the floored integer of the bound on the
domination number describing the row is strictly smaller than the floored integer
of the bound describing the column.

| | [vessr] | lvaanl | Iyaae] |
|vcssF) 0.0% 5.0%
\yea] || 2.5% 7.5%
|veamz] || 0.0% 0.0%

Table 1. Comparison of the bounds on the domination number on G(n, p).

| | lvessr] | [vaan] | [vaare] |
|vcssF) 0.0% 5.0%

[y || 74.0% 75.4%
| YEr a2 ] 0.1% 0.0%

Table 2. Comparison of the bounds on the domination number on B(n,pr,pa).

In Table 3 and Table 4 the percentage of considered random graphs describes
the cases where the ceiled integer of the bound on the independence number de-
scribing the row is strictly greater than the ceiled integer of the bound describing
the column.

All four tables shows that our new bound compare favorably to recent ones
for randomly considered graphs and do not exclusively perform well on selected
particular graphs. The impression, which we got from the proofs, that graphs
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] | Teace] | [our] | las] | [apm] |
[aact] 0.0% 422% | 75.3%
[anr] || 38.5% 78.7% | 79.8%
[as] 2.2% <0.1% 51.5%
[apm] || 0.7% 0.0% 16.9%

Table 3. Comparison of the bounds on the independence number on G(n,p).

] | feace] [ Tanr]l [ fasl | Tanu] |
[aacr] 69.1% | 72.8% | 85.0%
[OCHR-l 0.8% 29.2% 61.9%
[aus] 5.7% 31.3% 50.5%
[agm] | 1.0% 7.4% 18.2%

Table 4. Comparison of the bounds on the independence number on B(n, pr,pa).

“closer” to bipartite graphs provide a more convenient structure for our estima-
tions in the bounds, is approved by the experiments. Tables 2 and 4 considering
the probability spaces B(n, pr,pa) show significantly stronger results of all newly
presented bounds in this paper compared to calculations in G(n,p).
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