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Abstract

The k-token graph Tk(G) is the graph whose vertices are the k-subsets of
vertices of a graph G, with two vertices of Tk(G) adjacent if their symmetric
difference is an edge of G. We explore when Tk(G) is a well-covered graph,
that is, when all of its maximal independent sets have the same cardinality.
For bipartite graphs G, we classify when Tk(G) is well-covered. For an
arbitrary graph G, we show that if T2(G) is well-covered, then the girth of
G is at most four. We include upper and lower bounds on the independence
number of Tk(G), and provide some families of well-covered token graphs.

Keywords: independence number, well-covered graph, token graph, double
vertex graph, symmetric power of a graph.
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1. Introduction

Let G be a graph with vertex set V = V (G) of order n and let 1 ≤ k ≤ n−1. The
k-token graph of G, denoted Tk(G), has as vertices the k-subsets of V with two
vertices adjacent if their symmetric difference is an edge of G. Thus a vertex of
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Tk(G) can be thought of as a placement of indistinguishable tokens on k vertices
of G with two vertices u, v ∈ V (Tk(G)) adjacent if u can be obtained from v by
moving a single token along an edge of G. Hence, if G is a connected graph,
then Tk(G) is also connected. An example of a graph G and its 2-token graph
T2(G) is given in Figure 1. We often abuse notation and write i1i2 · · · ik instead
of {i1, . . . , ik} for a k-subset of V . Note the isomorphic graphs: T1(G) ∼= G and
Tk(G) ∼= Tn−k(G) for 1 ≤ k ≤ n − 1. Thus, when exploring properties of token
graphs, it is sufficient to consider values of k satisfying 1 ≤ k ≤

⌊

n
2

⌋

. If {u, v} is
an edge of Tk(G), then |u∩ v| = k− 1 and we refer to the set u∩ v as the anchor
of the edge {u, v}.
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Figure 1. A graph G and its 2-token graph T2(G).

The k-token graphs appear in the literature under a number of different
names. The k-token graphs are a generalization of the Johnson graphs (see e.g.
[11]). In particular, if Kn is the complete graph on n vertices, then Tk(Kn) is
the Johnson graph J(n, k). Thus T2(Kn) is also known to be the complement
of the Kneser graph Kn(n, 2). The k-token graph Tk(G) is also known as the
symmetric kth power of G (see e.g. [4, 5]). Finally, the 2-token graph T2(G) is
also called a double vertex graph (see e.g. [1, 2]).

Various properties of token graphs have recently been studied. For example,
in [6], Carballosa, Fabila-Monroy, Leaños, and Rivera characterize when the token
graphs are regular, as well as when a token graph is planar. In [16], Leaños
and Trujillo-Negrete prove a conjecture about the connectivity of token graphs.
In [18], Rivera and Trujillo-Negrete explore the Hamiltonicity of token graphs.
The spectra of token graphs has been explored in various papers in the context
of exploring cospectral graphs (see e.g. [3, 4]).

In this paper we explore properties of the independent sets of Tk(G), and in
particular, we focus on the problem of determining when Tk(G) is well-covered.
An independent set of a graph Γ is a subset S of vertices of Γ such that no two
vertices in S are adjacent in Γ. The independence number of Γ, denoted α(Γ),
is the maximum cardinality of any independent set of Γ. For example, for the
graphs in Figure 1, α(G) = α(T2(G)) = 2. A graph Γ is well-covered if all of
its maximal independent sets have the same cardinality [17]. The graph G in
Figure 1 is not well-covered but T2(G) is well-covered. The graph G in Figure 2
is not well-covered, nor is T2(G) well-covered, as illustrated in Example 3.10.
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Some results are known about α(Tk(G)). In [8], de Alba, Carballosa, Leaños,
and Rivera bound the independence number of Tk(G)) when G is bipartite. When
k = 2, they derive exact values for α(T2(G)) when G is either the complete bi-
partite graph, the cycle Cn, or the path Pn. Jiménez-Sepúlveda and Rivera [15]
determine α(T2(G)) when G is the fan graph and the wheel graph. A sharp
lower bound on α(T2(G)) appears in work of Deepalakshmi, Marimuthu, Soma-
sundaram, and Arumugam [9] (also see Remark 3.5).

In the first part of this paper, we derive sharp upper and lower bounds for
α(Tk(G)) in terms of α(G) for all k ≥ 2. In particular, in Theorem 2.1 and
Corollary 3.4 we show that

(

α(G)

k

)

≤ α(Tk(G)) ≤ 1

k

(

n

k − 1

)

α(G).

Interestingly, equality in the upper bound depends upon the existence of a specific
combinatorial design. We also produce methods to construct maximal indepen-
dent sets in Tk(G), when k = 2, from independent sets of G (see e.g. Theo-
rems 3.2, 3.9 and 3.11). We obtain some results about characteristics of graphs
G for which Tk(G) is well-covered. For example, we observe in Corollary 4.10
that if G is a bipartite graph, then Tk(G) is well-covered if and only if k = 1 and
G is well-covered. We determine in Corollary 5.2 that a graph G cannot have
a large girth if T2(G) is well-covered, where girth is the length of the smallest
cycle in G. We also provide some infinite families of graphs G for which T2(G) is
well-covered.

We use the following outline in our paper. In Section 2 we prove our results
about the upper bound, while Section 3 focuses on constructions of maximal in-
dependent sets. This section includes a general lower bound on the independence
number. In Section 4, we characterize when Tk(G) is well-covered if G is bipar-
tite. In Section 5 we provide some restrictions on graphs G for which T2(G) is
well-covered. Then in Section 6 we provide some families of graphs G for which
T2(G) is well-covered. Section 7 contains some concluding remarks, and finally,
in the Appendix we list all the graphs G on nine or fewer vertices such that T2(G)
is well-covered.

We end this section with some common definitions that we will use through-
out the paper. The subgraph of G induced by the set of vertices A ⊂ V (G) is
denoted G[A], having vertex set A with two vertices adjacent in G[A] if and only
if they are adjacent in G. Given a x ∈ V (G), the neighbourhood of x in G is the
set NG(x) = {y | {x, y} ∈ E(G)}. Given a set X ⊆ V (G), the neighbourhood
of X in G is NG(X) =

⋃

x∈X NG(x). The closed neighbourhood of X in G is
NG[X] = X ∪NG(X). For any W ⊆ V (G), let G\W denote the graph obtained
by removing all the vertices of W from G and all edges incident to a vertex in W .
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2. Independent Sets of Token Graphs and Combinatorial Designs

In this section we describe a relationship between α(G) and α(Tk(G)), and a con-
nection with combinatorial designs. Recall that a t-(v, k, λ) design is a collection
of k-subsets of a set of v elements, such that every t-subset appears in exactly λ

of the k-subsets.

Theorem 2.1. Let k ≤
⌊

n
2

⌋

. If G is a graph on n vertices with no isolated
vertices, then

α(Tk(G)) ≤ 1

k

(

n

k − 1

)

α(G).

If equality occurs, then there exists a t-(n, k, λ) design with t = k − 1 and λ =
α(G).

Proof. Consider an independent set S ⊂ V (Tk(G)) with |S| = α(Tk(G)). Each
v ∈ S contains k potential anchors. Consider the multiset M consisting of all
the subsets R of cardinality k − 1 such that R ⊂ v for some v ∈ S. Then
|M | = kα(Tk(G)). Note that there are at most

(

n
k−1

)

different potential anchors
to be constructed from n vertices and each anchor can appear at most α(G) times
in M . Thus |M | ≤

(

n
k−1

)

α(G). If we have equality, then every k − 1 subset must
appear as an anchor exactly α(G) times, hence M is a t-(n, k, α(G)) design with
t = k − 1.

We note that equality is possible in Theorem 2.1. For example, let G = C5,
the cycle graph on five vertices. Then α(G) = 2 and {12, 23, 34, 45, 15} is a
maximum independent set in T2(G) so that α(T2(G)) = 5.

Example 2.2. It was shown in [8, Corollary 3.10] that α(T3(P2m+1)) =
(2m+1)m(m+1)

3 , which meets the bound in Theorem 2.1. This corresponds to the
existence of a 2-(2m + 1, 3,m + 1) design. It was also observed in [8, Corollary
3.10] that α(T2(Km,m)) = m2 which again meets the bound in Theorem 2.1 and
corresponds to the existence of a 1-(2m, 2,m) design.

Another example is the complete graph Kn with k = 2 and n even, as noted
in the next remark. We provide a proof for completion but note that this is a
known result since T2(Kn) is merely the line graph of the complete graph.

Remark 2.3. If n ≥ 2, then α(T2(Kn)) =
⌊

n
2

⌋

.

Proof. If n is even, the set {12, 34, . . . , (n−1)n} is an independent set of T2(Kn).
If n is odd, then {12, 34, . . . , (n−2)(n−1)} is an independent set. So α(T2(Kn)) ≥
⌊

n
2

⌋

. But by Theorem 2.1,
⌊

n
2

⌋

is also an upper bound on α(T2(Kn)).

We can characterize when we get equality in Theorem 2.1 for the complete
graphs. Note that Tk(Kn) is isomorphic to the Johnson graph J(n, k).
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Theorem 2.4. Given n ≥ 2 and k ≤
⌊

n
2

⌋

, then α(Tk(Kn)) =
1
k

(

n
k−1

)

if and only
if there exists a t-(n, k, 1) design with t = k − 1.

Proof. Let M be a collection of k subsets of an n set forming a t-(n, k, 1) design
with t = k − 1. Then the number of k-subsets in M is 1

k

(

n
k−1

)

(see e.g. [14,
Corollary 1.4]) and each element of M is a vertex of Tk(Kn). Since each (k− 1)-
subset of n appears in at most one block, no two vertices appearing in M are
adjacent in Tk(Kn). Thus M is an independent set in Tk(Kn). From the proof
of Theorem 2.1, we have α(Tk(Kn)) = |M |. The converse follows directly from
Theorem 2.1.

Example 2.5. It is known that for any t ≥ 1 there exists a 2-(6t+1, 3, 1) design
and a 2-(6t + 3, 3, 1) design (see Steiner systems, e.g. [14, p. 174]). Thus, for
t ≥ 1,

α(T3(K6t+1)) =
1

3

(

6t+ 1

2

)

and α(T3(K6t+3)) =
1

3

(

6t+ 3

2

)

.

3. Constructing Independent Sets in Token Graphs

In this section, we describe some methods of constructing independent sets of
token graphs. We start with a remark that describes one way to visualize an
independent set in a 2-token graph.

Remark 3.1. For a graph G on n vertices, one can picture an independent set in
T2(G) as a set of edges E selected fromKn with the property that no two adjacent
edges in E are part of a triangle whose third side is an edge of G (considering G

as a subgraph of Kn).

To describe some constructions of independent sets in k-token graphs, we
introduce the following notation. Given subsets V1, V2, . . . , Vk ⊆ V (G), not nec-
essarily distinct, we define

V1V2 · · ·Vk = {x1x2 · · ·xk | xi ∈ Vi and xi 6= xj for all i 6= j}.

Note that order does not matter; for instance, if u, v ∈ Vi with u 6= v then both
uv and vu represent {u, v} ∈ ViVi. Observe that V1V2 · · ·Vk is a subset of the
vertices of Tk(G). Indeed, V (G)V (G) · · ·V (G) (k times) is the set of vertices of
Tk(G).

Theorem 3.2. Let G be a graph with independent sets V1, V2, . . . , Vk such that
Vi ∩ Vj = ∅ or Vi = Vj for all i 6= j. Then V1V2 · · ·Vk is an independent set of
Tk(G).
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Proof. Let W = V1V2 · · ·Vk, and suppose that x1x2 · · ·xk, y1y2 · · · yk ∈ W . Let
A△B denote the symmetric difference of A and B. If

|x1x2 · · ·xk△y1y2 · · · yk| 6= 2,

then these vertices cannot be adjacent by the definition of Tk(G). So, suppose

x1x2 · · ·xk△y1y2 · · · yk = {xi, yj}.

We have xi ∈ Vi and yj ∈ Vj .
If Vi = Vj , then {xi, yj} is not an edge in E(G) since Vi is an independent set,

and thus x1x2 · · ·xk and y1y2 · · · yk are not adjacent in Tk(G). So, suppose that
Vi∩Vj = ∅. Suppose that Vi appears a times among V1, V2, . . . , Vk, i.e, Vi1 = · · · =
Via = Vi. So, exactly a distinct elements of {x1, x2, . . . , xk} belong to Vi and the
same is true for {y1, . . . , yk}. However, since x1x2 · · ·xk△y1y2 · · · yk = {xi, yj}
with yj ∈ Vj and Vi ∩ Vj = ∅, all of the distinct elements in {y1, . . . , yk} that
belong to Vi must appear in x1x2 · · ·xk\{xi}. But there are only a − 1 distinct
elements of Vi in x1x2 . . . xk\{xi}. So, we cannot have a symmetric difference of
the form {xi, yj} with xi ∈ Vi, yj ∈ Vj and Vi ∩ Vj = ∅.

Corollary 3.3. Let G be a graph with independent sets V1, V2, . . . , Vk such that
Vi ∩ Vj = ∅ or Vi = Vj for all i 6= j. Suppose that {Vi1 , . . . , Vil} are the distinct
subsets that appear among V1, . . . , Vk, and that Vit appears at times (so a1+ · · ·+
al = k). Then

(|Vi1 |
a1

)(|Vi2 |
a2

)

· · ·
(|Vil |

al

)

≤ α(Tk(G)).

Proof. By Theorem 3.2, it is enough to show that

(|Vi1 |
a1

)(|Vi2 |
a2

)

· · ·
(|Vil |

al

)

= |V1V2 · · ·Vk|.

By definition of V1 · · ·Vk, at of the elements of x1x2 · · ·xk ∈ V1V2 · · ·Vk belong to
Vit , and these at elements are distinct. So, there are

(|Vit
|

at

)

ways to pick these at
elements. Since Vit ∩ Vij = ∅ for all i 6= j, the result now follows.

We get a lower bound on the independence number for any token graph.

Corollary 3.4. If G is a graph with independence number α(G), then

(

α(G)

k

)

≤ α(Tk(G)).

Proof. Let W ⊆ V (G) be an independent set of G with |W | = α(G), and apply
Corollary 3.3 with V1 = · · · = Vk = W .
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Remark 3.5. The lower bound in Corollary 3.4 is sharp. In particular, observe
that α(K1,n−1) = n − 1 and, in [8], it was determined that α(Tk(K1,n−1)) =
(

n−1
k

)

. When k = 2 and G is not isomorphic to K1,n−1, then the lower bound in

Corollary 3.4 can be improved. In particular, α(T2(G)) ≥
(

α(G)
2

)

+
⌊

n−α(G)
2

⌋

, as

first shown in [9, Theorem 2.7].

When k = 2, Theorem 3.2 gives us the following consequences for the 2-token
graphs of some family of bipartite graphs. In particular, we recover some of the
formulas in [8].

Corollary 3.6. If G is a bipartite graph on n vertices with bipartition V (G) =
V1 ∪ V2 such that |V1| = |V2| = α(G) = n

2 , then

α(T2(G)) =
n2

4
.

In particular, α(T2(P2n)) = α(T2(C2n)) = α(T2(Kn,n)) = n2.

Proof. By Theorem 3.2, V1V2 is an independent set of T2(G), and furthermore,
|V1V2| = |V1||V2| since V1∩V2 = ∅, and thus α(T2(G)) ≥ |V1||V2|. By Theorem 2.1,

α(T2(G)) ≤ nα(G)
2 = 2|V1||V2|

2 . Therefore α(T2(G)) = |V1||V2| = n2

4 .

The last statement follows immediately since each of the listed bipartite
graphs have 2n vertices with a bipartition V1 ∪ V2 such that |V1| = |V2| = n.

The next result follows from Theorem 3.2 by noting that if V1, V2, V3, V4, V5

are disjoint sets of G, then no vertex of V1V2 will be adjacent to any vertex in
V3V4 ∪ V5V5 in T2(G).

Corollary 3.7. Let G be a graph having disjoint independent sets V1, V2, . . . , Vk.
If k is even, then V1V2 ∪ V3V4 ∪ · · · ∪ Vk−1Vk is an independent set of T2(G). If k
is odd, then V1V2 ∪ V3V4 ∪ · · · ∪ Vk−2Vk−1 ∪ VkVk is an independent set of T2(G).

Corollary 3.8. If G is the complete multipartite graph Kn1,n2,...,nk
of order n

with k even, and if ni =
n
k
for 1 ≤ i ≤ k, then α(T2(G)) = n2

2k .

Proof. By Corollary 3.7, α(T2(G)) ≥ n2

2k . Equality follows from Theorem 2.1.

We now give some constructions of maximal independent sets in T2(G); this
enables us to derive lower bounds on α(T2(G)) for specific graphs. For the fol-
lowing, if A,B are disjoint independent sets of a graph G, we define

φ(A,B) = {x ∈ A | B ∪ {x} is an independent set}.

In Theorem 3.9, we use a partition (in fact, a coloring) of the vertex set of a
graph G to obtain a maximal independent set of T2(G). The condition that
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φ(Vj , Vi) = ∅ when j > i implies that the partition V1 ∪ · · · ∪ Vk is constructed so
that Vi is a maximal independent set on G\(V1 ∪ · · · ∪ Vi−1), for 1 ≤ i ≤ k − 1,
with V0 = ∅.

Theorem 3.9. Let G be a graph and V1 ∪ V2 ∪ · · · ∪ Vk be a partition of V (G)
into independent sets such that φ(Vj , Vi) = ∅ when j > i. If k is even, let

H = (V1V2 ∪ V3V4 ∪ · · · ∪ Vk−1Vk)

∪ (φ(V1, V2)φ(V1, V2) ∪ · · · ∪ φ(Vk−1, Vk)φ(Vk−1, Vk)) .

If k is odd, let

H = (V1V2 ∪ V3V4 ∪ · · · ∪ Vk−2Vk−1) ∪ VkVk

∪ (φ(V1, V2)φ(V1, V2) ∪ · · · ∪ φ(Vk−2, Vk−1)φ(Vk−2, Vk−1)) .

Then H is a maximal independent set of T2(G).

Proof. Using Corollary 3.7 and the fact that V1V1 ∪ V2V2 ∪ φ(V1, V2)φ(V1, V2) is
an independent set, it follows that H is an independent set. We will show that
H is maximal. Suppose H ∪{xy} is an independent set for some xy ∈ V (T2(G)).
We will demonstrate that xy ∈ H.

Suppose x, y ∈ Vi for some i. We consider three cases.

Case 1. Suppose Vi−1Vi ⊆ H. Since φ(Vi, Vi−1) = ∅, x is adjacent to some
vertex w ∈ Vi−1 in G. But then yw is adjacent to yx in T2(G), contradicting the
fact that H ∪ {xy} is an independent set.

Case 2. Suppose ViVi+1 ⊆ H. Then both x and y can not be adjacent to any
vertex in Vi+1 in G, hence xy ∈ φ(Vi, Vi+1)φ(Vi, Vi+1) ⊆ H.

Case 3. Suppose ViVi ⊆ H. In this case, k is odd, and i = k, in which case
xy ∈ H.

Suppose x ∈ Vi and y ∈ Vj for some j > i.

Case 1. Suppose Vi−1Vi ⊆ H. Since H ∪ {xy} is an independent set, xy is
not adjacent to any vertex in xVi−1 in T2(G). But then y is not adjacent to any
vertex in Vi−1 in G, contradicting the fact that φ(Vj , Vi−1) = ∅.

Case 2. Suppose ViVi+1 ⊆ H. If j = i+1, then xy ∈ H. So suppose j > i+1.
Then, since φ(Vj , Vi+1) = ∅, y is adjacent to at least one vertex w ∈ Vi+1 in G.
But then xy is adjacent to xw ∈ ViVi+1 in T2(G), contradicting the fact that
H ∪ {xy} is an independent set.
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Figure 2. The graph G in Example 3.10.

Example 3.10. Consider the graph G in Figure 2. Let V1 = {1, 3, 5, 6}, V2 = {2}
and V3 = {4}. Then φ(V1, V2) = {5, 6} and H = V1V2 ∪ φ(V1, V2)φ(V1, V2) =
{12, 23, 25, 26, 56} is a maximal independent set in T2(G) by Theorem 3.9. If
V1 = {2, 5, 6}, V2 = {1, 4} and V3 = {3}, then applying Theorem 3.9 we get
H = {12, 15, 16, 24, 45, 46} is an even larger maximal independent set. Further,
if V1 = {2, 5, 6}, V2 = {1, 3}, and V3 = {4}, then φ(V1, V2) = {5, 6} and H =
{12, 15, 16, 23, 35, 36, 56} is an even larger maximal independent set of T2(G).

The next theorem provides another construction of a maximal independent
set in T2(G), starting with a vertex colouring of G.

Theorem 3.11. Let G be a graph with a vertex partition into independent sets
V1, V2, . . . , Vk such that φ(Vj , Vi) = ∅ when j > i. Let E be a maximal set of edges
from E(G) such that the following conditions are satisfied.

(1) If e = {u, r} ∈ E, u ∈ Vi and r ∈ Vj for i 6= j, then e is an isolated edge in
G[Vi ∪ Vj ].

(2) If e1, e2 ∈ E share a common endpoint in G, then there is no triangle in G

containing e1 and e2.

Then A = V1V1∪V2V2∪· · ·∪VkVk∪E is a maximal independent set in T2(G).

Proof. We first show that A is an independent set in T2(G). The subset A\E
is an independent set since each Vi is an independent set. Let x = viavib ∈ A\E
with via, vib ∈ Vi. Let y ∈ E. If x, y do not share an anchor, then x and y are not
adjacent. Thus, without loss of generality, suppose y = viau. By definition of E,
u ∈ Vj for some j 6= i. Further {via, u} is an isolated edge in G[Vi ∪ Vj ]. Thus, y
is not adjacent to x in T2(G).

Suppose now that x, y ∈ E. If x, y do not share an anchor, then x and y are
not adjacent. So suppose x = uv and y = ut. By condition (2), v and t are not
adjacent in G, and hence x and y are not adjacent in T2(G). Therefore A is an
independent set.

Now we show A is maximal. Suppose x = xixj 6∈ A for some xi ∈ Vi and
xj ∈ Vj . We know that i 6= j (since otherwise, x would be in A). Without loss of
generality i < j.
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Suppose that no vertex of A is adjacent to x in T2(G). Then xi is the only
possible neighbour of xj in Vi, and xj is the only possible neighbour of xi in Vj .
Indeed, suppose xi has a neighbour z 6= xj with z ∈ Vj . Then xixj is adjacent to
xjz ∈ VjVj ⊆ A. Similarly, suppose xj has a neighbour y 6= xi and y ∈ Vi. Then,
xixj is adjacent to xiy ∈ ViVi ⊆ A. Since φ(Vj , Vi) = ∅, it follows that x ∈ E(G)
and thus x is an isolated edge in G[Vi∪Vj ]. Suppose there is some e ∈ E such that
e shares a common endpoint with x. Then, without loss of generality, e = xiu. If
u is adjacent to xj in G, then e is adjacent to x, but this contradicts the fact that
x is not adjacent to any element of A. Therefore, u is not adjacent to xj (and e

is not adjacent to x). Then there is no triangle in G containing e and x. Since
E does not contain x, it would follow from (1) and (2) that E is not maximal, a
contradiction.

1

2

34

5

6 7 8

90

Figure 3. A colouring of the Petersen graph with some bolded edges.

Example 3.12. Let G be the Petersen graph depicted in Figure 3 with indepen-
dent sets V1 = {0, 1, 9}, V2 = {2, 5, 7}, V3 = {4, 6}, V4 = {3, 8} and bolded edges
E = {04, 43, 39, 96, 68, 08}. Note that φ(Vj , Vi) = ∅ for j > i. By Theorem 3.11,
V1V1∪V2V2∪V3V3∪V4V4∪E is a maximal independent set of T2(G) of cardinality
fourteen.

Note that φ(V1, V2) = ∅ and φ(V3, V4) = ∅. Thus, by Theorem 3.9, V1V2∪V3V4

is a maximal independent set of T2(G) of cardinality thirteen. Thus, the 2-token
graph of the Petersen graph is not well-covered.

Since G contains no triangles, the edges of G form an independent set in
T2(G) of cardinality fifteen. This set is maximal since the addition of any further
edge would form a triangle with the edges of G (see Remark 3.1).

Further, if U1 = {5, 8, 9}, U2 = {0, 2, 6}, U3 = {3}, U4 = {4}, U5 = {1},
U6 = {7} and F = {39, 23, 04, 45, 15, 12, 07, 79}, then the hybrid construction
U1U1 ∪ U2U2 ∪ U3U4 ∪ U5U6 ∪ F is an independent set of T2(G) with cardinality
sixteen. A computer check can verify that α(T2(G)) = 16.



Well-Covered Token Graphs 777

4. Characterization of Bipartite Graphs G with Tk(G)
Well-Covered

In this section we characterize when Tk(G) is well-covered if G is a connected
bipartite graph. In order to distinguish the vertices of G and those of Tk(G) in
this section, we use uppercase letters for vertices in Tk(G). Before we address
bipartite graphs, we present the following useful known result.

Theorem 4.1 [12]. If G is a well-covered graph and I is an independent set in
G, then G\NG[I] is well-covered.

A bipartite graph with bipartition V (G) = L ∪R is balanced if |L| = |R|.

Theorem 4.2 ([8] and [11, Proposition 12]). Let G be a connected bipartite graph
with bipartition V (G) = L ∪R. Then Tk(G) is bipartite with bipartition

{A ∈ V (Tk(G)) | |R ∩A| is even } ∪ {A ∈ V (Tk(G)) | |R ∩A| is odd }.

We require a sequence of technical lemmas.

Lemma 4.3. Let G be a bipartite graph with bipartition V (G) = L ∪ R and
suppose A1, A2 ∈ V (Tk(G)) for some k ≥ 2. If |A1 ∩ L| = ℓ and A2 is adjacent
to A1 in Tk(G), then |A2 ∩ L| ∈ {ℓ− 1, ℓ+ 1}.

Proof. Since A1, A2 are adjacent, they must share an anchor. Hence |A2 ∩
L| = ℓ + i for some i ∈ {−1, 0, 1}. However, if i = 0, that would contradict
Theorem 4.2.

Lemma 4.4. Suppose G is a connected bipartite graph with bipartition V (G) =
L ∪R and |L| ≥ k ≥ 2. If A ∈ V (Tk(G)) with |A ∩ L| = k, then deg(A) ≥ 2.

Proof. Suppose |A∩L| = k and A = A′∪{x, y} ⊆ L for some A′ with |A′| = k−2.
Since G is connected, let u, v ∈ R be adjacent to x and y, respectively. Note that
u and v need not be distinct. Then, A is adjacent to both A′ ∪ {x, v} and
A′ ∪ {u, y}.

Lemma 4.5. Let G be a connected bipartite graph with bipartition V (G) = L∪R

and let k ≥ 2. Suppose that |L| > k and |R| ≥ 1. Let T = Tk(G). If A1, A2,∈
V (T ), A1 6= A2 and |A1 ∩L| = |A2 ∩L| = k, then A1 is not an isolated vertex in
T\NT [A2].

Proof. By Lemma 4.3, A1 is not adjacent to A2. Since A1 6= A2, without loss
of generality, suppose A1 = l1l2 · · · lk and l1 6∈ A2. Since G is connected, there
is a vertex r ∈ R such that l2 is adjacent to r in G. Thus A1 is adjacent to
l1rl3 · · · lk. However, A2 is not adjacent to l1rl3 · · · lk since l1, r 6∈ A2. Thus
l1rl3 · · · lk 6∈ NT [A2]. Therefore A1 is not an isolated vertex in T\NT [A2].
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Lemma 4.6. Let G be a connected bipartite graph with bipartition V (G) = L∪R

and let k ≥ 2. Suppose that |L| ≥ k and |R| ≥ 2. Let T = Tk(G). Let A =
l1l2l3 · · · lk ∈ V (T ) with |A ∩ L| = k and B ∈ V (Tk(G)) with |B ∩ L| = k − 2. If
B is an isolated vertex in T\NT [A], then |B ∩ A| = k − 2 and, after relabelling,
B = r1r2l3 · · · lk such that

(1) NG({l3, l4, . . . , lk}) ⊆ {r1, r2},
(2) NG({r1, r2}) ⊆ {l1, l2, l3, . . . , lk},
(3) degT (B) ≥ 2.

Proof. Recall that sinceG is connected, T is connected. In particular, T contains
no isolated vertices. Suppose B is an isolated vertex in T\NT [A]. Then NT (B) ⊆
NT (A) and the vertices A and B must share at least one common neighbour. By
Lemma 4.3, there is a vertex C ∈ V (T ) with |C∩L| = k−1 adjacent to B and A.
Since C must share an anchor with A, without loss of generality, C = r1l2l3 · · · lk
for some r1 ∈ R. Since B shares an anchor with C, by Lemmas 4.3 and 4.4,
|B ∩ A| = k − 2. Without loss of generality, assume that B = r1r2l3 · · · lk for
some r2 ∈ R.

Suppose NG({l3, l4, . . . , lk}) 6⊆ {r1, r2}. Without loss of generality, suppose
l3 is adjacent to some x 6∈ {r1, r2}. Then B has a neighbour r1r2xl4 · · · lk, but
this vertex is not adjacent to A by Lemma 4.3. But then B is not isolated in
T\NT [A], a contradiction. Therefore NG({l3, l4, . . . , lk}) ⊆ {r1, r2}.

Suppose NG({r1, r2}) 6⊆ {l1, l2, . . . , lk}. Without loss of generality, suppose
r2 is adjacent to some x 6∈ {l1, l2, . . . , lk}. Then B is adjacent to r1xl3 · · · lk,
which is not adjacent to A, contradicting the fact that B is isolated in T\NT [A].
Therefore NG({r1, r2}) ⊆ {l1, l2, . . . , lk}.

Finally, B is adjacent to both C and l1r2l3 · · · lk. Therefore degT (B) ≥ 2.

Lemma 4.7. Let G be a connected bipartite graph with bipartition V (G) = L∪R

and let k ≥ 2. Suppose that |L| ≥ k, |R| ≥ 2 and |L|+ |R| ≥ 5. Let T = Tk(G).
Suppose A = l1l2l3 · · · lk ∈ V (T ) with |A ∩ L| = k and B ∈ V (T ) with |B ∩ L| =
k − 2. If B is an isolated vertex in T\NT [A], then there is no isolated vertex in
T\NT [B].

Proof. Suppose B is an isolated vertex in T\NT [A]. Note that, by Lemma 4.6,
we can assume B = r1r2l3 · · · lk and NT (B) ⊆ NT (A). Suppose that C is an
isolated vertex in T\NT [B], and so NT (C) ⊆ NT (B).

By Lemma 4.3, |C ∩ L| ∈ {k, k − 2}. We claim that |C ∩ L| = k − 2.
Suppose that |C ∩ L| = k. We first show that C 6= A. Indeed, if C = A, then
NT (C) = NT (B) = NT (A). If k > 2, let r be any vertex adjacent to lk. Then,
A = l1l2 · · · lk is adjacent to W = l1l2 · · · lk−1r. Note that W cannot be adjacent
to B, since l1 and l2 both appear in W , while neither appear in B. So W and
B do not share an anchor, and thus NT (B) 6= NT (A). If k = 2, then A = l1l2
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and B = r1r2. By Lemma 4.6 we have NG({r1, r2}) ⊆ {l1, l2}. Interchanging
the roles of L and R in Lemma 4.6, since B = r1r2 and |B ∩ R| = 2 and
|C ∩R| = 0, we know that C = l1l2 = A implise that NG({l1, l2}) ⊆ {l1, l2}. But
this means {l1, l2, r1, r2} is a maximal connected component of G, contradicting
the hypothesis that G is connected and |V (G)| ≥ 5. Therefore C 6= A.

Since NT (C) ⊆ NT (B) ⊆ NT (A), C is isolated in T \ NT [A], contradicting
Lemma 4.5. Thus |C ∩ L| 6= k, and by Lemma 4.3, |C ∩ L| = k − 2.

Since C is isolated in T\NT [A], C and B have a common neighbour D which
is also adjacent to A. Thus, given that A and D have a common anchor, without
loss of generality, D = r1xl3 · · · lk for some x ∈ {l1, l2}.

Suppose x = l1. Then since D and C have a common anchor, without loss
of generality, either C = r1yl3 · · · lk for some y ∈ R or C = r1l1zl4 · · · lk for some
z ∈ R. Note that if k = 2, the latter case does not occur. Suppose C = r1yl3 · · · lk.
Then y 6= r2 since B 6= C and further, C is adjacent to E = l1yl3 · · · lk. However,
E is not adjacent to B since |E ∩ B| = k − 2, violating the fact that NT (C) ⊆
NT (B). Therefore C = r1l1zl4 · · · lk. Then z = r2 by Lemma 4.6. In this case,
C is adjacent to F = r1l2l1l4 · · · lk and hence cannot be adjacent to B since
|F ∩ B| = k − 2. This again violates the fact that NT (C) ⊆ NT (B). Therefore
x = l2. However, with x = l2, a similar argument also leads to a contradiction.
Therefore there is no vertex C that is isolated in T\NT [B].

We pause to give an example that will be used to simplify our proof of
Theorem 4.9.

Example 4.8. Let m ≥ 4 and G = K1,m be the complete bipartite graph (a
star graph) with bipartition V = {x} ∪ {y1, . . . , ym}. We show that Tk(G) is
not well-covered for any 1 ≤ k ≤

⌊

m+1
2

⌋

. Since T1(G) = G is not well-covered,
we first consider 2 ≤ k <

⌊

m+1
2

⌋

. Note that the vertices of V (Tk(G)) come in
two types: a k subset of {y1, . . . , ym}, and a k subset of V that contains x and
a (k − 1) subset of {y1, . . . , ym}. In fact, these two sets form the bipartition of
Tk(G). There are

(

m
k

)

vertices of the first type, and
(

m
k−1

)

vertices of the second

type. When k 6= m+1
2 , the parts of the bipartition have different cardinalities, and

hence Tk(G) is not well-covered. So, suppose k = m+1
2 , and hence

(

m
k

)

=
(

m
k−1

)

.
If T = Tk(G) and we take the non-maximal independent set I = {y1y2 · · · yk},
then the bipartite graph T\NT [I] is not well-covered since

NT [I] =
{

y1y2 · · · yk, xy2 · · · yk, xy1y3 · · · yk, . . . , xy1y2 · · · yk−1

}

,

and so one part has
(

m
k

)

− 1 elements, and the other has
(

m
k−1

)

− k. By Theorem
4.1, Tk(G) is not well-covered.

Theorem 4.9. Let 2 ≤ k ≤
⌈

n
2

⌉

. If G is a connected bipartite graph with
|V (G)| = n ≥ 5, then Tk(G) and Tn−k(G) are not well-covered.
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Proof. Suppose G is a connected graph on n vertices with bipartition V (G) =
L∪R. Without loss of generality, assume that |L| ≥ |R| and hence |L| ≥ k, since
2 ≤ k ≤

⌈

n
2

⌉

.

Suppose |R| = 1. Then G is the star graph which is not well-covered by
Example 4.8.

Suppose |R| ≥ 2. Let T = Tk(G). If T is well-covered, it is necessary
that the bipartition as described in Theorem 4.2 is balanced. Let A ∈ V (T )
with |A ∩ L| = k. Let Q = T\NT [A]. Note that degT (A) ≥ 2 by Lemma 4.4.
If Q contains no isolated vertices, then Q is a bipartite graph with nonempty
bipartitions that is not balanced and hence Q is not well-covered. Therefore, by
Theorem 4.1, T is not well-covered. Suppose Q contains an isolated vertex B.
By Lemma 4.3, |B ∩ L| = k − 2. Then, by Lemmas 4.5 and 4.7, it follows that
W = T\NT [B] contains no isolated vertices, and degT (B) ≥ 2. Thus W is an
unbalanced bipartite graph with nonempty bipartitions and no isolated vertices.
Therefore, by Theorem 4.1, Tk(G) is not well-covered.

Since Tn−k(G) ∼= Tk(G), it follows that Tn−k(G) is also not well-covered.

The following corollary gives the desired characterization.

Corollary 4.10. Let G be a connected bipartite graph with |V (G)| = n. Given
1 ≤ k ≤

⌈

n
2

⌉

, then Tk(G) is well-covered if and only if G is well-covered and
k = 1 (in this case Tk(G) ∼= G).

Proof. If n ≥ 5, then the result follows from Theorem 4.9. A direct computation
on all bipartite graphs on four or fewer vertices finishes the proof.

5. Restrictions on Graphs with Well-Covered 2-Token Graphs.

In this section, we derive some restrictions on G, with regard to girth and inde-
pendence number, when T2(G) is well-covered.

Theorem 5.1. Suppose |V (G)| ≥ 3, G is connected and T2(G) is well-covered.
If P = {x1, x2, x3} is an induced path in G, then either P is part of a four cycle
or at least one of the vertices of P is part of a 3-cycle in G.

Proof. Let T = T2(G). Suppose that no vertex of P is part of a 3-cycle in G and
that there is no induced four cycle in G that includes the vertices x1, x2, and x3.

Let I1, I2, I3 be the vertices of H = G\P that are adjacent to x1, x2, x3
respectively. Since x1, x2, x3 are not part of a triangle in G, we know that I1, I2, I3
are independent sets in G. Likewise, I1 ∩ I2 = ∅ = I2 ∩ I3 since x1, x2, x3 are
not part of a triangle. Further, I1 ∩ I3 = ∅ since x1, x2, and x3 are not part of a
4-cycle.
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Consider T2(P ) = {x1x2, x1x3, x2x3}. Then NT (T2(P )) is precisely the set
of vertices xiIj = {xiy | y ∈ Ij} for i, j ∈ {1, 2, 3} with i 6= j.

Suppose I1 6= ∅ and I3 6= ∅. Consider the independent set A = x1I1 ∪ x2I2 ∪
x3I3 ∪ I1I3. We have NT (T2(P )) ⊆ NT [A], and T2(P ) ∩NT [A] = ∅. Thus T2(P )
is a maximal connected component of T\NT [A]. Since T2(P ) is not well-covered,
it follows that T2(G) is not well-covered by Theorem 4.1.

Suppose I1 = ∅ and I3 6= ∅. Consider the independent set A = x2I2 ∪ x3I3.
Let T ′ = T\NT [A]. Then NT ′(T2(P )) = x1I3. Let B be a maximal independent
set in T\(NT [A]∪T2(P )∪x1I3). Then A∪B is an independent set and no vertex
of B is adjacent to T2(P ). Thus T2(P ) ∪ x1(I3\NT [B]) is a maximal connected
component in T\NT [A ∪B]. Further, T2(P ) ∪ x1(I3\NT [B]) is not well-covered.
To see this, consider that {x1x3} is a maximal independent set, but {x1x2, x2x3}
is a larger independent set. Therefore, by Theorem 4.1, T2(G) is not well-covered.

Suppose I1 6= ∅ and I3 = ∅. By symmetry, this case is similar the previous
case.

Suppose I1 = I3 = ∅. Then NT (T2(P )) = x1I2 ∪ x3I2. Consider the inde-
pendent set A = x2I2. Note that NT (T2(P )) ⊆ NT [A] while T2(P ) ∩NT [A] = ∅.
Thus, T\NT [A] contains an isolated path T2(P ) and hence is not well-covered.
Therefore T2(G) is not well-covered by Theorem 4.1.

Corollary 5.2. If |V (G)| ≥ 3, G is connected and T2(G) is well-covered, then
girth(G) ≤ 4.

We finish this section with a bound on α(G) when T2(G) is well-covered.

Lemma 5.3. Let G be a connected graph, and let V1, V2, . . . , Vr form a partition
of V (G) such that Vi is a maximum independent set in G\

(
⋃

j<i Vj

)

. If T2(G) is

well-covered, then |φ(V2i−1, V2i)| ≤ 1 for 1 ≤ i ≤
⌊

r
2

⌋

.

Proof. Suppose that |φ(V1, V2)| ≥ 2. Since V1 is a maximum independent set of
G, and because V2 ∪φ(V1, V2) is an independent set, |V2∪φ(V1, V2)| ≤ |V1|. Thus
|V2| ≤ |V1| − 2.

Let x ∈ φ(V1, V2). Consider the sets W1 = V1\{x} and W2 = V2 ∪ {x}.
Note that |W1W2| = (|V1| − 1)(|V2| + 1) ≥ |V1V2| since V2 ≤ V1 − 2. Further
W1W2 ∪ φ(V1, V2)φ(V1, V2) is an independent set in T2(G). By Theorem 3.9,
A = V1V2∪φ(V1, V2)φ(V1, V2)∪V2V3 ∪ · · · is a maximal independent set of T2(G).
But |A\V1V2 ∪W1W2| > |A|, and hence T2(G) is not well-covered. By a similar
argument, |φ(V2i−1, V2i)| ≤ 1 for 2 ≤ i ≤

⌊

r
2

⌋

.

Theorem 5.4. Suppose G is a connected graph and T2(G) is well-covered. Let
V1, V2, . . . , Vr form a partition of V (G) such that Vi is a maximum independent



782 F.M. Abdelmalek et al.

set in G\
(
⋃

j<i Vj

)

. Then for 1 ≤ k ≤
⌊

r
2

⌋

,

|V2k−1| ≤
⌊

1 + 2|V2k|+
√

8|V2k|+ 1

2

⌋

≤
⌊

1 + |V2k|+
√

2|V2k|
⌋

.

Proof. Note that Lemma 5.3 implies that φ(V2i−1, V2i)φ(V2i−1, V2i) = ∅ for i =
1, . . . ,

⌊

r
2

⌋

. Consequently, by Theorem 3.9, the set V1V2 ∪ V3V4 ∪ · · · ∪ Vr−1Vr if
r even, or V1V2 ∪ · · · ∪Vr−2Vr−1 ∪ VrVr if r odd, is a maximal independent set of
T2(G).

Let Bk be the bipartite subgraph of G induced by V2k−1∪V2k. For simplicity,
consider the case k = 1. We first claim that α(T2(B1)) = |V1V2|. Suppose for
contradiction that A is a maximal independent set of B1 with |A| > |V1V2|.
Then, T2(G) contains an independent set with cardinality |A ∪ V3V4 ∪ · · · | >

|V1V2 ∪ V3V4 ∪ · · · |, which contradicts the hypotheses that T2(G) is well-covered
or that V1V2 ∪ V3V4 ∪ · · · is maximal. Therefore α(T2(B1)) = |V1V2|.

Because V1V1 ∪V2V2 is an independent set of B1, it follows that α(T2(B1)) =
|V1V2| = |V1||V2| ≥

(|V1|
2

)

+
(|V2|

2

)

. Solving this inequality for |V1| (and us-

ing the fact that |V1| must be an integer) gives |V1| ≤
⌊

1+2|V2|+
√

8|V2|+1

2

⌋

≤
⌊

1 + |V2|+
√

2|V2|
⌋

. The cases with k 6= 1 are similar.

Corollary 5.5. Suppose G is connected and |V (G)| = n ≥ 3. If T2(G) is well-

covered, then α(G) ≤
⌊

n−1+
√
n−1

2

⌋

.

Proof. Partition the vertices of G into sets V1, V2, . . . , Vr such that |V1| = α(G)
and |V2| = α(G \ V1). Since T2(G) is well-covered and G is connected, Corol-
lary 4.10 implies that G is not bipartite. Thus, there is at least one vertex
which is not in V1 ∪ V2 and so |V2| ≤ n − α(G) − 1. Applying |V1| = α(G) and
|V2| ≤ n − α(G) − 1 to the inequality from the Theorem 5.4 yields the required
result.

6. Constructions of Well-Covered Token Graphs

In this section we describe some graphs G for which T2(G) is well-covered. Many
of the graphs fit within a certain family of graphs that we describe in Defini-
tion 6.3.

We first note that there is no direct inheritance with respect to being well-
covered for token graphs. If G is well-covered, then there is no guarantee that
Tk(G) is well-covered. For example, the cycle C4 is well-covered but T2(C4) is
isomorphic to the complete bipartite graph K2,4 which is not well-covered. There
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are also graphs for which G is not well-covered but T2(G) is well-covered, as
observed in Figure 1 (and, for example, Theorem 6.9 with s = m and t = 0).

Theorem 6.1. For n ≥ 2, T2(Kn) is well-covered.

Proof. Let A be an independent set of vertices in T2(Kn). No vertex of Kn

appears in more than one pair in A. If there exists i, j ∈ V (Kn), with neither i
nor j appearing in any pair in A, then A ∪ {ij} is also an independent set. It
follows that if A is a maximal independent set, then |A| =

⌊

n
2

⌋

. Thus T2(Kn) is
well-covered.

While T2(Kn) is well-covered, we expect that in general Tk(Kn) is not well-
covered for k > 2. For example, it is known that for each n ≥ 9, there exists a
partial Steiner triple system of order n that does not have an embedding of order
v for any v < 2n+ 1, demonstrating the existence of a maximal independent set
in T3(Kn) that is not maximum when n ≡ 1, 3 (mod 6) (see [13] and [?]). For
example, the maximal independent set {123, 367, 345, 147, 256} in T3(K7) cannot
be completed to become a Fano plane.

We use the fact that if H is a subgraph of G, then T2(H) is a subgraph
of T2(G). Taking a maximal independent set of a graph G and considering its
restriction to a subset of vertices A of G will give an independent set in G[A].

Remark 6.2. If V (G) = V1 ∪ V2 with V1 ∩ V2 = ∅, then α(G) ≤ α(G[V1]) +
α(G[V2]).

Using a computer search, we found that there were few graphs G for which
T2(G) is well-covered for small n (see the Appendix). Besides the complete
graphs, many of the graphs G we found for which T2(G) is well-covered were
in a class G described below.

Definition 6.3. Define G to be the set of graphs obtained by taking the disjoint
union of Km and Kn, n ≥ m, and inserting some edges. An example of a
graph in G is given in Figure 4. Let X = V (Km) = {x1, x2, . . . , xm} and Y =
V (Kn) = {y1, y2, . . . , yn}. Let G ∈ G and H = T2(G). Then the vertices of H can
be partitioned as V (H) = XX ∪ XY ∪ Y Y with H[XX] = T2(Km), H[Y Y ] =
T2(Kn), and H[XY ] = Km�Kn (the Cartesian product of Km and Kn). Further,
if xi is adjacent to yk in G, then H contains the edges {{xjxi, xjyk} | 1 ≤ j ≤
m, j 6= i} and {{xiyℓ, ykyℓ} | 1 ≤ ℓ ≤ n, ℓ 6= k}.

In the next theorems we determine classes of token graphs T2(G) with G ∈ G
that are well-covered and classes that are not well-covered. We start by consid-
ering the independence number for some of the graphs in G.

Lemma 6.4. Let G ∈ G with at most n−m vertices of Y having a neighbour in
X. Then α(T2(G)) = α(T2(Km)) + α(T2(Kn)) +m.
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Km Kn

Figure 4. A graph G ∈ G with T2(G) not well-covered (Theorem 6.7).

Proof. By Remark 6.2, α(T2(G)) ≤ α(T2(Km)) + α(Km�Kn) + α(T2(Kn)). If
n = m, then T2(G) is just the disjoint union of T2(Km), Km�Kn and T2(Kn)
and so equality holds in the previous inequality. Suppose that n > m. Note that
α(Km�Kn) = m. Without loss of generality, assume that none of the vertices
y1, y2, . . . , ym are adjacent to any of the vertices of Km. Let A = {x1x2, x3x4, . . .}
be a maximal independent set of T2(Km), B = {y1y2, y3y4, . . .} be a maximal in-
dependent set of T2(Kn), and C = {x1y1, x2y2, . . . , xm−1ym−1}. LetD = {xmym}
if m is even and D = {xmym+1} if m is odd. Then A∪B∪C∪D is an independent
set of T2(G). Therefore α(T2(G)) = α(T2(Km)) + α(T2(Kn)) +m.

Remark 6.5. The independent set constructed in the proof of Lemma 6.4 can be
constructed via the construction of Corollary 3.7. In particular, taking V2i−1 =
{x2i−1, y2i} and V2i = {x2i, y2i−1} for 1 ≤ i ≤

⌊

m
2

⌋

, with W = {xm, ym} if m
is odd and W = ∅ if m is even, and taking Ui = {yi} for m + 1 ≤ i ≤ n, then
A ∪B ∪ C ∪D is the same as {V1V2 ∪ V3V4 ∪ · · · } ∪ {Um+1Um+2 ∪ Um+3Um+4 ∪
· · · }∪WW . While the tools of Section 3 are helpful for constructing independent
sets in token graphs, in this section, such as in the previous proof, we give more
direct descriptions of some independent sets.

For graphs G ∈ G, the next three theorems provide forbidden configurations
for T2(G) to be well-covered. The restriction of at most n − m vertices of Km

having a neighbour inKn allows us to provide the exact value of the independence
number in Lemma 6.4. As such, we focus on graphs in G having this restriction
as we develop the next results. The next theorem provides a parity restriction
for such graphs in G that are well-covered.

Theorem 6.6. Let G ∈ G be such that at most n − m vertices of Y have a
neighbour in X. If G is connected and either n or m is even, then T2(G) is not
well-covered.

Proof. Since G is connected, we know that n > m. By Lemma 6.4, α(T2(G)) =
α(T2(Km)) + α(T2(Kn)) +m. Suppose m is even. Suppose there is a vertex, say
yn, which is adjacent to every vertex in Km. Let I be any maximal independent
set of T2(G) with x1yn ∈ I. Then I can contain no edge x1x ∈ XX. Thus
|I ∩XX| < α(T2(Km)) and hence G is not well-covered.

Suppose there is a vertex in Y adjacent to some vertex in X but not adjacent
to every vertex in X. Assume that yn is adjacent to x1 but not xm. Let I be a
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maximal independent set with {ynxm} ∪ {x2x3, . . . , xm−2xm−1} ⊆ I. Note that
x1xm 6∈ I since ynxm ∈ I and x1 is adjacent to yn in G. Thus |I ∩ XX| <
α(T2(Km)). Therefore T2(G) is not well-covered. The case with n even is similar
to the previous case.

Theorem 6.7. Let G ∈ G with n ≥ m + 2, with {x1, y1}, {x1, y2}, {x2, y2} ∈
E(G) and at most n − m vertices of Y have a neighbour in X. Then T2(G) is
not well-covered.

Proof. By Lemma 6.4, α(T2(G)) = α(T2(Km)) + α(T2(Kn)) + m. And if I is
an independent set with |I| = α(T2(G)), then I must contain α(T2(Km)) vertices
from T2(Km). Ifm ≥ 3, consider a maximal independent set I of T2(G) containing
the vertices x2y1 and x3y2, as well as the vertices xmxm−1, xm−2xm−3, . . . , xt+1xt
for t ∈ {3, 4} (depending on the parity of m). Then I cannot include the vertices
x2x3, x1x3, and x1x2 since these vertices are all adjacent to either x2y1 or x3y2. If
m = 2, construct a maximal independent set containing x2y1, and hence x1x2 6∈ I.

In either case, |I ∩XX| < α(T2(Km)), and hence |I| < α(T2(G)). Thus T2(G) is
not well-covered.

Km Kn

Figure 5. A graph G ∈ G with T2(G) not well-covered (Theorem 6.8).

Theorem 6.8. Let G ∈ G with n ≥ m+3, with {x1, y1}, {x2, y2}, {x3, y3} ∈ E(G)
and at most n−m vertices of Y have a neighbour in X. Then T2(G) is not well-
covered.

Proof. By Lemma 6.4, α(T2(G)) = α(T2(Km)) + α(T2(Kn)) + m. Consider a
maximal independent set, say I, of T2(G) containing the vertices x1y3, x2y1, and
x3y2. Suppose also x2i−2x2i−1 ⊆ I for 3 ≤ i ≤

⌈

m
2

⌉

. Note that x1y3 is adjacent
to x1x3, x2y1 is adjacent to x1x2, and x3y1 is adjacent to x2x3 in T2(G). Thus
x1x3, x1x2, and x2x3 are not in I. Therefore |I ∩XX| < α(T2(Km)) and hence
|I| < α(T2(G)). Thus T2(G) is not well-covered.

In the context of the previous two theorems, if G ∈ G is well-covered, then
the edges between Y and X in G must consist of at most two distinct stars, and
if there are two stars, they must be disjoint.

In the following theorem we consider graphs in G ∈ G having one vertex of
X adjacent to s vertices of Y and another adjacent to t other vertices of Y , to
get a well-covered graph T2(G) when s+ t ≤ m.
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Theorem 6.9. Let G ∈ G with n > m, both odd, NG[y1] = {x1, x2, . . . , xs} ∪ Y,

NG[y2] = {xs+1, xs+2, . . . , xs+t} ∪ Y and NG[yi] = Y for all i, 3 ≤ i ≤ n, with
0 ≤ s+ t ≤ m. Then T2(G) is well-covered.

Km Kn

s

t

Figure 6. A graph G ∈ G with T2(G) well-covered if s+ t ≤ m (Theorem 6.9).

Proof. By Lemma 6.4, α(T2(G)) = α(T2(Km)) + α(T2(Kn)) +m. Let I = A ∪
B∪C be a maximal independent set in T2(G) with A ⊆ Y Y , B ⊆ XY , C ⊆ XX.
It is enough to show that |A| = α(T2(Kn)), |B| = m, and |C| = α(T2(Km)).

Suppose |A| < α(T2(Kn)). Then there are at least three vertices ya, yb, yc ∈ Y

which do not appear in any pair of A. Without loss of generality yc 6∈ {y1, y2}.
Suppose yc appears in a pair xyc of B. Note that x has at most one neighbour
in Y . Thus, without loss of generality, x is not adjacent to yb. In this case, and
the case when yc appears in no pair of B, I = {ybyc} ∪ I is an independent set.
But then I is not maximal. Therefore, |A| = α(T2(Kn)).

Suppose |B| < m. Then there is some x ∈ X that appears in no pair of B.
Also, there are at least n − m + 1 ≥ 3 vertices of Y that are not part of any
pair in B; say ya, yb, yc. Let Z = {ya, yb, yc}. We claim that H = {xy} ∪ I is
an independent set of T2(G) for some y ∈ Z. If x does not appear in any pair
in C, then there will be one less restriction on the possible y ∈ Z (to ensure H

is an independent set), so assume xw ∈ C for some w ∈ X. Then w could be
adjacent to y1 or y2 but not both. Thus there is at most one xy adjacent to xw

in T2(G) for y ∈ Z. Without loss of generality, assume w is adjacent to ya. Now,
if either yb or yc does not appear in any pair of A, then H is an independent set
for that y.

Suppose that ybyc ∈ A. Now x is adjacent to at most one of yb and yc. If x
is adjacent to yb, then let y = yb, otherwise let y = yc. In either case, H is an
independent set.

Suppose that ybyc 6∈ A but ybyr, ycyq ∈ A. Again x is adjacent to at most
one of yr and yq. Without loss of generality, assume that yq is not adjacent to
x. Then take y = yc, and H is an independent set. Since in each case, H is
constructed to be an independent set, this would imply that I is not maximal.
Therefore we conclude that |B| = m.

Suppose |C| < α(T2(Km)). Then there are at least 3 vertices xa, xb, xc ∈ X

that do not appear in any pair of C. If xay1 6∈ B, xay2 6∈ B, xby1 6∈ B and
xby2 6∈ B, then {xaxb} ∪ I is an independent set in T2(G). Without loss of
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generality, assume xay1 ∈ B. Note that then xay2 6∈ B since y1 is adjacent to y2.
Likewise, xby1 6∈ B.

Suppose xby2 6∈ B. Then {xbxc}∪ I is an independent set in T2(G). In either
case, I is not maximal.

Suppose xby2 ∈ B. Since xc is not adjacent to both y1 and y2, assume that
xc is not adjacent to y1. Then {xaxc} ∪ I is an independent set in T2(G), and so
I is not maximal. Thus |C| = α(T2(Km)).

Therefore T2(G) is well-covered.

Km Kn

s

t

Figure 7. A graph G ∈ G with T2(G) well-covered if s+ t ≤ n−m (Theorem 6.10).

We next consider the graph considered in Theorem 6.9 with the stars between
Km and Kn reversed.

Theorem 6.10. Let G ∈ G with n > m, both odd, NG[x1] = {y1, y2, . . . , ys}∪X,

NG[x2] = {ys+1, ys+2, . . . , ys+t} ∪X and NG[xi] = X for all i, 3 ≤ i ≤ m, with
0 ≤ s+ t ≤ n−m. Then T2(G) is well-covered.

Proof. As in the proof of Theorem 6.9, we let I = A ∪ B ∪ C be a maximal
independent set in T2(G) with A ⊆ Y Y , B ⊆ XY , C ⊆ XX. It is enough to show
that |A| = α(T2(Kn)), |B| = m, and |C| = α(T2(Km)). By similar arguments to
those used for the proof of Theorem 6.9, we can show that |A| = α(T2(Kn)) and
|C| = α(T2(Km)).

Suppose |B| < m. Without loss of generality, there is some vertex x ∈ X

that belongs to no pair in B. Also, there are at least n−m+1 ≥ s+ t+1 vertices
of Y that belong to no pair in B.

Suppose x ∈ {x1, x2}. Without loss of generality, x = x1. If xy ∈ XY is
adjacent to a vertex of C, then y ∈ {ys+1, . . . , ys+t}. Thus as most t vertices of
XY containing x are adjacent to a vertex in C. At most s vertices of A contain a
member in {y1, . . . , ys}. Thus at most s vertices of XY containing x are adjacent
to vertices in A. Since there are at least s+ t+1 vertices of Y that belong to no
pair in B, there is some v ∈ Y such that xv is not adjacent to any vertex of I.
Hence {xv} ∪ I is an independent set in T2(G).

Suppose x 6∈ {x1, x2}. Since there are at least s+ t+ 1 vertices of Y that do
not appear in any pair of B, there is some yj with j > s + t such that yj does
not appear in any pair of B. Hence {xyj} ∪ I is an independent set in T2(G).

Since I is maximal, it follows that |B| = m. Thus T2(G) is well-covered.
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Km Kn

s

t

Figure 8. A graph G ∈ G with T2(G) well-covered if t + 1 ≤ n − m and s + 1 ≤ m

(Theorem 6.11).

In the next theorem we consider graphs G ∈ G with one vertex of X adjacent
to t vertices of Y and one vertex of Y adjacent to s vertices of X. Due to
Theorem 6.7, these stars will need to be disjoint if T2(G) is well-covered.

Theorem 6.11. Let G ∈ G with n > m, both odd, NG[x1] = {y2, y3, . . . , yt+1}∪X,

NG[y1] = {x2, x3, . . . , xs+1} ∪ Y, NG[xi] = X for s + 2 ≤ i ≤ m and NG[yi] = Y

for t+2 ≤ i ≤ n, with s+1 ≤ m and t+1 ≤ n−m. Then T2(G) is well-covered.

Proof. By Lemma 6.4, α(T2(G)) = α(T2(Km)) + α(T2(Kn)) +m. Let I = A ∪
B∪C be a maximal independent set in T2(G) with A ⊆ Y Y , B ⊆ XY , C ⊆ XX.
It is enough to show that |A| = α(T2(Kn)), |B| = m, and |C| = α(T2(Km)).

Suppose |A| < α(T2(Kn)). Then there are at least three vertices ya, yb, yc ∈ Y

that are not in any pair of A. At least two vertices in {yax1, ybx1, ycx1} cannot
be in B; without loss of generality, yax1, ybx1 6∈ B.

Suppose y1x1 ∈ B. Then ya 6= y1 and yb 6= y1. Hence {yayb} ∪ I is an
independent set.

Suppose y1x1 6∈ B. If ya 6= y1, then {yayb}∪I is an independent set. Suppose
ya = y1. If ybw 6∈ B for all w ∈ NG(y1), then {yayb} ∪ I is an independent set.
Likewise, if ycw 6∈ B for all w ∈ NG(y1), then {yayc} ∪ I is an independent set.
Finally, if ybw ∈ B for some w ∈ NG(y1) and yct ∈ B for some t ∈ NG(y1), then
{ybyc} ∪ I is an independent set. Therefore, if |A| < α(T2(Kn)), then I is not a
maximal independent set. Thus |A| = α(T2(Kn)).

Suppose |B| < m. Then there is at least one vertex x′ ∈ X that is in no pair
of B. Let M ⊆ Y be the set of vertices of Y that are not in any pair of B. Then
M contains at least n−m+ 1 ≥ t+ 2 vertices.

Suppose x′ = x1. Then at most t vertices x′y ∈ XY are adjacent to vertices
in A. Additionally, at most one vertex x′y ∈ XY is adjacent to a vertex in C.
Thus there is some y′ ∈ M such that x′y′ is not adjacent to any vertex of A or
C. Thus {x′y′} ∪ I is an independent set.

Suppose x′ 6= x1. If x
′x1 ∈ C, then at most t vertices x1y ∈ XY are adjacent

to x′x1. Additionally, there is at most one vertex yy1 ∈ A. Thus there is at
least one vertex, say x′y′, which is not adjacent to any vertex in A or C. Then
{x′y′} ∪ I is an independent set.

Suppose x′x1 6∈ C. Then there is at most one vertex x′′ ∈ X such that
x′x′′ ∈ C. Additionally, there is at most one vertex yy1 ∈ A. Thus there exists
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Figure 9. A graph G with T2(G) well-covered (Theorem 6.11).

at least one vertex of the form x′y′ such that {x′y′} ∪ I is an independent set.
In each case, we have seen that if |B| < m, then I is not maximal. Thus

|B| = m.
Suppose |C| < α(T2(Km)). A similar argument to that used for A shows

that |C| = α(T2(Km)). Thus T2(G) is well-covered.

7. Concluding Comments

By computer calculation, one can check that if G is a graph on eight or fewer ver-
tices and T2(G) well-covered, then G ∈ G. In fact, all these graphs are accounted
for by Theorems 6.1, 6.9 and 6.10 (see the Appendix). The graphs covered in
Theorem 6.11 must have at least ten vertices, such as in Figure 9.

The theorems in Section 6 considered graphs in G when n > m. We do not
expect that T2(G) is well-covered for any non-complete graph G ∈ G with n = m.
The following theorem is an illustration.

Theorem 7.1. Suppose G ∈ G and m = n > 1 and x1y1 is the only edge with
one endpoint in Y and one in X. Then T2(G) is not well-covered.

Proof. Let A = {x1x2, x3x4, . . .}, B = {y1y2, y3y4, . . .} and suppose that C =
{x1y1, x2y2, . . . xnyn}. Then A ∪ B ∪ C is an independent set and so by Re-
mark 6.2, α(T2(G)) = 2α(T2(Kn)) + α(Kn�Kn). Let I = {x1x2, x3x4, . . .} ∪
{y1y2, y3y4, . . .} ∪ {x1yn} ∪ {x3y2, . . . , xnyn−1}. Then |I| = α(T2(G))− 1 and yet
I is maximal. Therefore T2(G) is not well-covered.

Remark 7.2. If G ∈ G and m = n and there is at least one edge xy with one
endpoint in Y and one in X and α(T2(G)) = α(T2(G)[XX]) + α(T2(G)[XY ]) +
α(T2(G)[Y Y ]) = 2α(T2(Kn)) + n, then T2(G) is not well-covered. In particular,
suppose x1y1 is an edge of G. Let I be a maximal independent set of T2(G) with
{x1y1}∪{x1yn}∪{x3y2, . . . , xnyn−1} ⊆ I. Then |I∩XY | = n−1 < α(T2(G)[XY ])
and so |I| 6= α(T2(G)).

One of the reasons that we are interested in well-covered graphs is that they
are candidate Cohen-Macaulay graphs (for details and definitions, see e.g. [10]).
As an example, we can show that if G is a non-complete graph G of order 4
with T2(G) well-covered, then T2(G) is vertex-decomposable and hence T2(G) is



790 F.M. Abdelmalek et al.

Cohen-Macaulay. Future work could be done to determine when a well-covered
token graph is vertex-decomposable and/or Cohen-Macaulay.
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8. Appendix: Graphs G with T2(G) well-covered

The number of graphs G of order at most 9 with T2(G) well-covered are listed in
Table 1 as determined by a computer search. In Figures 10, 11 and 12, we display
all the non-complete graphs G of order at most 9 with T2(G) well-covered.

n 2 3 4 5 6 7 8 9

number of graphs 1 1 3 1 5 1 13 9

Table 1. Number of graphs G of order n with T2(G) well-covered for n ≤ 9.
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Figure 10. Non-complete graphs G of order 4 and 6 with T2(G) well-covered.

Figure 11. Non-complete graphs G of order 8 with T2(G) well-covered.

Figure 12. Non-complete graphs G of order 9 with T2(G) well-covered.
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