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Abstract

The k-token graph Ty (G) is the graph whose vertices are the k-subsets of
vertices of a graph G, with two vertices of Ty (G) adjacent if their symmetric
difference is an edge of G. We explore when Ty (G) is a well-covered graph,
that is, when all of its maximal independent sets have the same cardinality.
For bipartite graphs G, we classify when Ty (G) is well-covered. For an
arbitrary graph G, we show that if T5(G) is well-covered, then the girth of
G is at most four. We include upper and lower bounds on the independence
number of Ty (G), and provide some families of well-covered token graphs.

Keywords: independence number, well-covered graph, token graph, double
vertex graph, symmetric power of a graph.
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1. INTRODUCTION

Let G be a graph with vertex set V' =V (G) of order n and let 1 <k <n—1. The
k-token graph of G, denoted Ty (G), has as vertices the k-subsets of V' with two
vertices adjacent if their symmetric difference is an edge of G. Thus a vertex of
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Tk (G) can be thought of as a placement of indistinguishable tokens on k vertices
of G with two vertices u,v € V(Ti(G)) adjacent if u can be obtained from v by
moving a single token along an edge of G. Hence, if G is a connected graph,
then T (G) is also connected. An example of a graph G and its 2-token graph
T>(G) is given in Figure 1. We often abuse notation and write i1is - - - i, instead
of {i1,...,ix} for a k-subset of V. Note the isomorphic graphs: T7(G) = G and
Ti(G) =2 T,,—k(G) for 1 < k < n —1. Thus, when exploring properties of token
graphs, it is sufficient to consider values of k satisfying 1 < k < L%J If {u,v} is
an edge of Ty (G), then |[uNv| = k — 1 and we refer to the set uNv as the anchor
of the edge {u,v}.

13 23

i j 12 34

Figure 1. A graph G and its 2-token graph T(G).

The k-token graphs appear in the literature under a number of different
names. The k-token graphs are a generalization of the Johnson graphs (see e.g.
[11]). In particular, if K, is the complete graph on n vertices, then Ty (K,) is
the Johnson graph J(n,k). Thus T>(K,) is also known to be the complement
of the Kneser graph Kn(n,2). The k-token graph Tj(G) is also known as the
symmetric k™ power of G (see e.g. [4, 5]). Finally, the 2-token graph T»(G) is
also called a double vertex graph (see e.g. [1, 2]).

Various properties of token graphs have recently been studied. For example,
in [6], Carballosa, Fabila-Monroy, Leanos, and Rivera characterize when the token
graphs are regular, as well as when a token graph is planar. In [16], Leanos
and Trujillo-Negrete prove a conjecture about the connectivity of token graphs.
In [18], Rivera and Trujillo-Negrete explore the Hamiltonicity of token graphs.
The spectra of token graphs has been explored in various papers in the context
of exploring cospectral graphs (see e.g. [3, 4]).

In this paper we explore properties of the independent sets of Tj(G), and in
particular, we focus on the problem of determining when Ty (G) is well-covered.
An independent set of a graph I' is a subset S of vertices of I" such that no two
vertices in S are adjacent in I'. The independence number of T'; denoted «(T'),
is the maximum cardinality of any independent set of I'. For example, for the
graphs in Figure 1, a(G) = a(T2(G)) = 2. A graph I' is well-covered if all of
its maximal independent sets have the same cardinality [17]. The graph G in
Figure 1 is not well-covered but T5(G) is well-covered. The graph G in Figure 2
is not well-covered, nor is T5(G) well-covered, as illustrated in Example 3.10.
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Some results are known about a(7%(G)). In [8], de Alba, Carballosa, Leanos,
and Rivera bound the independence number of T} (G)) when G is bipartite. When
k = 2, they derive exact values for a(75(G)) when G is either the complete bi-
partite graph, the cycle Cy, or the path P,. Jiménez-Sepilveda and Rivera [15]
determine «(72(G)) when G is the fan graph and the wheel graph. A sharp
lower bound on «(7%(G)) appears in work of Deepalakshmi, Marimuthu, Soma-
sundaram, and Arumugam [9] (also see Remark 3.5).

In the first part of this paper, we derive sharp upper and lower bounds for
a(T,(G)) in terms of a(G) for all k& > 2. In particular, in Theorem 2.1 and
Corollary 3.4 we show that

() < amen < (", )ate

Interestingly, equality in the upper bound depends upon the existence of a specific
combinatorial design. We also produce methods to construct maximal indepen-
dent sets in Tx(G), when k£ = 2, from independent sets of G (see e.g. Theo-
rems 3.2, 3.9 and 3.11). We obtain some results about characteristics of graphs
G for which Ty (G) is well-covered. For example, we observe in Corollary 4.10
that if G is a bipartite graph, then Ty (G) is well-covered if and only if £ = 1 and
G is well-covered. We determine in Corollary 5.2 that a graph G cannot have
a large girth if T5(G) is well-covered, where girth is the length of the smallest
cycle in G. We also provide some infinite families of graphs G for which T5(G) is
well-covered.

We use the following outline in our paper. In Section 2 we prove our results
about the upper bound, while Section 3 focuses on constructions of maximal in-
dependent sets. This section includes a general lower bound on the independence
number. In Section 4, we characterize when T (G) is well-covered if G is bipar-
tite. In Section 5 we provide some restrictions on graphs G for which T5(G) is
well-covered. Then in Section 6 we provide some families of graphs G for which
T»(G) is well-covered. Section 7 contains some concluding remarks, and finally,
in the Appendix we list all the graphs G on nine or fewer vertices such that T5(QG)
is well-covered.

We end this section with some common definitions that we will use through-
out the paper. The subgraph of G induced by the set of vertices A C V(G) is
denoted G[A], having vertex set A with two vertices adjacent in G[A] if and only
if they are adjacent in G. Given a x € V(G), the neighbourhood of z in G is the
set Ng(z) = {y | {z,y} € E(G)}. Given a set X C V(G), the neighbourhood
of X in G is Ng(X) = Uyex Na(z). The closed neighbourhood of X in G is
Ng[X] = X UNg(X). For any W C V(G), let G\W denote the graph obtained
by removing all the vertices of W from G and all edges incident to a vertex in W.
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2. INDEPENDENT SETS OF TOKEN GRAPHS AND COMBINATORIAL DESIGNS

In this section we describe a relationship between a(G) and (7T (G)), and a con-
nection with combinatorial designs. Recall that a t-(v, k, \) design is a collection
of k-subsets of a set of v elements, such that every t-subset appears in exactly A
of the k-subsets.

Theorem 2.1. Let k < L%J If G is a graph on n vertices with no isolated
vertices, then

(TH(G)) < i(k " 1)a(G).

If equality occurs, then there exists a t-(n,k,\) design with t = k —1 and X\ =
a(@G).

Proof. Consider an independent set S C V(T}(G)) with |S| = a(T(G)). Each
v € S contains k potential anchors. Consider the multiset M consisting of all
the subsets R of cardinality k¥ — 1 such that R C v for some v € S. Then
|M| = ka(T(G)). Note that there are at most (") different potential anchors
to be constructed from n vertices and each anchor can appear at most a(G) times
in M. Thus |[M| < (,"",)a(G). If we have equality, then every k — 1 subset must
appear as an anchor exactly «(G) times, hence M is a t-(n, k, a(G)) design with
t=k—1. |

We note that equality is possible in Theorem 2.1. For example, let G = Cs,
the cycle graph on five vertices. Then a(G) = 2 and {12,23,34,45,15} is a
maximum independent set in T5(G) so that a(72(G)) = 5.

Example 2.2. It was shown in [8, Corollary 3.10] that o(T5(Pam+1)) =
va which meets the bound in Theorem 2.1. This corresponds to the
existence of a 2-(2m + 1,3,m + 1) design. It was also observed in [8, Corollary
3.10] that a(T2(Kymm)) = m? which again meets the bound in Theorem 2.1 and

corresponds to the existence of a 1-(2m, 2, m) design.

Another example is the complete graph K,, with £ = 2 and n even, as noted
in the next remark. We provide a proof for completion but note that this is a
known result since T5(K,,) is merely the line graph of the complete graph.

Remark 2.3. If n > 2, then o(T3(Ky,)) = | %].

Proof. 1f nis even, the set {12,34,...,(n—1)n} is an independent set of T2 (kK,).
If nis odd, then {12,34,...,(n—2)(n—1)} is an independent set. So a(T2(K,)) >
|2]. But by Theorem 2.1, | %] is also an upper bound on a(T>(Ky,)). |

We can characterize when we get equality in Theorem 2.1 for the complete
graphs. Note that T} (k) is isomorphic to the Johnson graph J(n, k).
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Theorem 2.4. Givenn >2 and k < | 2], then a(Tx(Ky)) = 1(,",) if and only
if there exists a t-(n,k,1) design witht =k — 1.

Proof. Let M be a collection of k subsets of an n set forming a t-(n, k, 1) design
with ¢ = k — 1. Then the number of k-subsets in M is 1(,",) (see e.g. [14,
Corollary 1.4]) and each element of M is a vertex of T} (K, ). Since each (k —1)-
subset of n appears in at most one block, no two vertices appearing in M are
adjacent in T (K,). Thus M is an independent set in Ty (K,). From the proof
of Theorem 2.1, we have «o(T;(K,)) = |M|. The converse follows directly from
Theorem 2.1. ™

Example 2.5. It is known that for any ¢ > 1 there exists a 2-(6t+ 1,3, 1) design
and a 2-(6t + 3,3,1) design (see Steiner systems, e.g. [14, p.174]). Thus, for

t>1,
6t +1 1/6t4+3
( ) and a(Tg(K6t+3)) = < >

1
Ty(Korin)) = =
a(T3(Kei41)) 5 3l o

3

3. CONSTRUCTING INDEPENDENT SETS IN TOKEN GRAPHS

In this section, we describe some methods of constructing independent sets of
token graphs. We start with a remark that describes one way to visualize an
independent set in a 2-token graph.

Remark 3.1. For a graph G on n vertices, one can picture an independent set in
T5(G) as a set of edges E selected from K, with the property that no two adjacent
edges in E are part of a triangle whose third side is an edge of G (considering G
as a subgraph of K,,).

To describe some constructions of independent sets in k-token graphs, we
introduce the following notation. Given subsets Vi, Vs, ..., Vi C V(G), not nec-
essarily distinct, we define

ViVa-- Vg ={x1zo---ap | ; € V; and x; # x; for all i # j}.

Note that order does not matter; for instance, if u,v € V; with u # v then both
wv and vu represent {u,v} € V;V;. Observe that ViVa---Vj is a subset of the
vertices of Ty (G). Indeed, V(G)V(G)---V(G) (k times) is the set of vertices of
T (G).

Theorem 3.2. Let G be a graph with independent sets Vi, Va, ..., Vi such that
VinV; =0 orV; =Vj for all i # j. Then ViVa---Vj is an independent set of
T (G).
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Proof. Let W = V1 Vy---V;, and suppose that x1x2 -2, y192- - -y € W. Let
AAB denote the symmetric difference of A and B. If

|z122 - 2 Ay1y2 - - Yk| F 2,

then these vertices cannot be adjacent by the definition of Tj(G). So, suppose

T2 T Ay1ye -y = {25, Y5}

We have z; € V; and y; € V}.

If V; = Vj, then {x;, y;} is not an edge in E(G) since V; is an independent set,
and thus zix9 -z and y1ys2 - - - yx are not adjacent in T(G). So, suppose that
ViNV; = (. Suppose that V; appears a times among Vi, Vs, ..., Vj, i.e, Vi, =--- =
Vi, = Vi. So, exactly a distinct elements of {x1,x2,...,xx} belong to V; and the
same is true for {y1,...,yx}. However, since z1z2--- 2 Ay1y2 - - yr = {xi,y;}
with y; € V; and V; NV; = 0, all of the distinct elements in {yi,...,y;} that
belong to V; must appear in z1z2---x;\{z;}. But there are only a — 1 distinct
elements of V; in zyxy ... x\{x;}. So, we cannot have a symmetric difference of
the form {z;,y;} with z; € V;, y; € V; and V; NV = 0. ]

Corollary 3.3. Let G be a graph with independent sets Vi, Va, ..., Vi such that
VinV; =0 orV; =V; for all i # j. Suppose that {V;,,...,V;,} are the distinct
subsets that appear among V1, ..., Vi, and that V;, appears ay times (so a; +---+

a; = k). Then
C&U(%iyncgggaaumy

Proof. By Theorem 3.2, it is enough to show that

<’Vu|> <"/7«2‘> (|V%z‘> — |V1V2---Vk\-
ai ag ajy

By definition of V- - -V}, a; of the elements of x1x9 -+ -z € V1 Vs - -- Vi belong to
Vi,, and these a; elements are distinct. So, there are ("(Ztl) ways to pick these a;
elements. Since V;, N Vi, = () for all 7 # j, the result now follows. [ |

We get a lower bound on the independence number for any token graph.

Corollary 3.4. If G is a graph with independence number a(G), then

(") < amien,

Proof. Let W C V(@) be an independent set of G with [W| = a(G), and apply
Corollary 3.3 with Vi = ... =V, =W. [
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Remark 3.5. The lower bound in Corollary 3.4 is sharp. In particular, observe
that a(Kq,-1) = n — 1 and, in [8], it was determined that a(T;(Ki,-1)) =
(";1) When k = 2 and G is not isomorphic to Ki,—1, then the lower bound in

Corollary 3.4 can be improved. In particular, a(72(G)) > (a(QG)) + L%(G)J, as
first shown in [9, Theorem 2.7].

When k = 2, Theorem 3.2 gives us the following consequences for the 2-token
graphs of some family of bipartite graphs. In particular, we recover some of the
formulas in [8].

Corollary 3.6. If G is a bipartite graph on n vertices with bipartition V(G) =
Vi U Va such that [V1i| = [Va| = a(G) = §, then

Tl2

a(Tg(G)) = Z

In particular, a(To(Pay)) = a(T2(Cap)) = a(T2(Kp ) = n?.

Proof. By Theorem 3.2, V1 V5 is an independent set of T5(G), and furthermore,
|[ViVa| = |V1]|Va| since ViNVa = 0, and thus a(T2(G)) > |Vi||Va|. By Theorem 2.1,
a(To(@)) < 224G — 2VRe|  Pherefore a(To(G)) = [Vi||Va| = 2.

The last statement follows immediately since each of the listed bipartite
graphs have 2n vertices with a bipartition V3 U V5 such that |Vi| = [Vo|=n. =

The next result follows from Theorem 3.2 by noting that if Vi, Vo, V3, Vy, V5
are disjoint sets of GG, then no vertex of V1V will be adjacent to any vertex in
VaVi UVsVs in Ta(G).

Corollary 3.7. Let G be a graph having disjoint independent sets Vi, Vo, ..., V.
If k is even, then ViVo U V3V U - U Vi_1V} is an independent set of To(G). If k
is odd, then ViVo U VaVyU -+ UVi_oVi_1 UViV) is an independent set of To(G).

Corollary 3.8. If G is the complete multipartite graph Ky, ... n, of order n
with k even, and if n; = ¢ for 1 <i <k, then o(T2(G)) = %

Proof. By Corollary 3.7, a(T>(G)) > 3—2 Equality follows from Theorem 2.1. =

We now give some constructions of maximal independent sets in T5(G); this
enables us to derive lower bounds on a(T2(G)) for specific graphs. For the fol-
lowing, if A, B are disjoint independent sets of a graph G, we define

®(A,B) ={x € A| BU{z} is an independent set}.

In Theorem 3.9, we use a partition (in fact, a coloring) of the vertex set of a
graph G to obtain a maximal independent set of T5(G). The condition that
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#(V;,V;) = 0 when j > ¢ implies that the partition V; U--- UV} is constructed so
that V; is a maximal independent set on G\(V; U---UV;_q), for 1 <i < k —1,
with Vo = 0.

Theorem 3.9. Let G be a graph and Vi U Vo U --- UV be a partition of V(G)
into independent sets such that ¢(V;,V;) =0 when j > i. If k is even, let

H =WWhuV3Viu. UV, V)
U (¢(V1,V2)o(V1, Vo) U+ U @(Vi—1, Vi) Vi1, Vi) -
If k is odd, let
H=WV2UV3ViuU- - UVp oV 1) UViVy
U (6(V1, V2)o(Vi, Vo) U=+ U @(Vi—2, V1) 9(Vi—2, Vi—1)) -
Then H is a maximal independent set of To(G).

Proof. Using Corollary 3.7 and the fact that V1V U VaVa U ¢(Vy, Va)o(V1, Va) is
an independent set, it follows that H is an independent set. We will show that
H is maximal. Suppose H U{zy} is an independent set for some zy € V(T2(G)).
We will demonstrate that xy € H.

Suppose z,y € V; for some i. We consider three cases.

Case 1. Suppose V;_1V; C H. Since ¢(V;,Vi—1) = 0, = is adjacent to some
vertex w € V;_1 in G. But then yw is adjacent to yz in T»(G), contradicting the
fact that H U {xy} is an independent set.

Case 2. Suppose V;V;11 C H. Then both z and y can not be adjacent to any
vertex in Viy1 in G, hence zy € ¢(V;, Viy1)p(Vi, Vip1) € H.

Case 3. Suppose V;V; C H. In this case, k is odd, and ¢ = k, in which case
xy € H.

Suppose z € V; and y € V; for some j > i.

Case 1. Suppose V;_1V; C H. Since H U {zy} is an independent set, zy is
not adjacent to any vertex in xV;_; in T5(G). But then y is not adjacent to any
vertex in V;_; in G, contradicting the fact that ¢(Vj, Vi—1) = 0.

Case 2. Suppose V;V;11 C H. If j =i+41, then xzy € H. So suppose j > i+1.
Then, since ¢(Vj, Vit1) = 0, y is adjacent to at least one vertex w € Viyq in G.
But then zy is adjacent to zw € V;Vi41 in T5(G), contradicting the fact that
H U {zy} is an independent set. |
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Figure 2. The graph G in Example 3.10.

Example 3.10. Consider the graph G in Figure 2. Let V3 = {1,3,5,6}, Vo = {2}
and V3 = {4}. Then ¢(V1,V2) = {5,6} and H = V1Vo U ¢(V1,V2)o(V1,V2) =
{12,23,25,26,56} is a maximal independent set in 75(G) by Theorem 3.9. If
Vi = {2,5,6},Vo = {1,4} and V3 = {3}, then applying Theorem 3.9 we get
H = {12,15,16,24,45,46} is an even larger maximal independent set. Further,
if V1 = {2,5,6}, Vo = {1,3}, and V5 = {4}, then ¢(V1,V2) = {5,6} and H =
{12, 15, 16,23, 35,36,56} is an even larger maximal independent set of T5(G).

The next theorem provides another construction of a maximal independent
set in T5(G), starting with a vertex colouring of G.

Theorem 3.11. Let G be a graph with a vertex partition into independent sets
Vi, Va, ..., Vi such that $(V;,V;) = 0 when j > i. Let E be a maximal set of edges
from E(G) such that the following conditions are satisfied.

(1) Ife={u,r} € E,u € V; andr € V; fori # j, then e is an isolated edge in
GlV; UVj].

(2) If e1,ea € E share a common endpoint in G, then there is no triangle in G
containing e1 and es.

Then A = ViV1UVLVLU- - - UV VL UE is a mazimal independent set in To(G).

Proof. We first show that A is an independent set in 75(G). The subset A\FE
is an independent set since each V; is an independent set. Let x = v;qv; € A\E
with v;e, v € V;. Let y € E. If x,y do not share an anchor, then z and y are not
adjacent. Thus, without loss of generality, suppose y = v;qu. By definition of F,
u € Vj for some j # i. Further {v;q,u} is an isolated edge in G[V; U Vj}]. Thus, y
is not adjacent to z in T»(G).

Suppose now that x,y € E. If z,y do not share an anchor, then x and y are
not adjacent. So suppose z = uv and y = ut. By condition (2), v and ¢ are not
adjacent in GG, and hence = and y are not adjacent in 7T5(G). Therefore A is an
independent set.

Now we show A is maximal. Suppose = = x;x; € A for some z; € V; and
xj € V;. We know that i # j (since otherwise, z would be in A). Without loss of
generality @ < j.
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Suppose that no vertex of A is adjacent to = in T5(G). Then z; is the only
possible neighbour of x; in V;, and x; is the only possible neighbour of z; in Vj.
Indeed, suppose z; has a neighbour z # x; with z € V;. Then z;z; is adjacent to
xjz € V;V; € A. Similarly, suppose x; has a neighbour y # x; and y € V;. Then,
z;x; is adjacent to z;y € V;V; C A. Since ¢(V;, Vi) = 0, it follows that z € E(G)
and thus z is an isolated edge in G[V;UV}]. Suppose there is some e € E such that
e shares a common endpoint with z. Then, without loss of generality, e = x;u. If
u is adjacent to x; in G, then e is adjacent to x, but this contradicts the fact that
x is not adjacent to any element of A. Therefore, u is not adjacent to z; (and e
is not adjacent to x). Then there is no triangle in G containing e and x. Since
E does not contain z, it would follow from (1) and (2) that E is not maximal, a
contradiction. ]

Figure 3. A colouring of the Petersen graph with some bolded edges.

Example 3.12. Let G be the Petersen graph depicted in Figure 3 with indepen-
dent sets Vi = {0,1,9}, Vo = {2,5,7}, V3 = {4,6}, V4 = {3, 8} and bolded edges
E = {04,43,39,96,68,08}. Note that ¢(V;,V;) = 0 for j > i. By Theorem 3.11,
ViViuWaVoUVsVaU ViV, UE is a maximal independent set of T5(G) of cardinality
fourteen.

Note that ¢(V4, V2) = 0 and ¢(V3,Vy) = (. Thus, by Theorem 3.9, V1 VoUV3V,
is a maximal independent set of T5(G) of cardinality thirteen. Thus, the 2-token
graph of the Petersen graph is not well-covered.

Since G contains no triangles, the edges of G form an independent set in
T5(G) of cardinality fifteen. This set is maximal since the addition of any further
edge would form a triangle with the edges of G (see Remark 3.1).

Further, if U1 = {5,8,9}, UQ — {0,2,6}, U3 e {3}, U4 = {4}, U5 = {1},
Us = {7} and F = {39,23,04,45,15,12,07,79}, then the hybrid construction
U1U; UUU, UU3sU, U UsUg U F s an independent set of T5(G) with cardinality
sixteen. A computer check can verify that a(72(G)) = 16.
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4. CHARACTERIZATION OF BIPARTITE GRAPHS G WITH T} (G)
WELL-COVERED

In this section we characterize when Tj(G) is well-covered if G is a connected
bipartite graph. In order to distinguish the vertices of G and those of T;(G) in
this section, we use uppercase letters for vertices in 7j(G). Before we address
bipartite graphs, we present the following useful known result.

Theorem 4.1 [12]. If G is a well-covered graph and I is an independent set in
G, then G\Ng[I] is well-covered.

A bipartite graph with bipartition V(G) = LU R is balanced if |L| = |R).

Theorem 4.2 ([8] and [11, Proposition 12]). Let G be a connected bipartite graph
with bipartition V(G) = LU R. Then Ty(Q) is bipartite with bipartition

{AeV(TL(GQ)) | |[RNA|is even } U{A € V(T(G)) | |RNA|is odd }.
We require a sequence of technical lemmas.

Lemma 4.3. Let G be a bipartite graph with bipartition V(G) = LU R and
suppose Ay, Ay € V(Ti(Q)) for some k > 2. If |Ay N L| = £ and As is adjacent
to Ay in Ti(G), then |[AoNL| € {{ — 1,0+ 1}.

Proof. Since Aj, As are adjacent, they must share an anchor. Hence |As N
L| = ¢+ for some i € {—1,0,1}. However, if ¢ = 0, that would contradict
Theorem 4.2. ]

Lemma 4.4. Suppose G is a connected bipartite graph with bipartition V(G) =
LUR and |L| > k> 2. If A€ V(Tx(G)) with |AN L| = k, then deg(A) > 2.

Proof. Suppose |[ANL| =k and A = A'U{z,y} C L for some A’ with |A"| = k—2.
Since G is connected, let u, v € R be adjacent to xz and y, respectively. Note that
uw and v need not be distinct. Then, A is adjacent to both A" U {z,v} and
A" UA{u,y}. |

Lemma 4.5. Let G be a connected bipartite graph with bipartition V(G) = LUR
and let k > 2. Suppose that |L| > k and |R| > 1. Let T = T}(G). If A1, As, €
V(T), A1 # Az and |A1NL| = |A2NL| =k, then A; is not an isolated vertex in
T\Nr[As].

Proof. By Lemma 4.3, A is not adjacent to As. Since Ay # Ag, without loss
of generality, suppose Ay = l1ls-- -l and I3 € As. Since G is connected, there
is a vertex r € R such that Iy is adjacent to r in G. Thus A; is adjacent to
lyrls - --lp. However, Ay is not adjacent to lyrls---l; since 1,7 & As. Thus
lirls-- -l & Np[As]. Therefore A; is not an isolated vertex in T\ Np[As]. |
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Lemma 4.6. Let G be a connected bipartite graph with bipartition V(G) = LUR
and let k > 2. Suppose that |L| > k and |R| > 2. Let T = Ti(G). Let A =
lisly -+ Uy € V(T) with |[ANL| = k and B € V(T(G)) with |BNL| =k — 2. If
B is an isolated vertex in T\Np[A], then |BN A| = k — 2 and, after relabelling,
B = ryrgls - - -l such that

( ) Ng({lg,l4, .. lk}) - {’l“l,TQ},
( ) Ng({’l“l,’l"g}) C {ll,lg,l3, . .,lk},
(3) degr(B) = 2.

Proof. Recall that since G is connected, 7' is connected. In particular, T contains
no isolated vertices. Suppose B is an isolated vertex in T\ Np[A]. Then Np(B) C
Nr(A) and the vertices A and B must share at least one common neighbour. By
Lemma 4.3, there is a vertex C' € V(T') with |CNL| = k—1 adjacent to B and A.
Since C' must share an anchor with A, without loss of generality, C' = rilalg-- -l
for some r; € R. Since B shares an anchor with C, by Lemmas 4.3 and 4.4,
|IBNA| = k—2. Without loss of generality, assume that B = ryral3-- - for
some 19 € R.

Suppose Ng({ls,l4,...,lk}) € {r1,m2}. Without loss of generality, suppose
I3 is adjacent to some x ¢ {ri,r2}. Then B has a neighbour rirozly - - - lj, but
this vertex is not adjacent to A by Lemma 4.3. But then B is not isolated in
T\Nr[A4], a contradiction. Therefore N ({l3,14,...,lt}) C {r1,r2}.

Suppose Ng({r1,72}) € {l1,l2,...,lx}. Without loss of generality, suppose
ro is adjacent to some z ¢ {li,la,...,lx}. Then B is adjacent to rixls---l,
which is not adjacent to A, contradicting the fact that B is isolated in T\ Np[A].
Therefore Ng({r1,r2}) C {l1,l2, ..., I}

Finally, B is adjacent to both C' and lyrgls - - - l,. Therefore deg;(B) > 2. =

Lemma 4.7. Let G be a connected bipartite graph with bipartition V(G) = LUR
and let k > 2. Suppose that |L| > k, |R| > 2 and |L| 4+ |R| > 5. Let T = T(Q).
Suppose A = lilals -+l € V(T) with |ANL| =k and B € V(T) with |BNL| =
k —2. If B is an isolated vertex in T\Np[A], then there is no isolated vertex in
T\Nr[B].

Proof. Suppose B is an isolated vertex in T\ Np[A]. Note that, by Lemma 4.6,
we can assume B = rirgly---lp and Np(B) € Np(A). Suppose that C is an
isolated vertex in T\ Nr[B], and so Nr(C) C Np(B).

By Lemma 4.3, |C N L| € {k,k —2}. We claim that |[CNL|] =k — 2.
Suppose that |C' N L| = k. We first show that C # A. Indeed, if C' = A, then
Nr(C) = Np(B) = Np(A). If k > 2, let r be any vertex adjacent to l;. Then,
A =1ljly-- -1 is adjacent to W = [yl - - - [;,_1r. Note that W cannot be adjacent
to B, since l; and I both appear in W, while neither appear in B. So W and
B do not share an anchor, and thus Np(B) # Np(A). If k£ = 2, then A = 11y
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and B = rir. By Lemma 4.6 we have Ng({r1,72}) C {l1,l2}. Interchanging
the roles of L and R in Lemma 4.6, since B = riry and |[B N R| = 2 and
|C' N R| =0, we know that C' = l1lo = A implise that Ng({l1,l2}) C {l1,l2}. But
this means {ly,l2,71,72} is a maximal connected component of G, contradicting
the hypothesis that G is connected and |V(G)| > 5. Therefore C' # A.

Since N7 (C) € Nr(B) C Nr(A), C is isolated in T\ Nr[A], contradicting
Lemma 4.5. Thus |C' N L| # k, and by Lemma 4.3, |[C N L| =k — 2.

Since C is isolated in T\ N7[A], C and B have a common neighbour D which
is also adjacent to A. Thus, given that A and D have a common anchor, without
loss of generality, D = rizls- - -} for some x € {l1,l2}.

Suppose x = I1. Then since D and C' have a common anchor, without loss
of generality, either C' = r1yl3 - - -l for some y € R or C' = r1l12l4 - - - 1, for some
z € R. Note that if £ = 2, the latter case does not occur. Suppose C = riyls - - - li.
Then y # ro since B # C and further, C is adjacent to E = l1yl3 - - - l. However,
E is not adjacent to B since |E N B| = k — 2, violating the fact that Np(C) C
Nr(B). Therefore C = r1l1zly---l. Then z = r9 by Lemma 4.6. In this case,
C' is adjacent to F' = rilslily---1; and hence cannot be adjacent to B since
|F'N B| = k — 2. This again violates the fact that Np(C) C Np(B). Therefore
x = ly. However, with x = l5, a similar argument also leads to a contradiction.
Therefore there is no vertex C' that is isolated in T\ Np[B]. |

We pause to give an example that will be used to simplify our proof of
Theorem 4.9.

Example 4.8. Let m > 4 and G = K, be the complete bipartite graph (a
star graph) with bipartition V' = {z} U {y1,...,ym}. We show that Ty(G) is
not well-covered for any 1 < k < [™£L|. Since T1(G) = G is not well-covered,
we first consider 2 < k < |ZL|. Note that the vertices of V(T}(G)) come in
two types: a k subset of {y1,...,ym}, and a k subset of V' that contains x and
a (k — 1) subset of {y1,...,ym}. In fact, these two sets form the bipartition of
T,(G). There are (') vertices of the first type, and (,™,) vertices of the second
type. When k # mTH, the parts of the bipartition have different cardinalities, and
hence T} (G) is not well-covered. So, suppose k = mTH, and hence (7]?) = (krfl)
If T'= Ti(G) and we take the non-maximal independent set I = {yi1ya2-- -y},
then the bipartite graph T\ N7[I] is not well-covered since

NrlIl = {y1y2- - Yro TY2 - - Yo TYLY3 - Yk - - TYIY2 -~ Yk—1 }»

and so one part has (Tkn) — 1 elements, and the other has (krfl) — k. By Theorem
4.1, Ti,(G) is not well-covered.

Theorem 4.9. Let 2 < k < {%] If G is a connected bipartite graph with

[V(G)| =n >5, then Ti,(G) and T,,—k(G) are not well-covered.
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Proof. Suppose G is a connected graph on n vertices with bipartition V(G) =
LU R. Without loss of generality, assume that |L| > |R| and hence |L| > k, since
2<k<[3].

Suppose |R| = 1. Then G is the star graph which is not well-covered by
Example 4.8.

Suppose |R| > 2. Let T = Ty(G). If T is well-covered, it is necessary
that the bipartition as described in Theorem 4.2 is balanced. Let A € V(T)
with |[ANL| = k. Let Q@ = T\Nr[A]. Note that degp(A) > 2 by Lemma 4.4.
If @ contains no isolated vertices, then @ is a bipartite graph with nonempty
bipartitions that is not balanced and hence @) is not well-covered. Therefore, by
Theorem 4.1, T is not well-covered. Suppose () contains an isolated vertex B.
By Lemma 4.3, |[BN L| = k — 2. Then, by Lemmas 4.5 and 4.7, it follows that
W = T\ Nr|B] contains no isolated vertices, and degp(B) > 2. Thus W is an
unbalanced bipartite graph with nonempty bipartitions and no isolated vertices.
Therefore, by Theorem 4.1, T (G) is not well-covered.

Since T),—;(G) = Ti(G), it follows that T, _x(G) is also not well-covered. m

The following corollary gives the desired characterization.

Corollary 4.10. Let G be a connected bipartite graph with |V (G)| = n. Given
1<k < [%1, then Ty(G) is well-covered if and only if G is well-covered and
k=1 (in this case Ti(G) = G).

Proof. If n > 5, then the result follows from Theorem 4.9. A direct computation
on all bipartite graphs on four or fewer vertices finishes the proof. [

5. RESTRICTIONS ON GRAPHS WITH WELL-COVERED 2-TOKEN GRAPHS.

In this section, we derive some restrictions on G, with regard to girth and inde-
pendence number, when T5(G) is well-covered.

Theorem 5.1. Suppose |V (G)| > 3, G is connected and T>(G) is well-covered.
If P = {x1, 22,23} is an induced path in G, then either P is part of a four cycle
or at least one of the vertices of P is part of a 3-cycle in G.

Proof. Let T = T»(G). Suppose that no vertex of P is part of a 3-cycle in G and
that there is no induced four cycle in G that includes the vertices x1, z2, and x3.

Let Iy, I3, I3 be the vertices of H = G\P that are adjacent to x1,x2,x3
respectively. Since x1, xo, x3 are not part of a triangle in G, we know that Iy, I, I3
are independent sets in G. Likewise, I; NI = () = I N I3 since 1, x9,x3 are
not part of a triangle. Further, I; N I3 = () since 1, z2, and z3 are not part of a
4-cycle.
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Consider T5(P) = {x122, 2123, z2x3}. Then Np(T»(P)) is precisely the set
of vertices x;I; = {x;y | y € I;} for i,j € {1,2,3} with i # j.

Suppose I; # () and I3 # (). Consider the independent set A = x11; U xol5 U
w313 U 1 I5. We have Ny (Ty(P)) € Ny[A], and To(P) N Ny[A] = 0. Thus T»(P)
is a maximal connected component of T\ Ny[A]. Since T5(P) is not well-covered,
it follows that T5(G) is not well-covered by Theorem 4.1.

Suppose I1 = () and I3 # (). Consider the independent set A = xols U x313.
Let 77 = T\Np[A]. Then Ny (T5(P)) = x113. Let B be a maximal independent
set in T\ (N7[A]UT>(P)Ux11I3). Then AU B is an independent set and no vertex
of B is adjacent to T»(P). Thus T5(P) U x1(I3\Nr|[B]) is a maximal connected
component in T\Np[A U B]. Further, T5(P) U z1(I3\Nr[B]) is not well-covered.
To see this, consider that {z123} is a maximal independent set, but {x;x9, zox3}
is a larger independent set. Therefore, by Theorem 4.1, T5(G) is not well-covered.

Suppose I1 # () and I3 = (). By symmetry, this case is similar the previous
case.

Suppose Iy = I3 = (). Then Np(T5(P)) = x1ly U xzgly. Consider the inde-
pendent set A = xol5. Note that Np(To(P)) C Np[A] while Th(P) N Np[A] = 0.
Thus, T\ Nr[A] contains an isolated path T5(P) and hence is not well-covered.
Therefore T5(G) is not well-covered by Theorem 4.1. |

Corollary 5.2. If [V(G)| > 3, G is connected and T»(G) is well-covered, then
girth(G) < 4.

We finish this section with a bound on «(G) when T5(G) is well-covered.
Lemma 5.3. Let G be a connected graph, and let Vi, Va, ..., V, form a partition

of V(G) such that V; is a mazimum independent set in G\(U..; V;). If To(G) is
well-covered, then |p(Vai—1,Vai)| <1 for 1 <i < L%J .

7<t

Proof. Suppose that |¢p(Vy,V3)| > 2. Since Vj is a maximum independent set of
G, and because Vo U ¢(V7, V2) is an independent set, [VoU ¢(V1, Va)| < |Vi|. Thus
Vo < V4] —2.

Let = € ¢(V1,Vs). Consider the sets W7 = Vi\{z} and Wy = Vo U {z}.
Note that |[WiWs| = (|Vi| — 1)(|Va] + 1) > |Vi V3] since Vo < Vi — 2. Further
W1iWse U ¢(V1, Va)p(Vh, Vo) is an independent set in T5(G). By Theorem 3.9,
A =V1VoUo(Vi, Va)p(Vi, Vo) UVaV3 U -+ is a maximal independent set of T(G).
But |[A\V1Va U W1Ws| > |A|, and hence T5(G) is not well-covered. By a similar
argument, |¢(Va;j—1, V)| <1 for 2 <i < L%J [ ]

Theorem 5.4. Suppose G is a connected graph and To(G) is well-covered. Let
Vi,Va,...,V,. form a partition of V(G) such that V; is a maximum independent
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set in G\(U]QVJ) Then for 1 <k <[],

1+ 2\Vor| + /8| Vag| +1
Vo] < | 2 VSV Jg |1+ Vel + v/2Varl |

Proof. Note that Lemma 5.3 implies that ¢(Va;—1, Va;)d(Vai—1, Va;) = 0 for i =
1,..., L%J Consequently, by Theorem 3.9, the set ViVo U VsV U - - U V.1V, if
reven, or ViVoU--- UV, oV, UV,.V, if r odd, is a maximal independent set of
T1(G).

Let By be the bipartite subgraph of G induced by Vo1 U Vay. For simplicity,
consider the case k = 1. We first claim that «a(72(B1)) = |[V1Va|. Suppose for
contradiction that A is a maximal independent set of B; with [A| > |ViV5|.
Then, T5(G) contains an independent set with cardinality |A U V3V, U ---| >
|[ViVa U VaVy U ---|, which contradicts the hypotheses that T5(G) is well-covered
or that V1Vo U V3V, U --- is maximal. Therefore a(T2(B1)) = [V1Va|.

Because V1 V] UV, V5 is an independent set of By, it follows that a(T5(By)) =
[ViVal = |Vi||Va| > (“gﬂ) + (“ggl). Solving this inequality for |Vi| (and us-

1+2V2|+\/8|V2+1J <
2 g

ing the fact that |V}| must be an integer) gives |Vj| < {

Ll + Vo] + \/2]V2w. The cases with k # 1 are similar. |

Corollary 5.5. Suppose G is connected and |V (G)| =n > 3. If Ta(G) is well-
covered, then a(G) < {%J

Proof. Partition the vertices of G into sets Vi, Va, ..., V, such that |Vi| = a(G)
and |Va| = a(G \ V1). Since T»(G) is well-covered and G is connected, Corol-
lary 4.10 implies that G is not bipartite. Thus, there is at least one vertex
which is not in V3 U V5 and so |Va| < n — a(G) — 1. Applying |Vi| = a(G) and
|[Va| < n —a(G) — 1 to the inequality from the Theorem 5.4 yields the required
result. [ ]

6. CONSTRUCTIONS OF WELL-COVERED TOKEN GRAPHS

In this section we describe some graphs G for which T5(G) is well-covered. Many
of the graphs fit within a certain family of graphs that we describe in Defini-
tion 6.3.

We first note that there is no direct inheritance with respect to being well-
covered for token graphs. If G is well-covered, then there is no guarantee that
Ti(G) is well-covered. For example, the cycle Cy is well-covered but T5(Cy) is
isomorphic to the complete bipartite graph K5 4 which is not well-covered. There
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are also graphs for which G is not well-covered but T3(G) is well-covered, as
observed in Figure 1 (and, for example, Theorem 6.9 with s = m and ¢t = 0).

Theorem 6.1. For n > 2, TH(K,,) is well-covered.

Proof. Let A be an independent set of vertices in Th(K,). No vertex of K,
appears in more than one pair in A. If there exists i,j € V(K,,), with neither i
nor j appearing in any pair in A, then A U {ij} is also an independent set. It
follows that if A is a maximal independent set, then [A| = [2|. Thus T3(K,) is
well-covered. [

While T5(K,,) is well-covered, we expect that in general Ty (K,,) is not well-
covered for k > 2. For example, it is known that for each n > 9, there exists a
partial Steiner triple system of order n that does not have an embedding of order
v for any v < 2n + 1, demonstrating the existence of a maximal independent set
in T3(K,) that is not maximum when n = 1,3 (mod 6) (see [13] and [?]). For
example, the maximal independent set {123,367, 345, 147,256} in T3(K7) cannot
be completed to become a Fano plane.

We use the fact that if H is a subgraph of G, then T5(H) is a subgraph
of T5(G). Taking a maximal independent set of a graph G and considering its
restriction to a subset of vertices A of G will give an independent set in G[A].

Remark 6.2. If V(G) = V4 U Vo with V3 N Ve = 0, then a(G) < a(G[V1]) +
a(G[V2)).

Using a computer search, we found that there were few graphs G for which
T5(G) is well-covered for small n (see the Appendix). Besides the complete
graphs, many of the graphs G we found for which T5(G) is well-covered were
in a class G described below.

Definition 6.3. Define G to be the set of graphs obtained by taking the disjoint
union of K,, and K,, n > m, and inserting some edges. An example of a
graph in G is given in Figure 4. Let X = V(K,,,) = {z1,22,...,2p} and Y =
V(K,) =A{vy1,y2,..-,yn}. Let G € G and H = T5(G). Then the vertices of H can
be partitioned as V(H) = XX U XY UYY with H[XX]| = T»(K,,), H[YY] =
T»(Ky), and H[XY]| = K,,0K,, (the Cartesian product of K,, and K,,). Further,
if z; is adjacent to yi in G, then H contains the edges {{zjz;, zjyr} |1 < j <
m,j # Z} and {{xiyfvykyf} ‘ 1<t<ntl+# k}

In the next theorems we determine classes of token graphs T5(G) with G € G
that are well-covered and classes that are not well-covered. We start by consid-
ering the independence number for some of the graphs in G.

Lemma 6.4. Let G € G with at most n — m vertices of Y having a neighbour in
X. Then a(T2(G)) = a(Ta(Kn)) + a(Ta(Ky)) + m.
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N

Figure 4. A graph G € G with T5(G) not well-covered (Theorem 6.7).

Proof. By Remark 6.2, a(T2(G)) < a(Ta(Kn)) + o(Kpn0K,) + a(Te(Ky)). If
n = m, then T5(G) is just the disjoint union of T5(K,,), K,,,OK, and Th(K,)
and so equality holds in the previous inequality. Suppose that n > m. Note that
a(K,,OK,) = m. Without loss of generality, assume that none of the vertices
Y1,Y2, - - -, Ym are adjacent to any of the vertices of K,,,. Let A = {x129, 324, ...}
be a maximal independent set of T5(K,,), B = {y1y2, Y3y4, . ..} be a maximal in-
dependent set of T5(K,), and C' = {z1y1,x2Y2, - - - s T—1Ym—1}- Let D = {zpym}
if mis even and D = {zYm+1} if m is odd. Then AUBUCUD is an independent
set of Ty(G). Therefore a(T2(G)) = a(To(Kn)) + a(Ta(Ky)) + m. u

Remark 6.5. The independent set constructed in the proof of Lemma 6.4 can be
constructed via the construction of Corollary 3.7. In particular, taking V5;_1 =
{in_l,le‘} and ‘/21 = {xgi,y%_l} for 1 S ) S L%J, with W = {xm,ym} if m
is odd and W = () if m is even, and taking U; = {y;} for m + 1 < i < n, then
AUBUCUD is the same as {ViVoU V3V U+ } U{Upns1Upmt2 U UpysUpia U
- JUWW. While the tools of Section 3 are helpful for constructing independent
sets in token graphs, in this section, such as in the previous proof, we give more
direct descriptions of some independent sets.

For graphs G € G, the next three theorems provide forbidden configurations
for T5(G) to be well-covered. The restriction of at most n — m vertices of K,
having a neighbour in K, allows us to provide the exact value of the independence
number in Lemma 6.4. As such, we focus on graphs in G having this restriction
as we develop the next results. The next theorem provides a parity restriction
for such graphs in G that are well-covered.

Theorem 6.6. Let G € G be such that at most n — m wvertices of Y have a
neighbour in X . If G is connected and either n or m is even, then To(G) is not
well-covered.

Proof. Since G is connected, we know that n > m. By Lemma 6.4, a(T5(G)) =
a(To(Knm)) + a(T2(Ky)) +m. Suppose m is even. Suppose there is a vertex, say
Yn, which is adjacent to every vertex in K,,. Let I be any maximal independent
set of T»(G) with 1y, € I. Then I can contain no edge z1z € XX. Thus
|II N XX| < a(T2(Ky)) and hence G is not well-covered.

Suppose there is a vertex in Y adjacent to some vertex in X but not adjacent
to every vertex in X. Assume that y, is adjacent to x; but not x,,. Let I be a
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maximal independent set with {y,zm,} U {xoz3,.. ., 2m—oxm—1} C I. Note that
1Ty € I since y,x, € I and x7 is adjacent to y, in G. Thus |[I N XX]| <
a(T5(Ky)). Therefore To(G) is not well-covered. The case with n even is similar
to the previous case. []

Theorem 6.7. Let G € G with n > m + 2, with {z1,11}, {x1,y2}, {x2,y2} €
E(G) and at most n —m wvertices of Y have a neighbour in X. Then T>(G) is
not well-covered.

Proof. By Lemma 6.4, a(T2(G)) = a(Ta(Kn)) + a(Ta(Ky)) + m. And if I is
an independent set with |I| = a(T2(G)), then I must contain a(7%(K,,)) vertices
from T»(K,,). If m > 3, consider a maximal independent set I of T5(G) containing
the vertices z2y; and x3y2, as well as the vertices £y Tm—1, Tm—2Tm—3, .. ., Ti412¢
for t € {3,4} (depending on the parity of m). Then I cannot include the vertices
Tox3, T1x3, and x1x9 since these vertices are all adjacent to either xoy; or x3ys. If
m = 2, construct a maximal independent set containing xsy1, and hence x1xo & I.
In either case, |[I N X X| < a(T2(Ky)), and hence |I] < a(T2(G)). Thus T5(G) is

not well-covered. [ ]

Figure 5. A graph G € G with T5(G) not well-covered (Theorem 6.8).

Theorem 6.8. Let G € G withn > m+3, with {z1,y1}, {z2,y2}, {z3,y3} € E(G)
and at most n —m vertices of Y have a neighbour in X. Then Ts(QG) is not well-
covered.

Proof. By Lemma 6.4, a(T2(G)) = a(T2(Kyp,)) + a(T2(K,)) + m. Consider a
maximal independent set, say I, of T5(G) containing the vertices x1ys3, T2y, and
T3yo. Suppose also xo;_ox9;1 C [ for 3 < i < [%] Note that xyys is adjacent
to x1x3, Toy1 is adjacent to z1xe, and z3y; is adjacent to zoxs in TH(G). Thus
x1x3, T1x2, and xoxs are not in I. Therefore |[I N X X| < a(T2(K,,)) and hence

|I| < a(T2(G)). Thus T>(G) is not well-covered. ]

In the context of the previous two theorems, if G € G is well-covered, then
the edges between Y and X in G must consist of at most two distinct stars, and
if there are two stars, they must be disjoint.

In the following theorem we consider graphs in G € G having one vertex of
X adjacent to s vertices of Y and another adjacent to ¢ other vertices of Y, to
get a well-covered graph T»(G) when s+t < m.
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Theorem 6.9. Let G € G with n > m, both odd, Ng[y1| = {z1,22,...,2s} UY,
Nely2] = {zs+1,Ts12, -, T4} UY and Ngly)| =Y for all i, 3 < i < n, with
0 <s+t<m. Then To(G) is well-covered.

D
=

Figure 6. A graph G € G with T5(G) well-covered if s + ¢ < m (Theorem 6.9).

Proof. By Lemma 6.4, a(T2(G)) = a(To(Km)) + a(To(Ky)) +m. Let I = AU
BUC be a maximal independent set in T5(G) with ACYY, BC XY, C C XX.
It is enough to show that |A| = a(T2(K4)), |B| = m, and |C| = a(T2(Kp)).-

Suppose |A| < a(T2(K,,)). Then there are at least three vertices yq, yp, y. € Y
which do not appear in any pair of A. Without loss of generality y. & {y1, 92}
Suppose y. appears in a pair xy. of B. Note that x has at most one neighbour
in Y. Thus, without loss of generality, x is not adjacent to y,. In this case, and
the case when y. appears in no pair of B, I = {yy.} U I is an independent set.
But then I is not maximal. Therefore, |A| = a(T2(K,)).

Suppose |B| < m. Then there is some x € X that appears in no pair of B.
Also, there are at least n — m + 1 > 3 vertices of Y that are not part of any
pair in B; say Ya, Ys, Ye- Let Z = {Ya, Yp,yc}- We claim that H = {xy} U is
an independent set of T5(G) for some y € Z. If x does not appear in any pair
in C, then there will be one less restriction on the possible y € Z (to ensure H
is an independent set), so assume zw € C for some w € X. Then w could be
adjacent to y; or yo but not both. Thus there is at most one zy adjacent to zw
in T5(G) for y € Z. Without loss of generality, assume w is adjacent to y,. Now,
if either ¥, or y. does not appear in any pair of A, then H is an independent set
for that .

Suppose that ypy. € A. Now x is adjacent to at most one of y, and y.. If =
is adjacent to ¥, then let y = v, otherwise let y = y.. In either case, H is an
independent set.

Suppose that ypy. € A but yyr, vy, € A. Again z is adjacent to at most
one of y, and y,. Without loss of generality, assume that y, is not adjacent to
x. Then take y = y., and H is an independent set. Since in each case, H is
constructed to be an independent set, this would imply that I is not maximal.
Therefore we conclude that |B| = m.

Suppose |C| < a(T2(Ky,)). Then there are at least 3 vertices xq, zp, . € X
that do not appear in any pair of C. If zo,y1 &€ B, xoy2 € B, xpy1 € B and
xpy2 € B, then {x,xp} U I is an independent set in T5(G). Without loss of
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generality, assume z,y; € B. Note that then x,y2 € B since y; is adjacent to yo.
Likewise, xpy1 € B.

Suppose xpy2 € B. Then {xpz.} U is an independent set in T5(G). In either
case, I is not maximal.

Suppose xpy2 € B. Since z. is not adjacent to both y; and yo, assume that
x. is not adjacent to y;. Then {z,z.} UI is an independent set in T5(G), and so
I is not maximal. Thus |C| = a(T2(K)).

Therefore T5(G) is well-covered. |

—/
A

Figure 7. A graph G € G with T5(G) well-covered if s + ¢t < n —m (Theorem 6.10).

We next consider the graph considered in Theorem 6.9 with the stars between
K, and K, reversed.

Theorem 6.10. Let G € G with n > m, both odd, Ng[z1] = {y1,92,...,ys} UX,
NG[$2] = {ys+17ys+27 o 'ay8+t} UX and NG[xl] =X fO’f’ all ’i, 3<i < m, with
0<s+t<n—m. Then T5(G) is well-covered.

Proof. As in the proof of Theorem 6.9, we let I = AU B U C be a maximal
independent set in T5(G) with A CYY, B C XY, C C XX. It is enough to show
that |A| = a(T2(Ky,)), |B| = m, and |C| = o(T2(Ky,)). By similar arguments to
those used for the proof of Theorem 6.9, we can show that |A| = a(T2(K,)) and
Cl = al(To(Kom).

Suppose |B| < m. Without loss of generality, there is some vertex = € X
that belongs to no pair in B. Also, there are at least n—m+1 > s+t + 1 vertices
of Y that belong to no pair in B.

Suppose x € {x1,x2}. Without loss of generality, x = z1. If zy € XY is
adjacent to a vertex of C, then y € {ysi+1,-..,Ys+¢}. Thus as most ¢ vertices of
XY containing x are adjacent to a vertex in C. At most s vertices of A contain a
member in {y1,...,ys}. Thus at most s vertices of XY containing x are adjacent
to vertices in A. Since there are at least s+t + 1 vertices of Y that belong to no
pair in B, there is some v € Y such that xv is not adjacent to any vertex of I.
Hence {xv} U I is an independent set in T5(G).

Suppose = & {x1,x2}. Since there are at least s+t + 1 vertices of Y that do
not appear in any pair of B, there is some y; with j > s + ¢ such that y; does
not appear in any pair of B. Hence {zy;} U I is an independent set in T5(G).

Since [ is maximal, it follows that |B| = m. Thus T3(G) is well-covered. =
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D —

o

Figure 8. A graph G € G with T5(G) well-covered if t +1 < n—m and s+ 1 < m
(Theorem 6.11).

In the next theorem we consider graphs GG € G with one vertex of X adjacent
to t vertices of Y and one vertex of Y adjacent to s vertices of X. Due to
Theorem 6.7, these stars will need to be disjoint if T5(G) is well-covered.

Theorem 6.11. Let G € G withn > m, both odd, Ng[x1] = {y2, Y3, - -, Yrt1 }UX,
Naln] = {z2,x3,..., 2541} UY, Nglzi] = X for s+2 <i<m and Ngly;| =Y
fort+2<i<mn, withs+1<mandt+1<n—m. Then To(G) is well-covered.

Proof. By Lemma 6.4, a(T2(G)) = a(Ta(Kn)) + a(T2(Ky)) +m. Let I = AU
BUC be a maximal independent set in T5(G) with ACYY, BC XY, C C XX.
It is enough to show that |A| = a(T2(K4)), |B| = m, and |C| = a(T2(Kp))-

Suppose |[A| < a(T2(K},)). Then there are at least three vertices yq, yp, ye € Y
that are not in any pair of A. At least two vertices in {y,x1, yp21,ycx1} cannot
be in B; without loss of generality, y,x1,ypx1 € B.

Suppose y1x; € B. Then y, # y1 and y, # y1. Hence {y,yp} U T is an
independent set.

Suppose y1x1 & B. If y, # y1, then {y,yp} UI is an independent set. Suppose
Yo = y1- U ypw ¢ B for all w € Ng(y1), then {y,yp} U I is an independent set.
Likewise, if y.w ¢ B for all w € Ng(y1), then {y,y.} U I is an independent set.
Finally, if ypw € B for some w € Ng(y1) and y.t € B for some t € Ng(y1), then
{ypyc} U I is an independent set. Therefore, if |A| < a(T2(K,,)), then I is not a
maximal independent set. Thus |A| = a(T(Ky,)).

Suppose |B| < m. Then there is at least one vertex 2/ € X that is in no pair
of B. Let M CY be the set of vertices of Y that are not in any pair of B. Then
M contains at least n — m + 1 > ¢ + 2 vertices.

Suppose 2’ = z1. Then at most ¢ vertices 2’y € XY are adjacent to vertices
in A. Additionally, at most one vertex 2’y € XY is adjacent to a vertex in C.
Thus there is some ¢y € M such that 2’y is not adjacent to any vertex of A or
C. Thus {z'y'} U is an independent set.

Suppose x’ # x1. If 2’x1 € C, then at most t vertices 71y € XY are adjacent
to x'xr1. Additionally, there is at most one vertex yy; € A. Thus there is at
least one vertex, say z'y’, which is not adjacent to any vertex in A or C. Then
{z/y/} U is an independent set.

Suppose z'x; € C. Then there is at most one vertex z” € X such that
2'z” € C. Additionally, there is at most one vertex yy; € A. Thus there exists
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Figure 9. A graph G with T5(G) well-covered (Theorem 6.11).

at least one vertex of the form z'y’ such that {2y} U I is an independent set.
In each case, we have seen that if |[B| < m, then I is not maximal. Thus
|B| = m.
Suppose |C| < a(T2(K,,)). A similar argument to that used for A shows
that |C| = a(T2(Kyp,)). Thus T5(G) is well-covered. |

7. CONCLUDING COMMENTS

By computer calculation, one can check that if G is a graph on eight or fewer ver-
tices and T5(G) well-covered, then G € G. In fact, all these graphs are accounted
for by Theorems 6.1, 6.9 and 6.10 (see the Appendix). The graphs covered in
Theorem 6.11 must have at least ten vertices, such as in Figure 9.

The theorems in Section 6 considered graphs in G when n > m. We do not
expect that T5(G) is well-covered for any non-complete graph G € G with n = m.
The following theorem is an illustration.

Theorem 7.1. Suppose G € G and m = n > 1 and x1y1 is the only edge with
one endpoint in 'Y and one in X. Then T>(G) is not well-covered.

Proof. Let A = {x129,x324,...}, B = {192, Y3Y4, ...} and suppose that C' =
{z1y1,22Y2, ... TpYn}. Then AU B U C is an independent set and so by Re-
mark 6.2, a(T2(G)) = 2a(T2(K,)) + a(K,0K,). Let I = {x129,x324,...} U
{v1y2,y3y4, .. .} U{z1yn} U{z392, ..., 2pyn—1}. Then |I| = a(T2(G)) — 1 and yet
I is maximal. Therefore T5(G) is not well-covered. n

Remark 7.2. If G € G and m = n and there is at least one edge xy with one
endpoint in Y and one in X and a(T2(G)) = a(T2(G)[X X]) + a(T2(G)[XY]) +
a(TH(G)[YY]) = 2a(T2(Ky,)) + n, then T5(G) is not well-covered. In particular,
suppose z1y; is an edge of G. Let I be a maximal independent set of T5(G) with
{z1y1 }U{z1yn }U{x3y2, ..., Znyn—1} C I. Then [INXY|=n—1 < a(T2(G)[XY])
and so |I| # a(T2(G)).

One of the reasons that we are interested in well-covered graphs is that they
are candidate Cohen-Macaulay graphs (for details and definitions, see e.g. [10]).
As an example, we can show that if G is a non-complete graph G of order 4
with T5(G) well-covered, then T5(G) is vertex-decomposable and hence T5(G) is
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Cohen-Macaulay. Future work could be done to determine when a well-covered
token graph is vertex-decomposable and/or Cohen-Macaulay.
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8. APPENDIX: GRAPHS G WITH T5((G) WELL-COVERED

The number of graphs G of order at most 9 with 75(G) well-covered are listed in
Table 1 as determined by a computer search. In Figures 10, 11 and 12, we display
all the non-complete graphs G of order at most 9 with 7T5(G) well-covered.

n 213|4]15|6|7| 819
number of graphs || 1 |1 |3 |1 |51 |13]9

Table 1. Number of graphs G of order n with T5(G) well-covered for n < 9.
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Figure 10. Non-complete graphs G of order 4 and 6 with T5(G) well-covered.
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Figure 11. Non-complete graphs G of order 8 with T5(G) well-covered.
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Figure 12. Non-complete graphs G of order 9 with T5(G) well-covered.
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