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Abstract

Let G be a connected graph and W a set of vertices of G. If every vertex
of G is determined by its distances to the vertices in W, then W is said to
be a resolving set. The cardinality of a minimum resolving set is called the
metric dimension of G. In this paper we determine the maximum number
of vertices in a bipartite graph of given metric dimension and diameter. We
also determine the minimum metric dimension of a bipartite graph of given

maximum degree.
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1. INTRODUCTION

If G is a connected graph, then a set W of vertices of G is a resolving set if
every vertex of G is uniquely identified by its distances to the vertices in W.
The minimum cardinality of a resolving set of GG is called the metric dimension
of G. These notions were introduced in papers by Slater [11] and Harary and
Melter [5] and studied extensively over the past decades (see [2,4,9,10,12-14] for

some recent results).
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The diameter of a graph is the largest of the distances between its vertices.
The relationship between the metric dimension, the diameter and the order of
graphs was first investigated by Chartrand, Poisson and Zhang [3] and Khuller,
Raghavachari and Rosenfield [8], who observed the following upper bound on the
order of a graph of given metric dimension k& and diameter D.

Proposition 1 [3,8]. For every connected graph of order m, diameter D and

metric dimension k,
n < D* + k.

Unfortunately this bound is sharp only for D = 2. The problem of determin-
ing the maximum order of a graph of given diameter and metric dimension was
solved by Hernando, Mora, Pelayo, Seara and Wood [7].

Theorem 2 [7|. For every graph of diameter D, metric dimension k and order
n we have I_

n< (2] +1)" +k Y, 2i -1

[
—

s
I
—

and this bound is sharp.

It is natural to ask if the bound in Theorem 2 can be improved if we restrict
ourselves to certain graph classes. Foucaud, Mertzios, Naserasr, Parreau, and
Valicov [6] showed that this is indeed the case; specifically for interval graphs and
permutation graphs they improved the bound in Theorem 2 to O(Dk?), and for
unit interval graphs, bipartite permutation graphs, and cographs, it was further
improved to O(Dk). The maximum order of a tree of given diameter D and metric
dimension k was determined in [1], this value is roughly %DQk. For outerplanar
graphs the maximum order is O(D?k), and for graphs with a tree decomposition
of width w and length ¢, the order cannot exceed O(kD?(2¢ + 1)3*+1) (see [1]).

This paper is concerned with improving the bound in Theorem 2 for bipartite
graphs. We determine the maximum order of a bipartite graph of given diameter
and metric dimension, thus improving the bound in Theorem 2 by a factor of
roughly 2% for this graph class. Our main result reads as follows.

Theorem 3. The order n of a bipartite graph of diameter D and metric dimen-
sion k satisfies

(DB E—1 13\k DNk . _
kY G+ 4+ (BF2)" + (%) if D=0 (mod 3),
=0
(D-4)/3 1 .
n<q kY i+ +2(282) if D=1 (mod 3),
=0
(D=2)/3 - .
koY (41 +2(B2H if D=2 (mod 3),
=0

and this bound is sharp.
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We also relate the metric dimension to the mazimum degree, defined as the
largest of the degrees of the vertices, in bipartite graphs. Chartrand, Poisson and
Zhang [3] proved that the metric dimension of a graph of maximum degree A is
at least logs(A(G) + 1). We prove in this paper that for bipartite graphs this
bound can be improved to [logy(A(G))], and that this bound is sharp.

2. NOTATION

In this paper G denotes a connected graph with vertex set V. A graph G is
bipartite if its vertex set can be partitioned into two sets V; and V5 such that
every edge joins a vertex in V] to a vertex in Va; these two sets are referred to as
the partite sets of G. The order of G, i.e., the number of vertices of G, is denoted
by n.

The neighbourhood N(v) of a vertex v is the set of all vertices that are
adjacent to v, and the degree of v is defined as |N(v)|. The maximum degree of
G, denoted by A(G), is the largest of the degrees of the vertices of G.

The distance d(u,v) between two vertices u and v of G is the length of a
shortest (u,v)-path in G.

If Wis a k-set {wy,wa,...,w} of vertices of G with an imposed ordering,
then the metric representation of a vertex v with respect to W is the k-tuple
(d(v,wy),d(v,ws),...,d(v,wg)). If W is a resolving set of G, then every vertex
of G has a unique metric representation. The metric dimension, i.e., the minimum
cardinality of a resolving set of (G, is denoted by k.

If a and b are integers with a < b, then [a, b] denotes the set of all integers
x with ¢ < z < b. For a set M and a positive integer ¢, we denote the set of
(-tuples of elements of M by M?*.

3. MAXIMUM ORDER OF A BIPARTITE GRAPH OF GIVEN METRIC
DIMENSION AND DIAMETER

In this section we prove the main result of our paper, Theorem 4. Our proof is
similar to the proof of Theorem 2 in [7], but requires additional arguments.

We split the proof of our main result into two parts. We first prove the upper
bound on the order, and then we construct bipartite graphs that show that this
bound is sharp.

Theorem 4. For every bipartite graph of diameter D, metric dimension k and
order n we have
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=0 k—1 +3\k | (DK . _
k Z (+1D" + (22) +(§) if D=0 (mod 3),
(D 4 )/3 1 &
n<9q k Z (i+1)" + 2 (282) if D=1 (mod 3),
(D 2/3 e i
k Z (i+1)" +2(EH) if D=2 (mod 3).

\

Proof. Let G be a bipartite graph of order n, diameter D and metric dimension
k with partite sets Vi and Va. Let W = {w1, ..., wx} be a resolving set. Without
loss of generality, assume wi, wa, ..., w, € V1 and we41, Way2, ..., wi € Va. Note
that a = 0if W C Vo, and a = kif W C V;. For each vertex v € W and i € NU{0}
we define N;(v) = {x € V(G) | d(v,z) = i}. We fix an s € {0,1,..., D} whose
value will be specified later, and we partition V into two sets R and S defined as
follows.
R={veV |dv,w;) <s for some i},

={v eV |dv,w;) >sforall i}.

We bound the cardinalities of R and S separately. We first prove that

(1) R S/@i:(Hl)k '

=0

For 1 < p < k consider N;(wp) and let z,y € N;(w)p). There exist paths of length
i from z to wy and from y to wy, thus d(z,y) < 2i. Consider w, for 1 < ¢ < k
and wy # wy. Then |d(x,w,) — d(y,wq)| < 2i. Since all x € N;(w),) are in the
same partite set, the distance d(z,w,) has the same parity for all x € N;(wy), so
we have at most [@1 =i+ 1 possible values for the distance to w,. Hence,

| Ni(wp)| < (i + 1)
Thus
(2) |R|<ZZ|N wp|<kZz+ -1
p=1 i=0

which is (1).
We now bound |S| as follows

18] < { 2 (DQ_S)k if D — s is even,
- U

D—Qs-i—l)k n (D—S—l)k if D — s is odd.

(3)

2
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Let v € S. Then d(v,w,) > s+ 1 for all 1 < p < k. Moreover, since wy,...,w, €

Vi and wgtq,...,wg € Vo, the distances d(wq,v),...,d(wy,v) are all even and
the distances d(wq+t1,v), ..., d(wg,v) are all odd, or vice versa. Hence, the metric
representation (z1,...,x)) of v satisfies

(4) TI=Ty=+ =Ty, Tarl =Tar2=+"+=Tk, and x4 # Ter1 (mod 2).
Define

M = {(z1,22,...,21) € [s + 1,D* | (x1,...,x3) satisfies (4)}.

Denoting by 7 (S|W) the set of metric representations of the vertices of S, it
follows from the above that r(S|W) C M, and consequently

(5) S| = [r(SIW)] < |M].

In order to bound |M| we consider the following cases.

Casel. D—siseven. There are D—s possible values for 1. Once x; has been

_ o\ k
chosen, there are DQS values for each of x9,x3,...,25. Thus |[M| = 2 (DQS) ,

and by (5),
D—s\"
<2
si<2(P57)
and (3) follows.

Case 2. D — s is odd. The set [s + 1, D] contains D — s possible values
for z1. Of these, % are of the same parity as s + 1, and ==— are of the

same parity as s + 2. Hence, if z; = s+ 1 (mod 2), there are 2=+ choices
for each of x1,x9, ..., x4, and % choices for each of x4 11, xqy2,. .., 2k, which
yields a total of (D_§+1)G(D_§_l)k_a choices for (z1,...,zx). Similarly, if x; =
s+ 2 (mod 2), we have a total of (D_;_l)a(D_;‘H)k*a choices for (z1,...,xx).
Therefore,

© M| = (D —23+1>a <D—25— 1)k_a+<D—23— 1)“ <D—2s—|—1>k_“.

The last expression is maximised for a € {0,1,...,k} if a = 0 or a = k. Substi-
tuting this we obtain |M| < (D_;H)k + (D_Qs_l)k and thus, by (5),

D—s+1\* /D—-s—1\"
< =~ - i —

and (3) also follows in this case.
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We now choose the value of s to be s = [%J Then

20 +1 i D=0 (mod 3),
D—s=¢ 282142 if D=1 (mod 3),
2022 42 if D=2 (mod 3).

Substituting this value for s into (1) and (3), and noting that D — s is odd if
D =0 (mod 3), and even if D = 1,2 (mod 3), we get

( (D-3)/3

EoS G+ (28 4+ (2)" i D=0 (mod 3),
i=0
n=|R|+1S| = k(DS)/g(Hl)k—lJrz(—”)’“ if D=1 (mod 3)
3 - b
i=0
k(D_Z)/g , k—1 D41k . _
>+ 1) +2(EH) if D=2 (mod 3),
L i=0
as desired. ]

Theorem 4 is sharp. To show this, we construct for given k,D € N with
k>2and D > 3 a graph G p that attains the bound in Theorem 4. Define Zjy
to be the set of all k-tuples of integers in which all coordinates have the same
parity. Define integers A and B by

D -2

A—{JJFI and B_QLD_Q

3 3

J + 2 =2A.
Note that B is even for all D. Let

Q = [A, DI nzZ;.
Foreachl1 <i<kand 0<r<A-1,let

P, ={(z1,...,xi-1,7Tig1,...,2%) €Ly | B—r <x; < B+rforj#i},

A-1
p=J P
r=0

k
r=Jr.
i=1
Define G, p to be the graph with vertex set V(G) = P U Q, where two vertices
(z1,...,zk) and (yi1,...,yx) are adjacent if and only if |z; — y;| = 1, for all

ie{l,2,...,k}.
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From the definition of adjacency it is clear that Gy, p is bipartite. We show
in a sequence of lemmas that the graph G}, p has metric dimension k, maximum
degree D, and that its order equals the upper bound in Theorem 4.

The graphs Gag, G2,7 and Ga g are shown in Figure 1. The “square” shaded
region in G 6, G2,7 and Ga g represents ) in our construction, and the “triangle”
shaded regions represent P, and P,. The solid vertices form the metric basis

{w1,ws}.

S = N W ke ot O

S H N W ke OO N

01 2 3 4 5 6 7 8

Figure 1. The graphs G, G2,7 and G 3.
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Lemma 5. Let G, p be the graph constructed above. Then

W3R k—1 +3\k DYk ey —
k 2 G+1D)" + (B2)" +(§) D=0 (mod 3),
(013 - ook
\V(Gr,p)l =1 k Z (i+1)" +2(22) if D=1 (mod 3),
(- 2)/3 1 .
koY, (i+1)" " +2(5H) if D=2 (mod 3).
\ =0

Proof. Let i € [1,k| be fixed. Then the sets P, P 1,...,P; a—1 are disjoint
since each vertex in P;, has r in the i'" coordinate. Also, for distinct i,j € [1, ]
the sets P; and P; are disjoint since each vertex in P; has an ith coordinate of
at least B —r > B (A-1)=B—-A+1, and each vertex in P; has an it"
coordinate of at most r < A—1< B—(A—1) =B — A+ 1. Finally, P and
Q are disjoint since each coordinate of each vertex in P has a value less than A,
while the vertices in () have each coordinate at least A. Hence

E A-1
(7) V(Gro)l = 1Pl +1Q1 =Y > [Pl +1Ql-
i=1 r=0
To determine the number of vertices in P;, observe that since B is even, [B —

r, B 4 r] contains r + 1 integers of the same parity as r. Hence, for all i € [1, k]
and r € [0, A — 1],

(8) Pyl = (r 4 1)L

The same reasoning as in the computation of | M| in the proof of Theorem 4 yields
the cardinality of @ as

(9) le] 2(D_TA+1)]€ if D —A+1is even,
(2=p42)% 4 (254)" i D — A+ 1is odd.

Depending on the value of D modulo 3, we obtain the following parities for
D—-A+1:

If D=0 (mod 3), then A =2 andso D — A+1 —2D +1, Wthh is odd

If D=0 (mod 3), then A = B ,andso D —A+1 —QDS+2

3
If D=0 (mod 3), then A = ;‘ ,andso D — A+ 1= 2D+1, which is even.
Combining equations (7), (8)) and (9) we now obtain the desired value of
|V(Gg,p)| in all three cases. |

The next two lemmas, which are very similar to lemmas in [7], prove that
G has diameter D. The first lemma is proved by an exhaustive analysis of the
different cases (i) z € Q and y € P, (ii) x € Pand y € @, (iii) x € Q and y € Q,
(iv) z € P and y € P. We leave the details of this proof to the reader.
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Lemma 6. Let Gy, p be as defined above. For two distinct k-tuples of integers x =
(1,...,2k) and y = (y1,...,Yk), define z(x,y) to be the k-tuple z = (21,...,2k)
with
ri+1 ifx; <y and x; # D,
zi=4 x;—1 ifx; >y and x; # D,

Then z(z,y) € V(Gy,p) whenever x,y € V(Gy.p).
With the use of Lemma 6 we show that G has diameter D.

Lemma 7. For any two vertices v = (x1,...,xx) and y = (y1,...,yx) of Gr.p
we have
d(z,y) = max{|y; — ;| | i € [L,k]} < D.

Proof. Let © = (x1,...,2;) and y = (y1,...,yx) be two vertices of Gy p. We
have d(z,y) > max; |y; — z;| since every two vertices on this (x, y)-path have their
it" coordinates differing by at most 1, for all i.

We prove the converse inequality, d(x,y) < max;|y; — x;|, by induction on
max; |y; — x;|. If max; |y; —2;| = 1, then x and y are adjacent by the construction
of G, p, so d(z,y) = 1 = max; |y; —x;|. Assume that max; |y; —x;| > 2. Then it is
easy to see from the definition of z = (z1,..., zx) that max; |y; — z;| = max; |y; —
x;] — 1. Since z € V(Gj,p) by Lemma 6, we have d(z,y) < max; |y; — x;| — 1.
Since x and z are adjacent, we conclude d(z,y) < max; |y; — x;|, as desired. m

Lemma 7 implies that D is the diameter of G. Indeed, since the vertices of
Gy,p are k-tuples from [0, D]¥, Lemma 7 yields that the diameter of Gp,p is at
most D. On the other hand, the two vertices (0, B, ..., B) and (D, D, ..., D) are
at distance D, so the diameter of G p is at least D.

For the final lemma, we will show that G, p has metric dimension k.

Let W = {wi,...,w}, where w; is the vector whose i*" position equals 0,
and the remaining positions equal B. The following lemma shows that W is a
resolving set of Gy, p.

Lemma 8. Fori € {1,2,...,k} let w; be as defined above. Then for every vertex
r = (x1,...,2k) of Gx,p we have d(x,w;) = x;.

Proof. Let w;; be the jth coordinate of w;, that is w;; = 0 and w; ; = B for
j #i. Then, by Lemma 7,

d(z,w;) = max {|w;; —z;||j € [1,k]}

max { max{|w;; — 2;|}, max{|w; ; — z; |

i,j €Lk, j #i}}
= max {z;, max{|B — ;| |i,j € [1,k],j # i}}.
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An exhaustive case-analysis now shows that |B — z;| < z; for all j # 4. It
thus follows that max{z;, max{|B — ;] ‘ i,j € [1,k],7 # i} = x; and the lemma
follows. [ ]

Since W is a resolving set for G, p of cardinality £, it follows that the metric
dimension of G p is at most k. On the other hand, since the bound in Theorem
4 is strictly increasing in k, and since the graph Gy p attains this bound, we
conclude that its metric dimension equals k. This concludes our proof that the
bound in Theorem 4 is sharp.

4. A LoOwER BOUND ON THE METRIC DIMENSION IN TERMS OF MAXIMUM
DEGREE

In this section we consider a relation between metric dimension and maximum de-
gree. Chartrand et al. [3] provided the following lower bound on metric dimension
in terms of maximum degree.

Theorem 9 [3]. Let G be a nontrivial connected graph, with metric dimension k
and mazximum degree A(G). Then

k> logs(A(G) + 1),
and this bound is sharp.

We now show that for bipartite graphs, Theorem 9 can be improved by a
factor of about logy(3) =~ 1.58.

Theorem 10. Let G be a connected bipartite graph, with metric dimension k
and mazimum degree A(G). Then

k> [logy(A(G))],
and this bound is sharp.

Proof. Let G be a bipartite graph with partite sets Vi and Vs, and let W =
{w1,...,wi} be a minimum resolving set. Let v be a vertex of degree A(G) and
N(v) be the neighbourhood of v. Without loss of generality, suppose v € Vj.
Then N(v) C Va. Since G is bipartite, it follows that for every vertex u € N(v),

d(u,w;) € {d(v,w;) — 1,d(v,w;) + 1}

for 1 < i < k. Therefore, d(u,w;) has a range of two possible numbers. Since the
metric representation of u has k entries, there are at most 2¥ distinct represen-
tations of the vertices in N (v). Hence, |N(v)| = A(G) < 2%, and so

k> logs(A(G)).
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Since k is an integer, the desired bound follows.

We now prove that the bound in Theorem 10 is sharp. Let A € N with
A > 2 be given and let k = [logy(A(G))]. We construct a bipartite graph Ga
with maximum degree A and metric dimension k.

Let the partite sets of Ga be Vi = {wo,wi,...,wx_1} U {v} and Vo =
{ug,...,ua—1}. Vertex v is adjacent to every vertex in V5. For the edges be-
tween the vertices in {ug,...,ua—1} and {wp,ws,...,w,_1} note that each in-
teger i € {0,1,...,A — 1} has a unique binary representation ¢ = Zf;é a;(i)27
with a;(i) € {0,1} for j = 0,1,...,k — 1. We define u; to be adjacent to w; if
and only if the coefficient a;(i) of 27 in the binary representation of i equals 1.
So wy is not adjacent to any vertex in {wg,ws,..., w1}, u1 is adjacent only to
wp, while ug is adjacent only to wi, and us is adjacent only to wy and wi, and
so on. The graph Gj is shown in Figure 2.

Figure 2. The graph G5 constructed in the proof of Theorem 10.

Clearly, G is connected and has maximum degree A. We now show that Ga
has metric dimension k. It follows from Theorem 10 that the metric dimension of
G is at least k. Hence it suffices to prove that the set W = {wq, w1, ..., wg_1} is
a resolving set of Ga. Since no two numbers share the same binary representation,
the vertices ug, u1, ..., ua_1 have different metric representations with respect to
W. Since v is the only vertex that has distance 2 from every vertex of W, and since
the vertices of W are the only vertices with zeros in their metric representations,
it follows that W forms a resolving set. Hence GaA has metric dimension k, as
desired. [
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