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Abstract

Let G be a simple, undirected graph with vertex set V. For any vertex
v € V, the set N[v] is the vertex v and all its neighbors. A subset D C V(G)
is a dominating set of G if for every v € V(G), N[v]N D # (. And a subset
F C V(G) is a separating set of G if for every distinct pair u,v € V(QG),
NulNF # N[v] N F. An identifying code of G is a subset C C V(G)
that is dominating as well as separating. The minimum cardinality of an
identifying code in a graph G is denoted by 7P (G). The identifying codes
of the direct product G; x Ga, where GG; is a complete graph and G5 is a
complete/ regular/ complete bipartite graph, are known in the literature.
In this paper, we find v/ (P, x K,,) for n > 3, and m > 3 where P, is a
path of length n, and K,, is a complete graph on m vertices.
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1. INTRODUCTION

Identifying codes are studied in the various scientific disciplines such as informa-
tion theory, electrical engineering, mathematics, and computer science to design
efficient and reliable networks. This typically involves the removal of redundancy
and the correction or detection of errors in the networks. An identifying code C' is
a dominating set having the property that any two vertices of the graph have dis-
tinct neighborhoods in C, thus every vertex is uniquely identified by its neighbors
within the dominating set. The notion of an identifying code was introduced by
Karpovsky et al. [18] with the original motivation of achieving fault diagnosis for
multiprocessor systems. Numerous papers dealt with identifying codes Balbuena
et al. [1], Ben-Haim and Litsyn [2], Bertrand et al. [3], Bertrand et al. [4], Chen
et al. [5], Cohen et al. [6], Foucaud [9], Foucaud et al. [10], Gravier et al. [12],
Honkala and Lobstein [15], Janson and Laihonen [16], Junnila and Laihonen [17],
Laifenfeld and Trachtenberg [20], Laihonen and Moncel [21], and Xu et al. [28].
Several results about different types of product graphs are known (see Feng and
Wang [7], Feng et al. [8], Goddard and Wash [11], Gravier et al. [13], Hedetniemi
[14], Kim and Kim [19], Rall and Wash [25]). Identifying codes of direct product
of graphs are studied for K,, x K, by Rall and Wash [24], and K, x G, where
G is a regular/ complete bipartite graph by Lu et al. [23]. For more references,
we direct the reader to extensive bibliography maintained by Lobstein [22].

In this work, for a path P, on n vertices, and a complete graph K,,, on
m vertices, we find v/P(P, x K,,) for n > 3, and m > 3. As P, = K, and
identifying codes of K, x K,, are studied by Rall and Wash [24], we assume that
n > 3. While studying identifying codes in the direct product of a path and a
complete graph, we prove a set of necessary and sufficient conditions that are
used to determine whether a given set is an identifying code.

2. PRELIMINARIES

A graph G is an ordered pair (V(G), E(G)) comprising a set of vertices or nodes
V(G) together with a set E(G) of edges, which are two-element subsets of V' (G).
Given a vertex v € V(G), its closed neighborhood, denoted by N|v], is made
up of the node v together with all its neighbors and its open neighborhood is
denoted by N(v) = N[v]\{v}. For S C V(G), the open neighborhood of S is
N(S) = U,eg N(v). Similarly, the closed neighborhood of S'is N[S] = N(S)US.
A set D C V(@) is dominating if for any v € V/(G) \ D there exists a vertex u € D
such that the edge uv € E(G). A set D C V(G) is said to be separating if for any
two distinct vertices u,v € V(G), N[u]ND # N[v]ND. The symmetric difference
of two sets A and B is the set (A\ B)U(B\ A) and it is denoted by AAB. Thus,
AAB is the set of all those elements that belong either to A or to B but not to



IDENTIFYING CODES IN THE DIRECT PRODUCT OF A PATH AND ... 465

both. Two vertices u,v of a graph G are said to be separated by a subset D of
V(G) if the intersection of D with the symmetric difference of their neighborhood
is non-empty, that is, (Nu] N D)A(N[v] N D) = (N[u]AN[v]) N D # 0. If a set
D is dominating as well as separating, then we say that D is an identifying code
of G. Naturally, identifying codes exist in a graph if and only if the graph is
twin-free, that is, for any two distinct vertices u,v € V(G), N[u] # N[v]. The
minimum cardinality of an identifying code in a graph G is denoted by v/P(G).
Given an identifying code C, vertices of C' are called codewords.

There is no identifying code in K,,, as it is not twin-free. A bipartite graph
is a graph whose vertices can be divided into two disjoint and independent sets
V1 and V5 such that every edge connects a vertex in Vj to one in V5. Vertex sets
Vi and Va are usually called the parts/ cells of the graph.
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Figure 1. The graphs P, and K3 Figure 2. An identifying code of P; x Ks5.

and their direct product P, x Kj.

Given two graphs G and H, the direct product G x H (see Figure 1) is the graph
whose vertex set is the Cartesian product V(G) x V(H) and whose edge set is

E(G X H) = {(gl,hl)(gg,hg) 10192 € E(G) and hihy € E(H)}

By dg(u,v), we denote the distance between the vertices u and v in a graph
G. Let V(K,,) = {vo,v1,...,vm—1} and V(P,) = {0,1,2,...,n — 1}. Let D
be a subset of V(P, X K,;). For 0 <i<n-—1and 0 <j < m—1, we define
Ci = {(i,v) : v € V(Ky,)} (i*" column), R = {(i,v;) 11 € V(Pn)} (5" row) (see
Figure 2), D; = C;N D, Rj = R; N D, and r;(D) as follows.

ro(D) = {v:{(0,v),(1,v)} N D # 0},
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ri(D) ={v:{(i —1,v),(,v), i+ 1,v)} N D # 0}, for 1 <i<n-—2,
rn—1(D) ={v:{(n—2,v),(n —1,v)} N D # 0}.

Note that in all the given figures, the codewords are indicated by black circles.
The graphs with edges are illustrated in Figure 1. For ease, in all the remaining
figures, edges are avoided. For undefined terminology and notation, see West [27].

3. NECESSARY AND SUFFICIENT CONDITIONS ON A SET D TO BE AN
IDENTIFYING CODE OF P, x K,

Before we proceed, we need some additional definitions, as well as some easy but
useful lemmas.

Lemma 1. A connected bipartite graph on at least three vertices is a twin-free
graph.

Proof. Let G be a connected bipartite graph with |V(G)| > 3 and V(G) =
ViuVa, If u,v € V; (for i = 1,2), then Nu] # N[v]. Let v € Vi and v € Va.
If N[u] = N[v] = {u, v}, then G would have more than two components. Now,
suppose there exists a vertex w, with w # u,v, such that w € N[u]. Since G is
bipartite, w ¢ N[v]. Thus, G is twin-free. [

Weichsel [26] proved the following result.

Theorem 2 [26]. Assume that G and H are finite, nontrivial connected graphs
in which loops are admitted. If at least one of G and H has an odd cycle, then
the direct product of G and H is connected.

By using Theorem 2, we state the following result.

Lemma 3. If G is a nontrivial, connected graph on at least three vertices such
that it has an odd cycle, then the direct product of G and P, is connected.

Lemma 4. The direct product of any graph G on m wvertices and a path P, is a
bipartite graph.

Proof. Since P, is bipartite, the graph P, x G is bipartite. [

Lemma 5. If G is a nontrivial connected graph on at least three vertices such
that G has an odd cycle, then the direct product of G and a path P, admits an
identifying code.

Proof. By Lemmas 3 and 4, P, X G is a connected and bipartite graph. Also, by
Lemma 1, it is a twin-free graph. Hence, P, x G admits an identifying code. ®



IDENTIFYING CODES IN THE DIRECT PRODUCT OF A PATH AND ... 467

Lemma 6. The direct product of a complete graph K,, (with m > 3) and a path
P, admits an identifying code.

Proof. The proof follows by Lemma 5. ]

Lemma 7. If a subset D of V(P,x Kp,) is such that |D;| > 2, for all0 <i < n—1,
then D is dominating.

Proof. Any vertex, say (k,v;), of V(P, x K,) is adjacent to (k — (+)1, vq) for
0<k<n—-1,0<¢q,j<m-—1, and q # j. Therefore, |D;| > 2for 0 <i<n-—1
gives D = U?:_Ol D; as a dominating set of P, X K,. [

In the following result, we provide a necessary condition on a set D to be an
identifying code of P, x K,,.

Proposition 3.1. If D is an identifying code of P, x K,, (with n,m > 3), then
|ri(D)] >m —1for 0 <i<n-—1.

Proof. Assume that |ro(D)| < m — 1, that is, there exist at least two ver-
tices, say vi,ve € V(K,,), such that (0,v1),(1,v1),(0,v2),(1,v2) ¢ D. Then,
N [(0,v1)]N D = N [(0,v2)] N D, which is a contradiction to the fact that D is
identifying. Thus, |ro(D)| > m — 1. By using a similar argument, we can prove
that |r,—1(D)| > m — 1.

Now, assume that |r;(D)| < m — 1 for some 1 < i < n — 2, that is, there
exist at least two vertices, say vi,vs € V(K,,), such that (i — 1,v1), (4,v1), (2 +
1,v1), (i — 1,v2), (4,v2), (i + 1,v2) ¢ D. Then, N [(i,v1)]N D = N [(i,v2)] N D,
which is a contradiction to the fact that D is identifying. Thus, |r;(D)| > m —1
for0<i<n-—1. [ ]

Now, we provide a sufficient condition on a set D to be an identifying code
of P, x K,,.

Proposition 3.2. If D C V(P, x K,;,) (for n > 4, m > 3) is such that |D;| > 2
and |r;(D)| > m — 1 for every 0 < ¢ < n — 1, then D is an identifying code of
P, x K,,.

Proof. By using Lemma 7, D is dominating. Because |D;| > 2, columns Cj41
and C;_1 (if they exist) are dominated by D, thus two vertices in different columns
are separated if n > 4. Now, assume that there exist two vertices (i,y) and (i,v)
such that N [(¢,y)]ND = N [(i,v)]ND # 0 for 0 < i < n—1. Since N [(i,y)|ND =
N [(i,v)] N D and (i,y) and (i,v) are non-adjacent, both (i,y), (i,v) ¢ D. Also,
(i—1,y), (i+1,y), (i—1,v), (i+1,v) ¢ D (if they exist). Therefore, |r;(D)| < m—1,
which is a contradiction to our assumption that |r;(D)| > m — 1. Thus, D is an
identifying code of P, x K. ]
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4. CONSTRUCTION OF AN IDENTIFYING CODE OF P, x K,,

In this section, we construct an identifying code of P, x K,, that gives us an
upper bound on v/ (P, x K,).

For non-negative integers n,m,t,b,q with m,n > 5, and 2 < b < m — 3, we
define D3, = {(3q,v;) : 0 < j < b—1}, and D3gp1 = {(B¢g+1,v5) : b+1 <
Jj < m —1}, so that |D3q U D3gy1| = m — 1. Using this, D is constructed in the
following manner.

1. For n = 6’ D = {(1avi)a(4vvi) 1< <m— ]-} U {(2’vl)a(3vv1)} (See

Figure 3).

2. Forn =3t,t >3, D =_{ (DsqUDsq11) U{(n—4,v0) YU (UZg{(n—1,v;)})

(see Figure 4).

3. For n 1: 3t+1,t>2 D= UZ;%](ng U D3g11) U{(n —2,v0),(n —2,v1)} U

(U;":_3 {(n -1, vj)}) (see Figure 5).

4. Forn=3t+2,t>1, D= (DsqgUDsgs1) (see Figure 2, and 6).
Figures 2-6 illustrate the construction, for m = 5, and different values of n. Note
that in the above construction of D, b is the only parameter on which we will
play. For D to be dominating, we need b to be between 2 and m — 3. Later, we

shall see that the most interesting case is taking b as small as possible, that is,
b = 2. We will prove that D defined as above is an identifying code of P, x Kp,.

o o o o o o e 0 0 e 0 e e o e
o e e e e O e 0 0 e 0o o e o e
o e o o e o o o 0o o o o o o o
o e o o e o o e o o e o o e o
o e o o e o o e o o e o o e o
Figure 3. An identifying code of Figure 4. An identifying code of
Ps x K5 with 10 codewords. Py x K5 with b = 2.
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o o o o o o o o o o o o o o o
o e o o e o e o e o o e o o e
o e o o e o e o e o o e o o e
Figure 5. An identifying code of Figure 6. An identifying code of
P; x K5. Py x K5.

Theorem 8. For m,n > 5, the set D is an identifying code of P, x K,,. Hence,
form,n>5, and t >0,
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2m if n =6,
ttm—1)+3 ifn=3t t>3,
(t+1)(m—1) ifn=3t+1, t>2,
(t+1)(m—1) ifn=3t+2 t>1.

(P, x K, <

Proof. 1t is easy to check that {(1,v;), (4,v;): 1 <i<m—1}U{(2,v1),(3,v1)}
is an identifying code of Ps x K,, (see Figure 3) of cardinality 2m. Therefore,
YIP(Ps x Ky < 2m.

From now, assume that n # 6. First, we prove that all vertices of columns
Cy, C1, and Cy are dominated and separated by Dy, D1, and D3. Note that
Dy = 0.

Since 2 < b < m — 3, |Dyl|, |D1| > 2, which implies that all vertices of C; are
dominated by Dg and all vertices of Cy, and Cy are dominated by D;. Otherwise,
if b =1, then (1,v¢) is not dominated by D. Similarly, if b =m —2/ m — 1, then
D is not identifying.

Now, we prove that any two vertices of Cy U C1 U Cy, say (i,v;), and (k,vy),
are separated (for 0 < i,k <2,and 0 < j, f <m—1).

Case 1. i = k. If one or both of {(i,v;), (k,v¢)} lies in D, then they are
separated since they are non-adjacent to each other. Therefore, assume that both
are not in D.

Case 1.1. i =k =0. If b < f < j <m—1, then {(1,v;)} C (N[(0,v;)] &
N{(0,vp)]) O D.

Case 1.2. i =k =1 If 0 < f < j <0, then {(0,vf)} € (N[(1,v5)] A
NI[(1,v)]) N D.

Case 1.3. i = k = 2. Similarly, the separation is done by D; or Ds. This
proves that any two vertices in one column are separated by D.

Case 2. i # k.

Case 2.1. Assume that dp, (i,k) = 1. (i,vj) € C; and (k,vy) € Cy for i,k €
{0,1,2}. If (i,v;) € Cp and (k,vy) € C1, then they are separated since |rg(D)| =
m — 1. If (i,v;) € Cy and (k,vy) € Co, then they are separated since (k,vy) is
adjacent to vertices in D3 that are non-adjacent to (7, v;).

Case 2.2. Assume that dp,(i,k) = 2. Assume also that (i,v;) € Cp and
(k,vf) € Ca. They are separated since (k,vy) is adjacent to vertices in D3, which
are non-adjacent to (i, v;).

Thus, all vertices of columns Cy, Cy, Cy are dominated and separated by
Dgy, D1, D3. By continuing the idea applied above, all vertices of C3, Cy, Cs
are identified by Ds, D4, Dg, and so on. It is easy to see that these groups of 3
columns must also be separated from one another (Cy from C3 or Cy from Cy,
for instance).
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Case A. n = 3t, t > 3. We have similarly applied the same idea to Cp,
C,Cy,...,Ch_g, Cnh_s5, C_4. Here, the vertices in the last column C,,_; are
selected as U;’;é{(n —1,v;)} and for separation of Cy,_; and C,,_3 one vertex is

selected as (n—4,vo). Thus, D = J,Zf (DsqUDsq41)U{(n—4,v0)}U(UiZp{(n—
1,v5)}) and |D| = t(m — 1) + b+ 1. In this case, we get the best value of | D| for
b= 2, that is, t(m — 1) 4+ 3. Thus, /P (P, x K;,) <t(m —1) + 3.

Case B. n = 3t + 1, t > 2. We have similarly applied the same idea to
Cy, C1,Co, ..., Ch_y, Cph_3, Cr_o. Here, for the purpose of separation we modify
the selection of vertices of the last two columns C),_5 and C,,—; as {(n—2, vp), (n—
2,01)} and U755 {(n — 1,v;)}. So, D = U,—f (Dsq U Dsgq1) U {(n — 2, vp), (n —
2,v1) U ( U;":_gl{(n— 1,v)}). Thus, |D| = (t+1)(m—1). Thus, v/P(P, x K,,) <
(t+1)(m—1).

Case C. n = 3t + 2, t > 1. Here also, we have similarly applied the same
idea to Cy,C1,Co, ..., Ch_5, Ch_4, Ch_s3. To identify columns C,_o and C_1,
the vertices of Ds; U D3y are selected. So, D = UZ:o(Di%q U D3g441). Thus,
|D| = (t+1)(m — 1). Thus, ¥/P(P, x K,) < (t+1)(m — 1). |

5. LOWER BOUNDS ON THE SIZE OF AN IDENTIFYING CODE OF P, x K,,

In this section, we study lower bounds on the size of an identifying code of P, x K,
(for m > 5, and n > 5). We frequently use Proposition 3.1 to find a lower bound
on |D;| (for 0 <i<mn-—1).

Theorem 9. For m,n > 5, and t > 0, ¥'P(P, x K;,) > (t + 1)(m — 1) if
n=3t+1, and n = 3t + 2.

Proof. Let D be an identifying code of P, x K,,.

When n = 3t + 1, we write n = 2 + 3(t — 1) + 2. If we make a bunch
of three consecutive columns together, then there are t — 1 such bunches for
t > 1. Moreover, there are four extra columns, say two in the beginning and
two at the end. Now, by Proposition 3.1, |ro(D)| > m — 1 gives |Dy| + |D1| >
m—1, |rn—1(D)] > m — 1 gives |Dyp—2| + |Dn—1| > m —1 and also, we get
|Dsp—1| + |D3n| + |Dspy1] = m — 1(for 1 < h <t —1). Thus, when n = 3t + 1
andn > 7, Y2 (P x Kp) > (m—1)+t—-1)(m—-1)+(m—-1)=(t+1)(m—1).

Now, consider n = 3t+2. In this case, we have ¢ bunches (of three consecutive
columns together) and two extra columns in the beginning. Now, by Proposition
3.1, |ro(D)| > m — 1 gives |Dg| + |D1| > m — 1, and also, we get |Dsp_1| +
|Dsp| + |Dspa1| > m —1(for 1 < h < t). Thus, when n = 3t + 2 and n > 5,
YIP(Py x Kp) > (m— 1) +t(m —1) = (t+1)(m — 1). |
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Figures 7-16 illustrate identifying codes of Pi5 x Kg.
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Figure 7. An identifying code of Figure 8. An identifying code of
Pi5 x Kg with 29 codewords. Pi5 x Kg with 31 codewords.
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Figure 9. An identifying code of Figure 10. An identifying code of
Pi5 x K¢ with 28 codewords. P15 x K¢ with 29 codewords.
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Figure 11. An identifying code of Figure 12. An identifying code of
Pi5 x Kg with 29 codewords. Pi5 x K¢ with 29 codewords.
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Figure 13. An identifying code of Figure 14. An identifying code of
P15 x Kg with 28 codewords. P15 x Kg with 30 codewords.
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Figure 15. An identifying code of Figure 16. An identifying code of
Pi5 x Kg with 31 codewords. P15 x K¢ with 33 codewords.
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Now, in the following result, we provide different identifying codes when n = 3t,
for ¢t > 2. This constructive method also gives us the lower bound on the size of
an identifying code in the direct product P, x K,,(for m > 5, and n > 6).

Theorem 10. For m,n > 5 and positive integer t, in the direct product Py X Ky,
YIP(Ps x Kp) > 2m and v'P (P, x K,,) > t(m — 1) + 3 when n = 3t, forn > 9.

Proof. Let D be an identifying code of P, x K,,. Therefore, by Proposition
3.1, |ri(D)] > m —1for 0 <i < n— 1. By using the idea applied in Theorem
9, |ID| > t(m — 1). To prove that |D| > t(m — 1) + 3, it is enough to prove,
for instance, that in at least three bunches of three consecutive columns, each
bunch contains at least m codewords. Here, we consider the cases, depending
upon the cardinality of Dy and, then, we will move on step by step towards | D;],
for 1 <i<n.

Case 1. If |Dg| = 0, then |Dy| > m — 1. If |D;| = m (see Figure 7 for an
example), then Dy = (). To separate columns Cy and Cs, at least two codewords
must lie in Ds. Since |r3(D)| > m — 1, |D4| must be greater than m — 3. Thus,
from column Cs onward, we apply the idea used in Theorem 8. If n = 3¢, for
n > 9, then |D| > (0+m+0)+(2+m—34+0)+(2+m—3+0)+---+(24+m—3+
1)+ (2+m—3+42) = t(m—1)+4. Thus, in this case, the first bunch and the last
two bunches have at least m codewords and the remaining ¢ — 3 bunches have at
least m —1 codewords. If n = 6, then |[D| > (0+m+1)+(24+m—3+2) = 2m+2.

Now, let |Di| = m — 1. Thus, if (1,v9) ¢ D, to dominate it at least one
vertex of type (2,v;), for j # 0, must lie in D, say (2,v1). Therefore, |Dy| > 1.
Now, to separate columns Cy and Cs, D3 must be non-empty.

Case 1.1. Assume that (3,v1) € D. Thus, |D3| > 1. Now, we need |r3(D)| >
m — 1 and |r4(D)| > m — 1. So, if | D3| = 1, we get |Dy4| > m — 2 and |Ds| > 0.
Similarly, if |D3| > 2, we get |Dy4| > m — 3 and |Ds| > 0. Now, to dominate
(4,v1), at least one of (3,v¢), (4,v1), (5,vf) for 0 < f <m—1and f # 1 must lie
in D. If (4,v1) € D (see Figure 8), then in the first three bunches, there are m
codewords when n > 9. So, |D| > t(m — 1) + 3. And if n = 6, then |D| > 2m.

If say (5,v9) (see Figure 9) lies in D, then the first two bunches have m
codewords. Then, Dg = 0. As |rg(D)|,|r7(D)] > m — 1, |D7] > m — 2 and
|Dg| > 1, say {(7,v) : 2 < i <m—1} C D and (8,v9) € D. To dominate
(7,v9) either Dg # 0 or |Dg| > 2, which implies that third bunch also contains
m codewords when n > 9. Therefore, |D| > t(m — 1) + 3. And if n = 6, then
|D| > 2m.

If say (3,v9) (see Figure 10) lies in D, |D3| > 2 and we need |Dy4| > m — 3.
For n = 6, we select (5,vp), (5,v1) € D, which implies that |D| > 2m + 1. Thus,
forn #£ 9, if (3,v9) lies in D, then only m — 3 vertices of D4 are enough to identify
vertices of columns C5, Cy, C5. Now, continue in this manner. Thus, from column
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Cs onward we apply the idea used in Theorem 8. We get that if n = 3¢, forn > 9,
then |[D| > (0+m—-14+1)4+(2+m—-340+24+m—-3+0)+---+(2+m—
3+1)+2+m—-3+2)=t(m—1)+4

Case 1.2. If (3,v1) ¢ D, then to separate columns Cp and Cs, at least
two codewords must lie in D3, say (3,wvp), (3,v2) € D. Since |r3(D)| > m — 1,
|Dy| > m—4. If |[Dy| = m—4, say {(4,v;) : 3<i<m—2} C D, then for m > 6,
one of (5,v1), (5, vm—1) must lie in D since |r4(D)| > m — 1 (see Figure 11), say
(5,v1) € D. Similarly, we get the pattern (0+(m—1)+1)+(2+(m—4)+1)+(2+
(m—4)+1)+---+2+(m—4)+1)+ (24 (m—4)+4) = t(m—1)+4. Therefore,
|D| > t(m — 1)+ 4. If m =5, then |D4| = m — 3, if |Dy| = m — 4 = 1, that is
(4,v3) € D, then (3,v3) and (1,v) are not separated by D. If |Dy| = m — 3, say
{(4,v;) : 3 <i<m—1} C D, then D5 = ) (see Figure 12). In a similar way,
we get the pattern (0+ (m—1)+1)+ 2+ (m—-3)+0)+ 2+ (m—3)+0)+
e (24 M =3)+0)+ 2+ (m—=3)+ 1)+ 2+ (m—3)+2) =t(m—1) +4.
Therefore, |D| > t(m — 1) + 4.

Case 2. Consider |Dy| = 1 (see Figure 13). Assume that (0,v9) € D. Then,
|D1| >m — 2, say {(1,v;) :2<i<m—1} C D.

Case 2.1. To dominate (1,vp), say (2,v1) € D. Therefore, |D2| > 1. Now,
to separate vertices of columns Cy and Cs, |D3| > 1, say (3,v¢), lie in D. Now
onward by continuing the idea of Theorem 8 we get, |D| > (1+m—2+1)+(1+m—
24+1)+- -+ (14+m—24+1)+(1+m—2+43). Therefore, |D| > tm+2 > t(m—1)+4
for all t > 2. We will get D with same cardinality if (3,v1) is selected instead of
(3,v0). If we select (3,vy), f ¢ {0,1}, then to separate Cy and C», at least two
vertices of Cs must lie in D. In this case, |[D| > (1+m—-2+1)+(2+m -3+
D4 +2+m=3+0+2+m—3+1)+2+m—3+2)=t(m—1)+4.

Case 2.2. To dominate (1,vp), if (1,v9) € D, then |D;| > m — 1. Then,
to separate vertices of columns Cy and Co, (3,v9) must lie in D. Now onward
by continuing the idea of Theorem 8 we get, |[D| > (1+m —1+0)+ (1 +m —
140)+-4+(1+m—-140+14+m—1+1)+ (1 +m—1+0). Therefore,
|ID| >tm+1>t(m—1)+3forall t > 2.

Case 3. |Do| =0, for 2<b<m —3 (m #5), and b is an integer.
In this case, we get D as in Case A of Theorem 8 where |D| = t(m—1)+b+1 >
t(m—1) + 3.

Case 4. If |Dy| = m—2, then |D;| > 1 (see Figure 14). Assume that {(0,v;) :
0<j<m-3}CDand (1,v,,-2) € D;. To dominate (0, v,,—2), one more vertex
of C1 must lie in D. Therefore, |D1| > 2. Since |ri(D)],|r2(D)|, |rs(D)| > m —1,
we obtain |Dy| > 0, |D3| > m — 3,|D4| > 2, and |Ds| > 0. From now on, by
continuing the idea of Theorem 8 we get |D| > (m—2+2+40)4(m—3+2+0)+-- -+
(m—3+42+1)+(m—34+2+m—3). Therefore, |D| > (t+1)(m—1) > t(m—1)+4.
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Case 5. If |Dg| = m — 1, then |D;| > 0 (see Figure 15). Assume that
{(0,v;) : 0 < j <m—2} CD. To dominate (0,vp—1), say (1,vm—2), which lies
in D, therefore, |D;| > 1. Now, the fact that |ro(D)|,|r3(D)|,|ra(D)] > m —1
gives |D3| > m — 2,|Dy| > 1, and |Ds| > 0 (for n # 6). Assume that {(3,v;) :
0<j<m-—3} CD and (4,vm-2) € D. To separate (2,v,,—2) and (4, vym—1)
and to dominate (3, vm—2), (4, Um—1) must lie in D. Therefore, we get |Dy4| > 2.
For n = 6, we choose {(5,v;) : 0 < j < m —4} C D and (2,vp) to make D
identifying. For n > 9, |r7(D)| > m — 1 and we obtain |Dg| > m — 3, |D7| > 2,
and |Dg| > 0. From now on, we apply the idea used in Theorem 8. We get the
following results. If n = 3t, for n > 9, then |[D| > (m —1+1+0)+ (m -2+
240)+(m—3+2+40)+-+(m—3+2+1)+ (m—3+2+m—3). Thus,
|ID| >t(m—1)+m>t(m—1)+5.

If n =6, then |D| > (m—-1+1+1)+ (m—24+2+m —3). Thus, |D| >
3m — 2> 2m.

Case 6. Consider |Dg| = m (see Figure 16). Since |r2(D)| > m — 1 and
|D1| :0,|D2| :0, |D3| Zm—l, say {(3,1}j):0§j Sm—2} QD

Case 6.1. If |D3| = m, then Dy = (), and to separate columns Co and Cy,
we need |Ds| > 2. Since |r5(D)| > 5, |Dg| > m — 3. From now on, we apply the
idea used in Theorem 8. We get the following results. If n = 3¢, for n > 9, then
|D| > (m~+0+0)+(m+0+2)+(m—3+0+2)+- - -+ (m—3+0+2)+(m—3+0+m) =
t(m —1) + 2 +m.

Case 6.2. If | D3| = m — 1, then for n = 6, we choose {(3,v;) : 0 < j < m—2},
{(5,v;) : 0 < j <m—2}, and (4,vpm—2) in D. Thus, |[D| >m+ (m—1)+1+
(m—1) > 2m.

For n = 3t, for n > 9, to dominate (3, vy,—1), say (4, vm—2) € D. To separate
columns Cy and Cy, say (5,v;,—2) € D (here, we proceed as in Case 1.2). So,
ID| > (m+04+0)+(m—-1+1+1)+(m—241+4+0)+(m—2+240)+(m—3+
240)+---+(m—-34+24+0)+(m—3+2+1)+ (m—3+2+m—3). Therefore
ID| > (t+1)(m —1) + 3.

If n =6, then |D| > (m+0+0) 4+ (m — 1+ 1+ m). Therefore, |D| > 3m.

After comparing all the cases, we observe that in Case 3 (for n > 9), if we take
b = 2, we get the smallest value of | D|. Hence, v/P (P, x K,,) > t(m—1)+3 when
n = 3t, for n > 9. Similarly, by using Case 1.1, we conclude that v (Ps x K,,)
> 2m. [ |

6. IDENTIFYING CODES OF P3 X K, AND Py x K,

In this section, we study the identifying codes of P,, x K,, for small values of n.
While studying identifying codes of P35 x K,,, we will discuss the necessary and
sufficient conditions as well.



IDENTIFYING CODES IN THE DIRECT PRODUCT OF A PATH AND ... 475

First, we prove a necessary condition for a subset D of V(P; x K,,), for
m > 3, to be an identifying code.

Theorem 11. Form > 3, if a subset D of V(P3x K,;,) is identifying, then all the
sets R; are mon-empty. Moreover, at most one row with one codeword, say R;,
is such that (0,v;) € R; or (2,v;) € R; and, hence, |R;| > 2, (for 0 <j <m —1,
and j #1). Thus, Y'P(P3 x K,;) > 2m — 1.

Proof. Assume that there exists one R;, say Ry, such that |Ry| = 0, that is,
(0,v0), (1,v0), (2,v9) ¢ D. Then, N [(0,v9)] N D = N [(2,v9)] N D. Therefore, all
R; must be non-empty. In fact, if there is any R; with |R;| = 1, then it must
contain either (0,v;) or (2,v;). Otherwise if it is (1, v;), then, N [(0,v;)] N D =
N [(2,1)1‘)] NnD.

Now, suppose there exist two R;, say R1 and Ra, such that |Ri| = |Rs| = 1.
Then, either (0,v1) € D or (2,v1) € D. Similarly, either (0,v2) € D or (2,v2) € D.

Case 1. If (0,v1),(0,v2) € D. That is, (1,v1),(2,v1),(1,v2),(2,v2) ¢ D,
which gives N [(2,v1)]N D = N [(2,v2)] N D.

Case 2. If (2,v1),(2,v2) € D. This case is similar to Case 1 by symmetry.

Case 3. If (0,v1),(2,v2) € D. That is, (1,v1),(2,v1),(0,v2),(1,v2) ¢ D,
which gives N [(2,v1)]N D = N [(0,v2)] N D.

Therefore, there is at most one R;, which contains only one codeword. Hence,
all the remaining R; have at least two elements of D.

Thus, v/P(P3 x K,,) > 2m — 1. |

The above condition is necessary but not sufficient for example, see Figure 18.
We now prove a sufficient condition for a subset D of V(P3 x K,;,), for m > 3,
to be an identifying code.

Theorem 12. For m > 3, if a subset D of V(Ps x K,;,) is such that for exactly
one i, |R;| = 1, which contains either (0,v;) or (2,v;), |Rj| > 2 (for 0 < j <
m —1, and j # i) and |Ds| > 2 for 0 < f < 2, then D is identifying.

Proof. By using Lemma 7, D is dominating. Without loss of generality, assume
that |Ro| = 1, say (0,v9) € Rp and |Ry¢| > 2 for 1 < f <m — 1. Let (i,v;), (k,v)
be any two vertices of Py x K,,.

Case 1. i = k. If both or one of (i,v;) and (k,v;) belong to D, then they
are separated by D since they are non-adjacent. Therefore, assume that (4, v;),

(k), ’Ul) Qé D.

Case 1.1. i =k =0. For 1 <j<l<m-1, (1,v),(1,v;) € (N[(i,v5)] &
N [(k,v)]) N D.
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Case12. i=k=2 For0<j<l<m-—1, (1,v) € (N[(i,v;)] AN [(k,v)])
ND.

Case 1.3. i =k =1. For 0 < j <1l < m—1, (0,u),(0,v5),(2,v) €
(N [(i,05)] AN [(k, )]) 0 D.
Case 2. i # k.

Case 2.1. dp,(i, k) = 1. If v; = vy, then they are separated since N[(Z,v;)] N
N{(k,v;)] = 0. If vj # v, then for i = 0 and k = 1, one vertex in Dy separates
them. If v; # vy, then for i = 2 and k = 1, one vertex in Dy separates them.

Case 2.2. dp,(i, k) = 2. Without loss of generality, assume that ¢ = 0 and
k = 2. If both or one of (0, v;) and (2, v;) belong to D, then they are separated by
D since they are non-adjacent. Therefore, assume that (0,v;), (2,v;) ¢ D, which
implies that j # . In this case, (1,v;) or (1,v;) € (N[(0,v;)]AN[(2,v;)]) N D.

Thus, D is separating and, hence, identifying. [
o e Figure 18. An example o e o o

showing that a necessary
Figure 17. An identifying condition for Py x K,, Figure 19. An identifying

code of P3 x K. is not sufficient. code of Py x K.

We now obtain v/P (P x K,,) and v/P(P; x Kp,).
Theorem 13. For m >3, v'P(P; x K,,,) = 2m — 1.

Proof. By Theorem 11, v/P(P; x K,;,) > 2m —1. For m = 3, D = {(0,v),
(0,v1), (1,v1), (1,v2), (2,v2)} is an identifying code of Py x K3 of cardinality 5.
For m > 4, by using Theorem 12, it can be easily observed that, a sub-
set D = {(0,v0),(0,v1), (1,v2),..., (1, 0m-1),(2,v1),(2,02),...,(2,0m—1)} is an
identifying code of P3 x K, of cardinality 2m — 1. Thus, /P (P; x K,,,) = 2m —1
(see Figure 17). |

Theorem 14. For m > 5, v/P(Py x K,,) = 2m — 2.

Proof. In Py x K,,, by Proposition 3.1, the conditions |ro(D)| > m — 1 and
lr3(D)| > m—1 give v/P(Pyx K,,) > 2m — 2. Also, by Proposition 3.2, the subset
D = {(0,vp), (0,v1), (2,v0), (2,v1)} U U:Z52 (1,v;),(3,v;)} is an identifying code
of Py x K,, of cardinality 2m — 2. Thus, /P (P; x K,,) = 2m — 2 (see Figure
19). |

Remark. For m > 5, the number of codewords required to identify Py x K, is
one less than that needed to identify P3 x K,,.
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7. IDENTIFYING CODES OF P, x K4 AND P, x K3.

In this section, we provide identifying codes of P, x K4 and necessary condition
on a subset D to be an identifying code of P,, x K4 and P, x K3. By using this
condition, we derive a lower bound on 'y[ D (P, x K4) and that of P, x Ks3.

In the following result, we provide a subset D of V(P4 x K4). It can be easily
observed that the set D is dominating and separating.

Theorem 15. v/P(Py x K;) = 1.

Proof. By using Proposition 3.1, ¥/P(P; x K;) > 6. It can be easily verified
that a set of any six vertices of P, x Ky satisfying the necessary condition does
not separate all vertices of Py x K4. So, VID(P4 x K4) > 7. The set D = {(0,vp),
(0,v1), (1,v2), (1,v3),(2,v1), (2,v2),(2,v3)} is an identifying code of Py x K4 of
cardinality 7 (see Figure 20). |

Figures 20-29 illustrate identifying codes of P, x K4 for different values of n.

° [e] o o [e] ° [e] o [e] [e] [e] ° ° [e] [e]
o [e] [ ] o [e] ° [e] ° [e] o [e] [e] [e] [e] °
[e] o [ ] o [e] ° [e] ° [e] [e] o [e] [e] o [e]
[e] ° [ ] o [e] ° [e] ° [e] [e] ° [e] [e] ° [e]

Figure 20. An identifying  Figure 21. An identifying  Figure 22. An identifying

code of Py x K. code of Ps x Ky. code of Py x K4.
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o] [ ] o] o] [ ] o] [e] o] [ ] o] o] o] [ ] o] o] [e] [ ] o] o] [ ] o] o] [ ] o]

Figure 23. An identifying  Figure 24. An identifying  Figure 25. An identifying

code of P; x Ky. code of Py x Kjy. code of Py x Kjy.
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Figure 26. An identifying code Figure 27. An identifying code
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Figure 28. An identifying code Figure 29. An identifying code

of P16 X K4. of P17 X K4.
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Theorem 16. Forn > 5,

4t if n =3t t>2,

4L+2 ifn=3t+1, t =23,
VPP, x Ky) < {4t+1 ifn=3t+1, t >4,
At+4 ifn=3t+2 t=1,
4t+3 ifn=3t+2, t>2.

Proof. It is easy to check that following codes are identifying of P, x Kj.

Case 1. For n = 3t, with n > 6, {(0,v1), (1,v2), (1,v3), (2,v0), (3,v0), (4, v2),
(4, 123), (5, Ul), (7, 1)2), (7, ’1)3), (8, Uo), (8, 1)1), (10, 2}2), (10, '03), (11, Uo), (11, Ul), ceey
(3t—2,v9), (3t—2,v3), (3t—1,v0), (3t —1,v1)} is an identifying code of cardinality
4t (see Figure 22, 25, and 27).

Case2. Forn =7, {(0,v1), (1,v2), (1,v3), (2,v0), (3,v0), (4,v2), (4,v3), (5,v1),
(6,v0), (6,v2)} is an identifying code of cardinality 10 (see Figure 23).

For n = 10, {(0,v1), (1,v2), (1,v3), (2,v0), (3,v0), (4,v2), (4,v3), (5,v1), (6,v3),
(7,v2), (7,v3), (8,v0), (8,v1), (9,v2)} is an identifying code of cardinality 14 (see
Figure 26).

For n = 3t 4+ 1, with n > 13, {(0,v1), (1,v2), (1,v3), (2,v0), (3,v0), (4,v2),
(4,v3), (5,v1), (7,v2), (7,v3), (8, v0), (8,v1), ..., (3t —=5,v2), (3t —5,v3), (3t —4,vp),
(3t—4,v1), (3t—3,v3), (3t —2,v3), (3t —1,v0), (3t—1,v1), (3t,v2)} is an identifying
code of cardinality 4t 4+ 1 (see Figure 28).

Case3. Forn =5, {(17 UO)7 (17 vl)v (17 UQ)? (17 1)3), (37 'U()), (37 Ul)v (37 v2)7 (37 1)3)}
is an identifying code of cardinality 8 (see Figure 21).

Forn =38, {(07 ’Ul)v (17 ’Ug), (1a U3)7 (27 UO)v (37 vl)a (37 ’Ug), (47 ’Ug), (57 ’Ug), (67 ’U()),
(6,v1), (7,v2)} is an identifying code of cardinality 11 (see Figure 24).

For n = 3t + 2, with n > 11, {(07U1)7 (1>U2)a (17U3)7 (27’00)7 (37U0)7 (47 U2)v
(47 03)7 (57 vl)a (77 U?)? (77 U3)7 (87 U()), (87 vl)v ceey (?)t - 27 ’1)2), (3t_ 27 '03)7 (3t— 17 UO)7
(3t—1,v1), (3t,v1), (3t,v3), (3t +1,v2)} is an identifying code of cardinality 4¢+ 3
(see Figure 29). |

Theorem 17. If a subset D of V(P, x Ky), for n > 5, is a minimum identifying
code, then |r;(D)| > 3 for 0 < i <n—1 and |D3q U D3g41 U D3gio| > 4 for all
0<q<|3]

Proof. 1f n =5,6,7, and 8, it is easy to check that the result holds (see Figure
21-24). Therefore, in this proof, we assume that n > 9.

The proof of |r;(D)| > 3 follows from Proposition 3.1. Since |r;(D)| > 3 (for
0<i<n—1), |D3gUD3g41UDsgys| >3 forall 0 <q< |%]|. In Theorem 16, we
constructed an identifying code B in P, x K4 such that |Bs, U Bsg41 U B3gy2| = 4
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forall0 < ¢ < L%J . Therefore, to prove that for an identifying code D in P, x Ky,
|Dsg U Dsgq1 U D3gio| >4 for all 0 < ¢ < |%], it is enough to prove that if there
exists one ¢ such that | D3, U D3gy1UD3gq2| = 3, then either D is not identifying,
or D is identifying with cardinality more than that of Theorem 16. Thus, assume
that there exists one ¢ such that 0 < ¢ < L%J and |D3g U D3gq1 U D3gia| = 3.
Ifg=0o0rq= L%J — 1, then D is not even dominating. So, assume that
1<q<|%] -2

In each of the following cases, k1 + k2 + k3 = 3, where either |D3,| = ki,
[D3qr1] = k2, and |Dsgio| = ks or [Dsg| = k3, [D3qr1] = k2, and [Dsgio| = k1.
We apply the same technique for the construction of D in both cases. Here, we
discuss only one of them. Moreover, while placing vertices of D3,UD3441UD342,
|73q+1(D)| > 3 is considered in every case.

r D
ri(D) r4(D) rg1(D) 3|5)-2(D)
® O O|e O O ® O O|®e@e O O|®e O O|®e O O|e@ O O ® O O|®e@ O O
® O O|e@ O O ® O O|®e@e O O|®e O O|®e O O|®e@ O O ® O O|e O @
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Figure 30. An identifying code of Ps; x Kjy.

Case 1. |Ds3q| = 3, |D3g+1] = 0, and |D3q12| = 0, say (3¢, vo), (3¢, v1), (3¢, v2)
€ D (see Figure 30). In this case, to dominate (3¢, v3) at least one of {(3¢—1,v;) :
0 < i < 2} must lie in D, say (3¢ — 1,v2) € D. To separate columns Czq_;
and C3gq41, either (3¢ — 2,v2) € D or |Dsq_a| > 2. If (3¢ — 2,v2) € D, then
|D3q_3| > 2 since |T3q_2(D)‘ > 3, which implies that |D3q_3 U ng_g U ng_1| >
4. If (3¢ — 2,v2) ¢ D, then to separate C3s—1 and Csgy1, |D3ag—2| > 2, say
{(3¢—2,v1), (3¢—2,v3)} C D. To dominate (3¢—2,v2), | D3q—3| > 1, which implies
that |D3q—3 U D3q—2 U D3,_1| > 4. By continuing in this manner, we get that
|D3s—3UD3s_oUD3s_1| >4 foralll <s<g—1and |DyUDUD5| > 5. Similarly,
since |r3g+2(D)| > 3, [D3g43] > 3, say {(3¢ +3,v;) : 0 < i <2} C D. Then, to
dominate (3q + 3,v3), |D3g+a] > 1, say (3¢ + 4,v2) € D. To separate columns
ng+2 and ng+4, |D3q+5| > 1, which implies that ’D3q+3 @] D3q+4 U D3q+5| > 5.
By continuing in this manner, we get that |Dss U D3sy1 U D3gya| > 4 for all

q+2 <s< L%J —2. If n = 3t, forn > 12, then DLQJ_3 UDLQJ_2 UDLQJ_1 >7
3 3 3
and, therefore, |D| > 4t +4. If n =9, |D| > 15. If n = 3t + 1, for n > 10, then
|DLQJ_3UDLEJ_2UDLEJ_1| >7,and |D| > 4t+4. If n = 3t+2, for n > 11, then
3 3 3
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DL%J73 U DL%sz U DL%Jfl >4, ‘T’n_l(D)‘ > 4, in which case ‘D| > 4t + 5.
Case 2. |D3q| = 0, |D3gq1| = 3, and |D3sqq2| = 0, say (3¢ + 1,v9), (3¢ +
1,v1), (3¢ + 1,v2) € D. In this case (3¢ + 1,v3) is not dominated by D.

Case3. |Dsq| =1, |Ds3qv1| = 2, and |D3g42| = 0, say (3¢, v0), (3¢+1,v1), (3¢+
1,v2) € D. In this case (3¢ + 1,vg) is not dominated by D.

T D
n(D) ra(D) 7sq+1(D) s3] -2(P)
® € O/ O @€ O|0O e O O @€ O|®e O O|O0O @ O|O e O O @€ O|0O e @O
® € O/ O @€ O|0O e O O @€ O|0O @ O|0O @ O|O e O O @€ O[O e @O
® O @€/ 0O O @e|O O @ O O @e/|0O O e|®@® O O|e O O ® O O|e O @e|O
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Figure 31. An identifying code of Ps;11 X Kjy.

Cased. |Dsq| =1, |D3g+1]| = 1, and |D3gy2| = 1, say (3¢, vo), (3¢+1, v1), (3¢+
2,v2) € D. By following the procedure used in Case 1 (see Figure 31),
|DoUDyUDsy| >7,|D3sUD3s11UD3gyo| >4for1 <s<g—landg+1<s<

2] —2. Tfn = 3t, for n > 9, then ‘DLEJ_3UDLEJ_2UDL J_1] > 7, and |D| >
3 3

n
3

and |rp,—1(D)| > 4, in which case |D| > 4t + 6.

r D
ri(D) r4(D) rage1(D) 3| 2] (D)
® O €¢/|0 O @e¢|O0 O o O O @e¢|0O O e|®@® O O|®@ O O ® O O|®e O O|e O
® ¢ O|O @€ O|0C e O O @€ 0|0 @€ O|e@ O O|e@ O O ® O O|®e O O|®e O
® ¢ O|0O @€ O|0O @ O O @€ 0|0 @ O|0O @ O|0O e O O @€ O|0O @ O|0 e
O O @¢|0O O @e|0O O e O O @e¢|0O O @e|0O O O|O e O O @€ O|0O @ O|0 e
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Cq C3g—2 C3g41 C3¢44 C3L7§LJ—2

Figure 32. An identifying code of Ps; 1o X Ky.
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Case 5. |D3g| = 2, |D3g41| = 1, and [Dsg42| = 0, say (3¢,v0), (3¢,v1), (3¢ +
1,v2) € D. By following the procedure used in Case 1 (see Figure 32),
|DoU Dy UDgy| >7,|D3sUD3ssy1UDsgyo| >4for 1 <s<g—landg+1<s<

2] =2 Tfn =3t forn >0, then‘DLJ sUD|s | QUDLQH’z?,and\DQ
3
At +5. Tfn =3t +1, for n > 10, then ‘DLQHUDLEHUDLEH > 7, and

ID| > 4t +5. If n = 3t + 2, for n > 11, then ‘DH_?) UD|s| UDH_I) > 4,
3 3 3
and |r,—1(D)| > 4, in which case |D| > 4t + 6.

r D
ri(D) r4(D) r3q+1(D) 3 3)-2(P)
® O O|®e@ O O ® O O|®e® O O|e O O|e O O|®e@ O O ® O O|®@ O O
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Figure 33. An identifying code of Ps; x Kj.

Case 6. |D3g| = 2, |D3q41| = 0, and |Dsq12| = 1, say (3¢, v0), (3¢,v1), (3¢ +
2,v9) € D. By following the procedure used in Case 1 (see Figure 33),
|DOUD1UD2‘ > 6, ’DgsUD33+1UD33+2| >4forl1<s<g—landg+1<s<

|2]—2. If n=3t, forn >9, then‘DLJ UDL |- 2UDL2J_1’27,and\D|Z
3

At +4. Tfn = 3t + 1, for n > 10, then ‘DL 2| sUD[2| 2UD[s| ’ > 7, and

3

ID| > 4t + 4. T n = 3t + 2, for n > 11, then ‘DL sUD|s | uDLJ 1)>4

and |rp,—1(D)| > 4, in which case |D| > 4t + 5. n

Theorem 18. Forn > 5,

At if n =3t t>2,

46+2 ifn=3t+1, t =23,

ID(p,x Ky) >4t +1 ifn=3t+1, t >4,

At+4 ifn=3t+2, t=1,

At+3 ifn=3t+2,t>2

Proof. Assume that D is a minimum identifying code of P, x K4. Then, by
Theorem 17, |r;(D)| > 3 for 0 < i < n— 1aur1d‘U3qJr2 D; ‘ >4forall0 < g < [%].
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Case 1. If n = 3t, for n > 6, then |D| > 4t.

Case 2. If n = 3t + 1, for n > 7. In this case, if 0 < |D,,_3| < 2, then
|Dp—1] > 1 since |rp—1(D)| > 3. Thus, |D| > 4t + 1. It is easy to check that for
t=2,and 3, |D| > 4t + 2.

Case 2.1. If |D,_o| = 3, then the necessary condition r,_1(D) is satisfied.
So, D,,—1 may remain empty.

Case 2.1.1. Assume that (n — 2,v9), (n — 2,v1), (n — 2,v2), (n — 3,v3) € D.
To separate vertices of columns Cy,—1 and C,_3, |Dy,—4| > 1. To cover (n—2,v3),
either |D,,_1| > 1 or |D,,_3| > 2. Thus, |D| > 4t + 2.

Case 2.1.2. Assume that (n — 2,v9), (n — 2,v1), (n — 2,v2), (n — 3,v2) € D.
To separate vertices of columns Cy,_1 and Cy,_3, (n — 4,v2) € D. Thus, |D,,—4 U
D,_3U Dn_2’ > 5. Similarly, ’ng U D3q+1 U D3q+2| >4foralll <¢g< L%J —1.
Similarly, [Do U D1 U Ds| > 6. So, |D| > 4t + 3.

Case 2.1.3. Assume that (n — 2,v9), (n — 2,v1), (n — 2,v2), (n — 4,v2) € D.
To cover (n—2,v3), |[Dp—1] > 1, say (n—1,vz). Thus, |D3yU D3gq1UD3gya| >4
foralll1 <g< L%J Similarly, |Do U Dy U Ds| > 6. So, |D| > 4t + 3.

Case 2.2. |Dy,_o| = 4. Then, |D,_1| > 0. To separate vertices of columns
Cp_1 and C),_3, ‘Dn_4‘ > 2. Thus, ‘Dn_4 UDy_3 UDn_2| > 6. So, |D| >4t + 2.

Case 3. If n = 3t + 2, for n > 5, then |D| > 4t + |r,—1(D)| > 4t + 3. When
t = 1, it can be easily checked that a set of any seven vertices of P5 x K4 satisfying
the necessary condition (Theorem 17) is not separating all vertices of P5 x Kjy.
Therefore, when ¢t =1, |D| > 8. |

Now, we will discuss the case of P, x K3. Figures 34-39 illustrate identifying
codes of P, x K3 for different values of n.

[e] o [e] [e] [e] ° [e] o [e]
[e] o ° [e] [e] ° [e] ° [e]
[e] [e] o o [e] ° [e] ° [e]

Figure 34. An identifying code  Figure 35. An identifying code
OfP4><K3. of Ps x K3.

e 0 © 0o O e o o o e ) O e o e 0o o e o e o o e
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o

o
e o o

O e O e 0O O e O e e O

o
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Figure 36. An identifying code Figure 37. An identifying code
OfP16><K3. OfP17><K3.
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o L] o L] o o L] o (] o o L] o L] L] L] L] o o L] o [ ] o o L] o L] o o (] o o
o L] o L] o o L] o L] o o L] o L] o o L] o o L] o L] o o L] o L] o o L] L] o
o L] o L] o o L] o L] o o L] o L] o o o o o L] o L] o o L] o L] o o o L] L]
Figure 38. An identifying code Figure 39. An identifying code
of P18 X Kg. of P14 X K3.

By using the idea applied in Theorem 17, we state the following result without
proof.

Theorem 19. If a subset D of V(P, x K3), for n > 4, is a minimum identifying
code, then |r;(D)| > 2 for0 <i <n—1 and |DgUDg41UDg12UDgi3UDg 4| > 6
forall 0 <q<n-—>5.

By Theorem 19 and by using the idea applied in Theorem 18, we state the
following result without proof.

Theorem 20. Forn > 4,

5 if n =4,
VPP, x K3) > { 6t if n=">5t t>1,
6t+i+1 ifn=>5t+i t>1,1<i<4.

Theorem 21. Forn > 4,

5 if n =4,
FP(P, x K3) < { 6t if n=>5t, t>1,
6t4+i+1 ifn=>5t+14, t>1, 1<i<4

Proof. 1t is easy to check that the given codes are identifying in P,, x K3.

Case 1. If n = 5t, then D = U;;B{(Sj +1,v9), (55 + 1,v1), (55 + 1,v2), (55 +
3,v0), (57 + 3,v1), (55 + 3,v2)} is an identifying code of cardinality 6t (see Fig-
ure 35).

Case 2. If n =5t + 1, then D = U;;% (57 + 1,v0), (55 + 1,v1), (55 + 1,v2),
(57 + 3,v0), (55 + 3,v1), (55 + 3, v2) } U {(5t — 4, vp), (5t — 4,v1), (5t — 4,v9), (5t —
2,v1), (5t —2,v2), (5t — 1,v1), (5t — 1,v2), (5t,v0)} is an identifying code of cardi-
nality 6t + 2 (see Figure 36).

Case 3. If n = 5t+2, then D = U;;E (55+1,v0), (55+1,v1), (5541, v2), (55 +
3,v0), (57+3,v1), (5543, v2) }U{(5t+1, v9), (5t+1,v1), (5t+1,v2)} is an identifying
code of cardinality 6t + 3 (see Figure 37).

Case4. If n = 5t+3, then D = U;;E (55+1,v0), (574+1,v1), (57 +1,v2), (5j+
37”0)7 (5] + 37U1)7 (5] +3, UQ)} U {(5t - 17'00)’ (5t¢U0)a (5t + 17“0)7 (5t + 17U1)} is
an identifying code of cardinality 6¢ + 4 (see Figure 38).
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Case 5. If n = 5t+4, then D = U;;E (55+1,v0), (55+1,v1), (5541, v2), (55 +
3, U()), (5]+3> Ul)a (5]+37 U2)}U{(5t—|—1, 'UO)a (5t+17 U1)7 (5t+27 Ul)v (5t+27 vQ)a (5t+
3,v2)} is an identifying code of cardinality 6¢ + 5 (see Figure 34, and 39). |

We summarize our results in the following table.

n m YIP(P, x K,,)
n=3 m>3 9m — 1[Theorem 6.1, 6.3]
n=4 m > 9m, — 2[Theorem 6.4]
n=6 m> 9 [Theorem 4.1, 5.2]
n=3t n>9 m > %(m —1)+ 3[Theorem 4.1, 5.2]
n=3t+1, n>7 m > (L%J +1)(m — 1)[Theorem 4.1, 5.1]
n=3t+2, n>5 m (L%J +1)(m — 1)[Thcorcm 4.1, 5.1]
n=4 m = 7[Theorem 7.1]
n=>5 m=4 g[Theorem 7.2, 7.4]
n—="7 m=4 10[Theorem 7.2, 7.4]
n =10 m = 4 14[Theorem 7.2, 7.4]
n=3t n>6 m— 4 %[Theorem 7.2, 7.4]
n=3+1, n>13 m =4 4 L%J + 1[Theorem 7.2, 7.4]
n=3t+2, n>8 m =4 4 L%J 4 3[Theorem 7.2, 7.4]
n=>5,n>5 m—3 %n[Theorem 7.6, 7.7]
n=5+i,n>4 1<i<4|m=3 GL%J+Z~+1[T}1eorem7.6,7.7]

Concluding remarks. In this work, we studied identifying codes in P,, x K.
If one goes to infinity (in 7 and m), the density of a minimum identifying code
is 1/3in P, X K, 2/3 in Py X Ky, 1/2in Py X K, 1/3 in P, X Ky, and 2/5 in
P, x Ks. It is interesting to observe that, Lu et al. [23] found the density of a
minimum identifying code in C), x K, for n > 5 and m > 6, where C,, is a cycle
of length n, and it is 1/3 if one goes to infinity (in n and m).
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