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Abstract

Let G be a cubic graph and II be a polyhedral embedding of this graph.
The extended graph, G¢, of II is the graph whose set of vertices is V(G¢) =
V(G) and whose set of edges E(G°) is equal to E(G) U S, where S is con-
structed as follows: given two vertices tp and t3 in V(G¢) we say [tots] € S,
if there is a 3-path, (fot1tats) € G that is a II-facial subwalk of the embed-
ding. We prove that there is a one to one correspondence between the set
of possible extended graphs of G and polyhedral embeddings of G.
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2010 Mathematics Subject Classification: 05C15.

1. INTRODUCTION

Our motivation for studying polyhedral embeddings of cubic graphs is twofold. On
one hand, it is interesting as the natural alternative point of view on combinatorial
characterisations of triangulations of surfaces [1], given that the dual structure
of a triangulation is precisely a polyhedral embedding of a 3-regular graph in a
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surface. On the other hand, graph embeddings of 3-regular graphs are interesting
in their own right as a plethora of papers on the subject prove, particularly as
related to Griinbaum’s conjectured generalization of the Four Color Theorem. If
a cubic graph admits a polyhedral embedding in an orientable surface, then it is
3-edge colorable [5].

More precisely, in 1] they prove that the information on the size of the pair-
wise intersection of triangles in a triangulation suffices in order to determine its
whole combinatorial structure. However, it is known that if we only have informa-
tion on the pairs of triangles that intersect edge to edge (that is, the dual graph of
the triangulation) then we cannot uniquely determine the whole incidence struc-
ture of the triangulation. For example, in [5] they prove that some connected
cubic graphs can be embedded into more than one surface.

In like manner, in this paper we prove that some additional combinatorial
information suffices to uniquely determine a polyhedral embedding of a 3-regular
graph in a surface with no boundary. For a more precise statement of our main
result (Theorem 3) we need to introduce some terminology.

A topological map of a graph into a surface is called a graph embedding. If
we consider the graph G together with its embedding II, we say that G is II-
embedded. Each disjoint region of the complement of the image of an embedded
graph is called a face of the embedding. The closed walk in the underlying graph
G that corresponds to the boundary of a face is called a Il-facial walk. The
embedding II determines a set of II-facial walks. Each edge is either contained in
two Il-facial walks or it appears twice in the same facial walk. If a II-facial walk
is a cycle, it is also called a II-facial cycle. Two embeddings of G are equivalent
if they have the same set of facial walks, up to automorphisms of G.

Let P; and P4 be distinct II-facial walks. We say that P; and Py meet properly
if the intersection of P; and Ps is either empty, a single vertex, or an edge. In
this paper we will consider only embeddings of cubic simple graphs whose facial
walks meet properly, this latter characteristic defines a polyhedral embedding.

Definition 1. II is said to be a polyhedral embbeding of a graph G, if every
II-facial walk is a cycle and any two Il-facial cycles meet properly.

The set of all the II-facial cycles is called II-facial cycle system.

An indication that there is some non-triviality in determining polyhedral
embeddings is that a significant part of Ringel and Youngs’ Map Color Theorem
[6] was to determine which complete graphs have such embeddings, even though
for a complete graph K, (with n > 5) a polyhedral embedding is necessarily a
triangulation. Furthermore, in [2| it is proven that the decision problem about
the existence of polyhedral embeddings of a graph is NP-complete. The problem
remains NP-complete even if it is restricted to the case of embeddings in orientable
surfaces and it is required that the graph is 6-connected.
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Concerning the uniqueness of the embedding, recall that the face-width is
defined as the minimum integer r such that G has r facial walks whose union
contains a cycle which is noncontractible on the surface. Whitney [9] proved that
every 3-connected planar graph has an essentially unique embedding in the plane.
Robertson and Vitray [7] extended the previous result to an arbitrary surface of
genus g by assuming that the face-width is at least 2¢g + 3. Seymour and Thomas
[8] and Mohar [3] improved the bound on the face width to O(log)igo g g). Moreover,
Robertson and Vitray [7| proved the following result.

Proposition 2. An embedding of a graph G is polyhedral if and only if G is
3-connected and the embedding has face-width at least 3.

It is also known that for each surface S, there is a constant ( = {(S) such
that every 3-connected graph admits at most ( embeddings of face width greater
than three [4], then it can be concluded that a graph may have many different
polyhedral embedings in the same or different surfaces.

1.1. The extended graph of an embedding

The extended graph of the polyhedral embedding II, G¢(II), is the graph whose
set of vertices is V(G¢(II)) = V(G) and whose set of edges E(G€(II)) is equal to
E(G)US. We will call S the set of scaffold edges and construct it as follows:
given two vertices to and t3 in V(G), [tots] € S, if there are vertices t; and to,
different from ¢y and t3, such that (tot1tets) is a II-facial subwalk. In such case,
we say that the 3-path of G corresponding to [tots] is (totitats). Notice that the
scaffold edges may be double (but not triple or more). That is, if [tot3] € S
and its corresponding path is (tot1tats), there may be a second 3-path between
to and t3, internally disjoint from (totitats), say (tot}thts), that also corresponds
to [tots]. In this case we say [tots] is a double scaffold edge, and we denote this
by a double bracket [[tots]]. It will become obvious later, in Proposition 9, that
this only happens when [[tot3]] appears as a chord of a 6-cycle which is a II-facial
cycle of the embedding, or when two 4-cicles intersect in one edges. Notice that
E(G) C E(G4(II)). As such, we will refer to the edges in E(G) as simply edges.

Given two different polyhedral embeddings IT and I’ is not obvious that their
corresponding extended graphs G¢(IT) and G¢(II') are combinatorically different.
Figuring this out is precisely the aim of this paper.

Theorem 3. Let G be a finite cubic graph. Then there is a one to one correspon-
dence between the set of embeddings of G, P(G) = {II|1II is an embedding of G},
and the set of extended graphs {G¢(II) |II € P(G)}.

There is an example of a planar graph, its facial cycles and its corresponding
extended graph.
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Figure 3. Extended graph of G.

2. PRELIMINARIES

Firstly, note that as G is a cubic graph and II is an embedding of GG then every path
of length two is in a II-facial cycle. This follows as there are three faces incident
to every vertex of the embedding, thus any path of length two is contained in one
of the faces incident to the vertex in the center of the path.

Proposition 4. Letn > 5 and C = (toty - - - tp—1to) be a cycle in G corresponding
to a Il-facial cycle. Then there is no edge (t;t;) in E(G), with i # j, |i — j| > 2
and this difference taken modulo n.

Proof. We will proceed by contradiction. Suppose that (¢;t;) € E(G) where
li — j| > 2 and let C;; be a facial cycle that passes through the edge (¢;t;). Since
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the graph has degree three, C;; contains either the edge (t;t;41) or (t;—1t;), and
one of (t;jtj41) or (tj—1t;). This contradicts the definition of polyhedrality, since
the II;;-facial cycle would intersect C in two edges. [

Proposition 5. Letn > 5 and C = (toty - - - tp—1to) be a cycle in G corresponding
to a Il-facial cycle, then for all t;,t;, there is no t, € V(G) such that (t;tyt;) is a
path of G, where |i — j| > 2 and this difference is taken modulo n.

Proof. Notice that every path of length two belongs to a II-facial cycle, and then
the proof follows by using similar arguments to those in the proof of Proposi-
tion 4. ]

Proposition 6. Let G be a cubic graph. If C is a 3-cycle of G then C is a facial
cycle in every polyhedral embedding of G.

Proof. Let (totitaty) be a cycle in G. Since every path of length two belongs to
a Il-facial cycle, say (tot1t2) is in a facial cycle C. If (tot2) ¢ C then we would
contradict Proposition 4, and the statement follows. [ |

Proposition 7. Let G be a cubic graph. If C is a 4-cycle of G and G # K4 then
C is a facial cycle in every polyhedral embedding of G.

Proof. If G has a polyhedral embedding and G # K, then every 4-cycle of G is
induced, since G is 3-connected by Proposition 2. Let (tot1tatsty) be a cycle in
G. Since every path of length two belongs to a II-facial cycle, say (tot1t2) is in a
facial cycle C. If the path (tatsty) & C then we would contradict Proposition 5,
and the statement follows. [

Proposition 8. Given two paths, (totitats), (totitats ), of G then either (totitats)
or (totitats ), but not both, is a Il-facial subwalk.

Proof. Given that every path of length two is in a Il-facial cycle then either
(totitats) or (totitets ) is a II-facial subwalk. Suppose that both (totitats) and
(totitats) are Il-facial subwalks, if each of these paths belongs to a different facial
cycle, then they would intersect improperly, contradicting Definition 1. If they
belong to the same facial cycle, then such facial cycle self intersects, contradicting
Definition 1. [

Proposition 9. Let P = (qo = to,t1,...,tn = qm) and Q = (g0 = to,q1, .-, Gm =
tn) be two internally disjoint I1-facial subwalks, such that (tot,) ¢ E(G). Then
P U Q must be a II-facial cycle.

Proof. We will proceed by contradiction. Let Cp be the Il-facial cycle associated
to P and Cg be the Il-facial cycle associated to Q, where Cp # Cg. Since G
is a cubic graph, let © and v be the remaining vertices adjacent to ¢ty = qo and
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tn = Gm, respectively. Since the edge (tot,) ¢ E(G), observe that v # ¢y and
u # tp,. This implies that (tpu) and (t,v) are different.

Notice both Cp and Co have to contain two edges incident to ty = qg, but
to = qo has degree three; thus Cp intersects Cg in at least one edge incident to
to = qo- The same holds for ¢, = g, hence Cp and Co would have to intersect in
at least two edges, contradicting Definition 1. [ |

3. PROOF OF THE MAIN THEOREM

In this section we will denote as G¢ any extended graph in {G¢(II) | II € B(G)},
where we emphasize that we do not claim knowledge of what embedding G*¢
corresponds to.

The proof of the main result of the paper will be split in to two subsections:
the simple case and the difficult case.

3.1. The simple case

We present the simple case first as within its proof it becomes obvious why the
second part requires much more detail.

Theorem 10. Let G¢ be an extended graph of a finite cubic graph, G, such that
for all edges [t,t'] € S there is a unique path of length three in G whose ends are t
and t'. Then G¢ uniquely determines the Il-facial cycle system of an embedding.

Proof. From this information we will construct the Il-facial cycle system. Let
[tots] € S, by hypothesis we may say that (tot1tots) is the unique path of length
three between ty and t3, and there is a Il-facial cycle that contains the facial
subwalk (totitats). Let t4 and ty be the remaining vertices adjacent to t3. Then
by Proposition 8 either (t1totsts) or (t1tetsty) is a facial subwalk, but not both.
Additionally, by hypothesis, only one of [t1t4] or [tity] is in S. Hence we know
with certainty if the facial cycle that contains (tgt1t2t3) continues on to t4 or ty.
We can continue with this procedure until we obtain the unique Il-facial cycle
that contains (tot1tats).

Now consider the edge (t1t2) € E(G), this edge must belong to another
II-facial cycle. Let t1/ and ¢ be the remaining vertices adjacent to t; and to,
respectively. Then, as the embedding is polyhedral, the other facial cycle con-
taining (¢1t2), necessarily contains (¢y/t1taty ), thus [t1/ty] € S. Now we may use
the same procedure as before to find the rest of the edges in this facial cycle.

We can find every Il-facial cycle in this manner, by selecting at every step an
edge of the union of the preceding facial cycles that hasn’t appeared in two facial
cycles yet. This procedure is finite, since the graph G is finite. [ |
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As a consequence of Theorem 10 we have the following.

Corollary 11. Let G° be an extended graph of a finite cubic graph, G, with no
6-cycles, then G¢ uniquely determines the Il-facial cycle system of an embedding

of G.

3.2. The difficult case

Clearly, the difficulty arises when we have the possibility that the hypothesis of
Theorem 10 does not hold for an extended graph, G¢. Namely, not for all scaffold
edges [t,t'] € S there is a unique path of length three in G whose ends are ¢ and
t’. This motivates the following definitions.

Definition 12 (Fork). Let Y C G° be a subgraph with set of vertices V(YY) =
{t1,t2,t3,t4,ty} and set of edges E(Y) = {(t1t2), (tats), (tsta), (t3tar)} U {[t1t4],
[ti1ts]}. We will call such graph a fork.

ty

Figure 4. Fork.

Here, if we tried to reproduce the reconstruction procedure presented in the
proof of Theorem 10, when arriving at a fork we would have a disjunction consist-
ing of whether (t1tatsts) is the 3-path corresponding to [t1t4] or (t1tatsty) is the
3-path corresponding to [t1ty]. A great part of this section consists of proving
that, in most cases, this disjuntion can be solved by looking at the rest of the
structure of the graph. We will say that the disjuntion cannot be solved whenever
the rest of the structure of the extended graph does not force either (t1tatsty) to
be the 3-path corresponding to [t14] or (t1tatsts) to be the 3-path corresponding
to [t1t4/].

We will now prove some more technical lemmas which will help us discover
the very particular structure of graphs for which disjunctions cannot be solved.

Proposition 13. Let P = (utot1v), Pa = (utatsv) and Ps = (utstsv) be three
internally disjoint 3-paths in G such that [uv] € G°. Then [[w]] is a double
scaffold edge. Furthermore, P; UP; is a Il-facial cycle for a pair i,j € {1,2,3}.
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Proof. Without loss of generality, suppose that [uv] corresponds to the path
Py, which means that (utotjv) is II-facial subwalk. By Proposition 8, it must
satisfied that either (utgtivts) or (utptivts) is a Il-facial subwalk. Suppose, with
out loss of generality, that (utgtjvts) is a II-facial subwalk, then by Proposition
5 (utptivtstou) is Il-facial cycle, hence [[uv]] is a double scaffold edge. See Fi-

gure 5. [ |
U
ty to
) 1
v
Figure 5.

Corollary 14. Let P; = (utptiv), Po = (utatsv) and P3 = (utstsv) be three
internally disjoint 3-paths in G such that [uv] € G° and (titouts) is a Il-facial
subwalk. Then (vtstqu) is a l-facial subwalk.

Proof. Since [uv] € G¢, Proposition 13 implies [[uv]] is a double scaffold edge
and either (utotivtstau), (utotivtstau) or (utatsvtstsu) is a Il-facial cycle. Since
(t1touty) is a II-facial subwalk, by Proposition 8 (¢;tguts) is not a II-facial subwalk.
This implies that (utot;vtstou) cannot be a Il-facial cycle and, necessarily, either
(utotivtstau) or (utstsvistyu) is a Il-facial cycle. Notice that the path (vtsysu)
appears in both cases, hence, this path is a II-facial subwalk. [ |

Corollary 15. Let (utgtiv) and (utatsv) be two internally disjoint 3-paths in G
such that [uv] € G and (utot1v) is not a Il-facial subwalk. Then (utatzv) is a
II-facial subwalk.

Proof. We proceed by contradiction. If (utetsv) is not a II-facial subwalk, then
there is a third 3-path between u and v, (ut4tsv), internally disjoint to (utotiv)
and (utatsv) which corresponds to the scaffold edge [uv]. But, by Proposition 13
the edge [[uv]] is double. Since (utpt;v) is not a Il-facial subwalk, necessarily
(utotsv) and (utytsv) are Il-facial subwalks, which is a contradiction. |

Definition 16 (Butterfly one and two). Let B C G¢ be a subgraph of G with
set of vertices V(B) = {to,to,t1,ta,t3, ta, ty, 5, t5 }, and set of edges equal to
the union of the two cycles E(Y) = (totitatstatsto) U (totitatstytsity), we will
call this graph a butterfly. A butterfly one, By, is a butterfly with the additional
scaffold edges [t1t4], [t1ta], [tots], [tots]. A butterfly two, Ba, is a butterfly with the
additional scaffold edges [t1t4], [t1ta], [tots]-
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tl tl
to to/ t() tO/

Figure 6. The butterfly one is shown on the left and the butterfly two is shown on the
right.

We are ready to state and proof the main theorems of this section. The
spirit is the following: if a fork Y appears as a subgraph of G® in such a way
that the disjunction cannot be solved, then G¢ will contain either butterfly one
or butterfly two as subgraphs and, in either case, we will be able to reconstruct
the full extended graph uniquely.

Lemma 17. Let Y be a fork labelled as in Definition 12 then if either (t1tatsty)
is the only 3-path between t1 and ty or (t1tatsty) is the only 3-path between t1 and
ty then the disjunction can be solved.

Proof. By Definition, every scaffold edge corresponds to a 3-path. Thus, when
there is only one 3-path between the end vertices of a scaffold edge necessarily
such path is its corresponding 3-path. [ |

Next we will prove different theorems. Along with the proofs we state different
claims and the procedure that we use is giving a claim followed immediately by
its proof. The figures that shows the following results appears in the Apendix at
the end of the paper.

Lemma 18. Let Y be a fork labelled as in Definition 12 such that the disjunction
cannot be solved. Then G€ contains a subgraph isomorphic to butterfly one, By,
or butterfly two, Bs.

Proof. Since G is a cubic graph, let tg and ty be the remaining vertices adjacent
to t1, different from ts.

Claim 1. The vertices tg and ty are different from each of ts,tq,tyr.

Proof. Note that the proofs for typ and ty must be analogous. We only detail
the proof for t9. As G is a 3-regular graph, to # t3 (otherwise ¢t3 would have
degree four). If ¢y = t4, then by Proposition 7, (t1tatststy) is I-facial cycle, and
(t1tatsty) is forced to be the 3-path corresponding to [t1t4] thus the disjunction
can be solved. Hence tg # t4. The case ty # t4 is analogous to the case tg # t4. [
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Applying Lemma 17 we obtaing the following.

Claim 2. For both edges [t1t4] and [t1ty] there exist at least two internally disjoint
3-paths between its end vertices.

Proof. Without loss of generality we may say that (¢1totsts) is the additional
3-path with ends [¢1t4], internally disjoint from (¢1t2tsts). Note that then t5 #
to, t1,t2, t3, 4. O

Claim 3. The vertex ts is different from the vertices ty,ty .

Proof. 1f t; = ty, Proposition 6 implies that (f3t4tyts) is a Il-facial cycle;
by Proposition 8 (tatstyto) is a Il-facial subwalk; Proposition 5 implies that
(tot1tatstyty) is a II-facial cycle, so (t1tatsty ) is a 3-path corresponding to [t1ty];
hence, the disjunction could be solved, contradicting the hypothesis. Therefore
ts £ty

If t5 = ty, using a similar arguments we would arrive to the conclusion
that (t1tatsty) is a 3-path corresponding to [t1t4] contradicting our hypothesis.
Therefore t5 # tq. ]

Now, we will give the additional 3-path between ¢; and ¢4 internally disjoint
to (t1tatsty ). We have three cases: (Case A) when the 3-path is (t1tytsty ), (Case
B) when the 3-path is (t1tpzoty ) and (Case C) when the 3-path is (t1totsts). We
will deal with each case separately.

Case A. Assume the 3-path is (t1tgtsts). Since G is a cubic graph and all
the previous vertices already have degree two, t5 must be a new vertex of G,
otherwise we would have a vertex with degree four. By Proposition 8, given that
the 3-paths, (totitats) and (totitats) are in G, one of these paths is a II-facial
subwalk. So we have two cases: either [tot3] and [ty¢3] are in S which implies that
By C G°, or only of them ([tots] or [tyts]) is in S, which implies that By C G°.
Either way, the assertion of the lemma follows. This ends the proof for Case A.

Case B. Assume the 3-path is (t1toxoty ). First, observe that Claim 3 implies
that xo is a new vertex. Moreover, the 3-path (¢ptitats) is in G and it is possible
that [tots] € S or [tots] ¢ S. We will analyse both cases.

Case B1. [tot3] € S.
Claim B1.1. [[tots]] is a double scaffold edge.

Proof. Since there are three internally disjoint 3-paths between ty and ts:
(totitats), (totstats) and (toxotsts), then [[tots]] is a double scaffold edge, by
Corollary 13. O

Claim B1.2. [t1t4] or [tity] is a double scaffold edge.
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Proof. Note that if either [tit4] or [tity] is a double scaffold edge then we
necessarily have three 3-paths internally disjoint between the pair ¢;,t4 in the
first instance and t1,t4 in the second instance, which would confirm our claim.
Thus, we may now suppose that neither [t1t4] nor [t;ty] are double scaffold
edges, then (totstatstyxoto) is a II-facial cycle, by Corollary 13. The latter and
Corollary 15 imply that (¢1tatsts) and (t1tatsty ) are the II-facial subwalks corre-
sponding to [t1t4] and [t1ty] respectively, which contradicts Definition 1. Hence,
at least one of [t1t4] or [t1t4] has to be a double scaffold edge. O

Claim B1.3. B; or By is contained in G€.

Proof. Without loss of generality, suppose that [[t1t4]] is a double scaffold edge.
Observe that (t1ty) ¢ E(G), otherwise it would contradict the 3-regularity of
(. Since there are already two internally disjoint 3-paths between t; and ty:
(t1tatsty ) and (t1toxots ), we have to have a third one, else (¢1tatsty zotot;) would
be a Il-facial cycle, by Proposition 9, which implies that (f1totsty) is a II-facial
subwalk. That is, the disjunction can be solved, contradicting our hypothesis.

Let (t1totsty) be the third path. Notice that ¢5 is a new vertex, otherwise
it would contradict the hypothesis that G is a cubic graph. Then, if [tyt3] € S
then By C G¢ or if [tyts] € S then By C G°.

If we assume instead that [[t1t4]] is a double scaffold edge, the proof follows
in a similar way. O

This completes the proof for Case B1.

Case B2. [tots] ¢ S. This implies that (¢otit2ts) is not a Il-facial subwalk
and, by Proposition 8, (tyt1tats) is a II-facial subwalk, hence [ty t3] € S.

Claim B2.1. If (tytitetsts) is a Il-facial subwalk then (tstotita) is a Il-facial
subwalk. If (totitatsty) then (tytitotsts) is a I-facial subwalk.

Proof. Suppose that (tytitatsts) is a II-facial subwalk. The later implies that
(t1tatsty) is not a Il-facial subwalk. Since [t;ty] € S and using Corollary 15,
(t1towoty ) is a II-facial subwalk. This II-facial subwalk cannot contain the edge
(t1t2) otherwise, by Proposition 5, (t1toxotststat;) would be a II-facial cycle in-
tersecting the II-facial subwalk (tg/titats) in two edges, which contradicts the
definition of polyhedral embedding. Then, (totitozoty) is a II-facial subwalk.
We know that two different II-facial cycles pass through each edge of G; this fact
together with Definition 1 and Proposition 8 imply that (¢stotit2) is a II-facial
subwalk.

Now, suppose that (totitetsty) is a Il-facial subwalk. This implies that
(t1tatsty) is not the II-facial subwalk corresponding to the scaffold edge [t1t4].
Hence, using Corollary 15 we know that (¢1tot5t4) is the II-facial subwalk corre-
sponding to the scaffold edge [t1t4]. This [I-facial subwalk cannot contain the edge
(t1t2), otherwise (tot1totstatste) would be a Il-facial cycle, by Proposition 5, and
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it would intersect the Il-facial subwalk (to/t1tat3) in two edges, contradicting the
definition of polyhedral embedding. Then, (tytitotsts) is a II-facial subwalk. [

Claim B2.2. The fork Y' given by the set of vertices {ts,to,t1,ty,t2}, and the
edges, {(tsto), (tot1), (t1t2), (tite), [tsta], [tstor]} is contained in G©.

Proof. If the statement were false, i.e., if one of the scaffold edges [t5ta] or [t5ty]
is not in S, then the disjunction can be solved, contradicting our hypothesis.
Then, the statement follows. O

In a way similar to our treatment of the cases for fork Y, we will analyse
the fork Y’. We need to have two internally disjoint 3-paths for each pair of
vertices {t5,t2} and {t5,¢y }. Notice that for the pair {¢5, 2} we already have two
internally disjoint 3-paths: (tstststs) and (tstotits). Therefore, we only need to
find a second 3-path between t5 and fy. We have three cases.

Case B2.A. (tst4tsty) cannot be the second 3-path between t5 and t .

Suppose the second 3-path is (t5tatste). This would imply that ¢3 has degree
four, contradicting that G is a cubic graph.

Case B2.B. If (t5tyxator) is the second 3-path between t5 and ¢y then By is
contained in G€.

Suppose the second 3-path is (tstgx4te), where x4 is the remaining vertex
adjacent to t4. Observe that x4 is a new vertex, since x4 is different to ts, t4, t5,
and if x4 is equal to one of tg, t1, t9, s, xg, that would contradict the fact that G is
a cubic graph. Finally, x4 # to, otherwise, by Proposition 5, (tyt1tatststy ) would
be a Il-facial cycle, implying that (t1tatsts) is a II-facial subwalk, contradicting
our hypothesis.

Hence, we would have to By contained in G°, given by the set of vertices:
{to, tor, t1,ta, t3,ta, tgr, x0, x4} and by the set of edges of the two 6-cycles: (t1tats
t4/a:0t0t1) U (t1t2t3t4x4t0/t1) and the scaffold edges {[t1t4], [t1t4/], [t0/t3]}.

Case B2.C. (tszszoty) cannot be the second 3-path.

Suppose the second 3-path is (t5x5x0/ty ), where x5 and xq are the remaining
vertices adjacent to t5 and ty respectively.

Observe that zy and x5 are different from the vertices tg, to, t1, t2, t3, t4, t5
by a similar proof to the case A. Also x¢ and x5 are different from the vertices t4
and xg, otherwise contradicts the fact that G is a cubic graph. So there is a but-
terfly contained in G given by the union of the two 6-cycles (to, 1, ta, t3, tq, t5tg) U
(tot1tozoxststy) and the set of scaffold edges {[tsta], [tsto], [t1ta], [t125]} if is a
butterfly one, or the set of scaffold edges {[t5t2], [tstor], [t1ta]} if is a butterfly two.

This completes the proof for Case B2 and Case B.

Case C. Assume that the 3-path is (t1totsty). Notice that (t3tatstyts) is a
II-facial cycle of G.
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Suppose that [tots] € S. Since (tstatstyts) is a Il-facial cycle, (totst4ts) cannot
be a II-facial subwalk, by Propositon 8. Using Corollary 15, (totitets) is the II-
facial subwalk corresponding to [tot3]. The II-facial subwalk (¢ot;t2t3) cannot con-
tinue trough the vertex ¢4, otherwise by Proposition 5 implies that (totitatstatsto)
is a II-facial cycle, and it would intersect the II-facial cycle (tst4tststs) in two
edges, contradicting the definition of polyhedral embedding. So (tptitatsty ) is a
II-facial subwalk, i.e., the disjunction can be solved, contradicting out hypothesis.

Then, suppose that [tots] ¢ S. Since (totitats) is not a I-facial subwalk,
using Proposition 8 implies that (tgtitats) is a Il-facial subwalk. Thus either
(tolt1t2t3t4) or (t0/t1t2t3t4/) is a II-facial subwalk.

Claim C1. The remaining vertex adjacent to to, xs, is a new vertex of G.

Proof. We are going to proceed by contradiction.

1. (w9 # t5). If ®o = t5 it would contradict the 3-regularity of G.

2. (xzg # tg). If x9 = t4 then (tatststs) is a II-facial cycle, by Proposition 6.
The latter implies that (tot1tatsty) cannot be a Il-facial subwalk, since it would
intersect the Il-facial cycle (totststs) in two edges, contradicting the polyhedrality
of the embedding. Then, by Proposition 8, (totitatsty) is a Il-facial subwalk,
i.e., (t1tatsty) is the II-facial subwalk corresponding to the edge [t1ty], and the
disjunction can be solved, contradicting out hypothesis.

3. (w2 # ty) This proof follows in a manner similar to the previous one.

4. (xg # tor). If o = ty it would contradict the definition of polyhedral
embedding, since (tyt1tots) is a II-facial subwalk.

5. (zg # to). If wo = to then (totitaty) would be a Il-facial cycle, by Pro-
position 6. Since there are two different Il-facial cycles passing through every
edge, then Proposition 8 implies that (tstatots) is a II-facial subwalk. Thus,
(tstatotstats) is a Il-facial cycle, by Proposition 5. But notice that this would
contradict the polyhedrality of the embedding.

Hence, x5 is a new vertex. ]

Claim C2. If (totitatsts) is a I-facial subwalk then (xatatsty) is a Il-facial
subwalk.

Proof. Notice that (titatsts) is the Il-facial subwalk corresponding to [t1t4].
Given that two different Il-facial cycles pass through every edge and using Propo-
sition 8 we can deduce that (xatatsty) is a I-facial subwalk. O]

Claim C3. If (tytitatsty) is a I-facial subwalk then (titatsty) is a Il-facial
subwalk.

Proof. This statement follows immediately from the hypothesis, since (¢1tatsty)
is contained in the II-facial subwalk (tqt1tatsty). O
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Claim C4. The fork'Y' given by the set of vertices {ty,ts, ta,t1,x2} and the set
of edges {(tsts), (tats), (tit2), (taxa), [tity], [tarx2]} is contained in GC.

Proof. Notice that only remains to prove that [ty x2] is in S. If this scaffold edge
is not in S, then (xatatsty ) is not a Il-facial subwalk. The latter and Proposition
8 imply that (tytitetsty) is a Il-facial subwalk. Thus there is no disjunction
contradicting our hypothesis. O

Let x4 be the remaining vertex adjacent to ty.
Claim C5. (totstyxy) is a H-facial subwalk.

Proof. Since every path of length two is a [I-facial subwalk, then (taot3ty) is a II-
facial subwalk. But this II-facial subwalk cannot continue to t5, otherwise it would
intersect the II-facial cycle (t3t4tstyts) in two edges, contradicting Definition 1.
Hence, we have to continue towards the remaining neighbour of ¢4/, x4/, and the
statement follows. O

Claim C6. There are two internally disjoint 3-paths for each pair of vertices
{tl,t4/} and {t4/,$2}.
Proof. 1t follows immediately by Lemma 17. 0

The two internally disjoint 3-paths between t; and ty are: (titetsty) and
(t1totsty). The first of the two internally disjoint 3-paths between ¢4 and xg is
(tytstawa); as for the second there are three options: (Case C1) (tytstoxsa), (Case
C2) (tytstazs) and (Case C3) (tyxyxyxe). We will deal with each instance
separately.

Case C1. Assume that the second internally disjoint 3-path between ¢4 and
To 18 (t4/t5t0:52).

Claim C1.1. The remaining vertex adjacent to ty, x4, 1S a new vertex.

Proof. We are going to proceed by contradiction.

1. (zy # to, Ty # t1, Ty # to, xy # t3, x4 # t5). If any of the inequalities
was an equality instead we would have a contradiction on the fact that G is a
cubic graph.

2. (zy # ty). If 24 =ty then by Proposition 5, (tgtitatstyty) is a Il-facial
cycle because (tytitats) is a II-facial subwalk. This implies that (t1tatsty ) is the
II-facial subwalk corresponding to the edge [tity], i.e., the disjunction can be
solved, contradicting our hypothesis. Hence x4 # to.

3. (xgr # tyg). If xy = t4, since (t3tatstyts) is a I-facial cycle this contradicts
Proposition 4. Hence x4 # x4.

4. (zy # x2). lf xy = x9 then the II-facial subwalk (¢y/t1t2t3) cannot continue
through t4/, since there is a 2-path (tox2ty/), which would contradict Proposition
5. Then (totitats) continues through t4, implying that (¢1tetsts) is the Il-facial
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subwalk corresponding to [t1t4], i.e., the disjunction can be solved, contradicting
our hypothesis. Hence x4 # x3.

Thus, z4 is a new vertex. O
Claim C1.2. The remaining vertex adjacent to ty, x4, is a new vertexz.

Proof. We are going to proceed by contradiction.

1. (1‘4 75 to, x4 # t1, x4 F# to, T4 # t3, T4 75 ts, T4 75 t4/). If any of the
inequalities was an equality instead we would have a contradiction with the fact
that G is a cubic graph.

2. (x4 # x9). If x4 = x9 then by Proposition 7, (taotstyxats) is a Il-facial
cycle. Thus the II-facial subwalk (tyt1tots) cannot continue through ¢4, other-
wise it would contradict the polyhedrality of G. Then (totitotstyxy) is a II-
facial subwalk. This implies that (t1totsts ) is the II-facial subwalk corresponding
to [t1ty], therefore the disjunction can be solved, contradicting our hypothesis.
Hence x4 # x2.

3. (x4 # ty). If 24 = ty then using Proposition 5 it can be said that
(totitatstaty ) is a II-facial cycle. The latter implies that (¢1tatsts) is the II-facial
subwalk corresponding to [t1t4], which contradicts our hypothesis. Hence z4 # t(.

4. (x4 # xy). If 24 = xy, since (tstytstyts) is a Il-facial cycle, it would
contradict Proposition 5.

Hence, x4 is a new vertex. ]
Claim C1.3. The remaining vertex adjacent to xo, Tor, is a new verter.

Proof. We are going to proceed by contradiction.

L. (wor # to, o # t1, T # to, Ty # t3, Ty # ta4, Ty # ty, T # t5). If any of
the inequalities was an equality instead we would have a contradiction with the
fact that GG is a cubic graph.

2. (xy # ty). If xo = ty since (totitawaty) is a Il-facial cycle, it would
contradict Proposition 5. Hence zor # (.

3. (xy # x4). If xy = x4 then (z4xatats) is a Il-facial subwalk, since
(tot1toxaty) is a Il-facial cycle.  Proposition 5 and the latter imply that
(z4matatstyzy) is a Il-facial cycle. Therefore the II-facial subwalk (tt1tats) cannot
continue though t4, otherwise it would contradict the polyhedrality of the embed-
ding. Then (totitatsty) is a Il-facial subwalk, which implies that (t1totsty ) is
the II-facial subwalk corresponding to [tit4] and the disjunction can be solved,
contradicting our hypothesis. Hence zo # 4.

4. (x9 # x4). This proof follows in a similar way that the previous one.

Thus xy is a new vertex of G. ]

Claim C1.4. Fither (titotsty) or (titotsts) is a H-facial subwalk.
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Proof. We know that [t1t4] and [t1ty] are in S, also Proposition 8 implies that
either (titotsty) or (t1tetsty) is a Il-facial subwalk.

If (titatsty) is a II-facial subwalk the statement follows. If, on the other
hand, (t1tetsts) is not a Il-facial subwalk, Corollary 15 implies that (t1totsty) is
the II-facial subwalk corresponding to [t1ty/]. O

Claim C1.5. For either choice between (tytatsty) or (titotsts) being a Il-facial
subwalk, there is a Il-facial subwalk P = (t1ty - - xyty), such that either in P U
(t1tatsty) is a Il-facial cycle in the first instance or P U (t1totsty) is a Il-facial
cycle in the second instance.

Proof. First, suppose that (t1tatsty ) is a II-facial subwalk. This walk cannot
be extended as (totitatstyts), otherwise it would intersect the II-facial cycles
(totitaxato) and (tstatstyts) in two edges, contradicting the definition of polyhe-
dral embedding. Hence the only possible way to extend this walk is (¢ t1tatstyxyr)
and the claim follows.

Suppose (t1totsty) is a Il-facial subwalk. Similarly, this walk cannot be
extended as (totitotstyts), otherwise it would intersect the II-facial cycles
(tot1toxaty) and (tstatstyts) in two edges, contradicting the definition of polyhe-
dral embedding. Hence, the only possible way to extend this walk is (to/t1totsts zq/)
and the claim follows.

In both cases, a path P = (t1tg - - - x4ty ) completes either II-facial subwalk
in to a II-facial cycle. O

Claim C1.6. The II-facial subwalk P in the previous claim is (t1tyxyty).

Proof. We proceed by contradiction. Suppose that there is at least one vertex
tp, € V(G) such that P = (t1tpt,---zyty). We will now prove that we can
deduce further structure of G¢ from this assumption and arrive to a contradiction
for either (t1totsty) or (t1totsty) being a I-facial subwalk. O

Claim C1.6.1. The fork given by the set of vertices {tp,ty,t1,t0,t2} and the set
of edges {(tpto), (tort1), (tito), (tite), [tptol, [tpta]} has to be contained in G€.

In this instance, by Proposition 8, either (tytotito) or (tptortita) is a Il-facial
subwalk. Therefore, if one of the scaffold edges [tyto] or [tpta] is not in S we can
deduce whether P U (t1tatsty ) or PU (t1totsty ) is a I-facial cycle, by Proposition
5, and the disjunction can be solved, contradicting the hypothesis and the claim
follows. O

Claim C1.6.2. The paths (tyzyxaty) and (tpzexats) are in G.

Proof. As we have argued in other claims, if there is to be a disjunction, by
Lemma 17, there are a pair of 3-paths: one joining the vertices {¢,, o} and another
one joining the vertices {t,,t2}, internally disjoint to (t,totito) and (tptotita),
respectively. Looking at the degree of the vertices involved, it is easy to see that
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the only possibility is that ¢, is adjacent to wo and the additional 3-paths are
(thQ/xgto) and (tpajglﬂthQ). ]

Claim C1.6.3. P does not continue through xo after t,.

Proof. We will proceed by contradiction. Suppose P = (t1totpxe - - - x4ty), then
P cannot continue to the vertex to after ¢, otherwise there is a 2-path (taxaxor)
contradicting Proposition 5. Then, P continue to £y after ¢; and using Proposition
5 we conclude that P U (titotsty) = (titotpza - - - zatatstoty) is a I-facial cycle.
This implies that undoubtedly (t1totsts) is the II-facial subwalk corresponding to
the scaffold edge [t1t4]. Ergo, the disjunction can be solved, contradicting our
hypothesis. Hence, xo/ is not in P. O

Finally, we will now see what happens in each of the cases: either PU(t;tatsty)
or P U (titotsty) is a Il-facial cycle. Inasmuch as both cases are symmetric, we
will only prove the first one in detail. Suppose that P U (t1tatsty) is a II-facial
cycle. This implies that the 3-path (¢1tatsty) corresponds to the edge [t1ty] € S
then the 3-path that corresponds to [t1t4] is (t1totsts), given that the embedding
is polyhedral, we can conclude that (tyt1totstsxs) is a Il-facial subwalk.

Analyzing the existing facial subwalks and using extensive use of the fact
that the embedding is polyhedral is easy to see that (z4tststozoxs) is a Il-facial
subwalk. Notice that this walk cannot continue through the vertex t, after xy,
otherwise it would intersect the II-facial cycle P U (t1tatsty) in two edges.

Similarly, we can conclude that (zytytstorexsr) is a Il-facial subwalk, because
it cannot continue through the vertex t, after o/, otherwise it would intersect the
II-facial cycle P U (t1tatsty) in two edges.

We have concluded that both II-facial subwalks (x4tststoxszs) and
(xytytstorary) continue after xor through the same vertex (not equal to tp).
This is, they will intersect in two edges, contradicting the definition of polyhe-
dral embedding. As we said the proof of the second case is analagous, then in
both cases we get to a contradiction, and we can conclude that there is no ad-
ditional vertex in the path P = (tityzyty), and obviously the edge (toxy) is
in G. Thus, there is a butterfly, Bo, contained in G: it is given by the union of
the two 6-cycles (totitatstatsto) U (tot1tatstyxyty) and the set of scaffold edges
{[tata], [tata], [torts]}

This ends the proof of Case C1.

Case C2. Assume that the second internally disjoint 3-path between ¢4 and
x9 is (tytstaza). Notice that (totstsxats) is a Il-facial cycle by Proposition 7.
Using Claim 1 and Definition 1 we can deduce that (tyt1tetsty) is a Il-facial
subwalk, i.e., the disjunction can be solved, contradicting our hypothesis. Hence,
this case can never occur. This ends the proof of Case C2.

Case C3. Assume that the second internally disjoint 3-path between 4 and
x9 18 (tyrxyxex2). Remember that Claim C5 asserts that (totstyxy) is a Il-facial
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subwalk. So, there is a butterfly two contained in G¢, Bs, whose set of vertices
is {to,t1,t2,t3,ty,t5, T4, 22, 2} and whose set of edges is given by the union of
edges in the two 6-cycles, (totytatstytsto) U (tatstyzyxarxats), and whose set of
scaffold edges is {[tot1], [tarx2], [t2z4]}. This ends the proof for Case C3. ]

Theorem 19. Let G¢ be such that B C G€¢ (labelled as in Definition 16, Figure 6)
and such that the disjunctions that arise from the two fork subgraphs of By induced
by the vertices {t1,ta,t3,ts,ty} and {to,to,t1,t2,t3} cannot be solved. Then G is
the Petersen’s graph, P, and G€ is the union of P and the set of (single) scaffold
edges S = E(Kio) \ E(P).

Proof. As By C G° (labelled as in Definition 16) then G contains the two 6-cycles
(totatatstatsto) and (totitatstatsite ). Also, [tots], [tots], [tita], [tita] € S.

Claim 1. FEither (totitotsty) or (totitatsts) (but not both) is a Il-facial subwalk.

Proof. Suppose, without loss of generality, that (tot1tots) is a Il-facial subwalk.
If (titatsts) is the 3-path corresponding to [t1t4], by Definition 1, (totitatsts)
is a II-facial subwalk and by Proposition 5, (totitatstststo) is a Il-facial cycle.
Furthermore, by Proposition 8 and Corollary 15 imply that (t1tgtsts) is the
II-facial subwalk corresponding to [tity] and (tytstyts) is the II-facial subwalk
corresponding to [tyts]. It follows that, by Definition 1, (t1tgtststs) is a II-
facial subwalk; and by Proposition 5, (tytitetstytsty) is a Il-facial cycle. But
this last statement contradicts Definition 1, as two different facial walks would
intersect in two edges. Hence (t1tatsts) is not the 3-path corresponding to [t1ta],
so (totitetsty) is a Il-facial subwalk and then by Proposition 8, the statement
follows.

The case when we suppose (totitats) as a II-facial subwalk is resolved simi-
larly. O

Claim 2. Neither (tstotitatsty) nor (totitatstyts) can be a I-facial subwalk.

Proof. Suppose (tstotitatsty) is a I-facial subwalk, by Proposition 5, (tot1tats
tatsto) is a Il-facial cycle, and has to be the same II-facial walk that contains
(tstotitatsty), this contradicts the definition of polyhedral embedding (Definition
1).

The case for (totitatstyts ) follows similarly. d

Claim 3. Neither (tstytitatsts) nor (tytitatstats) can be a l-facial subwalk.

Proof. The proof of this statement follows in the same way as that of Claim 2.

]
Claim 4. Either (totitatsty ) is a H-facial subwalk, implying that (totitotsts) and
(totstatsty) are Il-facial subwalks, or (totitatsts) is a U-facial subwalk, implying
that (tot1totsity) and (totstatsty) are I-facial subwalks.
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Proof. By Claim 1, we know that (tot1tatsty) and (totitetsts) cannot be Il-facial
subwalks simultaneously.

Assume that (tot1tatsty ) is a Il-facial subwalk, then by Corollary 15, (t1totsts)
is the II-facial subwalk of [t1t4]. Since t; has degree three, necessarily (tot1totsts)
or (tytitotsts) is a I-facial subwalk. However, if (tot1totsts) is a I-facial subwalk
then it intersects the II-facial subwalk (tgtitatsty) in two edges, contradicting
Definition 1. Hence (tyt1totsts) is a Il-facial subwalk. Since (totitats) is a II-
facial subwalk, by Proposition 8, (tytitats) is not a Il-facial subwalk. Thus, by
Corollary 15, the 3-path corresponding to [torts] is (tortstats). Since t3 has degree
three, necessarily (tytstytste) or (tytstytsty) is a II-facial subwalk. However, if
(tortstytste) was a Il-facial subwalk then it would intersect the II-facial subwalk
(totitatsty) in two edges, contradicting Definition 1. Hence (tytstytsts) is a
II-facial subwalk.

The other case follows similarly. O

Claim 5. (totitetstyto) and (totitatststy) are 5-cycles of G. (Not necessarily
facial cycles of the embedding.)

Proof. By Claim 1, we know that either (totitotsty) or (tgtitetsts) is a II-
facial subwalk. Assume that (¢ot1tatsty ) is a II-facial subwalk. Then, by Claim 4,
(tortitotsty) and (totstytsty) are I-facial subwalks and observe that they intersect
in their start and end vertices. By Proposition 9, either (totstytstatstotity) is a
I[I-facial cycle, or the edge (tyt4) is in E(G). However, (tytstytstatstotity) can-
not be a Il-facial cycle, since it would intersect the II-facial subwalk (totitatsty)
in two edges and this would contradict the assumption that the embedding is
polyhedral. Then, if (tot1tatsty) is a II-facial subwalk, the edge (tyts) € E(G),
and (totytatststy) is a b -cycle of G.

If we assume that (totitetsts) is a II-facial subwalk, the proof follows in a
similar way and we can deduce that (toty) € E(G) and (totitatsty) is a b-cycle
of G.

Notice that, as a consequence of the previous two arguments, it cannot happen
that both of (tyt4) and (toty) are not in F(G) simultaneously. Otherwise, this
would contradict Claim 1. We will now argue that both (t(t4) and (tots) are in
E(G).

Suppose that (toty) € E(G), then (tyts) € E(G). If (totitatsts) is a I-facial
subwalk then, by Claim 4, (totitgtsty) and (totstatsty) are I-facial subwalks.
It follows that, by Proposition 9, (totitotstatstatsto) is a Il-facial cycle, but it
intersects the II-facial subwalk (tgrtitatsts) in two edges, which contradicts the
definition of polyhedral embedding. Hence (to/t1tatsts) is not a Il-facial subwalk,
and, by Claim 1, (tot1totsty) has to be a Il-facial subwalk, implying that the
disjunction can be solved. Therefore (toty) € E(G).

The case where we begin by assuming that (tyt4) ¢ F(G) follows analogously,
thus (tyts) € E(G).
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These arguments prove that (tots) and (tyt4) are in E(G), and (totitatstyto)
and (totitatstaty) are 5-cycles of G. O

Claim 6. The scaffold edges [tota], [tits], [tato], [tata], [tats] are in S.

Proof. By Claims 1 and 5, and Proposition 4 either (totitatstyto) or (tytitatstaty)
is a II-facial cycle. So, if any of edges [tota], [t1ts], [tator], [tata], [t2ts] were not in
S, we could easily discard the possibility that one of the two cycles is a I[I-facial
cycle, thus, we could solve the disjunction and the claim follows. O

Claim 7. There is a new vertexr t, adjacent to to,ts and ts.

Proof. By Claim 6, the edges [tota], [taty], [tots], [t2t4] are in S. If for any of this
edges there was only one 3-path that could correspond to it, then, by Proposition
5, we could know whether (totitatstyty) or (tot1tatststy) is a I-facial cycle, thus
we could solve the disjunction. Hence there have to be additional 3-paths that
can correspond to [tota], [tator], [tatar], [tata].

In order to find a second path between t2 and t4 of length three, which is inter-
nally disjoint to (tatsty ) and (tat1toty ), let t, be the remaining vertex adjacent to
ta. Observe that t, # t5, otherwise by Proposition 7 (totitetsto) and (tatstststs)
are II-facial cycles and using Claim 1, we can deduce easily if (tot1tatsty) or
(totitatsty) is a Il-facial subwalk, contradicting our hypothesis. Analogously
ty # ty. Thus t, is a new vertex. Notice that [tyto], [tuta], [tator], [tats] are
in 8, otherwise, by Proposition 8, we can deduce the sub-paths in the Il-facial
subwalks that correspond to [t1t4] and [t1t4], which implies that we can solve the
disjunction. Then, the second 3-path between t9 and t4 contains t, and t5. This
implies that (¢,t5) is an edge of G.

Similarly, for [tgte] there are already two disjoint paths (¢2t1tg) and (totststo)
of length two and three respectively. Then, the third path necessarily contains ¢,
and t5, which implies (as before) that (¢;t5) is an edge of G. O

Note that we now know the complete underlying cubic graph G, namely G is
the Petersen’s graph.

Claim 8. [toty], [totz], [totl, [tits], [tiz], [tits], [tats], [tots], [tsz], [tsts],
[t3t5], [t4/t5], [t4t4/]7 [t0t4/], [t5t0/], [t4t5/] and [t5t5/] are in S.

Proof. We will use identical arguments to those in Claim 6. For example if
[totor] is not in S, then any 3-path whith start ¢y and end ¢y cannot be a facial
subwalk. This implies that by process of elimination and using Proposition 8
and Proposition 5, we can deduce the II-facial cycles, and the disjunction can be
solved. O

This finalizes the proof. Therefore, G is Petersen Graph and S = E(Kjo \
E(P)). |
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Theorem 20. Let G¢ be such that By C G¢ (labelled as in Definition 16, Figure
6) and such that the disjunction that arises from the fork subgraph of Bg induced
by the vertices {t1,ta,t3,ts,ty} cannot be solved. Then G is the Franklin graph,
F, and G¢ is the union of F and the set S given by simple scaffold edges [tots],
[t51‘5}, [1'5330}, [:L’oto], [tth], [tQSL‘Q], [Z‘Qto/], [to/tl], [t3t4/], [t4/ t5/], [t5/t4], [t4t3], and
the double scaffold edges [[tots]], [[xote]], [t1ta]], [[tots]], [[taz2]], [[x5ts]], [[tots]],
[[tata]], [[tats]], [[tas]], [t z2]], [[moto]]-

Proof. Observe that in By, (totitatstatsto) and (totitatstytsty) are two 6-cycles
such that [tit4], [tity], [tots] € G¢ and [tyts] ¢ G, which implies by Proposition
8, that (tot1tats) is II-facial subwalk of [tots].

Claim 1. [[tots]], [[t1t4]] and [[tats]] are double scaffold edges.

Proof. 1f one of [[tots]], [[t1ta]] or [[t2ts5]] is not a double scaffold edge, then
(t1tatsts) cannot be a II-facial subwalk, otherwise by Definition 1 and Proposition
5, this would imply that (tot1tatstatsto) is a I-facial cycle, but this is impossible
as we started by assuming that at least one of [[tots]], [[t1t4]] or [[t2t5]] is not a
double scaffold edge.

It follows by Proposition 8 that (¢1tetsts ) is the II-facial subwalk that corre-
sponds to the scaffold edge [t1ty], and then, by Proposition 8 and Corollary 15,
the II-facial subwalk corresponding to the edge [t1t4] should be (t1totsts), which
implies that the disjunction could be solved, contradicting our hypothesis. Hence
the claim holds. O

Claim 2. For each pair of vertices {to,t3}, {t1,ta} and {t2,t5}, there is a third
3-path between them whose vertices are disjoint to the cycle (totitatstatsty).

Proof. Suppose that for at least one of the pairs of vertices mentioned above,
there are only two 3-paths, by Proposition 9, (tot1tatstatsto) is I-facial cycle and
then (t1tatsty) is the II-facial subwalk corresponding to [t1t4], i.e., we can solve
the disjunction, contradicting our hypothesis. Hence the claim holds. O

Since G is a cubic graph, let x; be the remaining vertex adjacent to ¢; for
i € {0,2,5}, then the following holds.

Claim 3. The vertezx xq is different with the vertices t; for all i € {0,1,2,3,4,5,
0',4',5'} and adjacent to ty.

Proof. First, in order to prove that all vertices are distinct we proceed by con-
tradiction.

1. (zg # to.) If y = ty, then by Proposition 6, (tototity) is a Il-facial
cycle, this implies, by Proposition 8, that (¢stot1te) is a II-facial subwalk. Since
(tot1tats) is I-facial subwalk, by Definition 1, necessarily (t5tot1t2ts) is a Il-facial
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subwalk, and using Proposition 5, (tot1tatstststo) is a II-facial cycle. The latter
implies that (t1tatsts) is the II-facial subwalk corresponding to [¢1t4] and thus we
can solve the disjunction, contradicting our hypothesis. Hence zg # tq.

2. (xg # ta.) If zy = to, by Proposition 6, (tot1tato) is a II-facial cycle, but
this contradicts, by Definition 1, the fact that (totitats) is a II-facial subwalk.
Hence zy # to.

3. (xo # ta.) If my = t4, since (totitats) is a Il-facial subwalk, Proposition 5
implies that (tgt1tatstato) is a II-facial cycle, and (t1totsty) is the Il-facial subwalk
corresponding to [t1t4]. Thus, the disjunction can be solved, contradicting our
hypothesis. Hence, zg # t4.

4. (zg # t3.) If xg = t3, then t3 would have degree four and G would not be
a cubic graph.

5. (xg # ty.) If xg = ty, since (totitats) is a II-facial subwalk, Definition 1
and Proposition 5 imply that (totitetstyto) is a II-facial cycle and that (t1tatsty)
is the II-facial subwalk corresponding to [t1t4]. Thus we can solve the disjunction,
contradicting our hypothesis. Hence xg # ty.

6. (xg # ty.) If xg = ty, then by Proposition 7, (tot1totsty) is a Il-facial
cycle; the latter and Proposition 8 imply that (totitots) is a II-facial subwalk,
and by Definition 1, since (totitats) is a II-facial subwalk, (tstotitets) is a II-
facial subwalk. By Proposition 5, it follows that (¢tot1tatstatsto) is a II-facial cycle
and (t1totsts) is the Il-facial subwalk that corresponds to [t1t4]. The previous
statements imply that we can solve the disjunction, contradicting our hypothesis.
Hence zy # ts5.

Finally, Claim 2 implies g and t4 are adjacent. O

Claim 4. The vertex zo is different from the vertices t; for all i € {0,1,2,3,4,5,
0',4',5'} and xy.

Proof. We proceed by contradiction.

1. (zg # to.) If 9 = to then ¢y would have degree four and contradict the
fact that G is a cubic graph. Hence xy # tg.

2. (x2 # ty.) If x9 = ty, by Proposition 6, (totitaty) is a Il-facial cycle.
Thus, by the previous statement and Definition 1, (¢statyts) is a II-facial subwalk.
By the previous statement and Proposition 5, (tstatytstyts) is a I-facial cycle.
The latter and Definition 1, imply that (¢1totsts) is not a II-facial subwalk. This,
in turn, implies that (titetsts) is a Il-facial subwalk, and the disjunction can be
solved, contradicting our hypothesis. Hence xo # t .

3. (xg # tg.) If x9 = t4, by Proposition 6, (taotstste) is a II-facial cycle. The
latter together with Definition 1 imply (¢1¢2tsts) is not a II-facial subwalk, thus
(t1tatsty) is a Il-facial subwalk and the disjunction can be solved, contradicting
our hypothesis. Hence xo # t4.
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4. (xg # ty.) The proof follows identical arguments to those used in the
previous case.

5. (g # t5.) If o = t5, by Proposition 7, (tatstatsts) is a Il-facial cycle.
The latter and Definition 1, imply that (¢1tetsts) is not a II-facial subwalk, thus
(t1tatsty) is a I-facial subwalk and the disjunction can be solved, contradicting
our hypothesis. Hence xo # t5.

6. (x2 # ts.) The proof is similar to the previous case.

7. (x2 # xo.) If x9 = x0, then by Proposition 7, (tot1texotp) is a II-facial cycle.
Thus the II-facial cycle (tot1t2xo) intersects to the II-facial subwalk (totitats) in
three vertices contradicting that we have a polyhedral embedding. O

Claim 5. The vertex x5 is different from the vertices t; for alli € {0,1,2,3,4,5,0/,
4’5"} and xg, x2, and adjacent to .

Proof. Once more, we proceed by contradiction to prove that the vertices are
distinct.

1. (x5 # ty.) If x5 = ty, then Proposition 7 implies that (t5totitorts) is a
II-facial cycle. The latter and Definition 1 imply that (¢1totst4) is not a II-facial
subwalk. Then, by Corollary 15, it follows that (¢;tatsts) is the II-facial subwalk
corresponding to the edge [t1t4]. However, using Proposition 5 we can deduce that
(totitatstatsto) is a Il-facial cycle which intersects the II-facial cycle (¢stotitots)
in two edges, contradicting the polyhedrality of the embedding. In conclusion,
this case can never occur.

2. (w5 # to, x5 # t1, x5 # t3, x5 # tg.) If any of the inequalities was an
equality instead we would have a contradiction on the fact that G is a cubic graph.

3. (x5 # wp.) If 25 = =z, then it is only possible to find two internally
disjoint 3-paths between to and t5. Since [[tats]] is a double scaffold edge and
(tats) € E(G) (otherwise contradicts that G is a cubic graph), Proposition 9
implies that (tot1tetstatsty) is a I-facial cycle. In turn, the latter implies that
(t1tatsty) is the Il-facial subwalk corresponding to [t1t4] and that (¢1tgtsty) is a
II-facial subwalk, thus we can solve the disjunction, contradicting our hypothesis.
Hence x5 # xg.

4. (x5 # x9.) If w5 = x9, Proposition 5 implies that (totitatstststo) is
not a Il-facial cycle. Since (fotitats) is a II-facial subwalk, using Proposition 13
we can deduce that (totitatstyzoty) is a I-facial cycle; i.e., (t1totsty) is the II-
facial subwalk that corresponds to [t1t4]. The latter and Corollary 15 imply that
(t1totsts) is the Il-facial subwalk corresponding to [t1t4], and then we can solve
the disjunction, contradicting our hypothesis. Hence x5 # x-.

5. (x5 # ts.) If x5 = ty, it is only possible to find two 3-paths internally dis-
joint between them to and ¢5. Since [[tats]] is double and (tot5) ¢ E(G) (otherwise
contradicts that G is a cubic graph), Proposition 9 implies that (totitatstatsto)
is a Il-facial cycle. Hence, (titatsty) is the Il-facial subwalk corresponding to
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[ti1t4]. Using the latter and Corollary 15 is easy to see that (t1tgtsty) is the
I[I-facial subwalk corresponding to [tit4]. That is we can solve the disjunction,
contradicting our hypothesis. Hence x5 # x5.

Finally, 2o and x5 are adjacent by Claim 2. O

Claim 6. The vertezx x4 is different from the vertices t;, for all i € {0,1,2,3,4,5,
0',4'} and xg, z2, 5.

Proof. We proceed by contradiction.

1. (x4 # to, ®g # t1, T4 # to, x4 # ty). If any of the inequalities was an
equality instead we would have a contradiction on the fact that G is a cubic graph.

2. (x4 # ty.) If ¢4 = ty then there is a 2-path (t1t¢t4) and two 3-paths,
(t1tatsts) and (t1totsts) between ¢; and t4. Since [[t1t4]] is a double scaffold edge,
and there is no edge (t1t4), by Proposition 9 (totitatstststo)is a I-facial cycle.
But this contradicts Proposition 5 since there is a 2-path (t1tot4) between ¢; and
ty. Hence x4 # x.

3. (x4 # xo.) If &4 = xp, Proposition 7 implies that (totstszoto) is a II-
facial cycle. The latter, Proposition 8 and Corollary 15 imply that (t1tatsts) is
the II-facial subwalk corresponding to [t1t4] and we can solve the disjunction,
contradicting our hypothesis. Hence x4 # xg.

4. (w4 # x9.) If ©4 = x9, then Proposition 7 implies that (totstszats) is a
II-facial cycle. The latter and Proposition 8 imply that (t1tatsty) is the II-facial
subwalk corresponding to [t1t4]. Subsequently, using Corollary 15 it is possible
to deduce that (t1totsts) is the II-facial subwalk corresponding to [¢1¢4], that is,
we can solve the disjunction, contradicting our hypothesis. Hence x4 # xo.

5. (x4 # x5.) If 4 = x5, using Proposition 6 we deduce that (t4t5x5t4) is a
II-facial cycle. In addition to this, using Proposition 8 we can prove that (totstats)
is a II-facial subwalk, ussing that (tot3) ¢ E(G) and applying Proposition 9, we
have (totitatstststy) is a II-facial cycle. The latter implies that (t1tatsts) is the
II-facial subwalk corresponding to [t1t4]. Using that (f1tetsts) is the II-facial
subwalk corresponding to [¢;¢4] and Corollary 15 we arrive to the conclusion that
(t1tortsty) is the Il-facial subwalk corresponding to [t1ty]. Thus, we can solve
the disjuntion, contradicting our hypothesis. Hence x4 # xs. ]

Claim 7. [[t1ty]] is a double scaffold edge.

Proof. Since [tity] € S and between t; and ty there are three internally dis-
joint 3-paths, (t1tatsty ), (t1tetsty) and (t1toxoty ), by Proposition 13, necessarily
[[t1t4]] is double. O

Claim 8. (t1tozoty ) is a H-facial subwalk.

Proof. Since (tot1tats) is a II-facial subwalk and [[t1t4]] is a double scaffold edge
(by Claim 7), then Corollary 14 implies that (t1tgxots ) is a II-facial subwalk. [
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Claim 9. [[toty]], [[xoto]], [[tots]] and [[zote]] are double scaffold edges and there
exist three internally disjoint paths between each pair of end vertices.

Proof. If some edge, [tots], [xoto], [tots] or [xote] does not belong to S, or it
is not double or they are all double but for one of them there exist only two
3-paths between its end vertices, then by Proposition 9 we know if (t1totsty) is
II-facial subwalk or not. This would implies that the disjunction can be solved,
contradicting the hypothesis. O

Let x5 be the remaining vertex adjacent to ts .
Claim 10. (tot1tyts) is a I-facial subwalk.

Proof. Notice that for the double scaffold edge [[tots]] there exist three internally
diSjOint 3—paths, (t0x0t4/t5/), (t0t5x5/t5/) and (t0t1t0/t5/). Since (t1t0x0t4/) is a II-
facial subwalk, then by Corollary 14, necessarily (tozotststytito) or (totsxststo
tito) is a Il-facial cycle, i.e., (tot1tots ) is a I-facial subwalk. O

Claim 11. (tytotsts) is a l-facial subwalk.

Proof. Since [[t1t4]] is a double scaffold edge, there exist three internally disjoint
3—paths: (t1t0t5t4), (t1t0/$4t4) and (t1t2t3t4). Since (totltgtg) is a Il-facial subwalk,
then by Corollary 14, (t1totsts) is a II-facial subwalk. O

Claim 12. z4 = t5.

Proof. 1f x4 # ty, then (t1totstazatyty) is not a I-facial cycle because (tot1tyts)
is a Il-facial subwalk, and this would contradict Definition 1. In addition, Claim
11 implies that (¢1totstatstaty) is a II-facial cycle and (t1totsty) is the Il-facial
subwalk of [t1ty]. Thus the disjunction could be solved, contradicting our hy-
pothesis. ]

Claim 13. (tatstats) is a ll-facial subwalk.

Proof. Notice that for the double scaffold edge [[tats]] there are three internally
disjoint 3-paths (totitots), (texawsts) and (tatstats). Since (totitats) is a Il-facial
subwalk, by Corollary 14, (totststs) is a Il-facial subwalk. O

Claim 14. [[tsxs]], [[tax2]], [[tots]] and [[t1t4]] are double scaffold edges in S and
there exist three internally disjoint paths between its end vertices.

Proof. If one of [tsxzs], [taxa], [tots] or [tits] does not belong in S, or it is not
a double scaffold edge, or they are all double but for one of them there exist
only two 3-paths between its end vertices, then by Proposition 9, we know if
(tytatsty) is a Il-facial subwalk or not. Consequently, using Proposition 13, we
could conclude if the Il-facial subwalk corresponding to the edge [t1t4] is either
(tytatsty) or (titytsts) thus we could solve the disjunction, contradicting our
hypothesis. O
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Observe that for the edges [[tots]] and [[t1t4]] there already exist three inter-
nally disjoint paths between their end vertices. For [[t3x5]] and [[t422]] we need
to find additional edges of G to complete their corresponding 3-paths.

Claim 15. (.%‘0.%‘5) S E(G)

Proof. Note that for [[tzxs]] there are already two 3-paths, (f3tazazs) and
(tststsxs). Since the only adjacent vertex to t3 that is not in either of the paths
already mentioned is 4, then ¢ty must belong to the third 3-path. The third
3-path can continue through either t5 or xg. However, the vertex t5 is adjacent
to t4,ts and tgr, then the third 3-path necessarily has to continue to . Since xg
has degree two thus far, the only option left now is that it is adjacent to x5. [

Claim 16. (z2z¢/) € E(G).

Proof. The proof of this statement follows in a manner similar to the proof of
Claim 15. O

Claim 17. [[zaty]], [[t5x5]] and [[tsto]] are double scaffold edges.

Proof. Notice that if [zaty] ¢ S, by Proposition 8, (¢1tatsty) is the II-facial
subwalk corresponding to [t1t4], and then the disjunction can be solved, contra-
dicting the hypothesis. Hence [zoty] € S. Since there are three internally disjoint
3-paths between its end vertices, by Proposition 13, [[xaty]Jhas to be a double
scaffold edge. The proof follows similarly for [[t5z5]] and [[t5to]]. O

Claim 18. The edges [tity], [toxa], [zata], [tite], [t3ta], [tats], [Tatal], [t3td],
[zoto], [tots], [tsxs]) and [z5z0] are in S.
Proof. Since (titexatyty), (totsxszoto) and (tstatstyts) are Il-facial cycles (by
Proposition 7)7 the edges [tltﬂl]a [toll'g], [thQ]v [t1t2]> [t3t4’]7 [t4’t5’]7 [l’4t4], [t3t4]>
[zoto], [tots], [tsxs] and [z520] are in S.

Claim 18 completes the proof of the theorem. [ |

4. CONCLUSION

The main aim of the project, that this paper initiates, is to develop an algorithmic
procedure for constructing all the extended graphs of a given cubic graph.

Thus, the next step is characterizing when a set of scaffold edges build on top
of a cubic graph is indeed an extended graph.
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APPENDIX
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