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Abstract

Let m = (f1,---5 fm;91,---,9n), where f1,..., fr, and g1,..., g, are two
non-increasing sequences of nonnegative integers. The pair 7 = (f1,..., fin;
J1,---,9n) 1s said to be a bigraphic pair if there is a simple bipartite graph
G = (X UY, E) such that f1,..., fin, and g1,..., g, are the degrees of the
vertices in X and Y, respectively. In this case, G is referred to as a realization
of m. We say that 7 is a potentially K ;-bigraphic pair if some realization of
7 contains K (with s vertices in the part of size m and ¢ in the part of size
n). Ferrara et al. [Potentially H-bigraphic sequences, Discuss. Math. Graph
Theory 29 (2009) 583-596] defined o (K ¢, m,n) to be the minimum integer
k such that every bigraphic pair @ = (f1,..., fm;01,---,9n) With o(7) =
fi+- -+ fm > kis potentially K ;-bigraphic. They determined (K, m,n)
for n > m > 9s*t*. In this paper, we first give a procedure and two sufficient
conditions to determine if 7 is a potentially K ;-bigraphic pair. Then, we
determine o(Ky ,m,n) forn >m >sand n > (s+ 1)t — (2s — 1)t +s— 1.
This provides a solution to a problem due to Ferrara et al.
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1. INTRODUCTION

Let m = (f1,.-+, fm;g1s---+9n), where f1,..., f and g1, ..., g, are two sequences
of nonnegative integers with f; > --- > f, and g1 > --- > g,. We say that 7 is a
bigraphic pair if there is a simple bipartite graph G with partite sets {z1,...,Zm}
and {y1,...,yn} such that the degree of z; is f; and the degree of y; is g;. In this
case, we say that G is a realization of .
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Theorem 1 [2, 3]. 7 is a bigraphic pair if and only if Y ", fi = > iy gi and

2?21 fi <30 min{k,g;} fork=1,...,m (or Zle gi < >t min{k, f;} for
kE=1,...,n).

We define 7(fp) (respectively, m(gq)) to be the pair of two non-increasing
sequences of nonnegative integers so that m(f,) (respectively, m(g,)) is obtained
from 7 by deleting f, (respectively, g4) and decreasing f, (respectively, g4) largest
terms from g1, ..., g, each by 1 (respectively, from f1,..., f,, each by 1). We say
that 7(fp) (respectively, 7(g,)) is the residual pair obtained from m by laying off

fp (respectively, gq).

Theorem 2 [4]. 7 is a bigraphic pair if and only if w(f,) (respectively, m(gq)) is
a bigraphic pair.

Let 7 = (f1,..., fm; 91, .-, 9n) be a bigraphic pair, and let K be the com-
plete bipartite graph with partite sets of size s and t. We say that 7 is a potentially
K +-bigraphic pair if some realization of 7 contains K, (with s vertices in the
part of size m and t in the part of size n). If some realization of 7 contains K,
on those vertices having degree f1,..., fs, 91, ..., gt, we say that 7 is a potentially
Ag ¢-bigraphic pair. Ferrara et al. [1] proved that 7 is a potentially A -bigraphic
pair if and only if it is a potentially K, ;-bigraphic pair. We now give a procedure
to determine if 7 is a potentially K ;-bigraphic pair.

Let fs >t and g; > s. We define pairs mg, ..., s as follows. Let mg = 7. Let

1
™ = (f??'-'afm;gl_17"'7gt_17g§+)1a'-'ag£1)>7

1 1) . . . .
where gg +)1 > 2 g7(l )is a rearrangement in nonincreasing order of g;11—1,. ..,

9 — L, gp41,- -, 9n. For 2 <0 <'s, given m;_1 = (fi,...,fm;gl—z'—l—l,...,gt—

i+1,g070, .. ,g,(f‘”), let

Ty = (f’i-‘rla"'vfm;gl _i7"'7gt_iugt(zzlv"'agg)>7

where gt(i)l > 2 g&i) is a rearrangement in nonincreasing order of gt(i_ll) —-1,...,

i—1 i—1 i—1
g;‘i )_179](01_’_1)7797(1@ )
We now define pairs 7, ..., as follows. Let 7, = w. Let

wg:(f1—1,...,fs—1,f§i)1,..., ,‘,});gz,-.-,gn)>

where fs(i)l > > f,% Visa rearrangement in nonincreasing order of fo11—1,...,
foo =1, fgi41s oo fme For 2 <i <t givenm_; = (fi—i+1,...,fs—i+1,

fs(rll), e fr(rifl);gi, .. ,gn), let

W;: (fl_ia"'vfs_ivfiﬁlv""f'r(ri);giJrl""7.971)7
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where fﬁl > > f,(,? is a rearrangement in nonincreasing order of fg:ll)—l, ceey
(=1) _ gD (i-1)
i S gt s fm
Theorem 3. Let f; >t and g; > s. Then 7 is a potentially K, -bigraphic pair
if and only if ws (respectively, ) is a bigraphic pair.

We also give two sufficient conditions of 7 that is potentially K ;-bigraphic.

Theorem 4. Let m = (f1,.--, fm; g1s---,9n) be a bigraphic pair with fs >t and
gt >s. If n > fsy1+t and gg, ¢ > s — 1, then 7 is a potentially K -bigraphic
pair.

Theorem 5. Let 7 = (f1,..., fmig1,---,9n) be a bigraphic pair with fs >t and
gt > 8. If m > g1 +s and fg, s > t—1, then w is a potentially K ;-bigraphic
pair.

Ferrara et al. [1] investigated an extremal problem of potentially Ky ;-big-
raphic pairs. They defined o (K, m,n) to be the minimum integer k such that
every bigraphic pair 7 = (fi,..., fm;91,..-,9n) With o(7) = fi+ -+ fmn > k
is potentially K ;-bigraphic. They determined (K, m,n) when m and n are
sufficiently large in terms of s and ¢t. This problem can be viewed as a “potential”
degree sequence relaxation of the (forcible) Turdn problem.

Theorem 6 [1]. If 1 < s <t and n > m > 9s*t*, then o(Ksy,m,n) = n(s —
D4+mit—1)—(t—-1)(s—1)+ 1.

In [1], Ferrara et al. also proposed a problem as follows.

Problem 1. This would be useful if one were interested in finding smaller bounds
on the n and m necessary to assure Theorem 6.

As an application of Theorems 4 and 5, we determine (K¢, m,n) for n >
m >sand n > (s+1)t2 — (2s — 1)t + s — 1 (Theorem 7), which is a solution to
Problem 1.

Theorem 7. If1<s<t,n>m>sandn > (s+1)t> - (2s — 1)t +s—1, then
o(Kst,mn)=n(s—1)+m(t—1)—(t—1)(s—1)+1.

2. PROOFS OF THEOREMS 3-5 AND 7

Proof of Theorem 3. We only need to prove that 7 is a potentially Ag -
bigraphic pair if and only if 75 is a bigraphic pair. The proof for 7} is similar. If
7 is a potentially A ;-bigraphic pair, then 7 has a realization G with partite sets
{z1,...,2zn} and {y1,...,yn} such that dg(x;) = f; for 1 <i < m, da(y;) = g;
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for 1 < j < n and the subgraph of G induced by {x1,...,2s} U{y1,...,y} is
a Ks;. We now show that 7 has such a realization G such that z; is adjacent
to vertices yy1,...,yp. Otherwise, we may choose such a realization H of 7
so that the number of vertices adjacent to z1 in {y;41,...,ys } is maximum.
Let yi € {yt41,-..,yp} and z1y; ¢ E(H), and let y; € {yp41,...,yn} and
x1y; € E(H). We may assume g; > g;. Hence there is a vertex x; such that
yizy € E(H) and y;xe ¢ E(H). Clearly, H' = (H \ {z1y;, yiz:}) U{z1ys, yjz¢ } is a
realization of 7 such that dg(z;) = f; for 1 <i <m, dg/(y;) =g for 1 <j<n
and the subgraph of H' induced by {x1,...,zs} U{y1,...,u:} is a Ksy, and H’
has the number of vertices adjacent to 1 in {yi11,...,ys } larger than that of
H. This contradicts to the choice of H. Clearly, m; is the degree sequence pair
of G — z1 and is a potentially As_; -bigraphic pair. Repeating this method, we
can see that m; is a potentially A,_; ;-bigraphic pair for ¢ = 2,...,s in turn. In
particular, 7, is a bigraphic pair.

Suppose that ms is a bigraphic pair and is realized by bipartite graph G,
with partite sets {zs+1,...,Zm} and {yi1,...,yn} such that dg (z;) = f; for
s+1<i<m,dg(y;)) = gi—sforl <i <tanddg/(yi) = gl-(s) for ¢ +
1 <i¢i<n Fori=s,...,1in turn, form G;_; from G; by adding a new
vertex x; that is adjacent to yi, ...,y and also adjacent to vertices of G; with
degrees ggi_ll) —-1,... ,gffi_l) — 1. Then, for each ¢, G; has the degree sequence
pair given by m;, and G; contains K,_;; on vertices Tit11,...,%s, y1,. ..,y Whose
degrees are fit1,..., fs,91 —4,...,9t — @ so that {zj41,...,2s} and {y1,...,y}
is the partite sets of Ks_;;. In particular, Gy has the degree sequence pair

given by 7 and contains K,; on vertices x1,...,%s,y1,...,Yy: whose degrees are
fiseeos fss g1y, 0t so that {z1,...,25} and {y1,...,y} is the partite sets of
Ks,t- |

In order to prove Theorem 4, we need the following lemmas.
Lemma 8 [5]. Theorem 1 remains valid if Zle fi <> min{k, g;} is assumed
only for those k for which fi > fry1 or k=m (or Zle gi <> min{k, f;} is

assumed only for those k for which gy > gr+1 or k =n).

Lemma9. Letm = (f1,.-., fm; 91, --,9n) be a bigraphic pair with fs > t, g; > s,

m—lzglzzgt::gfl+12gf1+22Zgnandn_lzflzZ
fs:”':fglJrlng1+22"'2fm- F07’7Tz‘:(fi+1,---,fm;gl—i,...,gt—i,
(@) (4) th0<i<es. lett: — g (@) () <1\. Th
Gil1s-- - gn’) with 0 < <'s, let t; = max {j|g,"; 9i; < }. Then

(1) t52t3—12'-'2t02f1+1—t.

(2) Fori, 1 < i <'s, we have ng:)k = glfi_kl) for k > t;. Thus, ggr)k = gi+k for
k> ts.
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Proof. (1) Clearly, t+tg > f1+1,i.e., to > f1 +1—t. Moreover, gfi}l) —gﬁi}j}l
< 1, which implies ggl —gﬁthl <lforl1<i<s. Hencet; >t;_1forl<i<s.

(2) By min {9,51_11) - 1,---79%_1) - 179}2111),.--79,51?21} > gl -2 >
gl =2 g Y wehave oY, L= lD L, for K > 1. Thus ¢, =
i—1 7—1 1—1
ggi_kl) for k > t;. |
Lemma 10. Let @ = (f1,..., fm;91,---,9n) be a bigraphic pair with fs > t,
gg=sm—1>2g > 2g=-=gpt1>29gp+22>""2gpandn—12> f1 >

> fs=r=fon1 2> far2 > 2> fms Ifn > fe andgfs+1+t >s—1,
then  is a potentially Ag;-bigraphic pair.

Proof. 1t is trivial for s = 1. Assume s > 2. By Theorem 3, we only need to

check that w5 = (fsq1,--+ fm; 91— 8y, gt — S, gt(i)l, . ,g,(f)) is a bigraphic pair.

Clearly, fox1+ -+ fm=(91 —5)+ -+ (9 — 5) + ggi)l 4+ gi. Denote
p=max{i| fs+i = fs}. Then s+p>g1+1,ie,p>g1+1—s. By Lemma 8, it is
enough to check that Zle fsri < S0 min{k, g; — s} + >y min {k, ggs)} for

p<k<m-—s. Denoteaczglg_?1 andy=¢g:—s. fk>x,byk>p>gn+1—s>

gi—sforl <¢ <t then 25:1 min{k, g; — s} 4+ i, min {k,gz(s)} = Zﬁzl(gi —

8)+ D it gZ(S) =fsr1t+ -+ fn > Zle fsti- Assume p < k <z — 1. Clearly,
Yy+s =gt > gi41 > x, ie., (x—1)—y < s—1. This implies k—y < s—1. Moreover,

by Lemma 9, ggpiﬁ_t >x—1ift+ts > fer1+t, and gj(piﬁ_t = Gfrtt = 5—1if
t+ts < fsr1 +t. Hence g}iﬁt > min{r — 1,s — 1} > k —y. Thus by t +t; >

fi+1> fsi1, we have 25:1 min{k, g; — s} + Z?:Hl min {k:,gl(s)} — Zle(gi _
s . S s t . S n . S

$)+ S0l minfh, o} + S min {k, g} Y0y min (£, g}

yt+ (fst1 =k + (k —y)t = for1k > Zf:l Jsti- ]

Y

Proof of Theorem 4. We use induction on s+1¢. It is trivial for s =1 or t = 1.
Assume s > 2 and t > 2. If f{ = n or there exists an integer k£ with ¢t < k < f; such
that gr > gkt1, then the residual pair 7(f1) = (fo,..., fm; i, ---,9,) obtained
from 7 by laying off f; satisfies g; > g;—1 > s—1, g}s+1+t > gf.+t—1>s5—2and
gy =9—1,...,9; = g.—1. By Theorem 2 and the induction hypothesis, 7(f1) is a
potentially As_1;-bigraphic pair, and hence 7 is a potentially A, ;-bigraphic pair.
So we may assume f; <n—landgy > - >2g = =gp41>gp42> """ > Gn-
If g1 = m or there exists an integer k with s < k < g; such that fi > fr11, then
the residual pair 7(g1) = (f1,---, f;92,---,9n) Obtained from 7 by laying off
g satisfies f1 > fo—1>t—1,n—12> foq+(t—1) > fl, +(t—1),
G1+(f1, 1 +(t=1)) 2= e+t = s — 1 and fi=fi-1,...,fl = fs — 1. By Theorem
2 and the induction hypothesis, 7(g1) is a potentially As;_1-bigraphic pair, and
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hence 7 is a potentially A, ;-bigraphic pair. So we may further assume g1 < m—1
and f1 > - > fo == fg41 > fgi42 = - -+ = fim. Thus by Lemma 10, 7 is a
potentially A, ;-bigraphic pair. [

Proof of Theorem 5. By symmetry, the proof of Theorem 5 is similar to that
of Theorem 4. ]

As an application of Theorems 4 and 5, we now prove Theorem 7. We first
need some lemmas.

Lemma 11 [5]. If 7 = (f1,. .., fm; 91, -- -, gn) is a bigraphic pair with fs > 2t —1
and g: > 2s — 1, then 7 is a potentially K, -bigraphic pair.

Lemma 12. Let m = (f1,..., fm;g1,---,9n) be a bigraphic pair with fs >t and
gt > s. If n > st—s+t and g, > s — 1, then 7 is a potentially K, ;-bigraphic
pair.

Proof. If fs11 < n—1t, ie, n > fsy1 +t, by Theorem 4, 7 is a potentially
A, 4-bigraphic pair. Assume fs41 > n — (t —1). Let G be a realization of = with
partite sets {x1,..., 2y} and {y1,...,yn} such that dg(x;) = fi for 1 <i < m
and dg(y;) = g; for 1 < j <n. For each 4, denote Ng(x;) to be the neighbor set
of z; in G. Clearly, |[Ng(z;)| = dg(z;) = fi > n—(t—1) for 1 <i <s. Moreover,
we have the following Claim 1.

Claim 1. |[Ng(z1)N---N Ng(zs)| >n—s(t—1).

Proof. Clearly, |[Ng(z1)] >n— (t —1). Assume 2 < k < s and |[Ng(z1)N---N
Ng(xg—1)] > n—(k—1)(t —1). Denote A = Ng(z1)N---N Ng(xg—1). Then
[Na(z1) N--- 0 Ng(a)| = [AN Na(ze)| = Al + [No(zi)| — [AU No(z)| >
n—(Gk-1)t—-1)4+(n—(t—1)) —n=n—k(t—1). This proves Claim 1. O

By Claim 1, |[Ng(z1) N ---N Ng(zs)| > n—s(t —1) > t. This implies that G

contains K, ;. Hence, 7 is a potentially K ;-bigraphic pair. [

Lemma 13. Let 7 = (f1,.. -, fm; g1, ---,9n) be a bigraphic pair with fs >t and
gt > s. If m>st—t+s and f,, >t — 1, then m is a potentially K ;-bigraphic
pair.

Proof. By symmetry, the proof of Lemma 13 is similar to that of Lemma 12. m

Lemma 14. Let 1 <s<t,m>s,n>tandn>m. If 7t = (f1,..., fm; 91, -,
gn) 18 a bigraphic pair with o(7) > n(s—1)+m(t—1)+n(t—1)—2(t—1)(s—1)+1,
then m is a potentially K, -bigraphic pair.

Proof. 1f f, <2t — 2, then o(w) <n(s—1)+(m—s+1)(2t —2) =n(s—1) +
m(t—1)+m(t—1)—2(t—1)(s—1) < n(s—1)+m(t—1)+n(t—1)—-2(t—1)(s—1),



ABOUT AN EXTREMAL PROBLEM OF BIGRAPHIC PAIRS WITH ... 443

a contradiction. Hence fq > 2t — 1. If ¢y < 2s — 2, then o(7) < m(t—1) + (n —
t+1)2s—2)=n(s—1)+mt—1)+n(s—1) -2t —-1)(s—1) <n(s—1)+
m(t—1)+n(t—1) —2(t —1)(s — 1), a contradiction. Hence g; > 2s — 1. Thus
by Lemma 11, 7 is a potentially K ;-bigraphic pair. [

Lemma 15. Let 1 <s<t,n>m>sandn= (st—s+t)+k with0 <k <
(t—1D(st—2s+t+1). If 7 = (f1, - fmig1,---,9n) 8 a bigraphic pair with
om)>n(s—=1)+m(t—1)—(t—1)(s—1)+1+(t—1)(st—2s+t+1)—k, then
m s a potentially K ¢-bigraphic pair.

Proof. We use induction on k. If &k = 0, then n = st — s+t and o(7w) >
ns—1)4+mit—-1)—t—-1)(s=1)+1+(t—-1)(st=2s+t+1)=n(s—1)+
m(t—1)+n(t—1)—2(t—1)(s —1) + 1. By Lemma 14, 7 is a potentially
K 4-bigraphic pair. Suppose that 1 < k < (t — 1)(st —2s +t + 1). Then
o(m)y>n(s—1)+m(t—1)—(t—1)(s—1)+ 1. It is straightfoward to show that
fs > tand g¢ > s. If g, > s — 1, then by Lemma 12, 7 is a potentially K-
bigraphic pair. Assume g, < s—2. If n > m + 1, then the residual pair 7(g,) =
(ff,- s fhig1,- .., gn—1) obtained from 7 by laying off g, satisfies o(7(gn)) =
o(m)—gn >n(s—1)+m(t—1)—(t—1)(s—1)+1+(t—1)(st—2s+t+1)—k—(s—2) =
m=D(s—1)+mit—-1)—(t—-1)(s—1)+14+t—-1)(st—2s+t+1)—(k—1).
By Theorem 2 and the induction hypothesis, 7(gy,) is a potentially K ;-bigraphic
pair, and hence so is w. Further assume n = m. Then m > st—s+t > st—t+s. If
fm = t—1, then by Lemma 13, 7 is a potentially K ;-bigraphic pair. If f,,, <t—2,
let w(gn, fl,) = (f1,- s flh_139%:---,gh_1) be the residual pair obtained from
7(gn) by laying off fi, by f1y < fon, then o(m(gn, fn) = o(r) — gn — fo >
n(s—1)4+m(t—1)—(t—1)(s—1)+1+(t—1)(st—2s+t+1)—k—(s—2)—(t—2) >
(n—=1)(s=1)+(m—-1)(t—-1)—(t—1)(s—1)+14+(t—1)(st—2s+t+1)—(k—1). By
Theorem 2 and the induction hypothesis, it follows that 7(g,, f},) is a potentially
K 4-bigraphic pair. Thus, both 7(g,) and 7 are potentially K ;-bigraphic. [

Lemma 16. Let 1 <s<t,n>m>sandn > (s +1)t? — (2s — Dt +s — 1. If
T ="(f1,- s fmig1s---,9n) 1S a bigraphic pair with o(w) >n(s—1)+m(t —1) —
(t—1)(s—1)+1, then 7 is a potentially K, -bigraphic pair.

Proof. We use induction on n. Clearly, the result for n = (s+1)t?—(2s—1)t+s—1
follows from Lemma 15 by letting k = (¢t — 1)(st — 2s + ¢ + 1). Assume n >
(s+1)t2 — (25 — 1)t +s. Clearly, fs >t, gt >sandn>st—s+t. If g, >s—1,
then by Lemma 12, 7 is a potentially K ;-bigraphic pair. Assume g, <s—2. If
n > m+1, then the residual pair 7(gn) = (f1,---s fh; 915 - - -, gn—1) obtained from
7 by laying off g,, satisfies o(7(g,)) = o(m) —gn > n(s—1)+m(t—1)—(t—1)(s—
)+1—-(s—2)>(n—1)(s—1)+m(t—1)—(t—1)(s—1)+1. By Theorem 2 and
the induction hypothesis, 7(gy,) is a potentially K -bigraphic pair, and hence so
is w. Further assume n =m. Thenm > st—s+t > st—t+s. If f,,, >t—1, then
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by Lemma 13, 7 is a potentially K ;-bigraphic pair. If f,, <t—2, let 7(gn, f,,) =
(fl,- s fh1394, -+, gh_1) be the residual pair obtained from 7 (gy) by laying off
Fhus by fn < foms then o(x(gus f)) = 0(7) — g — fiy > nls — 1) +mlt —1) — (t -
D(s—1)+1—(s—2)—(t—2) > (n—1)(s—1)+(m—1)(t—1)—(t—1)(s—1)+1. By
Theorem 2 and the induction hypothesis, it follows that m(g,, f/,) is a potentially
K 4-bigraphic pair. Thus, both 7(g,) and 7 are potentially K ;-bigraphic. [

Proof of Theorem 7. Ferrara et al. [1] considered the bigraphic pair 7 =
(n*=L (t—1)m=stlyms=L (t—1)m=sF1 (5—1)"~™), where the symbol z¥ stands for
y consecutive terms, each equal to x. Clearly, 7 is not a potentially K ;-bigraphic
pair. Thus o(Ks,m,n) > o(r)+1=n(s—1)+m(t—-1)—(t—-1)(s—1)+ 1
The upper bound directly follows from Lemma 16. [

Remark. The lower bound n > (s+1)t2—(2s—1)t+s—1 in Theorem 7 is not the
best lower bound. However, we will investigate a lower bound on n 4+ m so that
the extremal function value o(Ks4,m,n) =n(s—1)+m(t—1)—(t—1)(s—1)+1,
which implies a smaller bound on the n or m necessary to assure Theorem 7. It
also would be a meaningful further research for n > m > s and s > t. We will
consider this problem in our future studies.
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