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Abstract

A path factor is a spanning subgraph F' of G such that every component
of F'is a path with at least two vertices. We write P>, = {P; : i > k}.
Then a Psj-factor of G means a path factor in which every component
admits at least k vertices, where k > 2 is an integer. A graph G is called
a P>j-factor avoidable graph if for any e € E(G), G admits a P>j-factor
excluding e. A graph G is called a (P>, n)-factor critical avoidable graph
if for any Q C V(G) with |Q| = n, G — Q is a P>-factor avoidable graph.
Let G be an (n + 2)-connected graph. In this paper, we demonstrate that
(i) G is a (P>2,n)-factor critical avoidable graph if tough(G) > 2£2; (ii) G
is a (P>3,n)-factor critical avoidable graph if tough(G) > 2#+; (iii) G is a
(P>2,n)-factor critical avoidable graph if I(G) > 2£2; (iv) G is a (P>3,n)-
factor critical avoidable graph if I(G) > £3. Furthermore, we claim that
these conditions are sharp.

Keywords: graph, toughness, isolated toughness, P> y-factor, (P>, n)-factor
critical avoidable graph.
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1. INTRODUCTION

In this paper, we discuss only finite undirected simple graphs. Let G = (V(G),
E(G)) be a graph, where V (G) denotes the vertex set of G and E(G) denotes the
edge set of G. For x € V(G), the degree of x in G is denoted by dg(z). For a set
X C V(G), we use G[X] to denote the subgraph of G induced by X and write
G — X for G[V(G) \ X]. We let i(G) and w(G) denote the number of isolated
vertices and the number of connected components of GG, respectively. Let P,, and
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K,, denote the path and the complete graph of order n, respectively. The join
G 4 H denotes the graph with vertex set V(G) UV (H) and edge set

E(G+H)=EG)UEH)U{zy:xz € V(G)andy € V(H)}.
Chvatal [2] first introduced the toughness of a graph G, denoted by tough(G),
namely,

tough(G) = min{ X CV(G), w(G—-X) > 2} ,

w(G—X)
if G is not complete; otherwise, tough(G) = +oco.

Yang, Ma and Liu [13] first posed isolated toughness of a graph G, denoted
by I(G), namely,

I1(G) :min{i(G_X):Xg V(G),i(G—-X)> 2}

if G is not a complete graph; otherwise, I(G) = +o0.

A path factor is a spanning subgraph F' of G such that every component of
F is a path with at least two vertices. We write P>y, = {F; : ¢ > k}. Then a
P j-factor of G means a path factor in which every component admits at least
k vertices, where k > 2 is an integer. A {Pj}-factor F of G is simply called a
Py-factor if every component of F' is isomorphic to P.

A 1-factor of G is a spanning subgraph F' of G such that dp(z) = 1 holds for
any € V(G). A graph R is a factor-critical graph if for any = € V(R), R — {z}
admits a 1-factor. Let R be a factor-critical graph with V(R) = {x1,z2,...,2n}.
n new vertices yi,¥y2,..., Yy, together with new edges xi1y1, xoy2,...,TnY, are
added to R. Then the resulting graph is said to be a sun. By Kaneko [7], K;
and Ko are also suns. A big sun is a sun of order at least 6. We use sun(G) to
denote the number of sun components of G.

Las Vergnas [11] posed a criterion for the existence of P>o-factors in graphs.

Theorem 1 [11]. A graph G admits a P>a-factor if and only if i(G — X) < 2|X]|
for every X C V(G).

Kaneko [7] derived a characterization for the existence of P>g-factors in
graphs.

Theorem 2 [7]. A graph G admits a P>3-factor if and only if sun(G—X) < 2|X]|
for every X C V(QG).

A graph G is called a Psj-factor avoidable graph if for any e € E(G), G
admits a Psj-factor excluding e. A graph G is called a (P>, n)-factor critical
avoidable graph if for any @ C V(G) with |Q] = n, G — Q is a P>j-factor
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avoidable graph. Obviously, a (P>, 0)-factor critical avoidable graph is simply
called a P>j-factor avoidable graph.
Kelmas [10] claimed a result on the existence of path factors in subgraphs.

Theorem 3 [10]. Let G be a 3-connected claw-free graph and |V (G)| = 1 (mod 3).
Then for any x € V(G) and any e € E(G), G—{x,e} has a { Ps}-factor, namely,
G — {x} is a {P3}-factor avoidable graph.

Motivated by Theorem 3, we consider a more general problem.

Problem 1. Find sufficient conditions for a graph to be a (P>, n)-factor critical
avoidable graph.

Kano, Lu and Yu [8] verified that a graph G has a { Ps}-factor if i(G — S) <
2|S| for every S C V(G). Zhou, Yang and Xu [22] proved that an n-connected
graph G is (Ps3,n)-factor critical if its toughness tough(G) > 1. Some other
results on path factors can be found in [3, 15, 17, 18]. Lots of authors derived
some toughness conditions for the existence of graph factors [4, 5, 9, 20]. Some
results on the relationships between isolated toughness and graph factors are
obtained by Gao, Liang and Chen [6]. For many other results on graph factors,
see [1, 12, 14, 16, 19, 21, 23]. In this paper, we study (P>, n)-factor critical
avoidable graphs and get some sufficient conditions for graphs to be (P, n)-
factor critical avoidable graphs depending on toughness and isolated toughness,

which are given in Sections 2 and 3.

2. TOUGHNESS AND (Psj,n)-FACTOR CRITICAL AVOIDABLE GRAPHS

In this section, we explore the relationship between toughness and (P>, n)-factor
critical avoidable graphs, and derive two toughness conditions for the existence
of (P>, n)-factor critical avoidable graphs for k = 2, 3.

Theorem 4. Let G be an (n + 2)-connected graph, where n > 0 is an integer.
If its toughness tough(G) > 22, then G is a (Ps2,n)-factor critical avoidable
graph.

Proof. Theorem 4 obviously holds for a complete graph. Next, we assume that G
is not complete. Let @ C V(G) with |Q| =n, and G’ = G—Q, and let e € E(G")
and H = G’ —e. Since G is (n+2)-connected, H is connected. To prove Theorem
4, it suffices to show that H admits a P>s-factor. On the contrary, suppose that
H has no Pso-factor. Then by Theorem 1, there exists a set X C V(H) such
that

(1) i(H — X) > 2|X] + L.
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Since H is connected, we have X # (). Thus,
2) i(H— X) > 2|X|+1>3.

Note that w(G — (QU X)) > w(G — (QU X) — e) — 1. Combining this with
(2), we derive

(3) w(G—(QUX)) > w(G—(QUX)—e)—1=w(H—-X)-1>i(H—-X)—1>2.

Claim 1. |X| > 2.

Proof. Assume |X| = 1. Since H = G’ —e, we easily know that i(H—X) = i(G'—
e—X) <i(G'=X)+2. Then by (2), we derive i(G'—X) > i(H—X)—2 > 1, which
implies that there exists an isolated vertex v in G' — X, i.e., dgr_x (u) = 0. Thus,
we have dg(u) < dgr(u)+|Q| = dgr(u)+n < dgr—x (u)+|X|+n = 0+1+n = n+1,
contradicting that G is (n + 2)-connected. Therefore, | X| > 2. O

According to (1), (2), (3), Claim 1 and the definition of tough(G), we have

QUX|  __l@l+IX]

tough(G) <
ough(G) <= ZE—Qux) SiH-X) -1
_ n+ | X| Sn—i—\X|:1 L§1+E:n+27
(H-X)—1- 2[X] 2 2Xx]-2"4 4
which contradicts tough(G) > 22, Theorem 4 is verified. |

Remark 5. Now, we claim that the result in Theorem 4 is sharp. To see this,
we construct the graph G = K42 + (3K71 U K3). Clearly, G is (n + 2)-connected
and tough(G) = 2. Let Q C V(K,12) C V(G) with |Q| = n and e be the edge
of K5. Then G — @ — e is a graph isomorphic to K3 + (5K1), and it obviously
has no Psg-factor. Thus, G is not a (P>, n)-factor critical avoidable graph.

Theorem 6. Let G be an (n + 2)-connected graph, where n > 0 is an integer.
If its toughness tough(G) > "T‘H, then G is a (P>3,n)-factor critical avoidable
graph.

Proof. Theorem 6 obviously holds for a complete graph. In the following, we
assume that G is not complete. Let Q@ C V(G) with |Q| = n, and G' = G — Q,
and let e € E(G’) and H = G’ —e. Since G is (n + 2)-connected, H is connected.
To prove Theorem 6, it suffices to show that H admits a P>3-factor. On the
contrary, suppose that H has no P>3-factor. Then by Theorem 2, there exists a
set X C V(H) such that

(4) sun(H — X) > 2| X|+ 1.
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Claim 1. X # (.

Proof. Assume that X = (). Then it follows from (4) that
(5) sun(H) > 1.
Since H is connected, we have sun(H) =1 and H itself is a sun.
Since G is (n+2)-connected, |V (G)| > n+3. Thus, |V(H)| = |V(G)|—n > 3,
which implies that H is a big sun. Hence, |[V(H)| > 6. Let R be the factor-

critical graph of H. Then |V(R)| > 3 and there exists w € V(R) such that
w(G@ —{w}) = w(H — {w}) = 2. Thus, we have

(6) w(@ = Q—{w}) =w(@ —{w}) =2
In terms of (6) and the definition of tough(G), we get

QU{wH  n+1
tough(@) < @ QU 2

contradicting to tough(G) > 2. Hence, X # (. O

By (4) and Claim 1, we gain w(G—(QUX)) =w(G'—X) > w(G'—X —e)—1 =
wH—-X)—1>sun(H - X)—12>2|X| > 2. Combining this with Claim 1 and
the definition of tough(G), we have

QU X| <n+|X|_1 n <1 n n+l

G-(QuUX)) = 2)x] 2 2x]=2" 2" 2

<
tough(G) < "

this contradicts tough(G) > 2. This finishes the proof of Theorem 6. |

Remark 7. Now, we show that the conditions in Theorem 6 are best possible,
which cannot be replaced by G being (n + 1)-connected and tough(G) > £t
Let G = K41 + (2K3). We easily see that G is (n + 1)-connected and
tough(G) = L. Let Q C V(Ky41) € V(G) with |Q| = n, and e be an edge of
2K5. Then G — @ — e is a graph isomorphic to K7 + (2K U K3), and it obviously
has no P>3-factor, and so G is not a (P>3,n)-factor critical avoidable graph.

3. ISOLATED TOUGHNESS AND (P>, n)-FACTOR CRITICAL AVOIDABLE
GRAPHS

In this section we give two sufficient conditions using isolated toughness for a
graph to be a (P>, n)-factor critical avoidable graph for k = 2, 3.

Theorem 8. Let G be an (n+ 2)-connected graph, where n > 0 is an integer. If
its isolated toughness I(G) > ”T”, then G is a (P>2,n)-factor critical avoidable
graph.
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Proof. Theorem 8 obviously holds for a complete graph. In what follows, we
assume that G is not complete. Let Q C V(G) with |Q| = n, and G' = G — Q,
and let e € E(G’) and H = G’ —e. Since G is (n + 2)-connected, H is connected.
To prove Theorem 8, it suffices to show that H admits a P>o-factor. On the
contrary, suppose that H has no P>g-factor. Then by Theorem 1, there exists a
set X C V(H) such that

(7) i(H—-X)>2|X|+1.

Claim 1. |X| > 2.

Proof. If X =, then by (7) and H being connected, we obtain
1 <i(H) =0,

which is a contradiction.

Next, we consider | X | = 1. Note that i(H—X) = i(G'—e—X) < i{(G'—X)+2.
Combining this with (7), we derive i(G' — X) > i(H — X) —2>2|X|+1-2 =
2|X| — 1 = 1, which hints that there exists w € V(G’) \ X with dg_x(w) =
0. Therefore, we admit dg(w) = dgg(w) < do(w) + |Q| = der(w) +n <
der—x(w) +|X|+n =0+1+n = n-+1, which contradicts that G is (n + 2)-
connected. Thus, we derive | X| > 2. O

According to (7) and Claim 1, we get
(8) i(G—(QUX)) >i(G—(QUX)—e)—2=i(H—-X)—2>2|X|—1>3.
It follows from (8), Claim 1 and the definition of I(G) that

QuUX|  _lel+IX]

I1(G) <
@)= ia-@ux) = 21
_nHlX] ntg X[
2X|-1 2IX[-1 2(X|-1)
1 1
_ n+§ +1<n+§ 1:n+2’
21X]—-1 2~ 3 2 3
which contradicts I(G) > %FQ Theorem 8 is proved. [

Remark 9. Now, we explain that the result in Theorem 8 is sharp. To see this,
we construct the graph G = K, 19+ (3K1UK3). Obviously, G is (n+2)-connected
and I(G) = %2, Let Q C V(Kpn42) C V(G) with |Q| = n, and e be the edge of
K5. Then G — @ — e is a graph isomorphic to Ky + (5K7), and it obviously has
no Pso-factor. Thus, G is not a (P>2,n)-factor critical avoidable graph.
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Theorem 10. Let G be an (n+ 2)-connected graph, where n is a positive integer.
If its isolated toughness I(G) > “£2, then G is a (P>3,n)-factor critical avoidable
graph.

Proof. Theorem 10 obviously holds for a complete graph. Next, we assume that
G is not complete. Let Q@ C V(G) with |Q] = n, and G’ = G — Q, and let
e=uxy € E(G') and H = G’ —e. Since G is (n + 2)-connected, H is connected.
To prove Theorem 10, it suffices to show that H admits a P>3-factor. On the
contrary, suppose that H has no P>3-factor. Then by Theorem 2, there exists a
set X C V(H) such that

9) sun(H — X) > 2| X| + 1.
Claim 1. X # (.

Proof. Assume X = (). Then sun(H) > 1. This implies sun(H) = 1 since H is
connected.

Note that G is (n + 2)-connected. Hence, |V (G)| > n+ 3. Thus, |V(H)| =
[V(G)] —n > (n+ 3) —n = 3, which implies that H is a big sun. Therefore,
|V(H)| > 6. Let R be the factor-critical subgraph of H. Then i(H — V(R)) =
|[V(R)| > 3. Next, we consider two cases.

Casel. z,y € V(H)\ V(R). Clearly, there exists z € V(R) with yz € E(G).
Thus, we easily see

i(G — (QUIVR)\{=}) U {}) = i@ — (V(R)\ {z}) U{y})
— (@~ (VR)\ {=}) U {y}) — ¢)
— i(H ~ (V(R)\ {}) U {»}))
— [V(R)| 2 3,

Combining this with the definition of I(G) and I(G) > 23, we admit. Clearly,

there exists z € V(R) with yz € E(G). Thus, we easily get

3 QU(V(R)\ {z}) U {y}]

> 1O TG QU@ U )
CQI+IVR . n n,,_n+3
= wviel S wm T ts T e

which is a contradiction.

Case 2. x € V(R) or y € V(R). In this case, i(G — (Q U (V(R))) = i(G'—
V(R)) =i(G' —V(R) —e) =i(H — V(R)) = |[V(R)| > 3. Thus, we get

QUVB] QI+ V(R n n ont3
1O<i@-quviy = wm v 53T s

which contradicts I(G) > 2. Hence, X # 0. O
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Let Sun(H —X) denote the union of sun components of H—X, which consists
of a isolated vertices, b Ko-components and ¢ big sun components S1, 52, ..., S..
Let R; be the factor-critical subgraph of S; for 1 < ¢ < ¢, and write Z =
Ui<i<e V(R;). We select one vertex from every Ky component of H — X, and the

set of such vertices is denoted by Y. Clearly, |Y| =b. Then i(H —(XUY UZ)) =
a+ b+ |Z] and it follows from (9) and Claim 1 that

(10) sun(H—-X)=a+b+c>2/X|+1>3.

Claim 2. 0 <a < 1.
Proof. Assume that a > 2. By (10), ¢ > 0 and |V (R;)| > 3, we derive

(G- (QUXUYUZU{z})) =i(G'— (XUuYUZU{x}) —e)
i(H—-(XUuYuZu{z}))
i(H—-(XUuYuZ)) -1
a+b+|Z|—-1>a+b+3c—1
>a+b+c—1>2.

AV

Combining this with the definition of I(G) and I(G) > "2, we derive

n+3 IQUXUY UZU {z} n+|X|+b+|Z|+1
<I(G) < - < ;
2 (G- (QUXUYUZU{z})) a+b+|Z| -1
namely,
n+1 3n+5
(11) 0> (a+b+|Z]) +a—|X| - .

2

It follows from (10), (11),a > 2, ¢ >0, |Z| = >"7_ |[V(R;)| > 3c and Claim
1 that

0> "I @btz +an x| - 202
LAY YA RP S DB
> nzl(a—i—b—l—c)—]X\—?m;l
> " x40y - x| -
= n(|X|-1) >0,
which is a contradiction. Therefore, 0 < a < 1. O

We easily see that ¢ V(aK;) or y ¢ V(akK;) since 0 < a <1 (by Claim 2).
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Claim 3. z € V(bK3) UV (Sy)U---UV(S,) or y € V(bK2) UV (S) U+ UV (Se).

Proof. Assume that z,y ¢ V(bK2)UV(S1)U---UV(S.). Note that ¢ V(aK;)
or y ¢ V(aKi). Hence, there is at least one vertex in {x,y} such that the
vertex does not belong V(akK;) U V(bK3) UV (S1)U---UV(S.). Without loss
of generality, we let x ¢ V(aK7) UV (bK2) UV (S1)U---UV(S.). Then z €
V(G)\ (QUV(aK1) UV (bK2) UV (S1)U---UV(S.)). Thus, we easily deduce

(G—(QUXUYUZU{z}) >a+b+|Z|>a+b+3c>3

by (10), ¢ > 0 and |Z| = > ;_; [V(R;)| > 3c. In terms of the definition of I(G),
we derive

QUXUYUZU{a}  _n+|X[+b+]|2[+1

(12)  I(G) (G- (QUXUYUZuU{z})) — a+b+|Z|

IN

It follows from (10), (12), a > 0, ¢ > 0, |Z| = > 7, |V(R;)| > 3c and
I(G) > ™43 that

0> {I(G)-1)(a+b+|Z])+a—n—|X|-1
> (I(G)=1)(a+b+3c)—n—|X[-1
> I(G)-1)(a+b+c)—n—|X|-1
> (I(G) - DEIX|+1) —n—|X[ -1
= I1(G)2|X|+1) —n—3|X| -2,
which implies
3 X|+n+2
(13) I(G)SW

From (13), Claim 1 and n > 1, we have

3 X|+n+2 3 n+3 3 n+%_n+3+1—n<n+3

1 < < = =
(@) _2+ 3 2 6 — 27

= 2IX[+1 _§+mm+1

which contradicts I(G) > 243, Claim 3 is verified. O

Without loss of generality, we let z € V(bK2)UV (S1)U---UV (S,) by Claim 3.
Then there exists z € V(bK2) U V(S1) U---UV(S,) such that xz € E(G) and
there is at least one vertex of {z,z} with degree 1 in the subgraph (bK3) U S;
U---US.. Thus, we obtain

(G- (QUXU((YUD\{zHU{z}) =a+b+|Z|>a+b+3c>3
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by (10), ¢ > 0 and |Z| = > ;_; [V(R;i)| > 3c. Combining this with the definition

of I(G) and I(G) > ™2, we obtain

n+3 QUXU((YUZ\{HU{z}  n+|X|+b+]|Z]
N S e IS S ) R T
that is,
0> " b 1Z)—n— X +a

Combining this with (10), a > 0, ¢ > 0, n > 1, |Z] = >;_; |[V(R;)| > 3c and
Claim 1, we derive

n+1 n+1
0>T(a+b+\Z|)—n—]X]+aZ (a+b+c)—n—|X]|
n+1 1 n 1 n n+1
> 20 X|+1) —n—|X|=n|X|+=—= > - —— = >1
> PERQIX| 4 1) —n— X =nlX| 4 - D et - D=0,
which is a contradiction. This finishes the proof of Theorem 10. [

Remark 11. Next, we elaborate that the conditions in Theorem 10 are best
possible, which cannot be replaced by G being (n+1)-connected and I(G) > ”T*'?’

Let G = K, 11+(2K>). It is clear that G is (n+1)-connected and I(G) = 3.
Let Q C V(Kp4+1) € V(G) with |Q] = n, and e be an edge of 2Ks. Then G—Q—e
is a graph isomorphic to K + (2K; U K3), and it obviously has no Ps3-factor.
Therefore, G is not a (P>3,n)-factor critical avoidable graph.
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