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Abstract

The crossing number of a graph G is the minimum number of edge cross-
ings over all drawings of G in the plane. Recently, the crossing numbers
of join products of two graphs have been studied. In the paper, we extend
know results concerning crossing numbers of join products of small graphs
with discrete graphs. The crossing number of the join product G* + D,
for the disconnected graph G* consisting of five vertices and of three edges
incident with the same vertex is given. Up to now, the crossing numbers
of G + D,, were done only for connected graphs G. In the paper also the
crossing numbers of G* + P, and G* 4 C), are given. The paper concludes
by giving the crossing numbers of the graphs H + D,,, H + P, and H + C,
for four different graphs H with |E(H)| < |V(H)|. The methods used in
the paper are new. They are based on combinatorial properties of cyclic
permutations.
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1. INTRODUCTION

The crossing number of a simple graph G, denoted cr(G), with vertex set V(G)
and edge set F(G) is defined as the minimum possible number of edge crossings
in a drawing of G in the plane. A drawing with the minimum number of crossings
(an optimal drawing) must be a good drawing; that is, each two edges have at
most one point in common, which is either a common end-vertex or a crossing.
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Moreover, no three edges cross in a point. The investigation on the crossing
number of graphs is a classical and very difficult problem. Garey and Johnson
[1] proved that determining cr(G) is NP-complete.

Over the past decade, some results concerning crossing numbers of join prod-
ucts of two graphs have been obtained. The purpose of this article is to extend
the known results concerning this topic. The join product of two graphs G; and
Gj, denoted G; + Gj, is obtained from vertex-disjoint copies of G; and G; by
adding all edges between V(G;) and V(Gj). For |[V(G;)| = m and |V(Gj)| = n,
the edge set of G; + G is the union of disjoint edge sets of the graphs G;, G, and
the complete bipartite graph K, ,,. Let P, and C), be the path and the cycle of
n vertices, respectively, and let D,, denote the discrete graph (sometimes called
empty graph) on n vertices. Using Kleitman’s result [9], the crossing numbers for
join of two paths, join of two cycles, and for join of path and cycle were studied
in [3]. Moreover, the exact values for crossing numbers of G + D,, and G + P,
for all graphs G of order at most four are given in [5]. The crossing numbers of
the graphs G + P, and G + C,, are also known for very few graphs G of order
five and six; see [4, 6], and [7]. In all these cases, the graph G is connected and
contains at least one cycle.

The aim of the paper is to give the crossing number of the join product
G* + D,, for the disconnected graph G* consisting of five vertices and of three
edges incident with the same vertex. The methods used in the paper are new.
They are based on combinatorial properties of cyclic permutations. The similar
methods were partially used earlier in the papers [2, 10]. We were unable to
determine the crossing number of the join product G* + D,, using the methods
used in [4, 6], and [7]. In Section 6 we refer the graph H on five vertices and
six edges for which the crossing number of H + D,, was obtained using previous
methods; see also [6]. Nevertheless, cr(H + D,,) = cr(G* + D,,).

Let D be a good drawing of the graph GG. We denote the number of crossings
in D by crp(G). For a subgraph G; of the graph G, let D(G;) be the subdrawing
of G induced by D. For edge-disjoint subgraphs G; and G; of G, we denote
by crp(Gi, G5) the number of crossings of edges in G; and edges in Gj, and by
crp(G;) the number of crossings among edges of G; in D. It is easy to see that for
any three edge-disjoint subgraphs G;, Gj, and G, of the graph G the following
equations hold

CI‘D(GZ' U G]) = CI‘D(GZ') + CI‘D(Gj) + CI‘D(GZ', Gj),
CI‘D(GZ‘ U Gj, Gk) = CI‘D(GZ‘, Gk) + CI‘D(Gj, Gk)

In the paper, some proofs are based on Kleitman’s result on crossing numbers of
complete bipartite graphs. More precisely, he proved that
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The paper is organized as follows. In section 2 we discuss all possible good
drawings of the graph G* + D,, in which, for some vertices t; € V(D,,) of degree
five, no edge incident with t; crosses G*. For such vertices, all possible rotations
of incident edges are summarized and the corresponding cyclic permutations of
five elements are characterized. In Section 3 we determine the smallest necessary
number of crossings among edges of a subgraph isomorphic with K5 7 in a drawing
of G* 4 D, in which no edge of K5 > crosses G*. Table 2 summarizes the minimal
values of necessary crossings among the edges in such K52 depending on the
vertex rotations of both vertices of degree five. In the next section we prove
several lemmas that are used in the proof of the main result. This result, namely
the crossing number of the graph G* 4+ D,,, is presented in Section 5. In Section
6, based on the main result, the crossing numbers of G* + P,, and G* + (), are
given. The paper concludes by giving the crossing numbers of H; + D,,, H; + P,
and H; + C,, for four different graphs H; with |E(H;)| < |V (H;)|.

2. THE GRAPH G* + D,, AND ITS DRAWINGS

Consider the graph G* of order five with one isolated vertex and one vertex of
degree three. Of course, it forces that others three vertices are of degree one. Let
us denote by v; the vertex of degree three in the graph G*. Let vy, vs3, and vy
be the vertices of degree one, and let vs be the isolated vertex in G*. The graph
G* + D,, consists of one copy of the graph G* and n vertices 1, to, ..., t,, where
any vertex t;, ¢ = 1,2,...,n, is adjacent with every vertex of G*. In Figure 1
there are two drawings of the graph G* + D,, with 4 L%J L%J + L%J crossings.
The subgraph K5 ,, is drawn in the same way as in [12] with 4 L@ L%J crossings
and the edge viv3 of G* not belonging to K5, is crossed by 2J edges of Ks .
Hence, cr(G* + Dy,) < 4|2 |22 + | 2].

Let 7", 1 < i < n, denote the subgraph induced by the five edges incident
with the vertex ¢;. Then

G*+D,=G"UK5,=G"U (UTZ) :
=1

Two vertices t; and t; of G* + D,, are antipodal in a drawing of G* + D,, if the
subdrawing of 7% U T has no crossings. A drawing is antipode-free if it has no
antipodal vertices.

In a good drawing D of G* + D, the rotation rotp(t;) of a vertex t; is the
cyclic permutation that records the (cyclic) counter-clockwise order in which the
edges leave t;. We use the notation (12345) if the counter-clockwise order the
edges incident with the vertex t; is t;v1, t;ve, t;vs3, t;vg, and t;vs. We emphasize
that a rotation is a cyclic permutation; that is, (12345), (23451), (34512), (45123),



1166 M. KLESC AND M. STAS

Figure 1. Two drawings of the graph G* + D,,.

and (51234) denote the same rotation. Thus, 5!/5 = 24 different rotp(t;) can
appear in a drawing of the graph G* + D,,; see Table 1.

In the subdrawing of G* induced by D, the rotation rotp(vi) of the vertex
v1 is defined analogously. Since vy is adjacent with only three vertices of G*,
there are only two possible rotations of the vertex v; represented by the cyclic
permutations (234) and (243).

As the complete bipartite graph Ks,, is a subgraph of G* 4 D, let us dis-
cuss some properties of crossings among edges of its subgraph Ks5o. Assume, in
general, D is a good drawing of the graph K,,,, with the vertices t1,t2,...,t, of
degree m. The rotation rotp(t;), i = 1,2,...,n, is defined in the same way as
above, i.e., as the cyclic permutation of m elements. Let K, 2 be the subgraph of
K, n with the vertices t; and ¢; of degree m. Similarly as in the graph G* + D,,,
we can use the symbol crp(T%, T7) for the number of crossings between the edges
incident with ¢; and the edges incident with ;. Woodall [11] proved that if both
vertices ¢; and ¢; have the same rotation in D, then crp(T%,T7) > | 2] 22 ].
It is easy to see that crp(7*,77) = 0 only if rotp(t;) is inverse to rotp(t;).

Let Q(rotp(t;),rotp(t;)) denote the minimum number of interchanges of ad-
jacent elements of rotp(t;) required to produce the inverse cyclic permutation of
rotp(t;) or, equivalently, from rotp(¢;) to the inverse of rotp(¢;). Woodall proved
that

) erp(T%, T9) > Q(rotp(ts), rotp (L))
and that
(3) crp(TH, T7) = Q(rotp(t;), ot p(t;)) (mod 2) if m is odd.

This implies that, in a good drawing D of the graph G* + D,,, crp(T%,T7) = 0
only if rotp(t;) is inverse to rotp(t;) and crp(T%,T7) > 4 if rotp(t;) = rotp(t;).
Moreover, crp(T%,T7) = Q(rotp(t;),rotp(t;)) + 2k for some nonnegative inte-
ger k.
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In a good drawing D of the graph G* + D,,, we separate the subgraphs 7%,
i1 =1,2,...,n, of G* + D,, into two subsets. Let us denote by Ry the set of
subgraphs T%, i € {1,2,...,n}, for which crp(G*,T%) = 0. Every other subgraph
T? crosses G* at least once in D.

t; t;
Vs, Uy D U
(% 1%
(a) (b)

Figure 2. Two subdrawings of F".

For T* € Ry, let F* denote the subgraph G*UT", i € {1,2,...,n}, of G*+ D,
and let D(F?) be its subdrawing induced by D. Our aim is to list all possible
rotations rotp(¢;) which can appear in D if the edges of T* do not cross the edges
of G*. Let us start with the subdrawing of F* induced by the edges incident with
the vertices ve, v3, and v4 shown in Figure 2(a). By symmetry, we may assume
that the rotation rotp(vy) is represented by the cyclic permutation (234) in this
drawing as identical considerations may be applied if rotp(v;) is represented by
(243). The rotation rotp(t;) of the vertex ¢; is (243) in this subdrawing, which
is inverse to rotp(vy). In D(F?), the edge t;v; divides one of three quadrangular
regions of the subdrawing in Figure 2(a). In Figure 2(b) there is the subdrawing
of F* in which the edge t;v; divides the region with the vertices vo and v4 on
its boundary. Hence, rotp(t;) = (1432) in this case. If the edge t;v; divides the
region with the vertices v and w3 or the region with the vertices v3 and v4 on
the boundary, rotp(t;) = (1243) and rotp(t;) = (1324), respectively. Every of
these three subdrawings of F" \ vs produces four drawings of F* depending on
in which region the vertex vy is placed. Thus, to obtain all allowed rotations
rotp(t;) of D(F?), in each of the cyclic permutations (1432), (1243), and (1324)
we simply add the number 5 into all four positions between the numbers 1, 2, 3,
and 4. Hence, there are twelve possible cyclic permutations representing rotp(t;)
for which crp(G*, T%) = 0.

In the rest of the paper, each cyclic permutation will be represented by the
permutation with 1 in the first position. These twelve permutations under our
consideration are denoted by A, and B,., r = 1,2, ..., 6; see the left side of Table 1.
The permutation is of type A or B if the vertex vs is placed in the triangular
or in the quadrangular region in the subdrawing D(F" \ vs), respectively. For
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example, from the drawing in Figure 2(b) one can obtain the configurations A,
As, By, and Bg. Let us divide the permutations A, and B, r = 1,2,...,6, into
subsets

M = {Ay, A3, A5}, MP = {By, B3, Bs},
Mz' = {As, Ay, Ag}, My = {Bs, By, B},
and let

M = M;UM,, where M;=MUMP and M, =M'uMPE.

In a fixed drawing of the graph G* + D,,, some permutations from M may
not occur. For a drawing D of the graph G* 4+ D,,, we denote by Mp the subset
of M containing only permutations which represent rotations of the vertices ¢; for
which crp(G*, T%) = 0. We denote by M{L and M{ij the set of all permutations of
type A that exist in the drawing D belonging to the sets M7 and M, respectively.
Similarly are used notations M1BD and MQBZ) for the sets of permutations of type
B. For a subgraph F* = G* UT", we say that F* has configuration X, denoted
conf(F?) = X, if rotp(t;) = X, for X € {4, B} and r € {1,2,...,6}.

om0 | M | M|
A; ¢ (15432) | A @ (14325) || Ay @ (12345) | Ay : (15234) |
Ag : (15324) | Ay : (13245) || As: (14235) | Ay : (15423) |
As ¢ (15243) | Ag : (12435) || A5 : (13425) | Ag : (15342) |
By : (14532) | By : (13254) || By : (12354) | By : (14523) |
Bs : (13524) | By : (12453) || Bs : (14253) | By : (13542) |
Bs : (12543) | Bg : (14352) || Bs : (13452) | Bg : (12534) |

Table 1. All cyclic permutations of 5 elements.

For each X € {A,B} and r € {1,2,...,6}, let X, denote the inverse per-
mutation to the permutation X,. In the right side of Table 1, all twelve inverse
permutations X, are divided into two sets

and let M = M; U M,. In a similar way as above, we use the notations MlA ,
M, B3, and M, such that My = M, UM, and Mo = M, UM, .

We remark that if T does not cross the edges of G*, then rotp(t;) must
contain the elements 2, 3, and 4 in such a way that the omission of the elements
1 and 5 induces the cyclic sub-permutation (243). Let us define the functions

m :4{2,3,4} — {2,3,4}, with 7 (2)=4, m(3)=2, and m(4) =23,
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and
mo : {2,4} — {2,4}, with m(2) =4, and m(4)=2.

Let II; : M UM — M U M, be the function obtained by applying 7; on the
corresponding elements of the permutations in MUM. Let II5 : M Uﬁ — MUM,
be the function obtained by applying mo. Thus, for X € {4, B, A, B},

IL (X)) = X3, IL(X3)=Xs, ILi(Xs5) =Xy,

II (X2) = Xy, ILi(Xa) =Xe, IL1(Xe) = Xo,

and
Hg(Al :ZQ, II5(Ag) = Zlv I, Z1 = Ay, H?(ZQ) = Ay,
Io(As) = As, 1Ia(Ag) = A3, Ia(A3) = Ag, Ila(4Ag) = As,
Iy ( A = Ay, I(Ag) = 45,

3. NECESSARY CROSSINGS BETWEEN T*% AND TV

If two different subgraphs F* and F7 with configurations from M cross in a draw-
ing of G* + D,,, then only the edges of T% cross the edges of 77. We will
deal with the minimum numbers of crossings between two different subgraphs
F' and F7 depending on their configurations. Let D be a good drawing of the
graph G* + D,,, and let X, Y be configurations from Mp. We shortly denote
by crp(X,Y) the number of crossings in D between T and T for different
T T7 € Ry such that F? FJ have configurations X, Y, respectively. Finally,
let cr(X,Y) = min{crp(X,Y)} over all pairs X and Y from M among all good
drawings of the graph G* + D,,. Our aim is to establish cr(X,Y") for all pairs
X, Y € M, ie., the minimum number of crossings between two different sub-
graphs F* and F7 with configurations X and Y over all good drawing of the
graph G* + D,,.

Let D be any good drawing of the graph G*+ D,,. For some i € {1,2,...,n},
assume that the subdrawing of F' induced by D has configuration A;. This
unique drawing of F* contains four regions. Let us denote these four regions
by w2, w23, w34, and wy, depending on which of vy, v3, and vy are located on
the boundary of the corresponding region. Without loss of generality we may
assume that the unbounded region is w3 4 since our considerations do not rely on
which vertices are on the bounded region; see Figure 3(a). Now, let us count the
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Vs Uy
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Figure 3. The discussed subdrawings of F* and F* U TV.

minimum necessary number of crossings between F' and F7, i # j, depending
on the configuration of F7. For each region, at most three vertices of G* can be
adjacent with the vertex t; of FJ without crossings. Thus, the edges of 77 must
cross the edges of T at least twice.

Let us first list the configurations of FV which can cross F* only twice. As
rotp(t;) = (15432), by (2), the permutation which represents conf(F7) must be
obtained from A; = (12345) by at most two interchanges of adjacent elements.
Since conf(F7) € M and rotp(t;) contains the cyclic sub-permutation (243), the
adjacent elements 2 and 3 or the adjacent elements 3 and 4 must be changed.
Thus, after this step the permutations Ay = (13245) and Ag = (12435) can
be obtained. Hence, Q(rotp(t;),rotp(t;)) = 1 if conf(F7) € {A4, As}. But,
erp(T% T7) # 1 and by (3), cr(Ay, X) > 3 for X € {Ay4, Ag}. In the second step,
the possible changes are 1-3, 1-5, and 4-5 in the permutation (13245) and 1-2,
1-5, and 3-5 in (12435). It is easy to verify that Q(rotp(t;),rotp(t;)) = 2 only
if COIlf(Fj) S {Ag, As, Bo, By, Bﬁ}

Now we show that cr(A;,X) = 2 only for X = By and X = Bg. The
vertex t; must be placed in one of the regions w3 4 and w, with three vertices of
G* adjacent with t; without crossings. Assume that ¢; is placed in the region
w34, ie., t; € wyy. I T J crosses T% only twice, the unique possibility is that
the edge t;vo crosses the edge t;v3 and the edge t;vs crosses the edge t;v4; see
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Figure 3(b). So, rotp(t;) = (13254) and conf(F7) = Bs. If tj € wy, the edge tjvo
must cross the edge t;u1 and the edge t;v3 must cross the edge t;v4. In this case,
rotp(t;) = (14352) and conf(F7) = Bs. We remark that ¢; cannot be placed
in the region ws 3, because the edge t;v5 must cross at least two edges of T in
this case. Thus, cr(A1, Bs) = cr(A1, Bg) = 2 and all other subgraphs F’ with
configurations in M different from By and Bg cross F* at least three times. But,
it implies from (2) and (3) that if Q(rotp(t;),rotp(t;)) =2 and crp(T%,17) # 2,
then crp(T%,T7) > 4. Thus, cr(Ay, A3) > 4, cr(Ay, As) > 4, and cr(Ay, By) > 4.
Clearly, also cr(Ay, A1) > 4 and all subgraphs F7 with configurations As, A4, Ag,
By, Bs, and Bs cross F' at least three times; see the first row in Table 2. We
remark that it is possible to show that also cr(A4;, A4) > 3 and cr(Ay, 4g) > 3,
but we do not need higher values in our proofs.

Assume that conf(F?) = A3. The subdrawing of F* induced by D can be
obtained from the drawing in Figure 3(a) in such a way that the vertices vq, vs,
and vy are replaced by the vertices vy, va, and vs, respectively. Hence, rotp(t;) =
As = (15324) is obtained from A; = (15432) using transformation m;. But, in
this case, m; must be applied on all rotp(t;) with T9 € Ry. Thus, the function IT;
transforms the previous configurations By and Bg with cr(A;, Bs) = cr(A;, Bg) =
2 to By and Bs, respectively. Hence, we have cr(As, By) = cr(As, Bs) = 2.
Similarly, ITy transforms A;, As, As, and By to As, As, A1, and Bg, respectively.
This implies that the number 4 appears four times in the corresponding columns
of the third row in Table 2. In the remaining columns there is the number 3. In
the same way, by transformation 1, the configuration As of F' is obtained from
the drawing which represent the configuration As. Now, using transformation
II1, cr(As, By) = cr(As, Bg) = 2 and cr(As, 4;) > 4 for j = 1,3,5, as well as
cr(As, By) > 4; see the fifth row in Table 2.

Let us focus on the configuration Ay of F?. If the positions of the vertices
v and vy in the drawing of Az in Figure 3(c) are exchanged, the drawing of
Ay is obtained. Hence, A; = (12345) is obtained from Ay = (14325) using
transformation my. It is obvious that cr(X,Y) = cr(X,Y) for all X,Y € M.
This implies that the lower bounds of cr(Aj, X) are known for all X € M. As
II3(A;) = A, applying the function II on the elements of M the lower bounds
of cr(Az, X) for all X € M can be obtained. Concretely, the results cr(As, Bs) =
2 and cr(Ag, B;) = 2 are obtained from cr(4;, By) = 2 and cr(A4y, Bg) = 2,
respectively, using Il2(Bs) = Bs and I3(Bg) = By. Similarly, as IIs transforms
As, As, and By to Ag, Ay, and Bz, respectively, cr(As, Ag) > 4, cr(Ag, Ay) > 4,
and cr(Ag, B3) > 4. Of course, cr(Az, A2) > 4 also applies. For the rest six
configurations in M, the number 3 is obtained; see the second row in Table 2.
Similarly as above, using 111, the second row can be transformed to the fourth row
and the fourth row to the sixth. As cr(X,Y) = cr(Y, X) for X, Y € M, also the
values in the first six columns in Table 2 are known. It is easy to see that, for the
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completeness of Table 2, only the values of cr(B;, B;) for some i € {1,2,3,4,5,6}
and j =1,2,3,4,5,6 are needed.

| [ A [As | As [ As[As [As [ Bi [ By | B | Ba Bs | Bo |

Aq 4 3 4 3 4 3 3 2 3 4 3 2
Ag 3 4 3 4 3 4 2 3 4 3 2 3
As 4 3 4 3 4 3 3 2 3 2 3 4
Ay 3 4 3 4 3 4 2 3 2 3 4 3
As 4 3 4 3 4 3 3 4 3 2 3 2
Ag 3 4 3 4 3 4 4 3 2 3 2 3
By 3 2 3 2 3 4 4 1 2 3 2 3
By 2 3 2 3 4 3 1 4 3 2 3 2
B3 3 4 3 2 3 2 2 3 4 1 2 3
By 4 3 2 3 2 3 3 2 1 4 3 2
Bs 3 2 3 4 3 2 2 3 2 3 4 1
B 2 3 4 3 2 3 3 2 3 2 1 4

Table 2. The necessary numbers of crossings between 7% and 77 for the configurations of
F? and FJ.

Assume that a subdrawing of F’ induced by D has configuration B; =
(14532). This unique subdrawing contains four regions wa, ws, wa 3, and ws 4.
Without loss of generality, let w3 4 be the unbounded region; see Figure 3(d). If
T7 € Ry crosses the edges of T once, then, by (2), Q(rotp(t;),rotp(t;)) = 1 and
rot p(t;) must be obtained from By = (12354) by only one exchange of adjacent
elements. As rotp(t;) must contain the cyclic sub-permutation (243), only the
adjacent elements 2 and 3 are exchanged in By = (12354) and the configuration
By = (13254) with cr(B, B2) = 1 is obtained. Figure 3(e) shows such subdraw-
ing of G*UT'UTY with only one crossing between T% and 7”. Since all four other
interchanges of adjacent elements in By = (12354) produce the cyclic permuta-
tions not containing the cyclic sub-permutation (243), all configurations X € M
with cr(Bi, X) = 2 are these which we can obtain from By = (13254) by only
one exchange of adjacent elements, concretely 1-3, 2-5, 1-4, and 4-5. This forces
that only the configurations Bs = (12543), Bs = (13524), As = (14325), and
A4 = (13245) are these for which the corresponding T7 can cross the edges of 1%
twice. Hence, we add the result cr(By, Bs) = cr(B1, Bs) = 2 to the row corre-
sponding to Bj in Table 2. Since cr(By, By) = 4, only the results for cr(Bi, By)
and cr(Bj, Bg) are unknown. But we know that these values are at least 3 and
that is enough for our proofs. Now, in the same way as above, the values in the
rows Bs and Bs are obtained by successive applying of the transformation IIy
on the rows B; and Bs, respectively. Hence, due to symmetry, in the row By
only the values cr(Ba, By) and cr(Ba, Bg) are unknown. But, since B cannot be
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obtained from By = (12453) or from Bg = (14352) by one exchange of adjacent
elements, it holds that cr(Bg, By) > 2 and cr(Bg, Bg) > 2. This completes the
row Bs. Now, the rows By and Bg can be obtain by successive applying of the
transformation II; on the rows By and By, respectively.

4. SoOME USEFUL LEMMAS

In the proof of Theorem 7, the following lemmas related to some restricted draw-
ings of the graph G* + D,, are needed.

Lemma 1. Let D be a good drawing of the graph G* + Ds. If crp (G*,T1 uT?U
T?) =0, i.e., T, T?, T3 € Ry, then crp(T* UT*UT?) > 6.

Proof. Table 2 shows that cr(T%,77) > 2 for all 4,5 € {1,2,3}, i # 7, except
of the three cases when {conf(F?),conf(F’)} = {B,, By41} for r = 1,3,5. This
implies that if for each i,j € {1,2,3}, i # j, {conf(F*),conf(F?)} # {B,, By11},
r=1,3,5, then cr(T,7?) > 2, cr(T",73) > 2, and cr(72,73) > 2. So, crp(T' U
T? UT3) > 6 in this case.

Otherwise, assume that some pair F*, [V, say F'' and F?, have different con-
figurations from the set { By, Ba}. The subgraphs T1 and T2 cross at least once.
If conf(F3) is one of A1,..., Ag, By, ..., Bg then, by Table 2, cr(T'UT?, T3) > 5.
Thus, crp(T*UT?UT3) > 6. If F! and F? have different configurations from
the set { B3, By} or {Bs, Bg}, the same argument is applied. This completes the
proof. [ |

Lemma 2. Let D be a good, antipode-free drawing of G* + D,,, n > 3, and X €
{A,B}. Let Mf]g and MQ); be non-empty sets of configurations. If T*, T € Ry
such that conf(F') € Mi\ and conf(F7) € Ms: , then crp(T* UTI, T*) > 3 for
any TF, k #1,75.

Proof. By the assumption, crp(T%,T%) > 1 and crp(77,TF) > 1. Hence, we
need to show that there is no 7% with crp(T%, T%) = crp(T7,T*) = 1.

Assume that crp(T%,T%) = crp(T9,T%) = 1. Then, for conf(F?) € Mﬁ)
and conf(FJ) € Mﬁ) , the rotation of the vertex ¢, must be obtained by one

interchange of two adjacent elements from some cyclic permutation in Hf as
well as by one interchange of two adjacent elements from some cyclic permu-
tation in M?. The cyclic permutations in Mf are of type (lxyz5), where
the ordered triple (xyz) is one of (234), (423), and (342). Thus, by one in-
terchange of two adjacent elements only the permutations (15xyz), (lyzbx),
(lyzz5), (lxzy5), and (lzybz) can be obtained. In Table 1 it is easy to ver-

. . —A B .. .
ify that these permutations are elements of M3' UMy UM . Similarly, the cyclic
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permutations in M? are of type (15zyz) and by one interchange of adjacent el-
ements only the permutations (1zyz5), (1z5yz), (15yxz), (15xzy), and (1z5zy)

can be obtained. These permutations are elements of M{' U M; U M, . Since
(MQA U H‘; U M?) N (MlA U Mf U Hf) = (), there is no T* with crp (7%, T*) =
crp(T7,TF) = 1.

If conf(F*) € M1BD and conf(F7) € MQE;, the proof proceeds in the same
way. ]

Corollary 3. Let D be a good, antipode-free drawing of G*+ Dy, n > 3, and X €
{A,B}. Let Mfg and MQ)](3 be non-empty sets of configurations. If T',T7 € Ry
such that conf(F*) € Mf; and conf(F7) € MQ);, then crp(G*UT U TI, TF) > 4
for any T* ¢ Ry.

Lemma 4. Let D be a good and antipode-free drawing of G* + D,, for n > 3.
If T',T9,T% € Ry such that F*,FI, and F* have different configurations from
{Ay, By, Bg}, then crp(G* UT! UTI UTF TV > 5 for any T' ¢ Ry. The same
holds if F*, F7, and F* have different configurations from any of the sets { A3, By,
BQ}, {A5, BG, B4}, {AQ, B5, Bl}, {A4, Bl, Bg}, {AG, Bg, B5}, {Bl, Bg, B5}, and
{Ba, By, B}

Proof. As the drawing D is antipode-free, crp(T%,T') > 1, crp(T9,T%) > 1,
crp(TF, T > 1, and crp(G*, T') > 1. Thus, if crp(G*, T') > 2, we are done.
Otherwise we need to show that there isno 7' ¢ R with crp(T%, T') = crp(T7,TY)
=crp(TF, Th = 1.

Let us solve the first case when three different configurations of F*, F7, and
F* are elements of the set {Ay, By, Bg}. If, in D, the subgraph T* crosses each of
T%, T7, and T* exactly once, then the permutation which represents the rotation
of the vertex ¢; must be obtained by one interchange of adjacent elements from
each of A; = (12345), By = (14523), and Bg = (12534). It is easy to find out
that there is only one such permutation, namely As = (15234). The drawing of
F' with conf(F?) = A; in Figure 3(a) shows that the restrictions crp(G*, T') = 1
and crp(T%, T') = 1 force that the vertex ¢; must be placed in one of the regions
w34 and wy. If ¢ € wy, then the edge t;v2 must cross the edge t;v1 and the edge
tjvg crosses the edge vivy. Thus, rotp(t;) = (13452) = Bs. For the case when
t; € w34, depending on which of the edges t;v4 and vivy is crossed by the edge
tivs, I‘OtD(tl> = (12354) = El or I‘OtD(tl) = (13245) = Ay. This implies that
the edges of T! cross G* U T' at least three times if rotp(t;) = Ay = (15234).
Hence, the proof is done if F? FJ, and F¥ have different configurations from
{Al, BQ, B@}

For the case F', F/, F* € {Aj3, By, Bo}, only the permutation A, = (15423)
can be obtained by one interchange of adjacent elements from each of Az =
(14235), By = (13542), and By = (14523). As A3 = I1;(4;1), the corresponding
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drawing of F with conf(F?) = Aj is possible to obtain from the previous drawing
of F' with conf(F?) = A; shown in Figure 3(a) such that the vertices vg, v3, and
vy are replaced by the vertices vy, v2, and vz, respectively. This implies that
all rotations for which crp(G*,T') = crp(T%,T') = 1 can be obtained from
the permutations By, Bs, and A4 using the function II;. Thus, crp(G*,T') =
CI‘D(Ti,Tl) = 1 only if I‘OtD(tl) € {Eg,gl,AG}. As Z4 = (15423) Qé {§3,§1,A6},
the proof is done for F?, FI, F* ¢ {A3, By, Bo}.

1| A,By,Bs | Ay | B1,B5 A4 |
2. | As,By,By | Ay | B3, Bi,As |
3.| As,Bs,Bs | As | Bs,Bs, Ay |
4. | A9, Bs,B1 | A | Bg, B2, As |
5.| A4,B1,Bs | A3 | By, By A |
6. | A¢.Bs,Bs | As | By, Bs,As |

Table 3. The discussed configurations of F?, F7 and F*, respectively, in the first column;
the unique rotp(¢;) with Q(rotp(t;),rotp(ts)) =1, s =14, j, k, in the second column;
all rotp(t;) with crp(T%, T') = crp(G*,T') = 1 in the third column.

We remark that also Hl(BQ) = B4, Hl(BG) = BQ, and H1 (Zg) = Z4, which
confirms that the second row of Table 3 is obtained from the first using transfor-
mation II;. Now, applying II; on the second row, the permutations in the third
row are obtained, which proves the case for I, F, F* € { A5, Bg, By}.

If F',Fi,F* ¢ {Ay, Bs, B}, only the permutation A; = (12345) can be
obtained by one interchange of adjacent elements from each of Ay = (15234),
Bs = (13452), and By = (12354). As Ay = I3(4;), in a similar way as in the
second paragraph of the proof it can be shown that cr(G*,T') = cr(T%,T') = 1
only if I“OtD(tl) S {Hg(Bl),HQ(B5),H2(Z4)} = {Eﬁ,EQ,AE’,}. Thus, the fourth
row of the Table 3 is obtained by applying the function Ily on the inverse con-
figurations from the first row. Of course, the function II; also transforms the
fourth row to the fifth and the fifth row to the sixth. Thus, all these cases are
equivalent, and the proof is done for the first six cases.

The last two cases are much easier. If F' FJ F* ¢ {B;, B3, Bs}, no per-
mutation can be obtained by one interchange of adjacent elements from each
of By = (12354), B3 = (14253), and Bs = (13452). The same holds when
Fi,Fj,Fk € {BQ,B4,BG}.

So, crp(T*UTIUTk, T') > 4 in all cases and, as T ¢ Ry, crp(G*UT UTI U
T*,T') > 5. This completes the proof. [

Lemma 5. Let D be a good and antipode-free drawing of G* + Dy, n > 3. Let
|Ro| > {g] +1 and let T", T3, T* € Ry be three different subgraphs of G* + D,,. If
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4)  op (G* UT U TI uT’f,Tl) >8 forany T' € Ry\ {Ti,Ti,T’“}
and
(5) crp (G* UT uT’ U Tk,Tl> >5 forany T'¢ Ry,

then there are at least 4 L%J L”T_lj + L%J crossings in D.

Proof. For easier reading, let r = |Rp|. By the assumption of Lemma 5, r >
{%] + 1. As the graph G* + D,, is the union of two edge disjoint graphs Ks,_3
and G* UT? U TJ UT*, the number of crossings in D satisfies

crp(G* + Dy) = crp(Ksp-3) +crp (G UT UTI UTF)
+ crp (K57n_3, G*UT'UTIU Tk) .

By Lemma 1, crp(T? UTY UT*) > 6 and, by the assumption, the subgraph
K5 -3 contains r — 3 > 0 subgraphs T! which are elements of Ry. By (1),
cr(Ksp-3) = 4L = LT‘lJ Thus, using the conditions (4), (5) and the fact
erp(G*UT UT/ UTH) = cerp(TPUT? UT*) > 6, we have

CTD(G*+Dn)Z4_n;3J V;ZLJ +6+8(r—3)+5(n—r)

n—3 n—4 n—3 —4 n
—4 _18>14 (P] 1)—1
{ 5 J{ 5 _+5n+37“ 8 { 5 J{ 5 J—I—5n+3 2 + 8

_qnﬂ “4 +on+3[2] - 15> 4| 2] {";J +|2.

This completes the proof. [ |

Lemma 6. Let D be a good and antipode-free drawing of G* + D,,, n > 3. Let
|Ro| > [%] + 1 and let T", TV € Ry be different subgraphs of G* + Dy. If both
conditions

(6) crp <G*UTiUTj,Tk> >5 forany T" € Ry \ {T",T7}
and
(7) crp <G*UTiUTj,Tk> >4 forany T* ¢ Ry

hold, or the condition
(8) crp (G*UTiUTj,Tk) >6 for any TkeRo\{Ti,Tj}

holds, then there are at least 4 L%J L”T_IJ + L%J crossings in D.
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Proof. We use the notation r = |Ry| again. By the assumption, r > [%1 +1. The
graph G*+D,, is the union of two edge disjoint subgraphs K5, and G*UT"UT”
such that K, o contains 7 — 2 > 1 subgraphs T* with crp(G*,T%) = 0. As
the graph G* + D, contains K33 as a subgraph, cr(G* + Dy) > 1. Hence,
crp(G*UT UTI) > cx(G* + Ds) > 1. By (1), cr(Ksn—2) = 4 | %52| |%52]. This
fact and the conditions (6) and (7) imply that

CI‘D(G>|< + Dn) = CI‘D(K57n_2) + CI‘D(G>|< uT' U Tj) + CI‘(K57n_2, G*uUT'U Tj)

24{”;1 {712_3J+1+5(T—2)+4(n—r):4{n;ﬂ V;?)J 7 +4n—9

o252 253 () +1) wan-s20(2 25 3]

Moreover, the condition (8) and the fact that crp(G* U T U T, T*) > 3 for
any T* ¢ Ry imply that

2 2

:4{”;1 V;?’J 3r+3n1124{";2J V;?’J+3U;1+1>+3n11

=al3) 5]+ 5]

This completes the proof. [ |

ch(G*+Dn)24V2J {"3J +14+6(r—2)+3(n—7)

5. THE CROSSING NUMBER OF G* + D,,

Now we are prepared to prove the main result of the paper.
Theorem 7. Forn > 1, cr(G* + Dy) =4[ 2] [ 25| + | 2].

Proof. In Figure 1 there are two drawings of the graph G*+D,, with 4 L%J L%J +
| 2| crossings. Thus, cr(G* + D,,) < 4| %] L”T_IJ + | %|. We prove the reverse in-
equality by induction on n. The graph G* + D; is planar. The graph G* + D»
contains a subgraph isomorphic to K33. So, Theorem 7 is true for n = 1
and n = 2. Assume that for n > 3 there is a good drawing D of the graph
G* + D,, with fewer than 42| |%1| + | %] crossings and that cr(G* + Dy,) >
4 LmJ Lm—_lj + LmJ for every integer m < n. Our assumption on D, together

Witfl cr(.é:,m) = 42L%J | 251 ], implies that

CI“D(G*) —I-CI"D(G*,KLL;,”) < {gJ .
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Hence, |Ro| > [%] + 1 because at most |%| — 1 subgraphs 7" can cross G*. If
n = 3, this forces that none of T, T2, and T crosses G* in D. But, in such
a case, Lemma 1 implies that D has at least six crossings and Theorem 7 is true.
For n > 4, the drawing D contains at least three subgraphs 7% which are elements
of R(].

Let us show that the considered drawing D must be antipode-free. For
a contradiction suppose that, without loss of generality, crp (T n—1 T”) =0. As
cr(G*+D3) = 1 and the edges of G* cannot cross each other, crp(G*, T~ 1UT™) >
1. By (1), cr(K53) = 4. This implies that any T%, i = 1,2,...,n — 2, crosses
T~ UT™ at least four times. So, using the equations G* + D,, = (G* + D,,_2) U
("~ UT") and G* + Dp—y = G* U (U?:_f T"), the number of crossings in D
satisfies

n—2
crp(G* + Dy) = crp (G* ulJ Ti> +erp(T"HUT™) 4+ erp (G, T UTY)
=1

+erp (U;?;f Ti -1y T")

24{”;1 V;?)J+V;2J+OH+4("2)24[ZJ {”;1J+LZJ

This contradiction confirms that the drawing D is antipode-free.

We know that, in D, at least three subgraphs 7% do not cross G*. For these
T € Ry, we will discuss the existence of possible configurations of F* = G*UT" in
the drawing D. Using the values in Table 2 we show that, in D, both conditions
(4) and (5) of Lemma 5 hold, or both conditions (6) and (7) of Lemma 6 hold,
or the condition (8) of Lemma 6 holds.

Case 1. Mf‘D # () and M{L £ (). If we fix any two T%, TJ € Ry such that
F', FJ have configurations from M{)J, M{}J, respectively, then the condition (6)
holds. This can be easily verified by summing the values in the considered rows
for each column of Table 2. Corollary 3 implies that also the condition (7) is
fulfilled and therefore, by Lemma 6, in D there are at least 4 L%J L"T_IJ + L%J
crossings. This contradicts the assumption of D.

Case 2. ]\Jf3 =0 or Mﬁ) =0.
(a) Mﬁj # () and MQ'; # 0.
We will consider two subcases.

(1) B, € Mﬁ) U ij and By € Mﬁ) U ij for some r € {1,3,5}. If we fix
any two T%, TV € Ry such that F*, FJ have the configurations B, and By,
respectively, then Table 2 confirms that the condition (6) holds.
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(2) B, ¢ M1BD U MQB;J or By ¢ MlBD U MQBD for any r = 1,3,5. Hence, we have
‘Mﬁ)‘ =1or ‘MQ%‘ = 1. If we fix any two T%, T7 € Ry such that F’, FV have
configurations from MlBjD and MQE; , respectively, then the condition (6) holds.
This can be verified in the following way. If M = {Bi}, then Mj cannot
contain By. This forces that, for T% in the condition (6), the configuration of F*
can be only one of Ay, Ao, ..., Ag, B1, By, and Bg. For these columns in Table 2,
the sum of the values in the rows B; and By as well as in the rows By and Bg is at
least five, which implies that the condition (6) holds. The verification for all five
other possibilities, i.e., M = {Bs}, M = {Bs}, My = {Bs}, M3, = {Bi},
and MZB,':, = {Bs}, proceeds in the same way.

The condition (7) follows from Corollary 3 in both cases. Hence, by Lemma 6,
the discussed drawing contradicts the assumption of D again.

(b) M =0 and My = 0. Assume that M;} # 0. Since M3l = 0, we can
fix any two different 7%, TV € Ry such that F*, F7 have the configurations from
Mf}j . It is easy to verify in Table 2 that the condition (8) of Lemma 6 holds.
The same holds also for the case when M{L # (). Hence, in D there are at least

n n—1 n

4 bJ LTJ + bJ crossings again.
(c1) MlBD = () and MQ% £ .
We will discuss three possibilities.

(1) ‘Mﬁ)’ =1.1If Mf‘D U M{}j = (), then we fix any two different 7%, T7 € Ry
such that F' and F7 have the same configuration from MzBD . For T¥ € Ry, the
subgraph F* must have the same configuration as both F* and F7. Thus, the
condition (8) holds.

If either Mf}J # 0, or M{L # (), then we fix any two T, T7 € Ry such that F*
and F7 have configurations from MZB; and M 1‘4D U M{‘D, respectively. For example
if Mf}) # () and MQB; = { By}, then the pair of conf(F*) and conf(F7) can be only
one of By and A,, for r € {1,3,5}. For T* € Ry, the configuration of F* is one of
Ay, A3, As, and Bs. In Table 2 it is easy to verify that the condition (8) holds in
this case. The condition (8) holds also when M$ = {By} or M} = {Bs}. The
verification proceeds in a similar way also for the case when MQA;D # (). Hence, by
Lemma 6, a contradiction with the assumption of the drawing D is obtained in
all these cases.

(2) ‘MQBD‘ = 2. Assume first that Mf}j = (. Let us fix any two T%, T7 € Ry such
that [, F7 have different configurations from M2BD , for example By and By. In
this case, for T* € Ry, also conf(F¥) can be only element of {Ay, Ay, Ag, Bo, B4}
and the condition (8) holds. The same result is obtained when M7} = {Bs, B}
or My} = {By, Bs}.
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If M1 # 0, then M3} = (. Assume first that MJ = {Bs, Bs}.

If A, ¢ Mf}), let us fix any two T%, T9 € Ry such that F* and FV have the
configurations By and Bg, respectively. Then, for T% € Ry, conf(F*) € {As, As,
By, Bg} and the condition (8) holds.

If Ay € M;, then we fix any three 7%, T9, T* € Ry such that F*, FJ, F*
have configurations Ay, Bs, Bg, respectively. Then for any 7° with conf(F') €
{A;, A3, A5, B, Bg} the condition (4) of Lemma 5 holds. Moreover, Lemma 4
implies that also the condition (5) of Lemma 5 holds for any 7' ¢ Ry.

For the cases when MQE; = {Bay, B4} or Mi = {Bu, Bg}, the similar dis-
cussion for A3 and As, respectively, confirms that holds the condition (8) of
Lemma 6, or hold both conditions (4) and (5) of Lemma 5. This also contradicts
the assumption of D.

(3) |M2%\ = 3. If we fix any three T%, T9, T* € Ry such that F*, FJ F* have
the configurations By, By, Bg, respectively, then the condition (4) of Lemma 5
holds. Lemma 4 confirms that also the condition (5) holds.

Thus, in all three cases, the contradiction with the assumption of the drawing
D is obtained.

(c2) MQ% = and M 1BD # (). Due to symmetry of Table 2, the discussion proceeds
in the same way as in the previous case (cl).

Thus, it is shown that there is no good drawing D of the graph of G* + D,

with fewer than 4 L%J L”T_IJ + L%J crossings. This completes the proof. [

6. SOME CONSEQUENCES OF THE MAIN RESULT

Let H be the graph obtained from G* by adding the edges vovs, vsvs and vqvs
and H' be the graph obtained from G* by adding the edges vsvs and vqvs. In
(6] it is shown that cr(H + D,) = cr(H' + D,,) = 4 | 2] [ 252 | + | 2] for n > 1,
cr(H+P,) =cr(H'+P,) =4[ %] | %2 ] +|%]|+1 for n > 2 and that cr(H+C,,) =
cx(H' +Cp) =4 L%J L%‘lj + L%J + 2 for n > 3, where P, and C,, are the path
and the cycle on n vertices, respectively.

Let H; be the graph obtained from G* by adding the edge v3vs, i.e., Hy =
G* U {vsvs}. Similarly, let Hy = G* U {vausz}, H3 = G* U {vavs,v3vs}, and
Hy = G* U{vqus,vqv5}. Clearly, each of H;, i = 1,2,3,4, is a subgraph of H and
therefore each H;+ D,, is a subgraph of H + D,,. Thus, cr(H;+ D,,) < cr(H+ D,,)
for all i = 1,2,3,4. On the other hand, G* + D,, is a subgraph of each H; + D,
and therefore, cr(H; + D,,) > cr(G* + D,,) for each i = 1,2,3,4. So, we have the
next result.

Corollary 8. Forn > 1, cr(H; + D,) =4 L%J L"T_lJ + L%J, 1=1,2,3,4.
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Into both drawings in Figure 1 we can add the edges tito,tats, ..., th—1tn
without additional crossings. Hence, the drawings of the graph G* + P, with
4 L%J L”T_IJ + L%J crossings are obtained. Moreover, by adding the necessary
edges without additional crossings, the drawings of Hy + F,, and H4 4+ P, can
be obtained from Figure 1(a), and the drawings of H; + P, and Hs + P,, can be
obtained from Figure 1(b). So, the next result is obvious.

Corollary 9. For n > 2, ct(G* + P,) = cr(H; + P,) = 4[%] |22 + %],
i=1,2,3,4.

Moreover, the edge t1t, can be added into both drawings of G* + P,, in such a
way that in the drawing obtained from Figure 1(a) the edge t1t,, crosses only the
edge viv4 and in the drawing obtained from Figure 1(b) this edge crosses only the
edge vivg. Thus, the drawings of the graph G* + C,, with 4 L%J L”T_lj + L%J +1
crossings are obtained. It is easy to see that also cr(H; + Cy) < 4[2] |22 +

L%J + 1 for i = 1,2,4 and n > 3. Only in the drawing of Hs + C, othained
from Figure 1(b) the edge tit, crosses the edge vovs of Hz. This implies that
cx(Hy+ Cu) < 4|3) | %51 + 3] + 2

Each of the graphs G*+ C,, and H; +C,,, i = 1,2, 3,4, contains the subgraph
Ds + C,, where Ds consists only of the vertices v1, ve, v3, v4, and vs. For
x = v1,02,...,0s, let T% denote the subgraph of G* + C,, (H; + C},) induced by
n edges incident with the vertex x. In the proof of the last theorem of the paper
we will need the next results published in [8].

Lemma 10 [8]. Let G be a graph of order m, m > 1. In an optimal drawing of
the join product G + Cy,, n > 3, the edges of C,, do not cross each other.

Lemma 11 [8]. Let D be a good drawing of the join product Dy, + Cy, m > 2,
n > 3, in which no edge of Cy is crossed and C,, does not separate the other
vertices of the graph. Then, for all x,y € {vi,va, ..., vn}, two different subgraphs
T and TY cross each other at least L%J L" 1J tzmes in D.

Theorem 12. For n > 3, cr(G*+C’)_cr(H —|—C)_4L%J L%J+L%J+1
fori=1,2.4, and cr(Hs + C,,) = 4| 2] [%52] + | 2] +2.

Proof. 1t follows from the discussion above that cr(G* + Cy,) < 4 [ 2] |22 +

EJ + 1. Assume that there is a good drawing D of the graph G* + C,, with less
than 4 L%J L%‘lj + L%J + 1 crossings. Then none of the edges of C), is crossed
in D, because otherwise removing all the edges of C), results in a good drawing
of the graph G* + D,, with less than 4 L%J L"T_lj + L%J crossings. Hence, the
subdrawing of C, induced by D divides the plane into two regions and, in D,
the vertices vy, v9, v3, and v4 must be placed in one of them. Assume now the
subgraph D4 + C,, of G* 4+ C),, where D4 consists of the vertices vy, ve, v3, and

v4. By Lemma 11, the edges of TV U T2 UT" UT" cross each other at least
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() 13 75*] times. But, for n >3, () [3] [75*] > 4 (3] [%5*] + 3] which
confirms that cr(G* + Cy,) =4 | 2| L L4+ 2]+ 1

We know that cr(H; —I—C’ ) <42 |2+ |%]+1fori=1,2 and 4. As
each H; + C,, contains G* + (), as a subgraph, the opposite inequality applies.
We remark that this opposite inequality applies also for the graph Hs + C,,. To
prove that cr(Hs+Cp) = 4 | 2| | %51 ] + | 2] +2 assume that there is a drawing of
the graph H3+ C,, with 4 L%J VT_IJ + L%J + 1 crossings. Such a drawing must be
optimal and, by Lemma 10, the edges of C;, do not cross each other. Moreover,
at most one edge of C),, can be crossed. If no edge of C,, is crossed, then the whole
graph Hj is placed in the same region in the view of the subdrawing of C,, and,
by Lemma 11, the edges of T"* UT"2 UT"v UTv UTY cross each other at least
(g) L%J L” 1J times. If C), is crossed once, regardless of which edge crosses C,,
at least four subgraphs T%, = € {vy,vs,...,v5}, are placed in the same region
of C,, and their edges cross each other at least (;1) L%J L%‘lj times and in such
a drawing there are at least (;l) L@J L%J + 1 crossings. Thus, in all considered

2

drawings of Hs + C,, there are more than 4 L%J L"T_lj + L%J + 1 crossings and the

proof is done. [ |
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