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Abstract

The conditional h-vertex (h-edge) connectivity of a connected graph H
of minimum degree k > h is the size of a smallest vertex (edge) set F' of H
such that H — F' is a disconnected graph of minimum degree at least h. Let
G be the Cartesian product of r > 1 cycles, each of length at least four and
let h be an integer such that 0 < A < 2r —2. In this paper, we determine the
conditional h-vertex-connectivity and the conditional h-edge-connectivity of
the graph G. We prove that both these connectivities are equal to (2r—h)aj,
where aj, is the number of vertices of a smallest h-regular subgraph of G.
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1. INTRODUCTION

One of the feature of a good interconnection network is its high fault tolerance
capacity. Interconnection network can be modelled into a graph with the help
of which we can study many properties of the network. Connectivity of a mod-
elled graph measures the fault tolerance capacity of the interconnection network.
High fault tolerance capacity of the network plays an important role in practice.
Traditional connectivities have some limitations to measure the fault tolerance
capacity of a network accurately. In order to compute traditional edge connectiv-
ity, one allows failure of all the links incident with the same processor, practically
which is rare. One can overcome this limitation effectively by considering the
conditional connectivity of graphs introduced by Harary [6].

Let G be a connected graph with minimum degree at least £k > 1 and let h
be an integer such that 0 < h < k. A set F' of vertices (edges) of G such that
G — F is disconnected and each component of it has minimum degree at least h
is an h-vertez (edge) cut of G. The conditional h-vertez (edge) connectivity of G,
denoted by x"(G) (\*(@)), is the minimum cardinality |F| of an h-vertex(edge)
cut F of G. Clearly, h = 0 gives the traditional vertex (edge) connectivity.

Many researchers have worked on the problem of determining the conditional
connectivities for various classes of graphs and determined these parameters for
smaller values of h [4, 5, 7, 9]. Exact values of one or both conditional connec-
tivities are known for some classes of graphs. For the n-dimensional hypercube
Q. the conditional connectivities \* and " are same and their common value
is 2"(n — h); see [3, 7]. Li and Xu [10] proved that A" of any n-dimensional
hypercube-like network G, is also 2"(n — h). Ye and Liang [16] established that
kM is also 2" (n— h) for some members of hypercube-like networks such as Crossed
cubes, Locally twisted cubes, Mobius cubes. Independently, Wei and Hsieh [14]
determined " for the Locally twisted cubes. Ning [13] obtained " for the ex-
changed crossed cubes. Both A" and k" are determined for the class of (n, k)-star
graphs by Li et al. [11].

An r-dimensional torus is the Cartesian product of r cycles. The k-ary r-cube,
denoted by fo, is the Cartesian product of 7 cycles each of length k. In particular,
the hypercube Qo is Qﬁ. Hypercubes, k-ary r-cubes and multidimensional tori
are widely used interconnection networks; see [2, 8, 12, 15].

It is easy to see that an r-dimensional torus is a 2r-regular graph with tra-
ditional vertex connectivity and edge connectivity 2r; see [15]. In this paper, we
determine the conditional h-edge-connectivity as well as the conditional h-vertex-
connectivity of the given multidimensional torus.

By Ci we mean a cycle of length k. For integers h,r, k1, ko, ...,k with 0 <
h <2rand 4 <k; <k <--- <k, we define a quantity a; as follows.
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Definition 1.1.

L if 0<h<r,
TN =i hyky ok if h=r4i, 1<i<r

We prove that both the conditional connectivities A\* and k" are equal to
ay(2r — h) for the Cartesian product of cycles Cy,, Ci,, ..., Ck
The following is the main theorem of the paper.

-

Theorem 1.2. Let h,r, ki, ko, ..., k. be integers such that 0 < h < 2r — 2
and 4 < k1 < ko < --- < k, and let G be the Cartesian product of the cycles
Chys Chys - - s Ck,. Then N'(G) = k"(G) = a};(2r — h).

Corollary 1.3. Let h,r, k be integers such that 0 < h < 2r — 2, 4 < k and let
QF be the k-ary r-cube. Then \'M(QF) = kK"(QF) = a%(2r — h), where a} = 2" if
0<h<randa,=2"""k"ifh=r+iand 1 <i<r.

Corollary 1.4 [3, 7]. For integers h and r with 0 < h < 2r — 2, \(Qy,) =
EM(Qar) = 2M(2r — h).

The proof of our main result, Theorem 1.2 is divided into three sections. In
Section 2, we characterize the h-regular subgraph of the graph G with minimum
number of vertices and explore some of its properties. Using these properties
we determine the conditional h-vertex connectivity and the conditional h-edge
connectivity of G in Sections 3 and 4, respectively.

2. SMALLEST h-REGULAR SUBGRAPH

In this section, we define a smallest h-regular subgraph of the Cartesian product
of r cycles and obtain some properties of it. We first introduce some notations.

For a graph K, let V(K) denote the set of all vertices of K. If H is a subgraph
K, then §(K) is the minimum degree of K while 05 (H) is the minimum degree
of H in K. The Cartesian product of two graphs H and K is a graph HOK with
vertex set V(H) x V(K). Two vertices (z,y) and (u,v) are adjacent in HOK if
and only if either x = u and y is adjacent to v in K, or y = v and z is adjacent to
w in H. The hypercube @), is the Cartesian product of n copies of the complete
graph Ko.

We use the following notations about the structure of the multidimensional
torus.

Notation.

Consider the graph G of Theorem 1.2. We have G = C,UCy,0- - - OCY,, where
Ch, is a cycle of length k; for ¢ =1,2,...,k, and 4 < ky < ky <--- < k,. We can
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write G as G = HUCy,, where H = Cy, 0Cy,0---0OCY, . Label by 1,2,...,k,
the vertices of the cycle Cy,. so that i is adjacent to (i+1) (mod k). Hence G can
be obtained by replacing i*" vertex of Cj, by a copy H' of H and replacing edge
joining ¢ and 7 + 1 of C}, by the perfect matching M; between the corresponding
vertices of H? and H**'. Thus G = H* UH2U---UH" U(MyUMyU---UMy,);
see Figure 1.

My,
T T 2
H1 H2 Ht Httl HFr

Figure 1. G = HOC,,.

Henceforth, by G we mean the graph Cy, UCy,0---UCy,, with 4 <k <ky <
-+ < k., that is, the graph of Theorem 1.2.

From the following lemma, it is clear that G is a 2r-regular and 2r-connected
graph on kjks - - -k, vertices.

Lemma 2.1. If G; is an m;-reqular and m;-connected graph on n; vertices for
i =1,2, then G10G2 is an (m1 + me)-regular and (my +msz)-connected graph on
ning vertices.

We now define an h-regular subgraph, denoted by W}, of the graph G.

Definition 2.2. For 4 < k1 <ky < ---<k,and 0 < h <2r, let

"7\ Q00 OC,O---0Ck, ifh=r+i and 1<i<r.

r {Qh ifo<h<r

In the following figure, a 2-regular subgraph W3 and a 3-regular subgraph
I/V32 of the graph C500C%5 are shown by bold lines.

It is known that a smallest h-regular subgraph of the hypercube @Q,, is iso-
morphic to @, (see [1]). We prove the analogous result for the Cartesian product
of cycles. In fact, we establish that W} is a smallest h-regular subgraph of the
above graph G.
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- AES

(a) W3 (b) W3

Figure 2. The subgraph W# and W2 of C5Cs.

The following lemma follows from Lemma 2.1, Definition 1.1 of the number
ay and the fact that the hypercube @, is an n-regular, n-connected graph on 2"
vertices for any integer n > 0.

Lemma 2.3. The graph W} is h-reqular and h-connected with aj vertices.

We need the following lemma that gives relations between different values
of aj,.
Lemma 2.4. Let r > 2 and let a;, be the quantity given in Definition 1.1. Then
the following statements hold.
1. ay =2a; % if 1<h<2r—1;
2. kya; b >al if 2<h <2
3. a7 ' >ar if 0<h<2r—2.

Proof. Recall that a); = 2h if 0 < h < r and ap = kg ki ifh =1+
with 1 <i <7, where 4 < k; <ky <.-- <k,

(1) If 1 < h <7, then a = 2" = 2(2""1) =24} |. For r+ 1 < h < 2r — 1,
we have h = r 4+ ¢ for some 1 < ¢ < r — 1. Hence h — 1 = (r — 1) 4 ¢ gives
aZ:ll = 20=D=if ko ... k;. Therefore 2a2:11 =ajp.

(2) Suppose 2 < h <7+ 1. Then a;L:lQ =22 and aj =2"if h <7 +1 and
ay =2k if h=r+1.Forr+2<h<2r,wehave h—2= (r— 1)+ (i—1) for
some 2 < ¢ < r and so, a;L:lQ = 2""k1ky - - - k;_1. Therefore, kra;;lz > aj in each
case as k, > k; > k1 > 4.

(3) Note that azfl =2"for 1 <h<r—1,and a,rfl =202k, for h=r =
(r —1) + 1, and finally, az_l =271 2k ko - - ik for h = (r — 1)+ (i + 1) for
1 <4 <. Since ki1 > k1 > 4, we have a;;l > aj, in all the three cases. [ ]

Lemma 2.5. Every subgraph of the graph G of minimum degree at least h has
at least aj vertices.
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Proof. The graph G is the product of r cycles. We prove the result by induction
on r. The result holds obviously for ~ = 0 and A = 1 and so it holds for r = 1.
Suppose r > 2 and h > 2. Assume that the result holds for the product of r — 1
cycles. We have G = Cy, UCy,0---OCy,, where 4 < k; < kg < --- < k,. Write
G as G = HOCY,, where H = Cy,,0Cy,0---0OCy, _,. Then G= H'UH?*U--- U
HF U (M, UM,yU- - UMy, ), where H® is the copy of H corresponding to vertex i
of Cy, and M; is the perfect matching between the corresponding vertices of H*
and H™,

Let K be a subgraph of G with §(K) > h. We prove that |[V(K)| > aj.
Clearly, K intersects at least one H®. Let K = K N H' fori = 1,2,..., k.. We
have the following three cases.

(1) Suppose only one K’ is non-empty. Due to symmetry in G, we may
assume K! is non-empty and K7 is empty for every j # 1. Therefore K is a
subgraph of H! and it has minimum degree at least h in H'. Since H'! is 2(r — 1)-
regular, h < 2r — 2. Suppose h = 2r — 2. Then K = H! and so, |[V(K)| =
kikg -« ky—1. If r =2, then |V(K)| = k1 > 4=a3 =a}. If r > 3, then |V(K)| >
dkrkg---ky—o2 = a} as k._1 > 4. If h < 2r — 2, then, by induction and Lemma
2.4(3), we have |V (K)| > a}, " > aj.

(2) Suppose K" is non-empty for all i. Note that in the graph G, every vertex
of H® has exactly one neighbour in H*~! and one in H**!. Hence the minimum
degree of K is at least h—2. By induction, |V (K*)| > a}~}. Therefore, by Lemma
2.4(2),

V()| = |V(E")| + [V(E*)| + -+ [V(E*)| > ka4 > aj,.

(3) Suppose at least two K’ are non-empty and at least one K° is empty.
Hence, we may assume that K' # () but K* = (). Further, we get an integer
1 <t < k, such that K* # () but K'*! = (). Then 6(K7) > h — 1 and so, by
induction, [V/(K7)| > a, 7} for j = 1,¢. Now, by Lemma 2.4(1),

V(K)| > |V(EY| + V(K| > 247} = aj.
This completes the proof. -

The following result is an immediate consequence of Lemmas 2.3 and 2.5.

Corollary 2.6. W} is a smallest subgraph of the graph G of minimum degree at
least h.

We obtain some more properties of the subgraph W} of G to obtain an upper
bound on the conditional connectivity of the graph G.

First, we introduce some notations. Let K be a graph and let Y be a subgraph
of K. A neighbour of Y in K is a vertex in V(K)\V(Y) that is adjacent to
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a vertex of Y. Let N(Y) denote the set of all neighbours of ¥ in K and let
N[Y]=N(Y)uV(Y). Also, for a subgraph H of K, let Ny (Y') be the set of all
neighbours of Y that are present in H and let Ng[Y] = Ng(Y)UV(Y).

The following result is analogous to the result of hypercubes which states
that if K is a subgraph of the hypercube @,, isomorphic to Qy, then every vertex
of @, which is not in K has at most one neighbour in K; see [1].

Lemma 2.7. If 0 < h < 2r—1 and K is a subgraph of G isomorphic to the graph
W}, then every vertex of G belonging to V(G)\ V(K) has at most one neighbour
wn the subgraph K.

Proof. We argue by induction on 7. If r = 1, then G is just a cycle and so
the result holds obviously. Suppose r > 2. Assume that the result holds for the
product of any 7 — 1 cycles. We have G = HOC,. Then G = H' UH?U--- U
HF U (M{UMyU---UMy,), where H' is the copy of H corresponding to vertex i
of Cy, and M; is the perfect matching between the corresponding vertices of H*
and H*!. Since the graph W/ is isomorphic to W,’;:ll UKo, we may assume that
W} is a subgraph of HUK3 by considering W,::ll as a subgraph of H. Hence,
we may assume that K is a subgraph of H? U H? U My, where M, is the perfect
matching between H? and H3.

Let K* = K N H* for i = 2,3. Then K' is isomprphic to W} ~|. Let = be
any vertex of V(G)\ V(K). If z is in V(H?), then, by induction, z has at most
one neighbour in K2. Then z has no neighbour in K3 and so, it has at most
one neighbour in K. Similarly,  has at most one neighbour in K if it belongs to
V(H3). Suppose z is in H7 for some j ¢ {2,3}. Then z has exactly one neighbour
in H7*! and one in H/~! each and no neighbour in H' for any i ¢ {j — 1, + 1}.
This shows that = has at most one neighbour in H? U H? and hence in K as
k, > 4. This completes the proof. |

Lemma 2.8. If0 < h <2r —1 and Y = W}, then any vertez of G which is not
in N[Y] has at most two neighbours in N[Y].

Proof. We proceed by induction on r. The result holds trivially for r =1 as G
is just a cycle in this case. Suppose r > 2. Assume that the result holds for the
product of any r—1 cycles. Write G as HUCY,., where H = Cy,, OCy, 0 ---OCy,_,.
Since the graph W} is isomorphic to W;;:IIDKQ, we may assume that Y = W}
is a subgraph of H? U H® U M. Then Y has neighbours in H' and H*. Let
Y, = W}: N H for i = 2,3. Let 51 = NHl(YQ), Sy = NHQD/QL S3 = NHS[Yg] and
Sy = NH4(Y3). Then N[Y] =S1USyUS3U 8Sy.

Let z € V(G)\ N[Y]. Then z is a vertex of H’ for some j. If j > 4, then x
has at most two neighbours in the set V(H') UV (H?) UV (H3) UV (H*) and so
in its subset N[Y]. Suppose j € {1,2,3,4}. Then h < 2r — 2 as for h = 2r — 1,
we have Y = H? U H3 U My and so, N[Y] = V(HY) UV(H?) UV (H3) UV (H?).
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The subgraph of G induced by the set S; is isomorphic to the graph W,::ll for
i=1,4.If j € {1,4}, then x has at most one neighbour in S; U Sy and at most
one in V(H?)UV (H?) by Lemma 2.7. If j = 2, then, by induction, = has at most
two neighbours in S5 and no neighbour in S; U S5 U S4. Similarly, if j = 3, then
x has at most two neighbours in S3 and no neighbour in S; U Sy U S4. Thus, in
any case, x has at most two neighbours in N[Y]. |

Lemma 2.9. For 0 < h < 2r — 1, the inequality (2r — h + 1)a}, < kikg---k,
holds. Moreover, the inequality is strict if h < 2r — 1.

Proof. Recall that 4 < k; < ko--- < k;, and aj = 2h if h < r and ap =
2= f ko k; if h = r + 4. For convenience, let L = (2r —h+1)aj, and R =
kikg---ky. Then L = 2a; = 4k1kg - k1 < Rfor h = 2r—1. Suppose h < 2r—2.
If h=0o0r h=1,then L <4" < R. Similarly, if 2 < h < r, then L < 2ra} =
2r2h < 2r2r < 4" < R as 2r < 27. Suppose h = r + i with 1 < i < r — 2. Then
L=(r—i+1)2 7 kiky -k < 2= ko - Ky, as 20 < 2V if [ > 1. This shows
thatL§47‘*ik1k2...ki < kiky- -k, = R. [ |

3. CONDITIONAL VERTEX CONNECTIVITY

Recall from Section 2 the graph G = Cy,0Cy,0- - -0OCY%, and its h-regular sub-
graph W} with aj vertices, where 4 < k1 < ky < --- < k.. In this section, we
prove that the conditional h-vertex connectivity "(G) the graph G is (2r — h)a?.
Using Lemmas 2.7, 2.8 and 2.9, it easily follows that "(G) < (2r — h)a},.

Lemma 3.1. If 0 < h < 2r — 2, then k"(G) < (2r — h)aj,.

Proof. We have G = C,,1C,0- - - OCY,.. We simply denote the subgraph W} of
G by Y. Then |V (Y)| = aj,. Since G is 2r-regular and Y is h-regular, every vertex
of Y has 2r — h neighbours in the G — V(Y'). By Lemma 2.7, [N(Y)| = (2r —
)WV (Y)| = (2r — h)ay,. This gives |[N[Y]| = [V(Y)UN(Y)| = [V(Y)|+|N(Y)| =
(2r — h + 1)aj,. Therefore, by Lemma 2.9, |[N[Y]| < kikg---k, = |[V(G)|. Hence
V(G)\ N[Y] is a non-empty set and by Lemma 2.8, every member of this set
has at most two neighbours in N[Y]. Consequently, the minimum degree of the
subgraph of G induced by this set is at least 2r — 2 > h. Already, the minimum
degree of the graph Y is h. Hence the graph G — N(Y) is disconnected and every
component of it has minimum degree at least h. Thus N(Y) is an h-vertex cut
of G. Therefore k"(G) < |N(Y)| = (2r — h)a},. |

To prove the reverse inequality for £"(G), we obtain the following lemma.

Lemma 3.2. If 0 < h <2r—1andY is a subgraph of the graph G with minimum
degree at least h, then |[N[Y]| > a} (2r — h+1).



ON CONDITIONAL CONNECTIVITY OF THE CARTESIAN PRODUCT OF ... 25

Proof. If N[Y] = V(G), then the result follows obviously from Lemma 2.9.
Suppose N[Y| # V(G). We prove the result by induction on r. Since G is 2r-
regular, all 2r neighbours of any vertex of Y belong to the set N[Y]. Hence
IN[Y]| > 2r 4+ 1. Therefore the result holds for h = 0. Also, the result trivially
follows for r = 1 and h = 1 as in this case G is a cycle of length ky > 4, Y is a
path on at least two vertices and a} = 2.

Suppose r > 2 and h > 1. Assume that the result holds for a graph that is
the product of » — 1 cycles. Let G = Cy,0C,0---0CY%,. Then G = HOCY,,
where H = C3,0C,0---0Cy, . Then G contains k, vertex-disjoint copies
H' H?,... H* of H. Then every vertex of H* has one neighbour in H*~! and
H™1 where the addition and subtraction in the superscript is carried out mod-
ulo k.. Let Y be a subgraph of G with §(Y) > h and N[Y]| # V(G). Then Y
intersects at least one copy of H:. Let Y; =Y N H' fori =1,2,...,k,.

Case 1. 'Y; # ) for only one value of i. Without loss of generality we may
assume that only Y] is non-empty. Then Y = Y] is contained in the graph H!.
Since H! is (2r — 2)-regular, h < 2r — 2. Also, the minimum degree of Y in
H' is at least h. Hence, by Lemma 2.5, Y has at least a';;_l vertices. We have
N[Y] = N [Y]U Ny, (Y) U N2 (Y). If b = 2r — 2, then Y = H! and so,
N[Y]=V(HY)) UV (H?) UV(H"). Therefore

IN[Y]| > 3|V (H")| = 3kika -+ kp1 > 12k1k - ky—o = (2r — h + 1)aj,.

Suppose 0 < h < 2r —3 = 2(r — 1) — 1. Then, by induction, [Ny [Y]| > a} ' (2r —
h—1). As [Nyk, (V)| = [Ng2(Y)| = [V(Y)| > a}, ', by Lemma 2.4(3) we have

IN[Y]| > a, ' (2r —h—1)+2a, ' = (2r —h+1)a; ' > (2r — h + 1)aj,.

Case 2. Y; # 0 for all i = 1,2,...,k,. In this case, N[Y] O Ny [Vi] U
Np2[Ya] U -+ U Ny, [V, ]. If h = 1, then 05:(Y;) > 0 and so, by induction,
|Nyi[Vi]| > af ' (2(r — 1) =0+ 1) = 2r — 1 implying

INIY]| > |Ngi V]| + [Ng2 [Ya]| + - - 4 [Nk [V, ]
> ke(2r—1) > 8 —4>4r > af(2r) =a;(2r — h+1).

Suppose h > 2. Then 6:(Y;) > h —2 > 0 and so, by induction, |Ng:[Y;]| >
a, 5(2r — h + 1) for all i. Therefore, by Lemma 2.4(2),

INIY]|

Y

kral 5(2r —h+1) > a}(2r — h +1).

V

Case 3. Y; # () for more than one but not all values of i. Without loss of
generality, we may assume that Y] is non-empty but Y is empty. Let ¢ be
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the largest integer such that Y; is non-empty. Then 1 < t < k;,; see Figure 3.
Suppose that h = 2r — 1. Then Y; = H! and Y; = H'. Hence N[Y] D V(H') U
V(H?)UV(H) U V(HTY U V(H*). Since k, > 4,t # 2 or t + 1 # k, and
|[V(HY| = |V(H")| for all i > 1. By Lemma 2.9,

Y, : Y, : Y;
ol H2 It JZiaR! Hkr

Figure 3. The graph G with Y; =0 for t < j < k,.

Suppose that 0 < h < 2r — 2. The graph Y; has |V (Y;)| neighbours in H*~!
and H*! for i = 1,t. Therefore [N[Y]| > | Ny [Y1]|+ | Nge [Ye]| + |V (Y1) |+ |V (Y2)].
If i € {1,t}, then 05:(Y;) > h — 1 and so, by induction, |Ng:[Y;]| > a} 1 (2r — h).
Also, by Lemma 2.5, |V (Y;)| > az:ll. Hence, by Lemma 2.4(1), we have

IN[Y]| > 2a} "} (2r — h) + 24} "} = a},(2r — h) + a} = a} (2r — h + 1).
Thus |[N[Y]| > a}(2r — h + 1) in each case. This completes the proof. |

Proposition 3.3. If 0 < h < 2r — 2 and S is an h-vertex cut of the graph G,
then |S| > aj (2r — h).

Proof. We argue by induction on r. Suppose h = 0. Then S is a traditional
vertex cut of G. Therefore |S| > 2r = a(2r — 0) as G is 2r-connected by Lemma
2.1. Hence the result holds for h = 0 and so for r = 1. Suppose r > 2 and
h > 1. Assume that the result is true for the Cartesian product of r — 1 cycles,
each of length at least 4. Let G = Cy,UCy,00- - -0OCY%,. Then G = HUOCY,, where
H = Cy,0C,0---0OCk,_,. Then G is obtained by replacing i** vertex of Cy, by
the copy H' of H and replacing each edge Cy, by the matching between the two
copies of H' corresponding to the end vertices of that edge.
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As S is an h-vertex cut of G, the graph G — S is disconnected and each
component of it has minimum degree h. Let Y be a subgraph of G — S consisting
of at least one but not all components of G — S and let Z be the subgraph
consisting of the remaining components. Thus G — S = Y U Z and further,
0(Y) > h and 6(Z) > h. As S is a cut, N(Y) C S and N(Z) C S and so,
|S| > |N(Y)| and |S| > |N(Z)|. Note that Y and Z each intersects H' for at
least one i. Let S; = SNV (H"), Y; = YNV (H') and Z; = ZNV(H"). Depending
upon the nature of Y and Z, the proof is divided into several cases.

Case 1. Suppose Y; # () for only one i. Without loss of generality, we may
assume that only Y] is non-empty. Then Y = Y; is contained in H'. Therefore
S (Y) > h—1. As H' is (2r — 2)-regular, 0 < h < 2r — 2. If h = 2r — 2, then
Y = HY, N(Y) = V(H*)UV(H?) and therefore,

1512 IN(Y)| = [V (E*)| + |V ()| = 21k ks ok
Z 8](51]{22 s k‘r,Q == CLZ(Q’I“ — h)

Suppose 0 < h < 2r —3 =2(r — 1) — 1. The graph Y has |V (Y)| neighbours
in each of H* and H?. Therefore |N(Y)| = |[Nypn(Y)| + [V(Y)| + [V(Y)| =
|INg1[Y]] 4+ [V(Y)]. By Lemmas 2.4(3), 2.5 and 3.2,

S| > |IN(Y)| > a2_1(2r —h—-1) —i—af;l = az_l(Zr —h) > ay(2r — h).

Case 2. Suppose Y; # () for more than one but not all values of 7. Without loss
of generality, we may assume that Y; is non-empty but Y}, is empty. Suppose
there is an integer ¢ with 1 < ¢t < k, such that Y; is non-empty. Note that
31 (Y1) > h—1. Further, the set Sk, contains all |V (Y7)| neighbours of Y7 present
in H* and S; contains the set N1 (Y1) of neighbours of Y7 in H'. Therefore, by
Lemma 3.2,

S1U Sk, | > [N (V)] + [V(Y)] = [Nen V]| > (2r = h)aj 7).

Suppose Y; is empty for more than one values of <. Suppose Y}, 1 is empty. Then
we can choose t so that Y1 is empty. Then 04:(Y;) > h — 1. The set S contains
|Ng1(Y1)| neighbours of Y; present in H' and the |V (Y;)| neighbours of Y; that
are present in H'*!. Thus, by Lemmas 2.4(1) and 3.2,

S| 2 [S1U S, | + [N (V)| + [V(YD)| = (2r — h)aj~y + [Ny [Yi]|
>2(2r — h)LLZjl > ay(2r — h).

Similarly, if Y, _; is non-empty, then we can choose ¢ so that Y;_; is empty and

so, in this case S contains Nyt (Y;) and N1 (Y;) implying [S| > aj,(2r — h).
Suppose Y; is non-empty for all 1 < ¢ < k, — 1. Here we calculate |S;| by

using Lemma 3.2 or induction. To use induction, we need to consider the nature
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of the graph Z also. If Z; # () for only one value of i, then result follows from
Case 1. Suppose Z; # ) for more than one values of i. If Z; = () for at least two
values of 4, then the result follows from the above paragraph by replacing Y with
Z. It remains to consider the two subcases depending on whether Z; is empty for
exactly one value of ¢ or no value of i.

Subcase 1. Z; = () for exactly one value of i. We have two subcases depending
oni=kori<k,.

(i) Suppose Z, is empty. Then Z; is non-empty like Y; for 1 < j < ky;
Figure 4(a). Suppose h = 1. Then d:(Y;) > 0 and 6:(Z;) > 0 for all i. Hence
|S1USk,.| > (2r —1)aj ' = (2r — 1) and by induction, |S;| > (2(r —1) —0)af ' =
2r — 2 forie€{2,3,...,k — 1}. Therefore, as S = S1 USyU---U S}, we have

kr—1 kr—1
1S = (IS1U Sk, )+ D18 = @2r — 1)+ ) (2r —2)
=2 1=2

= (2r — 1)+ (2r — 2)(k, — 2) > 2(2r — 1) = (2r — h)a}.

Suppose h > 2. Since Yy, and Zj. are empty, dgu.—1(Yk,.—1) > h—1 > h —2
and Syu,-1(Zg,—1) > h—1 > h —2. Thus S _1 is an (h — 2)-cut in H* 1,
For i € {2,3,...,k. — 2}, as both Y; and Z; are non-empty subgraphs of H’ of
minimum degree at least h — 2, S; is an (h — 2)-cut in H*. Hence, by induction,
S| > (2r — h)a} "4 for i € {2,3,...,k, — 1}. Therefore

kr—1 kr—1
[S] = (1$10 8k, [) + D 1S > (2r = h)aj 7y + > (2r = h)ay 7
=2 1=2
= (2r — h)a; 3 + (k, — 2)(2r — h)a} %
kr _
> (2r — h)a)} + ?az_é(% —h) (since k, > 4)
1
> (2r — h)a, L + éaZ(Qr —h) (by Lemma 2.4(2))
= (2r — h)a; "} + a1 (2r — h) (by Lemma 2.4(1))
= 2a2:11(2r —h)
= a;(2r —h) (by Lemma 2.4(1)).

(ii) Suppose Zy, is non-empty. Then Z; is empty for some [ with 1 <[ < k,
and Z; is non-empty for every j # [; see Figure 4(b). Then the minimum degree
of Z;,1 is at least h — 1 in H'*!. Also, the neighbours of Z;,; present in H’ are
contained in S; for i = 1,1+ 1. Hence |S; U Sj11| > |[Ngis1[Zp41]| > o} -1 (2r — h)
by Lemma 3.2. Thus, if [ ¢ {1, k, — 1}, then

S| > [S1 U Sk, | + [S1U Siq1| > 24}, (2r — h) = aj,(2r — h).
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H! H?2 Ht Hitl Hkr Hl H2 H! Hi+1 Hkr
(a) Zy, = 0. (b) Z; = 0 for some | < k.

Figure 4. The graph G with Y3, = (.
Suppose [ = 1. Then by using similar arguments, we see that S; U .Sy D
NH2<Z2) U N <Z2) and Skr U SkT,1 D) NHkr—l(Ykrfl) U Ny, (Ykal). Hence

S| > |S1U Sa| + [Sk,—1 U Sk, | > 2a},}(2r — h) = a},(2r — h).

Similarly, for [ =k, — 1
|S| > |S1 U Sk, | + ‘Sk —o U Sy, _1‘ > QCLT 1(27“— h) = ap(2r — h).

Subcase 2. Suppose that Z; 75 0 for i = 1,2,...,k,. Then |S; U S, | >
a1 (2r —h) and |S;| > (2r — h)a} "3 for i € {2,3,...,k_1}. As in Subcase 1(i),
we have |S| > aj}, (2r — h).

Case 3. Suppose Y; # 0 for i = 1,2,..., k.. If Z does not intersect H* for
some 7, then the result follows by replacing Y by Z in Case 1 and Case 2. Suppose
that Z intersects H® for all i = 1,2,..., k.. If h = 1, then the minimum degree
of Y; and Z; is at least 0 and so, by induction, |S;| > aj~*(2(r — 1) — 0) = 2r — 2,
also as r > 2 implies

kr ke

DOISI =D (2r—2) =k (2r —2) > 4(2r - 2)

i=1 i=1
=8(r—1)>2(2r—1)=aj(2r—1).

5]

Suppose h > 2. The minimum degree of Y; and Z; is at least h—2 > 0. This shows
that S; is an (h — 2)-vertex cut of the graph H* for i = 1,2,..., k.. Therefore, by
induction and by Lemma 2.4(2), we have

|S| = Z\S! >Zar 5(2r — h) = kea,_5(2r — h) > aj,(2r — h).

Thus [S| > a},(2r — h) in all the above cases. This completes the proof. |
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Corollary 3.4. For the graph G of Theorem 1.2, k"(G) = ap (2r — h).

)
Proof. By Lemma 3.1, x"(G) < a}(2r — h). Since k"(G) is the cardinality of
a smallest h-vertex cut of G, by Proposition 3.3, x"(G) > a}(2r — h). Hence
KMG) = ay (2r — h). |

4. CONDITIONAL EDGE CONNECTIVITY

In this section, we prove that the conditional edge connectivity A\*(G) of the
graph G of Theorem 1.2 is same as its conditional vertex connectivity x"(G).

Recall that G' = C, 0C,0---0C, with 4 < ky < ky <--- < k, and W} is
an h-regular subgraph of G with a, vertices. We get an upper bound for A\*(G)
from the set of edges of G' each of which has exactly one end vertex in W} . For
such edge sets we introduce the following notation. For a subgraph K of a graph
H, let

Epy(K)={zy:z € V(K) and ye V(H)\V(K)}.

Lemma 4.1. For 0 < h <2r — 1, \"(G) < (2r — h)aj.

Proof. Let K = W} . Then K is h-regular and G is 2r-regular. Hence |Eq(K)| =
(2r —h)|V(K)| and G — E¢(K) is disconnected with K as one of its components.
By Lemma 2.7, the minimum degree of every component of G — Eqg(K) other
than K is at least 2r — 1 > h. Therefore Eg(K) contains an h-edge cut of G.
This shows that \*(G) < |Eg(K)| = (2r — h)al,. |

Lemma 4.2. For a subgraph Y of G of minimum degree at least h, |V(Y)| +
|Eq(Y)| > a},(2r —h+1).

Proof. If Y spans G, then |V(Y)| = kika-- -k, > aj, (2r — h+ 1) by Lemma 2.9.
Suppose Y is not a spanning subgraph of G. Since for every x in N(Y") there is a
vertex y of Y adjacent to = so that the edge xy belongs to the edge set Eg(Y).
This implies that |Eq(Y)| > |[N(Y)|. Hence, by Lemma 3.2, |V(Y)| + |Eg(Y)| >
INY]| > ap(2r — h +1). n

Using this lemma we now obtain the reverse inequality for A\*(G).
Proposition 4.3. Let F' be an h-edge cut of the graph G. Then |F'| > aj, (2r —h).

Proof. Since the graph G is 2r-regular, 0 < h < 2r. The result holds obviously
for h = 2r. Suppose h = 0. Then F is a set of edges G such that G — F is
a disconnected graph. It follows from Lemma 2.1 that G is 2r-edge connected
and so, |F| > 2r = a{(2r — 0). Thus the result holds for h = 0 also. Suppose
1 < h < 2r—1. We prove the result by induction on r. The result follows trivially
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for 7 = 1. Suppose r > 2. Assume that the result holds for the product of r — 1
cycles. Let I’ be an h-edge cut of G. Then G — F' is disconnected and every
component of it has minimum degree at least h.

Let Y be a subgraph of G— F' consisting of at least one but not all components
of G—F and let Z be the subgraph consisting of the remaining components. Then
Y and Z are vertex disjoint subgraphs of G — F' of minimum degree at least h
and their union is G — F. Note that F' contains both edge sets Eq(Y') and Eq(Z).
Hence |F| > |Eq(Y)| and |F| > |Eq(Z)].

Write G as HUOCY,,, where H = Cy,00C,0 - - -OCY, ;. Then G is obtained by
replacing vertex i of the cycle Cy, by a copy H® of H and replacing the edge joining
i and ¢ + 1 (mod k,) by the perfect matching M; between the corresponding
vertices of H' and H*+! (mod kr) Then Y intersects at least one H*. Similarly, Z
intersects at least one H*. Let Y; =Y NH'and Z; = ZNH' fori=1,2,...,k,.

For a subgraph K of G, let M;(K) be the set of all edges in the matching M;
each having exactly one end vertex in K.

Case 1. Suppose Y; # ) for only one value of 7. Without loss of generality,
we may assume that Y; is non-empty for only ¢ = 1. Then Y is contained in the
graph H' and 61 (Y) > h. Since H' is (2r — 2)-regular, h < 2r —2. If h = 2r — 2,
then Y = H! and so, |Eg(Y)| = |Mi| + |My,| = 2|V(HY)| = 2kikg -+ kp—1. As
4 < k,_1, we have

ay(2r —h) = 2a72(2" " Dkyky - - - kp_g) = 2(dkiky - - - kyg)
< 2kiky - kp—2ke—1 = |Eq(Y)| < |F|.
Suppose h < 2r — 2. Then Eq(Y) D Epn (V) U M(Y)U My, (Y). As |[M1(Y)| =
| My, (Y)| = |V(Y)]|, by Lemmas 2.4(3), 2.5 and 4.2, we have
Ec(Y)| 2 (|Em (V)] + VOOI) + V)| 2 a7 @2 —h - 1)+ a} !
= a2_1(2r —h) > ay(2r —h).

Case 2. Suppose Y; # () for more than one but not all values of 7. Without
loss of generality, we may assume that Y7 is non-empty but Yj, is empty. Let
t be the largest integer such that Y; is non-empty. Then 1 < ¢t < k.. The
minimum degree of Y; in H® is at least h — 1 for i = 1,t. The graph Y7 has
|V (Y1)| neighbours in H*" and Y; has |V (Y;)| neighbours in H**!. Hence Eg(Y) D
Empi (Y1) U Ege(Yy) U My, (Y1) U Mt(Y})

Suppose h = 2r — 1. Then Y; = HY for j = 1,¢ giving My, (Y1) = My, (H') =
My, and My(Y;) = My(H®) = M;. Hence

ap(2r — h) = ay = 2kiky - ky—1 = |[V(HY)| + |V (HY)|
= My, | + |My| < |Eg(Y)| < |F].



32 J.B. SARAF, Y.M. BORSE AND G. MUNDHE

Suppose h < 2r — 2. Then h — 1 < 2r — 3 and so, by Lemmas 4.2 and 2.4(1),

|F| > Ec(Y)| = (|[Em(Y)| + [V)]) + (| Bae(Yo)| + [V(Y2)])
> 2a, "1 (2r — h) = (2r — h)aj.
Case 3. Suppose Y; # ) for all © = 1,2,...,k.. If the graph Z does not
intersect H* for some i, then the result follows easily by replacing Y by Z in Case

1 and Case 2. Suppose Z intersects H' for all i = 1,2,...,k,. Suppose h = 1. As
r>2,6(Y;) >0 and §(Z;) > 0, by induction, we have

ky ky
Ec(YV)| =Y 1Eg(Y)] =D (2r —2) > ke(2r — 2)
1=1 i=1
>4(2r —2)=8(r—1) >2(2r—1) =aj(2r — 1).

Suppose h > 2. The minimum degree of Y; and Z; is at least h — 2 > 0. Therefore
the edge set Ey:(Y;) is an (h — 2)-edge cut of H'. By induction, |E:(Y;)| >
a, 5(2r —h) for i =1,2,...,k,. By Lemma 2.4(2),

kr ker
|F| > [Ec(Y)| =Y |Em(Yi)| =Y aj"4(2r —h)
i=1 i=1
> kea, 5(2r — h) > aj,(2r — h).
This completes the proof. [
Corollary 4.4. For the graph G of Theorem 1.2, \*(G) = a} (2r — h) = "(G).

Proof. By Proposition 4.3, \*(G) > a}(2r — h) and by Lemma 4.1, \*(G) <
ay (2r — h). Hence \*(G) = a}(2r — h) = (@) by Corollary 3.4. |

This completes the proof of Theorem 1.2.

It is worth mentioning that the edge connectivity part of Theorem 1.2 proves
that the following conjecture of Xu [7] holds for the classes of multidimensional
tori and k-ary r-cubes.

Conjecture 4.5. Let k,h be two non-negative integers and G be a connected
graph with minimum degree at least k and ap(G) be the minimum cardinality
of a vertex set of an h-regular subgraph of G. If N'(G) exists, then \'(G) <
an(G)(k — h).

Concluding Remarks.

We determine the conditional h-vertex connectivity and the conditional h-edge
connectivity of a multidimensional torus G which is the Cartesian product of r
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cycles each of length at least four, for all possible values of h. We first characterize
the h-regular subgraph of G with minimum number of vertices and then establish
that both these conditional connectivities of G are equal to (2r — h) times the
number of vertices of this subgraph.
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