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Abstract

The domination gap of a graph G is defined as the difference between
the maximum and minimum cardinalities of a minimal dominating set in
G. The term well-dominated graphs referring to the graphs with domination
gap zero, was first introduced by Finbow et al. [Well-dominated graphs: A
collection of well-covered ones, Ars Combin. 25 (1988) 5-10]. In this paper,
we focus on the graphs with domination gap one which we term almost well-
dominated graphs. While the results by Finbow et al. have implications for
almost well-dominated graphs with girth at least 8, we extend these results
to (Cs,Cy, Cs, Cr)-free almost well-dominated graphs by giving a complete
structural characterization for such graphs.
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1. INTRODUCTION

A dominating set in a graph G = (V| FE) is a set S such that every vertex of
G is either in S or adjacent to a vertex in S. A dominating set is minimal if
no proper subset of it is a dominating set. While the cardinality of a minimum
dominating set is referred to as the domination number of G and denoted by
(@), the maximum cardinality of a minimal dominating set is called the upper
domination number of G and denoted by I'(G). The domination gap of a graph
G, denoted by p4(G), is defined as the difference I'(G) — v(G).

A graph G is called well-dominated if pq(G) = 0. Finbow et al. [3] introduced
the concept of well-dominated graphs and further provided two characterization
results: one for well-dominated graphs of girth at least five and the other for
well-dominated bipartite graphs. Well-dominated graphs were further studied
in [8].

Note that well-dominated graphs are a subclass of well-covered graphs, which
are the graphs whose maximal independent sets have the same size. Thus,
most of the research works on well-coveredness and its variants in the literature
have also implications for well-dominated graphs. In this sense, Topp and Volk-
mann [11] provided characterizations for both well-covered and well-dominated
block graphs and unicyclic graphs. Further characterization results on special
subclasses of well-dominated graphs include locally well-dominated graphs and lo-
cally independent well-dominated graphs [12], 3-connected, planar, and claw-free
well-dominated graphs [9], and 4-connected, 4-regular, claw-free well-dominated
graphs [7]. Building upon the result of Finbow et al. [5] on well-covered graphs
containing neither 4-cycles nor 5-cycles, Levit and Tankus [10] showed that for
graphs without cycles of length 4 and 5, the family of well-dominated and well-
covered graphs overlap; i.e., a graph without 4- and 5-cycles is well-dominated if
and only if it is well-covered.

We say that a graph G is almost well-dominated (AWD) if ug(G) = 1. With
this definition, almost well-dominated graphs fall into the class of Dy graphs
defined by Dunbar et al. [1]. The class D,, consists of graphs which have minimal
dominating sets of exactly n different sizes. With this notation, D5 is the class of
graphs having minimal dominating sets of exactly two distinct sizes. Dunbar et al.
[1] characterized trees and split graphs in Dy and further gave a characterization
for a subclass of bipartite graphs in Do having a vertex adjacent to more than
one leaf.

Similarly, Finbow et al. [6] denoted the graphs having exactly n distinct
sizes of maximal independent sets by M,. They investigated the graphs in the
class Ms and provided a characterization for the graphs of girth at least 8 in
this class. These results have implications for almost well-dominated graphs
with girth at least 8, since AW D C M, when restricted to girth at least 8.
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Ekim et al. [2] dealt with a subclass of My which they call almost well-covered
graphs. Almost well-covered graphs have maximal independent sets with two
distinct sizes where the difference between these two sizes is one. Ekim et al.
[2] provided a characterization for a subclass of almost well-covered graphs with
girth at least 6 and further gave a polynomial-time algorithm for the recognition
of (C3,Cy, Cs, Cy)-free almost well-covered graphs. Furthermore, they raised the
characterization of almost well-covered graphs with girth at least 6 as an open
problem [2].

In this paper, we study almost well-dominated graphs with restricted girth.
Note that the work by Finbow et al. [6] implies results for almost well-dominated
graphs with girth at least 8. We improve these results by providing a com-
plete structural characterization for (Cs, Cy, Cs, Cr)-free almost well-dominated
graphs. Moreover, by characterization of (Cs, Cy, Cs, C7)-free almost well-domi-
nated graphs, we partially answer the open question posed in [2], since almost
well-dominated graphs are a subclass of almost well-covered graphs when re-
stricted to girth at least 6.

In Section 2, after giving some graph-theoretic terms and definitions, we
provide some results for the general case of almost well-dominated graphs. Then
we proceed with our results for almost well-dominated graphs with restricted girth
and present our characterization of (Cs, Cy, Cs, C7)-free almost well-dominated
graphs in Sections 3 and 4.

2. PRELIMINARIES

A graph G is an ordered pair (V(G), E(G)), where V(G) is the set of vertices
and E(QG) is the set of edges each connecting a pair of vertices. Throughout
this paper, G is a simple graph, that is, a finite, undirected, and loopless graph
without multiple edges. The set of all vertices that are adjacent to a vertex v is
called the neighborhood of v, and is denoted by N(v). The closed neighborhood
of vertex v is denoted by N[v], which is the set N(v) U {v}. The length of a
shortest cycle in G is called the girth of G.

By 0(G) (respectively, A(G)), we denote the minimum (respectively, mazi-
mum) degree of G, that is, the degree of the vertex with the smallest (respectively,
greatest) degree in G. While a vertex of degree zero in G is referred to as an iso-
lated vertex of G, a vertex of degree one in G is a leaf of G and a vertex adjacent
to at least one leaf is called a stem. Further, we denote by L the set of leaves
in a graph G.

A subgraph of a graph G is a graph H such that V(H) C V(G) and E(H) C
E(G). Furthermore, a subgraph of G induced by a set S C V(G), denoted by
G[S], is a graph formed from the vertices of S and all edges connecting the pairs
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of vertices in S. We denote by P,, C,, and K,, a path, a cycle, and a complete
graph on n vertices, respectively. We say a vertex is of type-k if it is adjacent
to k leaves, where k > 0. Moreover, a graph G is said to be in the family P if
every vertex of G is either a leaf or a vertex of type-1. A vertex v € V(G) is an
internal vertex if it is not a leaf of G.

A set I of vertices in a graph G is an independent set if no two vertices in
I are adjacent. An independent set which is not properly contained in another
one is called a maximal independent set. The maximum size of an independent
set in a graph G is called the independence number of G, denoted by «(G) and
the minimum cardinality of a maximal independent set in G is denoted by i(G).
The following inequalities (domination chain) relate the aforementioned graph
parameters. For any graph G, we have

1(G) <i(G) < a(G) <T(G).

A graph is well-covered if all its maximal independent sets have the same
cardinality, i.e., i(G) = a(G). It can easily be seen that every well-dominated
graph is well-covered, since the equality v(G) = I'(G) implies that i(G) = o(G).
Furthermore, we say that a graph G is almost well-dominated if pq(G) = 1.

In this section, we provide some results for the general case of almost well-
dominated graphs and we then proceed with our results for almost well-dominated
graphs with restricted girth in Sections 3 and 4. From now on, we restrict our
attention to connected graphs due to Proposition 1.

Proposition 1. A graph is almost well-dominated if and only if all its compo-
nents are well-dominated, except one, which is almost well-dominated.

Proof. Let G be an almost well-dominated graph and let Hy, Ho, ..., Hi be the
components of G. By the definition of 14(G), we have uy(G) = Zszl pa(Hy).
Since G is almost well-dominated, then py(G) = 1. Thus, the domination gap is
one for only one of the components and it is zero for all the other components.
The converse is easy to verify. |

Lemma 2 determines the types of vertices that can exist in a graph with
domination gap k.

Lemma 2. If puq(G) = k for any k > 0, then every internal vertez of G is
adjacent to at most k + 1 leaves.

Proof. Suppose to the contrary that there exists an internal vertex x with p >
k + 2 leaves li,la,...,l,. Since the leaves of x are private neighbors of it, then
there exists a minimal dominating set D including z. Consider the set D' =
D —{z} U{l1,ls,...,l,}. Then, there exists a minimal dominating set D” in G
with |D”| > |D'| = |D| 4+ p — 1. This implies that pq(G) > k + 1, contradicting
the assumption u4(G) = k. [ ]
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Corollary 3 states an implication of Lemma 2 for almost well-dominated
graphs.

Corollary 3. Let G be an almost well-dominated graph. Then every internal
verter of G is adjacent to at most 2 leaves.

By Corollary 3, the internal vertices of an almost well-dominated graph are
of type-0, type-1, or type-2. In addition, we use the following lemma frequently
in our arguments.

Lemma 4. For every independent set I in G, uq(G — N[I]) < uq(G).

Proof. Let H= G — N[I]. Suppose to the contrary that pq(H) > pqe(G). Then
there exist two minimal dominating sets D; and D9 in H such that |D1| —|D2| =
wuq(H). Clearly, adding I to D; and Ds results in two minimal dominating sets
D; and D) in G such that |D}| — |Dy| > pa(G), which is a contradiction. |

An immediate result of Lemma 4 for almost well-dominated graphs is stated
in the following corollary.

Corollary 5. Let G be an almost well-dominated graph. Then for every inde-
pendent set I in G, the graph G — N|[I| is either an almost well-dominated or a
well-dominated graph.

Our first result on almost well-dominated graphs is stated in the following
lemma, which provides a basis for our characterization by restricting the number
of vertices of type-2 existing in an almost well-dominated graph.

Lemma 6. Let G be an almost well-dominated graph. Then G has at most one
vertex of type-2.

Proof. Suppose to the contrary that G has at least two vertices of type-2, say
x and y with leaves {l1,l2} and {ls,l4}, respectively. Since both of z and y
have leaves (private neighbors), then there exists a minimal dominating set D
containing = and y. Consider the set D = Dy —{x,y}U{l1,l2,l3,l4}. Then G has
another minimal dominating set Dy with |Dy| > |D| = |D1| + 2, which implies
that pug(G) > 2, a contradiction. |

Based on the result of Lemma 6, we continue our characterization in the
following cases:

e almost well-dominated graphs containing a single vertex of type-2.

e almost well-dominated graphs containing no vertex of type-2.
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3. ALMOST WELL-DOMINATED GRAPHS CONTAINING A SINGLE VERTEX OF
TYPE-2

Our result in this section on almost well-dominated graphs of girth at least 6 with
a single vertex of type-2 is stated in Lemma 10, which follows from the results in
the following two lemmas.

Lemma 7 [1]. If G € Dy and G has a vertex x adjacent to a set of leaves L',
where |L'| > 2, then G — ({x} U L") must be in D .

Lemma 8 [4]. Let G be a connected well-dominated graph of girth at least 6.
Then G belongs to the family P or G is isomorphic to Ky or Cr.

However, before stating the main lemma, we need to define the following
graph family G;.

Definition 9. A graph G with girth at least 6 is in the family G, if it has a single
vertex of type-2 and the rest of the internal vertices, if any, are of type-1.

Lemma 10. Let G be a connected graph of girth at least 6 with a single vertex
of type-2. Then G is almost well-dominated if and only if G € Gy.

Proof. Let z be a vertex of type-2 in G with two leaves, say {{1,f2}. We first
prove that if G is almost well-dominated, then G € G1. Let G' = G — {x, (1, (2}
and note that G’ might have more than one component. By Lemma 7, we have
G' € D;. This means that every component of G’ is well-dominated. In addition,
by Lemma 8, the graphs K1, C7, and the family P are the only possible candidates
for the components of G’. If there exists a component of G’ isomorphic to K,
then denote the single vertex of K; by y. Then the vertex = is a vertex of
type-3 in GG, a contradiction by Lemma 2. On the other hand, if there exists a
component of G’ isomorphic to a cycle C7 = (abedefg), then due to girth at least
6, x is adjacent to exactly one vertex, say ¢, on C7. Consider the independent set
I ={a,e}. Then the vertex z is of type-3 in G — N[I], a contradiction by Lemma
2. Now we turn our attention to the case where a component of G’ belongs to the
family P. We show that z is adjacent to the components of G’ through the stems
of these components. Suppose to the contrary that z is adjacent to a leaf £ in a
component H € P. Let s be the stem of /. The stem s has at least one neighbor,
say u, different from ¢ since otherwise it would not be a stem. The vertex u
is not adjacent to x since otherwise {z,l,s,u} forms a 4-cycle. Consider the
independent set I = {u}. The vertex z is of type-3 in G — N[I], a contradiction
by Lemma 2. Hence, z is adjacent to the components of G’ through the stems of
these components. Thus, G € G;.

In order to prove the converse, assume that G € G; and x is the only vertex
of type-2. Note that from each internal vertex of type-1 and its respective leaf,
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only one vertex is included in any minimal dominating set D in G. Further, D
includes either z and hence has cardinality |Lg| — 1 or D includes the leaves of
x and hence has cardinality |Lg|. Thus, uq(G) = 1. ]

4. ArLM0OST WELL-DOMINATED GRAPHS CONTAINING NO VERTEX OF
TYPE-2

In this section we focus on almost well-dominated graphs whose internal vertices
are of type-0 or type-1. Our starting point is the following proposition.

Proposition 11. Let G be an almost well-dominated graph. If G does not contain
a vertex of type-2, then it contains a vertex of type-0.

Proof. Suppose to the contrary that there exists no vertex of type-0 in G. Then
all internal vertices in G are of type-1, thus G € P and hence G is well-dominated,
a contradiction. ]

Our next result restricts the number of type-0 neighbors of a type-0 vertex
in (Cs,Cy, Cs5, C7)-free almost well-dominated graphs.

Lemma 12. Let x be a vertex of type-0 in a (Cs,Cy,Cs,C7)-free almost well-
dominated graph G. Then x has at most two neighbors of type-0.

Proof. Suppose to the contrary that x has at least three neighbors of type-0, say
Y, z, and w in G (see Figure 1). Note that = may also have neighbors of type-1 as
shown in Figure 1. Let Na(x) and N3(x) denote the vertices at distance 2 and 3
from z, respectively. Since G is a (C3,Cs, C7)-free graph, both Na(z) and N3(z)
are independent sets. Let Mas(x) be the leaves of type-1 neighbors of z. Note
that I = N3(z) U Ma(z) is an independent set in G. Let H = G — N[I]. The
graph H has a vertex x with 3 leaves and hence pg(H) > 2, a contradiction by
Corollary 5. [

In the rest of the paper, a component of the subgraph induced by the vertices
of type-0 is called type-0 component. Lemma 12 provides a tool to determine the
structure of type-0 components in a (Cs, Cy, Cs, C7)-free almost well-dominated
graph.

Corollary 13. Let G be a (Cs,Cy, Cs5, C7)-free almost well-dominated graph with
no vertex of type-2. Then the graph induced by the vertices of type-0 is composed
of components isomorphic to a path P; € {Py, Py, P3, Py, Ps, Ps, P7, Ps, Pio} or a
cycle Cj € {Cﬁ, Csg, Cy, C1g, C11, Clg}.
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Figure 1. Type-0 vertex = with three type-0 neighbors.

Proof. Note that the graph induced by vertices of type-0 corresponds to G —
N[L¢] and by Lemma 12, the vertices of G — N[L¢] are of degrees 0, 1 or 2. The
only graph classes satisfying this degree restriction are the paths and the cycles.
It follows from Lemma 4 that every component of G — N[Lg] has domination gap
at most 1. Note that v(P,) = [n/3] and v(C,) = [n/3], whereas I'(P,)) = [n/2]
and I'(Cy,) = |n/2|. Thus, Py, Ps, Py, P5, Ps, P7, Ps, and Pjg are the only paths
having domination gap at most 1. Similarly, Cs, Cy4, C5, Cg, C7, Cs, Cy, C1g, C11,
and C13 are the only cycles having domination gap at most 1. [ |

The following lemma shows that a (Cs, Cy, C5, C7)-free almost well-dominated
graph with no vertex of type-2 contains exactly one type-0 component.

Lemma 14. Let G be a (Cs,Cy4, Cs,C7)-free almost well-dominated graph with
no verter of type-2. Then G has exactly one type-0 component.

Proof. Suppose to the contrary that G has at least two type-0 components
and let Hy, Hs, ..., Hy represent the set of all type-0 components where k > 2.
If £ > 3, choose a minimum dominating set S; of H; for 3 < ¢ < k and let
S = Uf:?) S;. By Corollary 13, a type-0 component in a (Cs,Cy, Cs, C7)-free
almost well-dominated graph is either a path P;, where i € {1,2,3,4,5,6,7,8,10}
or a cycle Cj, where j € {6,8,9,10,11,13}.

First suppose that both H; and Hs are cycles, say H; = C),, and Hy = C)y,.
Recall that a cycle Cy, has a minimal dominating set of size |n/2]. Let Dp, and
Dy, be two minimal dominating sets of sizes |m1/2] and |m2/2] in H; and Ha,
respectively. Observe that there exists a minimal dominating set D; in G such
that D1 = LqUDpy, UDg,US. Then we have |D1| = |Lg|+|m1/2]+|ma/2]+|S|.
Note that the number of vertices of type-1 is equal to the number of leaves
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in G and further note that type-0 components have at least one neighbor of
type-1. Let L’ be a set which includes one of the vertices of type-1 adjacent
to each of Hy and Hs, and the leaves of other vertices of type-1. It is obvious
that |L'| = |Lg|- Hence, by taking the set L', at least one vertex from each
of H; and H, is dominated. Furthermore, the remaining vertices of H; and
Hs, which induce two paths P,,,_1 and P,,,_1, have minimal dominating sets of
sizes [(my — 1)/3] and [(mg — 1)/3], respectively. Then, there exists a minimal
dominating set Do such that |Ds| < |Lg|+ [(m1 —1)/3] 4+ [(m2 —1)/3] + |5].
However, |Di| — |Da| > |m1/2] — [(m1 —1)/3] + |m2/2] — [(m2 —1)/3] > 2, a
contradiction.

Next assume that both H; and Hs are paths, say Hy = P, and Hy = P,,,,.
Note that a path P, has minimal dominating sets of sizes [n/2] and [n/3]. Let
Dy, and Dy, be two minimal dominating sets of sizes [m/2] and [mg/2] in H;
and Hy, respectively. Observe that the set D; = LgUDpg, UDg, US is a minimal
dominating set of G. Thus, we have |Di| = |Lg| + [m1/2] + [ma/2] + |S|. Note
that the end vertices of a type-0 path have at least one neighbor of type-1 in G.
Let L' be a set including the vertices of type-1 adjacent to the end vertices of
H, and Hs and the leaves of other vertices of type-1. Hence, by taking the set
L', at least the end vertices of each of H; and Hs are dominated. Moreover, the
remaining vertices of H; and Hp, which induce two paths P, _2 and P,,,_2, have
minimal dominating sets of sizes [(m; —2)/2] and [(mg2 — 2)/2], respectively.
Thus, there exists a minimal dominating set Ds such that

|D2| < |Lg|+ [(m1 —2)/2] + [(ma —2)/2] + |S]
= |Lg|+ [m1/2] — 1+ [m2/2] — 1+ 9]

It follows that |D1| — |D2| > 2, a contradiction.

In the last case, we suppose that one of the components, say Hi, is a cycle
Cpm,, and the other, namely H», is a path P,,,. Let Dy, and Dy, be two minimal
dominating sets of sizes [m1/2] and [mg/2] in H; and Ha, respectively. Similarly,
the set D1 = LgUDg, UDp,US is a minimal dominating set of G. Thus, we have
|D1| = |Lg| + |m1/2] + [m2/2] 4+ |S|. Notice that H; has at least one neighbor
of type-1 and the end vertices of Hy both have neighbors of type-1. Let L’ be a
set including the vertices of type-1 adjacent to the type-0 components and the
leaves of other vertices of type-1. Hence, by taking the set L', at least one vertex
from H; and two end vertices of Ho are dominated. Therefore, the remaining
vertices of Hp, which induce a path P,,,_; and the remaining vertices of Ha,
which induce a path P,,,_2 have minimal dominating sets of sizes [(m1 — 1)/3]
and [(mg — 2)/2], respectively. Hence, there exists a minimal dominating set Do
such that

|D2| < |Lgl+ [(m1—1)/3] + [(m2 —2)/2] + 5|
— |La| + [(m1 — 1)/3] + [m/2] — 1 +S].
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It follows that |Dy| — |D2| = [m1/2] — [(m1 —1)/3] + 1 > 2, a contradiction. m

From here onwards, we denote the type-0 component of G by Gy. Recall that
L denotes the set of leaves in a graph G. We will use the following proposition
frequently in our proofs.

Proposition 15. Let G be a graph with no vertex of type-k for k > 2. Then,
I'(G) = |Lg| + T'(Go).

Proof. Let G be a graph with no vertex of type-k for k > 2. Note that the set of
leaves of GG together with a maximum minimal dominating set of Gg is a minimal
dominating set of size |Lg|+I'(Go) in G. Furthermore, we show that there is no
minimal dominating set of size at least |Lg| + I'(Go) + 1 in G. First notice that
any minimal dominating set of G contains exactly one vertex from each stem-leaf
pair since otherwise it is not minimal. Now consider a dominating set D of size
at least |Lg|4+1'(Go)+1in G. Then D contains either at least I'(Go) + 1 vertices
from Gg or at least |Lg| + 1 vertices from the stem-leaf pairs. Both cases imply
that D is not minimal. Thus, I'(G) = |Lg| + I'(Go). ]

In what follows, we focus on the cases where Gy is isomorphic to one of
the paths or cycles mentioned in Corollary 13. Using the previous results and
lemmas, we show that some of these cases yield families of (C3, Cy, Cs, C7)-free
almost well-dominated graphs.

4.1. Type-0 component is a path

In this section, we analyze almost well-dominated graphs with a type-0 component
isomorphic to a path P,. Recall that a path P, has y(P,) = [n/3] and I'(P,) =
[n/2]. First let Gy = P,. We define the graph family G2 and then state the
result for this case in Lemma 17.

Definition 16. A (Cs,Cy, Cs, C7)-free graph G is in the family Go, if it has a
single vertex of type-0 with at least two neighbors of type-1 and the rest of the
internal vertices, if any exist, are of type-1.

Lemma 17. Let G be a (Cs,Cy,Cs5,C7)-free graph without a vertex of type-2.
Then G is almost well-dominated with Go = Py if and only if G € Go.

Proof. Let G be a (Cs,Cy,Cs, Cr)-free graph without a vertex of type-2. If G
is almost well-dominated with Gg = P, then G € G2 by definition of Gs.

To prove the converse, we assume that G € G2 and let v be the vertex of
type-0 in G. By Proposition 15, we have I'(G) = |Lg|+1. Note further that every
minimal dominating set D includes exactly one vertex from each stem-leaf pair;
thus, |D| > |Lg|. If any stem adjacent to v is included in a minimal dominating
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set Dy, then v ¢ D and thus |D;| = |Lg|. On the other hand, if none of the
stems adjacent to v are included in a minimal dominating set Dy, then v € Do,
and thus |Ds| = |Lg| + 1. Hence, ug(G) = 1. |

Next suppose that Gg = P,. In this case we obtain a graph family G3 which
is defined in Definition 18.

Definition 18. A (Cs, Cy, Cs5, C7)-free graph G is in the family Gs, if it has one
type-0 component H = P, where the end vertices of H have at least one neighbor
of type-1 in G and the rest of the internal vertices, if any, are of type-1.

Lemma 19. Let G be a (C5,Cy, Cs5,Cr)-free graph without a vertex of type-2.
Then G is almost well-dominated with Gy = Py if and only if G € Gs.

Proof. Let G be a (Cs,Cy, Cs5, Cr)-free graph without a vertex of type-2. If G
is almost well-dominated with Gg = Py, then each end vertex of P, has at least
one neighbor of type-1 in G and the rest of the internal vertices (if any) are of
type-1. Hence, G € G3.

To prove the converse, let G € G3. Note that every minimal dominating set
includes exactly one vertex from each stem-leaf pair; thus, each minimal dom-
inating set is of size at least |Lg|. Furthermore, by Proposition 15, we have
I'(G) = |Lg| + 1. Therefore, it remains to show that G has two minimal domi-
nating sets of sizes |Lg| and |Lg| + 1. If both stems adjacent to the end vertices
of P, are included in a minimal dominating set, then no vertex from P, can be
added to this minimal dominating set; hence, such a minimal dominating has size
|Lc|. However, if none of the stems adjacent to the P; are included in a minimal
dominating set, one vertex from P, can be added to this minimal dominating set,
which has size |Lg| + 1. Thus, G is an almost well-dominated graph since all
minimal dominating sets are of size either |Lg| or |Lg| 4+ 1. ]

In the case of Gy = Ps3, we define the graph family G4 in Definition 20 and
state the result for this case in Lemma 21.

Definition 20. A (Cs,Cy, C5, Cr)-free graph G is in the family G4 if it has one
type-0 component H = P;, where the end vertices of H have at least one neighbor
of type-1 in G, the middle vertex in H has no neighbors of type-1 in G, and the
rest of the internal vertices, if any, are of type-1.

Lemma 21. Let G be a (Cs,C4,C5,C7)-free graph without a vertex of type-2.
Then G s almost well-dominated with Gy = Py if and only if G € Gy.

Proof. Let G be a (Cs3,Cy,Cs5,C7)-free graph without a vertex of type-2. Sup-
pose that G is almost well-dominated with Gy = P3 and let P3 = [abc]|. Since
a and c¢ are of type-0, they have at least one neighbor of type-1. Further, we
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claim that the middle vertex of P53, namely b, does not have a neighbor of type-1.
Suppose to the contrary that b has at least one neighbor of type-1. Then, the
set of leaves Lg together with {a,c} form a minimal dominating set D; of size
|Lc| + 2. On the other hand, consider a minimal dominating set Dy which in-
cludes the type-1 neighbors of a, b and ¢. Such a minimal dominating set includes
no vertices from {a, b, c} and is of size |Lg|. Hence pqa(G) > 2, a contradiction.
Thus, ¢ has no neighbor of type-1 and hence G € G4.

To prove the converse, suppose that G € G4. By Proposition 15, we have
I'(G) = |Lg| + 2. Moreover, note that every minimal dominating set in a graph
G € G4 includes |L¢g| vertices from stem-leaf pairs and either one (the vertex b)
or two vertices (a and c¢) from Ps. Thus, all minimal dominating sets are of size
either |[Lg| + 1 or |Lg| + 2 and hence G is an almost well-dominated graph. m

We proceed with the case Gy = P,. This case yields another family of almost
well-dominated graphs Gs defined in Definition 22.

Definition 22. A (C3,Cy, C5, Cy)-free graph G is in the family G5 if it has one
type-0 component H = Py = [abed] where the end vertices of H, namely a and d
have at least one neighbor of type-1 in G, at least one of the middle vertices of
H, say b has no neighbors of type-1 in (G, and the rest of the internal vertices, if
any, are of type-1.

Lemma 23. Let G be a (C5,Cy,Cs5,Cr)-free graph without a vertex of type-2.
Then G is almost well-dominated with Gy = Py if and only if G € Gs.

Proof. Let G be a (C3,Cy,Cs5, C7)-free graph without a vertex of type-2. Sup-
pose that G is almost well-dominated with Go = P, and let Py = [abcd]. Since
the end vertices a and d are of type-0, they have at least one neighbor of type-1
in G. Furthermore, we show that since G is almost well-dominated, at least one
of the middle vertices, namely b or ¢, does not have a neighbor of type-1 in G.
Suppose to the contrary that both of b and ¢ have neighbors of type-1 in G.
Then the set of leaves L together with two vertices from Py, say {a, c}, form a
minimal dominating set D; of size |Lg|+ 2 in G. On the other hand, consider
a minimal dominating set Dy which includes the type-1 neighbors of a, b, ¢ and
d. While such a minimal dominating set includes no vertices from Py, it includes
exactly one vertex from each stem-leaf pair and has size |Lg|. Thus, uq(G) > 2,
a contradiction. Therefore, at least one of the middle vertices of P, has no type-1
neighbors in G. Hence, G € Gs.

For the converse, assume that G € Gs. By Proposition 15, we have I'(G) =
|Lg| 4+ 2. Moreover, notice that every minimal dominating set in a graph G €
Gs includes |L¢| vertices from stem-leaf pairs and either one or two vertices from
Py. Thus, all minimal dominating sets are of size either |Lg|+ 1 or |Lg|+ 2 and
hence G is almost well-dominated. [ |
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The last case which we analyze in this section is the case of Gy = Ps. How-
ever, we first deal with the cases where Gy € {Ps, P, P3, P} and show that in
these cases G is not almost well-dominated.

Lemma 24. Let G be a (Cs,Cy, Cs, C7)-free graph without a vertex of type-2 and
suppose that the graph induced by the vertices of type-0 in G is isomorphic to a
path Py, for m € {5,7,8,10}. Then G is not almost well-dominated.

Proof. Let G be a (Cs,Cy,Cs, C7)-free graph without a vertex of type-2 and
let H be the graph induced by the vertices of type-0 in G. Suppose that H =
P,, where m € {5,7,8,10}. Note that a path on m vertices has two minimal
dominating sets of sizes [m/2] and [m/3]. Consider a minimal dominating set
of cardinality [m/2] in H, say Dg. Then, the set of leaves L¢ together with Dy
form a minimal dominating set D; of size |Lg|+ [m/2] in G. On the other hand,
let S be the set of stems in G. Note that |S| = |Lg| and S definitely dominates
the end vertices of H. Let further H' be the graph induced by the internal vertices
of H. Since H' = P,, 5, a minimal dominating set Dy, in H' together with S
form a minimal dominating set Dy of size at most |Lg| + [(m —2)/3] in G. For
m € {5,7,8,10}, we get |D1| —|D2| > 2, thus G is not almost well-dominated. m

The case of Gy = Py leads to a family of almost well-dominated graphs Gg
defined in Definition 25.

Definition 25. A (Cs,Cy, C5, Cy)-free graph G is in the family Gg if it has one
type-0 component H = Py = [abede f] where the end vertices of H have at least
one neighbor of type-1 in G, the vertices adjacent to the end vertices of H, namely
{b, e}, have no neighbors of type-1 in G, and the rest of the internal vertices, if
any, are of type-1.

Lemma 26. Let G be a (C5,Cy,Cs5,Cr)-free graph without a vertex of type-2.
Then G is almost well-dominated with Gy = Py if and only if G € Gs.

Proof. Let G be a (Cs,Cy,Cs, C7)-free graph without a vertex of type-2. Sup-
pose that G is almost well-dominated with Gy = Py and let Ps = [abedef]. As
the end vertices a and f are of type-0, they have at least one neighbor of type-1
in G. Furthermore, it is easy to see that G has two minimal dominating sets
Dy = LgU{a,c,e} and Dy = L U {b,e} of sizes |Lg| + 3 and |Lg| + 2, respec-
tively. Thus, in order for GG to be almost well-dominated, the minimal dominating
sets of size smaller than |Lg| 4+ 2 must be avoided. We show that the vertices b
and e have no neighbors of type-1 in G. Suppose for a contradiction that at least
one of b and e, say b, has neighbors of type-1 in G. Then, consider a minimal
dominating set D3 which includes the vertex d from P and the type-1 neighbors
of a, b, and f. Such a minimal dominating set includes exactly one vertex from
each stem-leaf pair and the vertex d. Hence, |D3| = |Lg| + 1. Thus, uq(G) > 2,



1112 H. ArL1izaDEH, D. GOZUPEK AND G. BORUZANLI EKINCI

a contradiction. Therefore, none of b and e have neighbors of type-1 in G. Thus,
G € Gs.

To prove the converse, suppose that G € Gg. By Proposition 15, we have
I'(G) = |Lg| + 3. Furthermore, note that every minimal dominating set in a
graph G € Gg includes |L¢| vertices from stem-leaf pairs and either two or three
vertices from Ps. Thus, all minimal dominating sets of G have size either |Lg|+2
or |Lg|+ 3. Hence, G is almost well-dominated. ]

4.2. Type-0 component is a cycle

In this section we investigate the cases where the type-0 component is isomorphic
to a cycle Cy,, where n € {6,8,9,10, 11, 13}. Recall that a cycle C), has v(C,) =
[n/3] and T'(C,,) = [n/2]. Let us first assume that Gy = Cs. We will define the
following graph family in order to state our result in Lemma 28.

Definition 27. A (Cs,Cy,C5,Cy)-free graph G is in the family G if it has
one type-0 component H = (g where no three consecutive vertices on H have
neighbors of type-1 in G and the rest of the internal vertices, if any, are of type-1.

Lemma 28. Let G be a (C5,Cy,Cs5, Cr)-free graph without a vertex of type-2.
Then G is almost well-dominated with Gy = Cg if and only if G € Gr.

Proof. Let G be a (Cs,Cy,Cs, C7)-free graph without a vertex of type-2. Sup-
pose that G is almost well-dominated with Gog = Cg. Note that Cg has two
minimal dominating sets of sizes 2 and 3; thus, together with the set Lq, the
graph G has minimal dominating sets of sizes |Lg| + 2 and |Lg| + 3. By Propo-
sition 15, we have that I'(G) = |Lg| + 3. Now it remains to ensure that the cases
which lead to minimal dominating sets with size at most |Lg| + 1 are avoided.
These cases are as follows.

e If all vertices of Cg are adjacent to stems, then the stems constitute a minimal
dominating set of size |Lg| in G.

e If the vertices of Cg which are not adjacent to stems induce a path P; where
i € {1,2,3}, then one vertex from P; together with the stems form a minimal
dominating set of size |[Lg| + 1 in G.

In order to avoid the above cases, no three consecutive vertices on Cg must have
neighbors of type-1; therefore G € G7.

To prove the converse suppose that G € G7. By Proposition 15, we have
I'(G) = |Lg| + 3. Furthermore, by the definition of G7, no three consecutive ver-
tices on Cg have type-1 neighbors, which implies that all the minimal dominating
sets of G include at least two vertices from Cg and hence of size at least |Lg| 4+ 2.
Hence, G is almost well-dominated. [ |
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Next we assume Gg = (Cs. In Definition 29, we define an almost well-
dominated graph family Gg which has a type-0 component isomorphic to Cs.

Definition 29. A (Cs,Cy,Cs,Cr)-free graph G is in the family Gg if it has
one type-0 component H = (Cs = (abcedefgh) where neither two consecutive
vertices nor two vertices at distance 4 (say for example a and e) on H have
type-1 neighbors in GG, and the rest of the vertices, if any, are of type-1.

Lemma 30. Let G be a (C5,Cy,Cs5,Cy)-free graph without a vertex of type-2.
Then G is almost well-dominated with Gy = Cs if and only if G € Gs.

Proof. Let G be a (Cs,Cy,Cs, C7)-free graph without a vertex of type-2. Sup-
pose that G is almost well-dominated with Gy = Cg and let Cg = (abcdefgh).
Note that Cs has two minimal dominating sets of sizes 3 and 4; thus, together
with the set Lg, the graph G has minimal dominating sets of sizes |Lg| + 3 and
|Lc| + 4. By Proposition 15, we have I'(G) = |Lg| + 4. Furthermore, since G is
almost well-dominated, the cases leading to minimal dominating sets of size at
most | Lg| 42 must be avoided. The cases which require that at most two vertices
from Cg being included in a minimal dominating set are as follows.

e If the vertices of C's which are not adjacent to type-1 neighbors induce a
single path P, where m < 6, then [m/3] vertices from P, together with the
stems constitute a minimal dominating set D of size |Lg|+ [m/3] in G. For
m < 6, we have that [m/3]| < 2. Hence, |D| < |Lg| + 2.

o If two vertices of Cs with distance 4, say a and e, have neighbors of type-1,
then the stems together with two vertices from Cg, namely ¢ and g, form a
dominating set of size |L¢|+ 2, which in turn includes a minimal dominating
set of size at most |Lg| +2 in G.

In order to avoid the above cases, neither two consecutive vertices nor two vertices
at distance 4 on Cg have type-1 neighbors in G. Therefore, G € Gg.

To prove the converse suppose that G € Gg. By Proposition 15, I'(G) =
|Lc|+4. Then, by definition of Gg, all the minimal dominating sets of G include
at least three vertices from Cg and thus, have size at least |Lg| + 3. Therefore,
G is almost well-dominated. [

We proceed with the case where Gy = Cy.

Definition 31. A (Cs,Cy, Cs5, C7)-free graph G is in the family Gy, if it has one
type-0 component H = Cy = (abcde fghi) with the following properties.

e No three consecutive vertices on H have type-1 neighbors in G.

e No two consecutive vertices on H, say {a,b}, together with a vertex at dis-
tance 4 from both a and b on H, say f, have type-1 neighbors in G.
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Lemma 32. Let G be a (Cs,C4,C5,C7)-free graph without a vertex of type-2.
Then G s almost well-dominated with Gy = Cyg if and only if G € Gg.

Proof. Let G be a (C3,C4,Cs5, C7)-free graph without a vertex of type-2. Sup-
pose that G is almost well-dominated with Gg = Cg. Note that C9 has two
minimal dominating sets of sizes 3 and 4; thus, together with the set Lg, the
graph G has minimal dominating sets of sizes |Lg| + 3 and |L¢g| + 4. By Propo-
sition 15, we have that I'(G) = |Lg| 4+ 4. Then, it suffices to guarantee that the
cases which lead to minimal dominating sets of size at most | Lg|+2 are prevented;
since otherwise, the domination gap becomes at least two. The cases which re-
quire that at most two vertices from Cg are included in a minimal dominating
set are as follows.

o If the vertices of C9 which do not have neighbors of type-1 in GG induce a
single path P,, for m < 6, then the stems together with [m/3] vertices from
P, form a minimal dominating set D of size |Lg|+ [m/3]. Since m < 6, we
have that [m/3] < 2. Then |D| < |Lg| + 2.

e If the vertices of Cg which are not adjacent to neighbors of type-1 in GG induce
two disjoint paths P; and P; on Cy for i < 3 and j < 3, then the stems
together with [i/3] vertices from P; and [j/3] vertices from P; constitute
a minimal dominating set D of size |Lg| + [i/3] + [j/3] in G. However,
|D| < |Lg| + 2 since we have that [i/3] < 1 and [j/3] < 1 for i < 3 and
J<3.

In order to avoid the first case, no three consecutive vertices on Cy must
have type-1 neighbors in G. Furthermore, to prevent the second case, no two
consecutive vertices together with a vertex at distance 4 from these consecutive
vertices on Cy must have type-1 neighbors in G. Hence, G € Gg.

To prove the converse, suppose that G € Gg. It follows from Proposition 15
that I'(G) = |Lg| 4+ 4. Furthermore, by definition of Gy, any minimal dominating
set of G includes at least three vertices from Cy and hence has size at least
|Lc| + 3. Therefore, G is almost well-dominated. ]

In the case of Gy = C), where m € {10,13}, we show that there exists a
unique almost well-dominated graph for each value of m.

Lemma 33. Let G be a (Cs,Cy,Cs5,C7)-free graph without a vertex of type-2.
Then G is almost well-dominated with Gy = Cy, for m € {10,13} if and only if
G = C,y, for m € {10, 13}.

Proof. Let G be a (Cs,Cy,Cs, C7)-free graph without a vertex of type-2. Sup-
pose that G is almost well-dominated with Gy = C,, for m € {10,13}. Suppose
to the contrary that C,, has at least one neighbor of type-1 in G, say u. Let [
be the leaf neighbor of v in G. Note that C,, has two minimal dominating sets
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of sizes |m/2] and [m/3]; thus, together with the set Lg, G has two minimal
dominating sets: D; of size |Lg| + |m/2| and Dy of size |Lg| + [m/3]. Note
that the vertex u has at least one neighbor, say v, on C),. Observe that the
set Lg — {l} U {u}, which is of size |Lg|, dominates at least the vertex v from
Chn- Hence, the vertices of (), different from v, which induce a path F,,_1, has
a minimal dominating set of size [(m —1)/3]. Thus, the set Lg — {I} U {u}
together with [(m — 1)/3] vertices from P,,—; form a dominating set D of size
|Lc| + [(m —1)/3], which implies a minimal dominating set Dj of size at most
|Lg| + [(m —1)/3]. However, |D1| — |D3| > 2 for m € {10, 13}, a contradiction.

The proof for the converse is straightforward since it is easy to verify that
C1o and (13 are almost well-dominated graphs. [ |

The last case we settle in this section is the case where Gy = C11. We obtain
a family of almost well-dominated graphs Gi¢ defined in Definition 34.

Definition 34. A (Cs,Cy, C5, Cr)-free graph G is in the family G if it has a
type-0 component H = Cy1 = (abedefghijk) with the following properties.

e No two consecutive vertices on H have type-1 neighbors in G.

e No two vertices at distance 4 on H, say a and e, have type-1 neighbors in G.

Lemma 35. Let G be a (C5,Cy,Cs5,Cy)-free graph without a vertex of type-2.
Then G is almost well-dominated with Go = C11 if and only if G € Gqp.

Proof. Let G be a (Cs,Cy,Cs, C7)-free graph without a vertex of type-2. Sup-
pose that G is almost well-dominated with Gy = C11 = (abedef ghijk). Note that
C11 has two minimal dominating sets of sizes 4 and 5; thus, together with the
set of leaves L¢, the graph G has minimal dominating sets of sizes |Lg| + 4 and
|Lc| + 5. Notice that I'(G) = |Lg| + 5 by Proposition 15. Therefore, the cases
leading to a minimal dominating set of size at most |L¢g| + 3 must be prevented
since otherwise, the domination gap becomes at least two. The cases which re-
quire that at most three vertices from C; be included in a minimal dominating
set are as follows.

e If the vertices of C17 which do not have neighbors of type-1 in GG induce a
single path P, for m <9, then the stems together with [m/3] vertices from
P, form a minimal dominating set D of size |Lg|+ [m/3]. Since m <9, we
have that [m/3] < 3. Thus, |D| < |Lg| + 3.

e If the vertices of C1; which do not have neighbors of type-1 in G induce two
disjoint paths Ps; and Pg, say [abc] and [efghij], respectively, then the set
Lg together with one vertex from Ps, namely b, and two vertices from Fg,
namely f and 7, form a dominating set D of size |Lg| + 3, which implies a
minimal dominating set of size at most |Lg| + 3 in G.
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In order to avoid the first case, no two consecutive vertices on C71 must have
type-1 neighbors in G. Furthermore, to prevent the second case, no two vertices
at distance 4 on C7; must have type-1 neighbors in G. Hence, G € G1g.

To prove the converse suppose that G € Gjg. It follows from Proposition 15
that I'(G) = |Lg|+ 5. Moreover, by the definition of G, all minimal dominating
sets in G include at least four vertices from C7; and thus, have size at least
|Lc| + 4. Hence, G is almost well-dominated. |

Our main result for (Cs,Cy, Cs5, Cr)-free almost well-dominated graphs is
stated in the following theorem.

Theorem 36. Let G be a (C3,Cy,C5,C7)-free graph. Then, G is an almost
well-dominated graph if and only if one of the following holds.

e (G has a single vertex of type-2 and G € G.

e (G has no vertex of type-2 and G € Gy U G3 U G4 U G5 U Gg U Gr U Gg U
Go U Gio U {C1o,Ci3}.

Proof. 1t is first followed by Lemma 6 that a (Cs5, Cy, C5, Cr)-free graph G has
at most one vertex of type-2. Then we proceed the proof in two cases: G has a
single vertex of type-2 and G has no vertex of type-2. While the first case follows
from Lemma 3, the latter follows from Lemmas 17, 19, 21, 23, 24, 26, 28, 30, 32,
33, and 35. [
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