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Abstract

In this paper, we determine the achromatic and diachromatic numbers
of some circulant graphs and digraphs each one with two lengths and give
bounds for other circulant graphs and digraphs with two lengths. In partic-
ular, for the achromatic number we state that a(Cig424204+7(1,2)) = 8¢+5,
and for the diachromatic number we state that dac(C 32424244+5(1,2)) =
8¢ + 3. In general, we give the lower bounds a(Cyg24qq+1(1,a)) > 4+ 1
and dac(88q2+2(a+4)q+a+3(1, a)) > 4g+ 3 when a is a non quadratic residue
of Zyq+1 for graphs and Zy,3 for digraphs, and the equality is attained, in
both cases, for a = 3.

Finally, we determine the achromatic index for circulant graphs of ¢ +
q + 1 vertices when the projective cyclic plane of odd order ¢ exists.
Keywords: circulant graphs, complete colorings, achromatic number, achro-
matic index.
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1. INTRODUCTION

A complete k-vertex-coloring of a graph G is a vertex-coloring of G using k
colors such that for every pair of colors there are at least two incident vertices
in G colored with this pair of colors. The chromatic x(G) and achromatic a(Q)
numbers of G are the smallest and the largest number of colors in a complete
proper k-vertex-coloring of GG. Therefore

(1) X(G) < a(G).

The concept of the achromatic number has been intensely studied in graphs since
it was introduced by Harary, Hedetniemi and Prins [13] in 1967. The achromatic
index «;(G) is defined similarly to the achromatic number o(G) but with edges
instead of vertices; for more references of results related to these parameter see
for instance [2-5,9,10, 14, 24].

The chromatic number and achromatic number have been generalized for di-
graphs by several authors [12,21]. In particular, the dichromatic number, defined
by Neumann-Lara [20], and the diachromatic number, defined by the authors [1],
generalize the concepts of chromatic and achromatic numbers, respectively. An
acyclic k-vertex-coloring of a digraph D is a k-vertex coloring, such that D has
no monochromatic cycles and a complete k-vertex-coloring of a digraph D is a
vertex coloring using k colors such that for every ordered pair (i,7) of different
colors, there is at least one arc (u,v) such that u has color ¢ and v has color j.
The dichromatic number de(D) and diachromatic number dac(D) of D are the
smallest and the largest number of colors in a complete acyclic k-vertex-coloring
of D. Therefore

(2) dc(D) < dac(D).

Given aset J C {1,...,n— 1}, the circulant digraph Bn(J) is defined as the
digraph with vertex set equal to Z, and A(C,(J)) = {ij: j —i = s (mod n),
s € J}, we call J the set of lengths of C',(J). Moreover, to obtain a circulant
graph Cy,(J) we define the edges of C),(J), where in this case J C {1, ol L%J },
as E(Cn(J))={ij: |j —i| = s (mod n),s € J}.

In [11] it was obtained asymptotically results of the achromatic and harmo-
nious numbers of circulant graphs. In [14] it was determined that the achro-
matic number of the cycle C,, is equal to its achromatic index, that is, a(C),) =
a1(Cy) = max {k: k|| <n} — s(n), where s(n) is the number of positive in-
teger solutions to n = 222 4+ 2 + 1. On the other hand, in the collection of pa-
pers [4,6,7,15,17,18,22] the achromatic index of K, was determined for n < 14,
when n = p?+p+1 for p an odd prime power and n = ¢*>+2¢+1—a for g a power
of two and a € {0, 1,2}. For the no-proper version of these results see [2,3,16,23].
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In this paper, we determine the achromatic and diachromatic numbers of
some circulant graphs and digraphs each one with two lengths and we give
bounds for other circulant graphs and digraphs with two lengths. In partic-
ular, for the achromatic number we state that a(Cig21204+7(1,2)) = 8¢ + 5,
whenever 8¢ + 5 is a prime, and for the diachromatic number we state that
dac(C 3202 194+5(1,2)) = 8¢ + 3, whenever 8q + 3 is a prime. In general, we give

the lower bounds a(Cjyy244+1(1,a)) > 4g+ 1 and dac(88q2+2(a+4)q+a+3(1, a)) >
4g + 3 when a is a non quadratic residue of Zy441 for graphs and Zsg43 for di-
graphs, and the equality is attained, in both cases, for a = 3. In the last section,
we determine the achromatic index for circulant graphs of ¢ +¢+ 1 vertices when

the projective cyclic plane of odd order ¢ exists.

2. COMPLETE COLORINGS ON CIRCULANT GRAPHS AND DIGRAPHS

In this section we consider circulant graphs and digraphs of order prime p. We
use simple upper bounds for the achromatic and diachromatic number and some
properties of quadratic and non-quadratic residues.

An upper bound of the achromatic number of a graph G with size m is

(3) a(G) < {;+\/i+2mJ.

The authors [4] determined the following upper bound of the diachromatic
number of a digraph D with size m

(4) dac(G) < {; +4/ i +mJ :

First to continue we give the definition and some properties about quadratic
residuos and non quadratic residuos of odd primes that we will use in order to
prove our results (see [8]).

Definition. Let p be an odd prime and ged(a, p) = 1. If the quadratic congruence
2?2 = a (mod p) has a solution, then a is said to be a quadratic residue of p,
denoted here by QR. Otherwise, a is called a quadratic nonresidue of p, and

denoted by NQR.

In the following Remark we list some properties, about quadratic and non
quadratic residues, depending if p is an odd prime congruent with either 1 or 3
modulo 4.

Remark 1. Let p be an odd prime and consider Z,. If p = 1 (mod 4), then we
have the following properties.
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1. Ifi € QR (i € NQR, respectivley), then —i € QR (—i € NQR, respectively).

2. Let i € QR. If j € QR (j € NQR, respectively), then ij € QR (ij € NQR,
respectively).

3. The integer 2 € NQR if and only if p = 8¢ + 5.

If p = 3 (mod 4), then we have the following.
1. Ifi € QR (i € NQR, respectively), then —i € NQR (—i € QR, respectively).
2. The integer 2 € NQR if and only if p = 8¢ + 3.

In both cases |QR| = {%J

2.1. Achromatic number on circulant graphs

Let p be a an odd prime power such that p = 4¢ + 1 and let QR be the set of
quadratic residues and N@QR the set of non residues quadratics in Z,.

Theorem 2. Let 4q + 1 be an odd prime number and let a € NQR. Then
a(c4q2+aq+1(17 CL)) >4q+1.

Proof. Before we start the proof, we can note that even though Remark 1 states
that for any p odd prime |QR| = L%J, it also states that for p = 4¢ + 1, if
a € QR, then —a € QR, and as we construct a circulant graph we only consider
one of these values in QR.

To prove the theorem we give a complete and proper coloring of Cyg2 4441
(1,a) with 4¢ + 1 colors, that is, K4441 is a homeomorphic image of the graph
Cyp2tag+1(1,a). Let Kyqy1 be the complete graph and consider the quadratic
residue QRuagy1 = {1,72,...,7rq} in Zygi1.

We define the following color sequences, where 2 < ¢ < g.

Ry = (0,1,2,...,4¢,0,1,...,a—3,a — 2),

Ry =(a—1l,a—1+r9,a—142ry,...,a— 1+ (4q)r2,a — 1,
a—1+ry,a—142ry...,a—1+ (a—2)ra),

Ry =(a—1+(a—1)rg,a—1+(a—Dra+rs,a—1+ (a—1)ro+2rs,...,
a—1+ (a—1)ra+ (4q)rs,
a—1+(a—1)rg,a—1+(a—1)ra+7rs,...,a— 14 (a—1)re + (a —2)r3),

Ri=(a—-1+(a—1)ra+ (a—1)r3+---+ (a— 1)ri_q,

a—1+(a—1)ro+ (a—1)rs+---+ (a— 1)ri_1 + 14,
a—14+(a—1)ro+(a—1)rg+---+(a—1)ri1 +2r,...,
a—1+(a—1)ro+ (a—1)rs+---+ (a — 1)ri—1 + (4q)rs,
a—14+(a—1)ro+ (a—1)rg+---+ (a — 1)ri_1,
a—1+(a—1)ro+ (a—1)rs+---+ (a— 1)ri_1 + 14,
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a—1+(a—1)ro+(a—1)rs+---+ (a—1)ri—1 +2r,...,
a—1+(a—1)ra+ (a—1)rs+---+ (a— 1)ri 1 + (a — 2)ry),
Ry=(@—1+(a—1)r+(a—1)r3+- -+ (a—1)re,

a—1+(a—1)ro+(a—1)rzs+---+ (a—1)rg_1 + 14,
a—1+(a—1)ra+(a—1)rg+ -+ (a—1)rg_1 +2rg,...
a—14+(a—1)ro+(a—1)rg+---+ (a—1)ryg—1 + (4q)rq
a—14+(a—1Dro+(a—1)rs+---+ (a—1)re_1,
a—1+(a—1)rg+(a—1)rg+- -+ (a—1)rg_1 +rq,
a—1+(a—1)rog+(a—1)rg+---+ (a—1)rg_1 + 2ry,
a—1+(a—1)ro+(a—1)rg+ -+ (a—1)rg_1 + (a — 2)ry),

Ryp1 =(a—1+(a—1ro+ (a—1)rg+---+ (a — 1)ry).

For 1 <i < g, we concatenate R; with R;; and finally, we concatenate 7411 with
Ry, obtaining a 4¢ + 1-coloring of the cycle Cyg2 4041 We add the edges between
vertices of distance a on the cycle Cy 24,41 Obtaining the graph Cyp24041(1, a).
Observe that, in addition to the edges between vertices of distance a in each R;,
for 1 < i < g, between R; and R;y1, we have the edge between the (4¢q 4+ 1)-th
vertex of R; and the first vertex of R;11,

{a—=1+(a—1)ro+(a—Drs+---+ (a— 1)ri_1 + (4q)ri,
a—1+(a—1)ro+(a—1)rs+---+ (a—1)r;}.

For instance, between R; and Rz we add the edges (a — 2,a — 1), (4¢q,a — 1).
Finally, between R,;1 and R, we have the edge between the unique vertex of
R,41 and the a-th vertex of Ry,

{a—14+(@a—1Dro+(a—1)r3+---+(a—1)rg,a—1}.

Summarizing, the concatenation (Ry41 Ry - - - RgR4+1) in cyclic order contains
all the edges {l,k} for every pair {l,k} € Zs411, such that in R; are the edges
{j,j +ri} and {j,j + ar;} with r; € QRag41 and ar; € NQRag41 less the edges
{a=14+(a—-1)rog+---+(a—1)ri-1 +4gri,a— 1+ (a—1)rg+--- + (a — 1)1}

For 1 < ¢ < g, each sequence R; has order 4¢ + a and R,41 has only one
element, then the order of circulant graph is equal to 4¢%> + ag + 1 and we can
embed Cyp2q041(1,a) in Kygy1, and

49+1< a(c4q2+aq+1(1a a)) ]

By Remark 1, 2 € NQR if and only if p = 8¢ 4+ 5, applying Equation 3 for
a = 2, we have the following result.

Corollary 3. Let 8q+5 be a prime number. Then a(Cigg24204+7(1,2)) = 8¢ +5.

Moreover, when a = 3 we have also the following.
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Corollary 4. Let 4q+1 be a prime number. If3 € NQR, then a(Cyyp214941(1,3))
=4q+1.

Proof. If a = 3, Cy;23,41(1,3) has 8¢> 4+ 6¢+2 edges and K42 has 8¢* +6¢+1
edges, by Equation 3, it follows that a(Cyg243441(1,3)) < 4¢ 4 2. Suppose that
(Cyq243441(1,3)) = 4g+2. Observe that there is only one pair of colors repeated
in the coloring of the graph Cy,23,41(1,3). Consider a homomorphism ¢ :
V(Cyg2i3¢+1(1,3)) = V(Kyqr2). Let us consider the multigraph induced by the
homomorphism ¢. Since Kyq412 is (4g+1)-regular and Cy 2 3,11(1, 3) is 4-regular,
then each vertex of the multigraph has degree at least 4q + 4. Hence, there are
at least 3(4qg+2)/2 set of colors repeated (or multiedges), a contradiction. Thus,
(Cyg243¢11(1,3)) = 4q + 1. [ ]

For instance, applying Corollary 3, for ¢ = 1 we have that 8¢ + 5 = 13,
and the quadratic residues in Zi3 are QR = {1,3,4}, and by the Corollary 3,
a(Cy3(1,2)) = 13. In this case the coloring is defined by the following sequences.

0,1,2,3,4,5,6,7,8,9,10,11,12,0),
1,4,7,10,0,3,6,9,12,2,5,8,11,1),
4,8,12,3,7,11,2,6,10,1,5,9,0,4),
8).

Ry = (
Ry = (
Ry = (
Ry = (

2.2. Diachromatic number on circulant digraphs

Let p = 4¢ + 3 be a prime. In this case 8P(J ) is a circulant digraph for J, recall
that by Remark 1 if ¢ € QR, then —i € NQR.

Theorem 5. Let 49 + 3 be a prime number and let a € NQR. Then
dac(88q2+2(a+4)q+a+3(l, a)) > 4q + 3. Moreover, for a = 3 the equality holds.

Proof. We proceed as in the proof of Theorem 2, considering the 2¢+1 quadratic
residues and thus 2g + 1 sequences R, Ra, ..., Rag41 each one of order 4qg +a + 2
and Rygo of order 1.

For the inequalities, when a = 3 proceed as in Corollary 4 considering the
complete digraph K444 with (4¢g +4)(4q + 3) arcs and (4q + 3) (in/out)-regular.
In this case the size of K444 equals the size of C'g2144+6(1,3) and the (in/out)-
degree of each vertex of the multidigraph is congruent with 0 modulo 4. Since the
complete digraph Kyg44 is (4¢+3) (in/out)-regular, for any pair of colors ¢ and j
there are 4q + 3 arcs from 7 to j, but that is impossible because C'gy2414446(1,3)
has unique edges between many pair of colors. [ |

Moreover, applying Remark 1 to Theorem 5 and the Equation 4 we have also
the following result.
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Corollary 6. Let 8¢ + 3 be a prime number. Then dac(832q2+g4q+5(1,2)) =
8q + 3.

For instance, if ¢ = 1, then 8¢ + 3 = 11, the quadratic residues in Z; are
QR = {1,3,4,5,9}, and by Corollary 6, dac(861(1,2)) = 11. In this case the
coloring is defined by the following sequences.

Ry = (0,1,2,3,4,5,6,7,8,9,10,0),

Ry = (1,4,7,10,2,5,8,0,3,6,9,1),

Rs = (4,8,1,5,9,2,6,10,3,7,0,4),

Ry = (8,2,7,1,6,0,5,10,4,9,3,8),
( 2)
(0

Rs; = (2,0,9,7,5,3,1,10,8,6,4,
Rg ).

)

3. AcHROMATIC INDEX OF CIRCULANT GRAPHS

In this section, we endeavor to determine the achromatic index of some circu-
lant graphs. In order to obtain upper bounds, we analyze the behavior of some
functions. While to obtain lower bounds, we exhibit a proper and complete edge-
coloring of Cy,(J) using some definitions and remarks about projective planes.

A projective plane consists of a set of n points, a set of lines, and an incidence
relation between points and lines having the following properties.

e Given any two different points there is exactly one line incident to both of
them.

e Given any two different lines there is exactly one point incident to both of
them.

e There are four points, such that no line is incident to more than two of them.

For some number g, such a plane has n = ¢°> + ¢ + 1 points and n lines; each
line contains ¢ + 1 points and each point belongs to g 4+ 1 lines. The number ¢
is called the order of the projective plane. If a projective plane of order g exists,
then it is denoted by II,. When ¢ is a prime power, a projective plane of order
q does exist which is denoted by PG(2,q) owing to the fact that it arising from
the finite field of order ¢ and it is called the algebraic projective plane.

Let P be the set of points of II, and let L. = {Lo,...,Ly—1} be the set of
lines of II;. The complete graph K, can be seen to have the vertex set P, and,
for i € {0,...,n — 1}, the line L; can be interpreted as the subgraph K, of K,
induced by the points of L;; we denote this graph by L;. From the properties
of I, it follows that if 4, j € {0,...,n — 1}, i # j, then |V(L;) N V(L;)| = 1.
Moreover, {E(lp), ..., E(l,—1)} is a partition of E(K,).

Now, we recall the concept of difference sets of a Z, group. A subset D =
{do,d1,...,dq} of Zy, is a difference set if for each g € Z,, g # 0, there is a
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unique pair of different elements d;,d; € D such that g = d; — d;. Therefore,
if D C Z, is a difference set and i € Z, is an arbitrary element, then both
—D :={—dy,—di,...,—dy} and D+i:={do+1i,d1 +1,...,d,+i} are difference
sets. See Table 1 for some examples.

Lo, Difference set Lop, Difference set

713 1,2,5,7 Zg1 1,2,4,10,28,50,57,62,78,82

731 1,2,4,9,13,19 7133 1,2,4,13,21,35,39,82,89,95,105,110

Zs7 | 1,2,4,14,33,37,44,53 | Z1s3 | 1,2,4,17,24,29,43,77,83,87,120,138,155,176

Table 1. Some known different sets for some Z,,.

Next, we recall the notion of cyclic planes using the polygon model. Let
¢ > 1 be an integer, and n = ¢ + ¢ + 1. If the group Z, contains a difference set
D = {dy,dy,...,ds}, then there exists a projective plane called cyclic projective
plane of order g, defined as follows: the points are the elements of Z, that is
the set of integers {0,1,...,n — 1}, and the lines are the sets {L; ?:_01, where
L; = D +i. Throughout the paper when we deal with elements of Z,, all sums
are taken modulo n.

The class of cyclic projective planes is wider than the class of algebraic projec-
tive planes, but each known finite cyclic plane is isomorphic to PG(2, q) for a suit-
able g. The following representation of the cyclic planes comes from Kérteszi [19],
and it is useful to illustrate our proofs. Consider the numbering of the vertices
of a regular n-gon with the elements of Z, in clockwise order. Note that the
subpolygon with ¢ + 1 vertices induced by a difference set D has the property
that all the chords obtained by joining pairs of their points have different lengths,
and it represents the line Lg of II,. Moreover the line L; is obtained by rotating
Lo around the center by angle 2%% forie {1,...,n— 1}, see Figure 1.

Figure 1. The line Ly of the cyclic model of I3 as a polygon of 13 vertices, i.e., the line
Ly of the circulant graph C15(1,2,3,4,5,6).

Finally, we recall that any complete graph of even order ¢ + 1 admits a 1-
factorization with ¢ perfect matchings and we define the following definitions in
order to simplify the proofs.
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Definition. Let ¢ + 1 be an even integer, {F1,..., Fi} a set of perfect matching
pairwise edge-disjoint of K,y for some t € {1,...,¢q} and W = U§:1 F;. An
edge-coloring ¢: E(W) — C, for C = {c!,...,c'} a set of ¢ colors, will say to be
of Type My if for every j € {1,2,...,t} the set {zy € E(W): ¢(zy) =/} is Fj.

Since each color class is a matching, we will say that W is an owner of the
set of colors C.

In order to prove our theorem, we show the following lemma.

Lemma 7. Let n = ¢ + ¢+ 1 with q¢ a natural number, such that I1, exists. Let
K, be a representation of II; and let ¢: E(K,) — C be a partial edge-coloring
of Ky. Suppose that each line L; of K, is an owner of the set of colors C; C C.
Then ¢ is complete.

Proof. Let {ci,co} C U7 C;i. If thereisani € {1,...,n} such that {c1,c2} C C;,
since L; is an owner of C;, it follows that each u € V(L;) is incident with edges
colored ¢1 and cs.

If ¢, € C; and ¢ € C; with i # j, then there is u € V(G) such that
u = V(L;) NV (L;) and since L; and L; are owners of C; and Cj, respectively,
by the properties of the projective plane, w is incident with edges colored c;
and co. ]

Theorem 8. Let 11, be a cyclic projective plane of odd order q with difference
set D, n=q*>+q+1 and Cn(J) a circulant graph such that J C {1, cel L%J }
If the chords of D have lengths of J of Lo and they are the union of t matchings
(1 <t<q), then

tn < ap(Cp(J)).

Proof. In order to prove this theorem, we exhibit a proper and complete edge-
coloring of Cp,(J) for n = ¢*> + ¢+ 1, with k = tn colors. Since J is a subset of
{1,...,]%]} and |%]| = (qgl), then ¢t = 2|J|/(q+ 1). Let C be a set of k colors,
and let {Co,...,Ch_1} be a partition of C such that C; is a set of ¢ colors for all
ie€{0,...,n—1}.

Let V(Cp(J)) be representing the points of a cyclic plane II,, and let {Ly, ...,
L,_1} be the set of lines of induced in V(C,,(J)) such that V(Lg) = D.

To color the edges of V(Cy,(J)) with ¢: V(C,(J)) — [k], we assign partial
colorings of Type M; using the colors of C; to the lines of L; for all i € {0,...,
n—1}.

Since each color class is a matching, the coloring is proper. Since each line
L; is an owner of each color of C; (1 < i < n) by Lemma 7, it follows that the
resultant edge-coloring ¢ := J;_; ¢; of V/(Cy(J)) is a complete edge-coloring using
k colors. [
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Next, we analyze the upper bounds. Note that a circulant graph G = Cy,(J)
is r-regular with r = 2|J|, therefore, it has size n(g) and by Equation 3, we have
that

a1(G) < \\;+ ier“(rl)J .

This equation works better with some graphs (normally with sparse graphs,
i.e., those for which its size is much less than |V'|?) but for these graphs we give
a different approach to obtain an upper bound, first introduced for complete
graphs, see [17]. Let fy,(x) and g, ,(z) be functions that count the maximum
number of chromatic classes in two different ways, where x is the size of the
smallest chromatic class defined as follows.

2x(r—1)+1 it r <n -2z,
n—2zx+r—-1)+1 if r>n—2x.

nr

fmr(x) = % and gn,r(w) = { "

Since fp, is a decreasing function and g, , is increasing function, we get that

a1(G) < max {min{| fr,(z)|, gn,(x): x € N}},

and thus,

a1(GQ) < max {min{ f, (), gn,(x): x € R}}.
Theorem 9. Let n = ¢> + q+ 1 and C,(J) be a circulant r-regqular graph such
that r = (¢ + 1)t with 1 <t < q. If there exists I1; a cyclic projective plane of
order odd q such that J C {1, ceey L%J }, the chords of D have lengths of J of Lg
and they are the union of t matchings, then

a1 (Co(J)) = tn.

Proof. Since the result is true for complete graphs, assume 1 < ¢t < g — 1.
By Theorem 8, tn < ay(Cy(J)) and a1(Cp(J)) < fur(z) = % and then
r < q—g—l.

Suppose z = %1. Then f,,(z) = tn and g, ,(z) =
1 =tn+tg—gqsince (¢+1) < tlg+1) < ¢ -1c<
min{| fnr ()], gn,r ()} = for(2) =tn = ¢t +qt + t.

((g+ 1)t =1)(g+1)+
¢> = n — 2x. Hence

Now, suppose T = q;21_ Then fp,(x) = tn% = % and g () =
(q+1)t—1)(g—1)+1 = LECIHHEI0D) (ewly, since (g+1) < tH(g+1) <
q2 -1< C]2 =n — 2z). Hence min{| fo, ()], gnr (@)} = gnr(z) = q2t —t—q+2
since q > 3.

Therefore,

a1(Cp(J)) < max{q2t+qt+t,q2t —t—q+2}} =¢Pt+qt+t=tn,

i.e.,

a1(Cr(J)) = tn. u
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6)) = a1(Cp(4,5)) =13, a1(Cy(3,4, 5,

For example, a1 (Cp(1,2)) = a1(Cp(3,
(G ) = 26 and a1 (Cn(1,2,3,4,5,6)) = 39.

) (3
6)) = al(Cn(172a47 5)) =« (Cn( 727376)

Acknowledgements

We would like to thank the editor and the anonymous reviewers for their insightful
comments and suggestions to this paper and also to the CID 2019 organizers to
celebrate this wonderful conference and to publish the proceedings of it in this
special issue of DMGT Journal.

Research supported by CONACyT-México under Projects 282280, 47510664,
A1-S-12891 and PAPIIT-México under Project IN107218 and IN106318.

REFERENCES

[1] G. Araujo-Pardo, J.J. Montellano-Ballesteros, M. Olsen and C. Rubio-Montiel, The
diachromatic number of digraphs, Electron. J. Combin. 25 (2018) #P3.51
doi:10.37236/7807

[2] G. Araujo-Pardo, J.J. Montellano-Ballesteros, C. Rubio-Montiel and R. Strausz, On
the pseudoachromatic index of the complete graph 111, Graphs Combin. 34 (2018)
277-287.
doi:10.1007/s00373-017-1872-6

[3] G. Araujo-Pardo, J. J. Montellano-Ballesteros and R. Strausz, On the pseudoachro-
matic index of the complete graph, J. Graph Theory 66 (2011) 89-97.
doi:10.1002/jgt.20491

[4] G. Araujo-Pardo, J.J. Montellano-Ballesteros, R. Strausz and C. Rubio-Montiel, On
the pseudoachromatic index of the complete graph 11, Bol. Soc. Mat. Mex. 20 (2014)
17-28.
doi:10.1007/s40590-014-0007-9

[5] G. Araujo-Pardo and C. Rubio-Montiel, On wi-perfect graphs, Ars Combin. 141
(2018) 375 387.

[6] F. Bories and J. Jolivet, On complete colorings of graphs, in: Recent Advances
in Graph Theory, Proc. Second Czechoslovak Sympos., Prague, 1974, (Academia,
Prague, 1975) 75-87.

[7] A. Bouchet, In/dice achromatique des graphes multiparti complets et réguliers,
Cahiers Centre Etudes Rech. Opér. 20 (1978) 331-340.

[8] D.M. Burton, Elementary Number Theory, Second Edition (W.C. Brown Publishers,
Dubuque, TA, 1989).

[9] N. Cairnie and K. Edwards, Some results on the achromatic number, J. Graph
Theory 26 (1997) 129-136.
doi:10.1002/(SICI)1097-0118(199711)26:3(129::AID-JGT3)3.0.CO;2-T

[10] G. Chartrand and P. Zhang, Chromatic Graph Theory (Chapman and Hall/CRC
Press, New York, 2008).
doi:10.1201/9781584888017


http://dx.doi.org/10.37236/7807
http://dx.doi.org/10.1007/s00373-017-1872-6
http://dx.doi.org/10.1002/jgt.20491
http://dx.doi.org/10.1007/s40590-014-0007-9
http://dx.doi.org/10.1002/(SICI)1097-0118(199711)26:3<129::AID-JGT3>3.0.CO;2-T
http://dx.doi.org/10.1201/9781584888017

724 G. ArRAUJO-PARDO, J.J. MONTELLANO, M. OLSEN AND ...

[11] M. Debski, Z. Lonc and P. Rzazewski, Achromatic and harmonious colorings of
circulant graphs, J. Graph Theory 87 (2018) 18-34.
doi:10.1002/jgt.22137

[12] K.J. Edwards, Harmonious chromatic number of directed graphs, Discrete Appl.
Math. 161 (2013) 369-376.
doi:10.1016/j.dam.2012.09.003

[13] F. Harary, S. Hedetniemi and G. Prins, An interpolation theorem for graphical ho-
momorphisms, Port. Math. 26 (1967) 453-462.

[14] P. Hell and D.J. Miller, Graph with given achromatic number, Discrete Math. 16
(1976) 195-207.
doi:10.1016,/0012-365X(76)90099-6

[15] M. Horndk, Achromatic index of K12, Ars Combin. 45 (1997) 271-275.

[16] M. Horndk, S. Péola and M. Wozniak, On the achromatic index of Kgpyqq for a
prime q, Graphs Combin. 20 (2004) 191-203.
doi:10.1007/s00373-004-0550-7

[17] R.E. Jamison, On the edge achromatic numbers of complete graphs, Discrete Math.
74 (1989) 99-115.
doi:10.1016/0012-365X(89)90202- 1

[18] R.E. Jamison, On the achromatic index of Kia, in: Proceedings of the Twenty-
second Southeastern Conference on Combinatorics, Graph Theory and Computing,
Baton Rouge, 1991, Congr. Numer. 81 (1991) 143-148.

[19] F. Kaérteszi, Introduction to Finite Geometries (North-Holland Publ. Co., New York,
1976).

[20] V. Neumann-Lara, The dichromatic number of a digraph, J. Combin. Theory Ser. B
33 (1982) 265-270.
doi:10.1016,/0095-8956(82)90046-6

[21] E. Sopena, Complete oriented colourings and the oriented achromatic number, Dis-
crete Appl. Math. 173 (2014) 102-112.
doi:10.1016/j.dam.2014.03.015

[22] C. M. Turner, R. Rowley, R. Jamison and R. Laskar, The edge achromatic number
of small complete graphs, Congr. Numer. 62 (1988) 21-36.

[23] V. Yegnanarayanan, The pseudoachromatic number of a graph, Southeast Asian
Bull. Math. 24 (2000) 129-136.
doi:10.1007/s10012-000-0129-z

[24] V. Yegnanarayanan, Graph colourings and partitions, Theoret. Comput. Sci. 263
(2001) 59-74.
doi:10.1016/S0304-3975(00)00231-0

Received 18 November 2019
Revised 20 April 2020
Accepted 20 April 2020


http://dx.doi.org/10.1002/jgt.22137
http://dx.doi.org/10.1016/j.dam.2012.09.003
http://dx.doi.org/10.1016/0012-365X(76)90099-6
http://dx.doi.org/10.1007/s00373-004-0550-7
http://dx.doi.org/10.1016/0012-365X(89)90202-1
http://dx.doi.org/10.1016/0095-8956(82)90046-6
http://dx.doi.org/10.1016/j.dam.2014.03.015
http://dx.doi.org/10.1007/s10012-000-0129-z
http://dx.doi.org/10.1016/S0304-3975(00)00231-0
http://www.tcpdf.org

