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Abstract

A perfect Italian dominating function (PIDF) on a graph G is a function
f: V(G) — {0,1,2} satisfying the condition that for every vertex u with
f(u) = 0, the total weight of f assigned to the neighbors of u is exactly two.
The weight of a PIDF is the sum of its functions values over all vertices. The
perfect Italian domination number of G, denoted 77(G), is the minimum
weight of a PIDF of G. In this paper, we show that for every tree T of order
n > 3, with £(T) leaves and s(T') support vertices, v/ (T) < %
improving a previous bound given by T.W. Haynes and M.A. Henning in
[Perfect Italian domination in trees, Discrete Appl. Math. 260 (2019) 164
177].
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1. INTRODUCTION

Throughout this paper, G is a simple graph with vertex set V(G) and edge set
E(G) (briefly V, E). The order |V| of G is denoted by n = n(G). For every vertex
v € V(Q), the open neighborhood of v is the set Ng(v) = N(v) = {u € V(G) |
uv € E(G)} and its closed neighborhood is the set Ng[v] = N[v] = N(v) U {v}.
The degree of a vertex v € V is degg(v) = |[N(v)|. A leaf of G is a vertex of
degree one and a support verter is a vertex adjacent to a leaf. An end support
vertex is a support vertex having at most one non-leaf neighbor. For every vertex
v € V, the set of all leaves adjacent to v is denoted by L(v) and L[v] = L(v)U{v}.
We denote the set of leaves of a graph G by L(G) and the set of support vertices
by S(G). We also let |S(G)| = s(G) and |L(G)| = ¢(T). A double star DSy,
with ¢ > p > 1, is a graph consisting of the union of two stars K, and K )
together with an edge joining their centers. The subdivision graph Sp(G) of a
graph G is that graph obtained from G by replacing each edge uv of G by a
vertex w and edges uw and vw. A healthy spider S(G) is the subdivision graph
of a star Ky for k > 2. A wounded spider Si; is a graph obtained from a star
K i, by subdividing ¢ edges exactly once, where 1 <t < k — 1. We denote by P,
the path on n vertices. The distance dg(u,v) between two vertices u and v in
a connected graph G is the length of a shortest u — v path in G. The diameter
of a graph G, denoted by diam(G), is the greatest distance between two vertices
of G. For a vertex v in a rooted tree T, let C'(v) denote the set of children of v,
D(v) denotes the set of descendants of v and D[v] = D(v) U{v}. Also, the depth
of v, depth(v), is the largest distance from v to a vertex in D(v). The maximal
subtree at v is the subtree of T' induced by D[v], and is denoted by T,,.

For a real-valued function f : V' — R, the weight of f is w(f) = Y,y f(v),
and for S C V we define f(S) =3 cq f(v). Sow(f) = f(V).

A Roman dominating function on G, abbreviated RDF, is a function f :
V' — {0,1,2} such that every vertex u € V for which f(u) = 0 is adjacent to
at least one vertex v for which f(v) = 2. Roman domination was introduced by
Cockayne et al. in [7] and was inspired by the work of ReVelle and Rosing [12] and
Stewart [13]. Several new varieties of Roman domination have been introduced
since 2004, among them, we quote the Italian domination originally published
in [1] and called Roman {2}-domination. Further results on Roman domination
and its variant can be found in [2-6].

An [Italian dominating function on G, abbreviated IDF, is a function f :
V — {0, 1, 2} satisfying the condition that for every vertex v € V with f(v) =0,
> uen@) f(w) = 2, that is either v is adjacent to a vertex u with f(u) = 2, or
to at least two vertices x and y with f(x) = f(y) = 1. The Italian domination
number, denoted 77(G), is the minimum weight of an IDF in G.

The concept of perfect dominating sets introduced by Livingston and Stout
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in [11] has been extended to Roman and Italian dominating functions in [10]
and [9], respectively. An RDF f is called perfect if for every vertex v with
f(v) = 0, there is exactly one vertex u € N(v) with f(u) = 2, while a IDF
g is perfect if for every vertex w with g(w) = 0, g(N(v)) = 2. The perfect
Roman domination number (respectively, perfect Italian domination number) of
G, denoted 7% (G) (respectively, 77 (G)), is the minimum weight of a perfect RDF
(respectively, perfect IDF) in G. A perfect IDF on G will be abbreviated PIDF.
A PIDF f is called a +/(G)-function if w(f) = +7(G).

It was shown in [10] that every tree T of order n > 3 satisfies v (T) < 2n.
However, this upper bound has recently been improved by Darkooti et al. [8] for
trees T with ¢(T") > 2s(T') — 2, by showing that for any tree T' of order n > 3
with ¢(T') leaves and s(T") support vertices, v5(T) < (4n— (T) + 2s(T) — 2)/5.
Moreover, Henning and Haynes showed in [9] that %n is also an upper bound of
the prefect Italian domination number for any tree of order n > 3.

In this paper, we shall show that for any tree T of order n > 3 with ¢(T)
leaves and s(T") support vertices, v5(T) < (4n— €(T) 4 2s(T) — 1)/5. But first
let us point out that for both parameters 7%,(G) and 77(G), one may be larger or
smaller than the other even for trees. Indeed, for the path P we have 'y’é(P5) =4
and ~/(P5) = 3 while for the double star DS3; we have 75 (DSs;) = 3 and
Y7 (DSs1) = 4. The next result shows that the differences 77 (G) — 7% (G) and
Y%(G) =~} (G) can be arbitrarily large.

Observation 1. For any integer k > 1, there exist trees Ty, and Hj such that
V1 (Te) = Yp(Tk) = k and vi(Hi) — 7 (Hi) = k.

Proof. Let T} be the tree formed by k double stars DS3; by adding a new
vertex attached to every support vertex of degree four. One can easily see that
v (Ty) = 4k + 1 while %(T},) = 3k + 1.

Now, let Hy, be the tree formed by k paths Ps by adding a new vertex attached
to all center vertices of the paths. Then v} (Hy) = 3k+1 while v},(Hy) = 4k+1. m

2. NeEw UPPER BOUND

In this section, we present our main result which is an upper bound on the perfect
Italian domination number of a tree.

Theorem 2. If T is a tree of order n > 3 with ¢(T') leaves and s(T) support
vertices, then
dn —4(T) +2s(T) — 1

Proof. We proceed by induction on the order n. If n € {3,4}, then clearly
D An—0(T)+2s(T)—1
71 (T) < -5

, establishing the base case. Let n > 5 and assume that
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any tree 7" of order n/, with 3 < n’ < n satisfies 77(T") < 4n_€(T,)§25(T/)_1. Let

T be a tree of order n. If diam(T) = 2, then T is a star, where v7(T) = 2 <

%. If diam(7") = 3, then T is a double star, and since n > 5 we

have 7§(T) —4< 4n7€(T)J5r23(T)71
at least 4. If n = 5, then T is a path Ps, where 77 (P5) = 3 < %.
Hence let n > 6.

Suppose v1vg - - - v (k > 5) is a diametral path in 7" such that degp(vs) is as
large as possible. Root T" at vg. First, assume that 7" has an end support vertex y
of degree three. Without loss of generality, assume that y = ve. Let 7/ =T — Ty,
and f’ be a v/(T")-function. If f'(v3) = 0, then f’ can be extended to a PIDF of
T by assigning a 0 to v9 and a 1 to the two leaves of vy. If f/(v3) > 1, then f’ can
be extended to a PIDF of T' by assigning a 2 to v2 and a 0 to the leaves of vy. In
either case, 77(T') <~7(T") 4+ 2, and by the induction hypothesis we obtain

. Hence, we may assume that 7" has diameter

An’ — 0(T") + 25(T") —

1
(T < AF(T)+2< +2

)
_ An—3) —E(T)5+2+25(T) -1,
< dn —(T) +2s(T) — 1'

- 5

Hence we can assume that 7" has no end support vertex of degree three, in par-
ticular we have degp(vg) # 3. Next, suppose that degp(vs) = 2. If degp(ve) = 2,
then let 7/ = T — T,, and f’ be a /(T")-function. Note that n’ = n — 3,
s(T") < s(T) and 4(T") > ¢(T) — 1. Now if f’(v4) = 0, then the function f defined
by f(ve) =2, f(v1) = f(vs) =0 and f(z) = f'(x) for x € V(T)\ {v1,v9,v3} is
a PIDF of T. If f'(vq) > 1, then the function f defined by f(vi) = f(v3) = 1,
f(v2) =0 and f(x) = f'(z) for x € V(T)\ {v1,v2,v3} is a PIDF of T. In either
case, 77 (T) < ~¥(T") + 2, and by the induction hypothesis we obtain

An—3) —UT)+1+2s(T) -1

2
5 +

Y(T) < AJ(T)+2 <

- dn — L(T) —;— 2s(T) — 1'

Suppose now that deggp(vy) > 4. Let T/ = T — Tv3 and f’ be a ~J-function

of T". Note that T” has order n’ > 2. Clearly if n' = 2, then /7(T) = 4 <

M Hence we assume that n’ > 3. If f/(vs) = 0, then we can extend

f' toa PIDF of T' by assigning a 2 to v and a 0 to every neighbor of vy. If
f'(vg) > 1, then we can extend f’ to a PIDF f of T by assigning a 2 to vg, a 1
to vg, and a 0 to all leaves of vo. In either case, 77 (T) < A7(T") + 3 and by the
induction hypothesis we obtain
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dn' — 0(T") + 2s(T") — 1

A(T) < (T +3 < +3

S
< Hn—|L{v)| = 2) - (5(751) — L)) +2s(T) -1 .
_ 4n—UT)+2s(T) —1—3L(vy) — 8 dn —0(T)+2s(T) — 1
= 3 +3< 5 -

From now on, we can assume that degy(vs) > 3 and degp(v2) # 3. Note that
often in our proof a subtree T” of T is considered, and so in either case, let f’ be
a v/ (T")-function. Consider the following cases.

Case 1. degp(ve) > 4 and T,, # DSs;. Let us examine the following
situations.

Subcase 1.1. v3 has at least two leaves. Let T" be the tree of order n’ obtained
from T by removing all leaves of vy. Note that n’ = n — |L(v9)|, s(T") = s(T) — 1
and ((T") = ¢(T) — |L(v9)| + 1. Since vz has at least three leaves in T”, we
conclude that f/(v3) > 1. Hence the function f defined by f(v2) = 2, f(x) =0
for all x € L(vg) and f(z) = f/(z) for z € V(T)\ L[vs] is a PIDF of T'. It follows
that 77 (T) < ~¥(T") + 2, and by the induction hypothesis we obtain

A(n — |L(v2)[) = £(T) + [L(va)| = 1 + 25(T)

-3
2
5 +

() < (T +2<
- dn —L(T)+2s(T) — 1

5

Subcase 1.2. vz has exactly one leaf, say v’/. If vy is the unique child of v
with depth 1, then let 77 be the tree of order n’ obtained from T by removing
all vertices in T3, and adding two new vertices =1, z2 attached at vs. Since v
has at least three leaves, we have f’(v3) > 1, and thus the function f defined
by f(v2) = 2, f(x) =0 for x € L(ve) and f(x) = f'(z) for x € V(T)\ L[ve] is
a PIDF of T. Hence 77 (T) < ~A7(T") + 2, and since T, # DSs,1, we must have
|L(vg)| > 4. Tt follows from the induction hypothesis that

V(T) < AP(T) +2 < 4(n+1—|L(vg)|) — €(T)5+ |L(vo)| — 2+ 2s(T) — 3 .
< An—UT) +25(T) — 1

5

2

Suppose that vs has (at least) two children with depth 1, say a and b such that
degr(a) > 4 and degp(b) > 4. Let T' be the tree formed from T by deleting
all leaves of a and b. Note that n' = n — |L(a)| — |L(b)|, s(T") = s(T) — 2
and £(T") = 4(T) — |L(a)| — |L(b)| + 2. Clearly, f’(v3) > 1 since v3 has three
leaves in 7”. Thus the function f defined by f(a) = f(b) = 2, f(z) = 0 for all
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x € L(a) UL(b) and f(x) = f'(z) for all x € V(T')\ (L]a] U L[b]) is a PIDF of
T, and so Y/ (T) < +%(T") + 4. Using the fact |L(a)| > 3 and |L(b)| > 3 and the
induction hypothesis we obtain

(1) < 7(T') +4
A(n — |L(a)| — |L(b)|) — ((T) + |L(a)| + |L(b)| — 2+ 2s(T) — 5
dn —0(T) +2s(T) — 1 g
< .
)

Hence we can assume now that vo is the unique child of v3 with depth one and
degree at least 4. Recall that since degp(v2) # 3, we may assume that every child
of vz with depth 1 that is different from vy has degree two. Note that |C(v3)| > 3.
Assume first that |C(vs)| > 4, and let T” be the tree of order n’ obtained from
T — Ty, by adding three new vertices x1,x9,z3 attached at vg. Note that n' =
0= |C(vg)] — |L(Toy)| + 3, (T) = UT) — L(Toy) +3, s(T') < 5(T) — |Cug)] +1.
Now, since vy has three leaves in T”, we must have f’(v4) > 1, and thus the
function f defined by f(ve) = 2, f(x) = 1 for z € {v/,v3} U (L(Ty,) \ L(v2)),
f(z) =0 for all z € (C(v3) \ {v2,v'}) U L(ve) and f(z) = f'(x) for otherwise, is a
PIDF of T. Hence v}(T') < +¥(T") +|C(v3)| + 2, and by the induction hypothesis
it follows that

77(T)
< AT + 1C(v3)] +2

4(n — |C(v3)| + 3 — |L(Tay)|) = UT) + |L(Tug)| — 3 + 25(T) — 2|C(v3)| + 1
B 5
Cs) +2 < 4n—€(T)J5r2s(T) -1 —|C(v3)| — 35|L(Tv3)| +21

Moreover, since |L(Ty,)| > |C’(v3)\ + 2, we have +}(T) <

+
_4‘0(1)3)'“5 < AnHT )§2S(T) because of |C(v3)| > 4. Next, we can assume

that ]C(Ug)| = 3, that is T, is isomorphic to H; in Figure 1. In this case, let
T’ be the tree formed from T by removing all vertices of T, except vs. Clearly
vg is a leaf in 7. If f’(v3) = 0, then f(vy) = 2 and so the function f defined
by f(vs) = f(v') = f(u1) =1, f(v2) =2, f(x) =0 for all z € L(ve) U {uz} and
f(z) = f'(x) for otherwise is a PIDF of T. If f’(v3) = 1, then we can extend f’
to be a PIDF of T as above when f’(v3) = 0, except that we do not assign a 1 to
vs. In either case, v7(T) < A7(T”) + 5. It follows from the induction hypothesis
that

+4

4n—Z(T)+2s(T)—1

4(n —4 — |L(va)|) — £(T) + | L(va)| + 1+ 2s(T) — 5
5

(T) <Af(T)+5<

- 4n —K(T)—;—QS(T) - 1.

+95
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Finally, if f/(v3) = 2, then the function f defined by f(v2) = f(u2) =2, f(z) =0
for all z € L(vy) U{uq,v'} and f(x) = f'(x) for otherwise is a PIDF of T'. Using
the induction hypothesis we obtain

WT) < AP(T') +4 < 4(n —4 —|L(va)|) — E(T);— |L(va)| + 14 2s(T) -5 +4
dn —0(T) +2s(T) — 1
< .
5
v3
H,
v3
H3 Hy

Figure 1. The trees.

Subcase 1.3. vs3 is not a support vertex. Suppose that vz has at least three
children of degree at least 4, say a,b and c. Let T” be the tree obtained from T
by removing all leaves of a,b and ¢. Note that n’ = n — |L(a)| — |L(b)| — | L(c)],
s(T") = s(T) — 2 and L(T") = 4(T) — |L(a)| — |L(b)| — |L(c)| + 3. Clearly, since
v3 has three leaves in 7", f’(v3) > 1, and thus the function f defined by f(a) =
f(b) = f(e) =2, f(x) =0for all z € L(a) UL(b) U L(c) and f(z) = f'(x) for all
x € V(T)\ (L[a] U L[b] U Lic]) is a PIDF of T. By the induction hypothesis, it
follows that

1(T) <7(T') +6

< 4 —|L(a)| — |L(b)| = |L(c)]) = &T) + |L(a)| + [L(b)| + [L(c)| =3 +25(T) = 5
- 5

- dn — 0(T) —5+— 2s(T) — 1'

+6
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Hence, v3 has at most two children of degree at least 4, say vs and wu (if any).
Let T” be the tree of order n’ obtained from T — T;,, by adding three new vertices
attached at vg. Note that n’ = n—|C(vs)|—|L(Tws)|+2, s(T") < s(T)—|C(vs3)|+1
and £(T") = {(T) — |L(Ty,)| + 3. Clearly, f'(v4) > 1. Hence the function f defined
by f(xz) = 2 for x € {vg,u}, f(x) =1 for x € (L(Tyy) U {vs})\ (L(v2) U L(u)),
f(z) =0 for x € (C(v3) \ {ve,u})U(L(v2) UL(u)) and f(x) = f'(x) for otherwise
is a PIDF of T'. By the induction hypothesis we obtain

Y(T) < 7(T") + 1C(vs)| + 3
< 4 = [C(us)] = |L(Toy)| +2) = U(T) + | L(Toy)| =3 + 25(T) —2|C (v3)| +1
- )

Since |L(Tyy)| > |C(vs)] + 2, we have A0(T) < “n=tD2s@)-1 | —4IC@)|+16
If [C(vs)| > 4, then A%(T) < =tDI2M-1 " Hepee, 2 < |C(vg)] < 3. If
|C'(v3)| = 3 and w3 has two children of degree at least 4, then one can easily
see that /7(T) < % (since |L(Tys)| > |C(v3)| +4). In the sequel,
we can assume that T, is isomorphic to one of Hy, H3, Hy depicted in Figure 1.
In that case, let T” be the tree formed from T by removing all vertices of Ty,
except vs. Clearly vg is a leaf in T”. Let f” be a ~(T")-function. If f”(v3) =0,
then f”(v4) = 2 and so let f be a PIDF of T defined as follows: f(x) = f"(x)
for all x € V(T")\ {vs} and f(vs) = 1. Moreover, every child of vz of degree 2
is assigned a 0 and its unique leaf a 1; every child of vs of degree at least 4 is
assigned a 2 and its leaves a 0. If f”(v3) = 1, then f” will be extended to a
PIDF of T as above when f’(z) = 0, except we do not assign a 1 to vs. Finally, if
1" (v3) = 2, then we use the following assignment for vertices of T,,: assign a 2 to
each child of v3 and a 0 to each of their leaves. Now, if T,, = Ha, then in either
case described above, we have v/(T") < ~+¥(T") + 4. By the induction hypothesis
we obtain

4(n =3 — |L(va)]) = UT) +|L(vg)| + 1 +25(T) =3
5

FT) < A(T") +4 < 4

dn — U(T) + 2(T) — 1
5 :
If T\, = H3, then 47 (T) < A7(T")+5, and by the induction hypothesis we obtain

¥(T) < A[(T") +5
_ An =2~ |L(e)] = [LG)]) ~ A7) + | L) +]L(w)] +25(T) =3
- )
- dn —U(T) —5k 2s(T) — 1'

5
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Moreover, if T,,, = Hy, then +/(T') < ~7(T")+6, and by the induction hypothesis
it follows that

4(n —5— |L(v2)|) — UT) 4+ 2+ |L(v2)| +2s(T) — 5 N

6
)

Y (T) <AJ(T")+6<
_ dn—U(T) +25(T) ~ 1

5

Before discussing Case 2, we will need the following claim.

Claim. Let T' be a wounded spider of order n different from DS, with s(T')
support vertices and £(T) leaves. Then we have the following.

(i) If 65(T) — 20(T) > 11, then A2(T) < n=tTE2s(1)6
(i) If 6s(T) — 26(T) < 11, then +2(T) < n=fE2s(M=8

Proof. Let v be the center vertex of T
(i) If 6s(T") — 2¢(T") > 11, then the function f defined by assigning a 1 to v
and every leaf of T, and a 0 to remaining vertices of T', is a PIDF of T and so

dn —0(T) +2s(T) — 6
5 :

(ii) Let t = |L(v)| — 1. Clearly, ¢(T') = s(T") +t and since 6s(T") —2¢(T) < 11,
then T is a double star and since 7" is not a DSs 1, we can see that we have
4s(T) — 2t < 11 and thus ¢t > 2s(T) — 4. Now if s(T') = 2, then T is a double
(T) < 4nf€(T)225(T)

7T Sw(f)=6T)+1<

star and since T is not a DS 1, we can see that 'yf,’ =3, Hence,
let s(T") > 3. Then the function f defined by assigning a 2 to the support vertices
of T and a 0 to remaining vertices of T" is a PIDF of T" of weight 2s(T). Since,
n=s(T)+L(T) and ¢(T) = s(T')+t, it follows that 4n_Z(T)§28(T)_3 = QS(T);St_B.

Moreover, since t > 2s(T) — 171 we obtain
— T T) — 33 _
95(T)—g3t 3 > 9s( )—1—65(5 ) — 5 :33(T)—%.

Now, if s(T) > 4, then 3s(T) — 22 > 2s(T') > +¥(T) and so the desired result
follows. Thus we assume that s(7) = 3. If t > 2s(T') — %, then as above we have
95(TE3=3 > 35(T) — 21 > 25(T) > 4%(T). Hence, let ¢ < 25(T) — I = 2.5. Note
that in this case ¢(T) € {3,4,5}. Then assigning a 1 to v and the leaves of T'
and a 0 to remaining vertices of T" provides a PIDF of T' of weight ¢(T) + 1 <

w, which completes the proof of the claim. O

We note from the proof of the claim that there exist PIDFs of T' of weight

AV (T )| —0(Ts)+25(Ts )3
at most [V (To)| (53)+ o(Tvy)

that assign to the center vertex a 1 or 2.
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Now we are ready to examine the next case.

Case 2. degp(ve) =2 or T,,; = DS3;. From Case 1 and since vy was chosen
having a maximum degree, we conclude that T, is a spider. Assume first that 7;,,
is a healthy spider. If |C'(v3)| > 3, then let T” be the tree obtained by removing
Ty, and adding three new vertices attached at v4. Note that n’ = n—2|C(v3)|+2,
s(T") < s(T) — |C(vs)| + 1 and £(T") = ¢(T) — |C(v3)| + 3. Clearly, f'(vq) > 1
(since vy has three leaves in T"). Thus the function f defined by f(z) = 1 for
x € L(Ty,)U{vs}, f(xz) =0 for x € C(v3) and f(z) = f'(z) for x € V(T)\ V(Ty,)
is a PIDF of T. Hence +/(T) < A7(T") + |C(vs3)| + 1, and by the induction
hypothesis we obtain

V7(T)
< AT 4+ |C(vs)| + 1

< A =200l +2) = 1) +1Cla)] =34 2(T) = 2O oy
< dn —U(T) +2s(T) — 1 — 4]|C(v3)| + 12 < dn —(T)+2s(T) — 1
- ) - )
Now, assume that |C(vs)] = 2, and let 77 = T — T,,. If f'(vq4) > 1, then the
function f defined by f(z) = 1 for x € L(Ty,)U{vs}, f(x) = 0 for every x € C(v3)
and f(z) = f'(z) for all z € V(T)\ V(T,) is a PIDF of T' of weight 77 (T") + 3.
If f'(v4) = 0, then the function f defined by f(x) = 1 for x € V(Ty,) \ {vs},
f(vs) =0 and f(x) = f'(z) for all z € V(T)\ V(Ty,) is a PIDF of T of weight
YI(T") + 4. In either case, v/(T') < +4(T”") + 4 and by the induction hypothesis
we obtain

2T) < () 44 < M) Z(T)5+ 2+25(T) =3
an —0(T) +2s(T) — 1
5 .

Suppose now that T, is a wounded spider Sy ;. If T\, = DS> 1, then let
T'=T-T,,. Clearly n’ > 2. If n/ = 2, then 1/ (T") =5 < %. Hence
we assume that n’ > 3. If f’(vg) > 1, then the function f defined by f(vy) =
f(vs) =2, f(x) =0 for x € L(T,,) and f(x) = f'(x) for z € V(T)\V(Ty,) is a
PIDF of T. If f'(v4) = 0, then the function f defined by f(vi) =2, f(z) =1 for
x € L(vg), f(ve) = f(vs) =0 and f(z) = f'(z) for x € V(T)\ V(Ty,) is a PIDF
of T. In either case, 77 (T) < A7(T") + 4. If degy(vs) > 3, then s(T") = s(T) — 2
and ¢(T") = ¢(T) — 3 and by the induction hypothesis we obtain

A —5) — ((T) +3+25(T) =5
5)

4

4

Y(T) < AJ(T') +4 <

- dn — L(T) —;— 2s(T) — 1.
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If degp(vg) = 2, then s(T") < s(T) —1 and ¢(T") = ¢(T) — 2 and by the induction
hypothesis we obtain

4n—5)—lT)+2+2s(T)—3

4
5 +

V(T) <AJ(T) +4<

dn — 0(T) + 25(T) — 1
- .

From now on we may assume that v4 has no child = such that T, = DS> ;.

Let s; be the number of children of vy that are leaves and for ¢ > 2, let s;
be the number of children of v4 of degree ¢ whose children are all leaves. As we
assumed at the beginning of the proof, T" has no end support vertex with degree
three, it follows that s3 = 0. Let s>4 be the number of children of v of degree
at least 4 having no grandchild. Thus

S>4 = E S;.

i>4

Adopting our earlier notation, for each child v of vy with depth 2, let n, denote
the number of children in the subtree T}, of T'. Furthermore, let n* denote the
sum of the number of vertices in all such trees T,,. Also, let s* and £* denote
the sum of the number of support vertices and leaves vertices in all such trees
T,, respectively. Note that every child of vy is one of the following four types:
(1) a leaf; (2) a support vertex of degree 2; (3) a vertex with depth 2; (4) a
support vertex of degree at least 4 whose children are all leaves. For ease of
discussion, we sometimes refer to these children as Type-1, Type-2, Type-3, or
Type-4, respectively. Moreover, let m be the number of leaves of all Type-4
children. Consider now the following subcases.

Subcase 2.1. s + s>4 > 3. Let T =T — T,,, be a tree of order n’. We claim
that f’(v4) > 1. Suppose to the contrary that f’(vs) = 0. This implies that at
most two children of vy in 7" are assigned positive values under f’. But since
every Type-1 and Type-4 child of v4 must be assigned a positive value by f’ when
f'(vg) = 0, this implies that s; + s>4 < 2, a contradiction. Hence, f'(vq4) > 1.
Consequently, we can extend f’ to a PIDF f by adding to it any PIDF of T,, of
weight at most Ay Uy )5+2S(T”3)_3 assigning a 1 or 2 to vz (as claimed above).
By the induction hypothesis we obtain

Ang, —U(Ty) + 25(Tys) — 3
) < gy e = ) £ 2]
< A(n —ny,) —UT) +L(Ty,) + 25(T) — 25(Thy) — 1
- )
dmy, — U(Ty,) +25(Ty,) =3 _ 4n— (1) +25(T) — 1
) ) .

_l’_
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In the sequel, we may assume that s; + s>4 < 2.

Subcase 2.2. sy = 2. Since s1 + s>4 < 2, we deduce that s>4 = 0. Let F
be the forest formed by the Type-3 children of v4 and their descendants. We
note any component of F' is a wounded spider including 7)., and different from
DS ;. Let T be the tree obtained from T by deleting all vertices in V(F') and
adding a new vertex a attached at v4. Since vy has three leaf neighbors in T”, we
have f’(v4) > 1. Let f be the PIDF of T defined as follows: f(x) = f'(x) for all

x € V(T")\ {a} and let the restriction of f to each component, say T, in F be
Any, —L(Ty)+25(Ty)—
5
observations, the total weight assigned to F is at most M#. Now, by

the induction hypothesis we obtain
dn* — 0* 4+ 2s* — 3

any PIDF of that component of weight at most 3. By our earlier

Y(T) < A3(T") +

)
< 4(n—n*—i—1)—€(T)+€*—1+25(T)—2s*—1+4n*—£*+25*—3
- ) )
< dn —U(T) +2s(T) — 1
—_— 5 .

Hence, in the next we may assume that s; € {0, 1}.

Subcase 2.3. sy > 3. Let T” be the tree of order n’ obtained from T — T,
by adding three new vertices w1, s, x3 attached at vs. Note that n’ = n —
n*—s1 —2s5 —s>4—m~+2, L(T) = UT) —*—s1 — sy —m+ 3 and s(T") <
s(T)—s*—s1—sa3—s>4+1. Clearly, f'(vs) > 1 (since vz has three leaves in T”). Let
f be the PIDF of T defined by f(z) = f'(x) for all z € V(T")\ {x1, z2, 23} and
let f(vy) = 1. Then assign the weights to the descendants of vy in T' as follows:
assign a 1 to each Type-1 (leaf) child of vy (recall that s; € {0,1}); assign a 0 to
each Type-2 child of vy and a 1 to its leaf neighbor; assign a 2 to each Type-4
child of v4 and a 0 to each of its leaves. Finally, for each Type-3 child v, assign a
PIDF to the subtree T, rooted at v of weight at most 4"“_Z(E’)5+ 25(T0)=3 o that
f(v) > 1. By our earlier observations, the total weight assigned to all Type-3
children of v and their descendants is at most %. It follows from the
induction hypothesis that

An* —0* +2s* — 3
’7?(T) < ’Y?(T/)‘i’ 5 + 81+ 52+ 2554 +1

I _ / 1\ _ * Pk *
<4n LT") 4+ 2s(T") 1+4n 0 425" =3

+ 51+ 82+ 28>4+1

- 5 5
< dn—n*—s1—2s85—m—5>4+2) —4(T)+{*+s1+s2+m—3
- 5
25(T) — 28" — 281 — 289 —28>4+1  4n* —0* +25* — 3
4 250) 15 S S - 5145242554 + 1

dn —0(T)+2s(T)—1 9—3m —4sy +4s>4
5 * 5 o
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9—482—5524

+ 5

Using the fact that m > 3s>4, it follows that 4 (T") < 4"7€(T)§2S(T)71

Now since so > 3, we deduce that 'y?(T) < %.
By Subcase 2.3, we can assume that so < 2.

Subcase 2.4. sy + s>4 > 1. Let T’ be the tree of order n’ obtained by
deleting all vertices of T, except vg. Note that n’ =n —n* —s1 —2s3 — s34 —m,
s(T') < s(T)—s*—s1—sa—s>a+1and {(T") = 4(T) — * — s1 — s —m+1 (since
vy is a leaf vertex in T”). First, let f'(v4) = 2 and f be a PIDF of T defined by
f(z) = f'(x) for all z € V(T"); and then assign the weights to the descendants
of vg in T as follows: assign a 0 to each Type-1 (leaf) child of vy, assign a 2 to
each Type-2 child of vy and a 0 to its leaf, and assign a 2 to each Type-4 child of
vg and a 0 to its leaves. Finally, for each Type-3 child v, assign a PIDF to the
subtree T, rooted at v. By our earlier observations, the total weight assigned to
all Type-3 children of v and their descendants is at most M;-%*—?)' By the
induction hypothesis it follows that

4dn* — 0* 4+ 2s* — 3

fy?(T) SV?(T/)—F 5 +2$2+2SZ4
dn! —0(T") +2s(T") =1  4n* —0* +25* — 3
< ( )5 (") + 5 + 259 + 2554
< dn—n*—s1—2s9—m—$>4) —U(T)+ 0 +s1+s2+m—1
- )
25(T) — 28" — 281 — 289 —28>4+1  4dn* — 0"+ 25" -3
+ (T) 15 2 24 + 3 + 259 + 2554
< 4n—€(T)+2s(T)—1+—581+52—3m+4324—2
- 5) 5 '

Now since m > 3s>4 and sg < 2, we get

(T < 4n—L4(T) J5r 2s(T)—1 N —5s1 + 525— 5554 — 2 _ An — 0(T) ; 25(T)_1.

Suppose now that f'(vs4) € {0,1}, and let f be a PIDF of T defined by f(x) =
f(x) for all z € V(T') and let f(vs) = 1. Then assign the weights to the
descendants of vg in T as follows: assign a 1 to each Type-1 (leaf) child of wvy;
assign a 0 to each Type-2 child of vy and a 1 to its leaf neighbor and assign a
2 to each Type-4 child of v4 and 0 to its leaves. Finally, for each Type-3 child
v, assign a PIDF of weight at most Ano—lT0)+25(T0)=3 4, vertices of T, rooted
at v so that f(v) > 1. By our earlier observations, the total weight assigned to
all Type-3 children of v and their descendants is at most %. By the
induction hypothesis we obtain
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4dn* — 0* +2s* — 3
Y (T) <7 (T") +

+ 814+ 52+ 2554+ 1

5
An' —0(T") +2s(T") =1  4n* —0* +2s* — 3
< ( )5 (") + 5 + 51+ 852+ 28>4+1
< dn—n*—s1— 259 —m—8>4) —U(T)+ 0" +s1+s2+m—1
- 5
2s(T) — 28*—2s81 — 289 — 2 1 4n* —0* +25*-3
Ol 515 25zt on ; A S|
4n — E(T) =+ QS(T) -1 —489 — 3m + 4s>4 + 3
< + =,
- 5 5
Now since m > 3s>y, it follows that A7(T') < 4n_Z(T)J5r2s(T)_1 + _452_2824+3,

and since s + s>4 > 1, the result follows.

Subcase 2.5. s34 s>4 = 0. Recall that s; € {0,1}. Let v" be the leaf neighbor
of vy (if any). First, let vy has at least two children of Type-3. Let 7" be the
tree of order n’ obtained by deleting all vertices of T, except vy. Note that
n'=n—n*—s1,s(T") < s(T)—s*—s1+1and {(T") = L(T) —¢* —s1+1 (since vy
is a leaf vertex in 7"). We also note that if f’(v4) = 0, then since vy is a leaf in T",
we must have f’(vs) = 2. Now, we define a PIDF f of T by f(x) = f'(x) for all
x € V(T')\ {va}. Moreover, f(v') =1, f(vs) = 1if f'(v4) =0 and f(vs) = f'(v4)
if f/(vg) > 1. Also, for each other child v of v4, assign a PIDF to the subtree T;, of

weight at most 2 _E(T“); 25(Tu)=3  Gince there are at least two Type-3 children of

4n*—0*+2s
5

vy, the total weight assigned to such subtree T, is “=23 Hence in either
case, V7 (T) < W(T") + M%Qs*fﬁ + s1 + 1. Using the induction hypothesis we
obtain

4n* — 0* 4+ 2s* — 6

Y(T) < (T + E +s1+1
A’ — (T +2s(T") =1  4n* —0* +2s* —6
< ( )5 -1, - +s1+1
<4(n—n*—51)—£(T)—|—€*—|—51—1—|—23(T)—2$*—251+1
- )

An* — 0" + 2s —64_51_1_1 < 4n—€(T)+23(T)—1.
) 5
In the sequel, vs is the only child of vy of Type-3. We distinguish the follow-
ing.
(i) Ty, = DSy 3. Consider two situations depending on whether s; = 0 or

81:1.

(a) s1 = 0. Hence degp(vq) =2. Let T/ =T —T,,. Clearly, n’ > 1. If n’ =1,
then T is a wounded spider and by the claim the result follows, and if n’ = 2, then
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one can easily see that +}(T) =6 < % = 7.2. So let n’ > 3. Note
that n’ = n—7,(T") > {(T)—4 and s(T") < s(T)—1. Any 77 (T”)-function can be
extended to a PIDF of T by assigning a 2 to v, v3 and a 0 to remaining vertices
of T,, except vy which will be assigned a 0 if f’(vs) =0 and a 1 if f'(v5) > 1. In
either case, 7/(T) <~7(1") 4+ 5. By the induction hypothesis we obtain

An! — Z(T’);— S(T) 1 o _4n=7) - E(T)5+ 4t25(0) -3
dn — ((T) + 25(T) — 1
- .

(b) s1 = 1. Let T” be the tree obtained from T by removing all vertices
T,, except vs. If f'(v3) = 0, then f'(v4) = 2, and so f’ can be extended to
a PIDF of T by assigning a 2 to v2,v3 and a 0 to remaining vertices of T,.
Hence v7(T) < A%(T") + 4. If f'(v3) = 2, then f'(v4) = 0 and so the other leaf
neighbor of vy is assigned a 1, which is a contradiction. Hence, f’(v3) = 1. Now,
if [L(v3)| = 1, then we extend f’ to a PIDF of T' by assigning a 2 to vg, a 1 to
L(v3) and a 0 to the remaining vertices of T,,,. If |L(vs)| = 3, then we extend f’
to a PID-function of T by assigning a 1 to L(T,,) and a 0 to ve. In either case,
VI (T) < ~4(T") + 4. By the induction hypothesis we obtain

5

V7 (T) <

(T < an’ — e(:n); s(T') — 1 b i< 4(n —5) — e(T)5+ 34 2s(T) =5 L
< dn —0(T)+2s(T) — 1

5
(ii) Ty, = Skt # DS31. We recall that T,, is different from DS5;. First

let 6s(Ty,) — 2¢(T,,) > 11. By our Claim, 77(T;,) < 4n”3_é(T"3)5+25(T”3)_6. Let
T’ be the tree obtained from T by removing all vertices of T,, except vs. Note

that n’ > 2. Moreover, if n’ = 2, then one can see that v/(T) < A7(T,,) +2 <
%. Hence let n’ > 3. Note that n’ = n — ny, — s1,(T") = ¢(T) —
UTy,) — s1+ 1 and s(T") < s(T) — s(Ty,) — s1 + 1. Then any ~(T")-function

/' can be extended to a PIDF of T by adding to it a PIDF of T, of weight

Ay _Z(T”%HS(T%)_G that assigns a 1 to vs3. Moreover, the leaf neighbor of vy (if

any) is assigned a 1, while vy will be assigned a 1 if f'(v4) = 0 (note that in that
case f'(vs) = 2) or vy will keep the same assignment under f" if f'(v4) > 1. In
either case, 7/(T) <A (T") + +}(Ty,) + s1 + 1. Using the induction, we obtain

an' =0T+ s(T") — 1 N Ay, — U(Tyy) +25(T,) — 6

7 (T) < . - +s1 41
< Ad(n—ny, —s1) —UT) +U(Tyy) + 51 — 14+ 25(T) — 25(T,) — 251 + 1
- )
N Ang, — U(Tyy) + 25(Thy) — 6 el dn —UT) +2s(T) — 1'

) )
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Therefore, we can now assume that 6s(T3,) — 2¢(T,,) < 11. Recall that (by

the proof of the Claim) there exists PIDF, say g, of T,, of weight at most
Ay —(Tyg)+25(Tuq)—3

assigning a 2 to vs3. We now consider two situations de-
pending on whether s; =0 or s; = 1.

(a) s1 = 0. Then degp(vg) = 2. Let T/ =T —T,,. If n’ = 1, then T is a
wounded spider and by the claim the result follows, and if n’ = 2, then one can
easily see that g can be extended to a PIDF of T' by assigning a 2 to vg and a 0 to
both vy and v, and thus 7}(T) < =20y 73 | o o dn—l@i2a@)=1 g,
let n’ > 3. In this case, any +}(7”)-function can be extended to a PIDF of T' by
adding to it the PIDF g of T,,. Moreover, v4 will be assigned a 0 if f'(vs) = 0 and
a 1if f'(vs) > 1. In either case, 77 (T) <7 (T") + Ao _K(T”3?,)+25(T“3)_3 + 1. Using
the fact that n’ =n —ny, — 1, {T") > UT) — U(Ty,), s(T") < s(T) — s(Tyy) + 1,
it follows from the induction hypothesis that

an' —UT') +s(T') =1 4n,, — U(T,,) + 25(T,,) — 3

7(T) < - + = +1
< 4(n —nyy — 1) = UT) + €(Tyy) + 2s(T) — 2s(Ty,) + 1
- )
N ANy, — E(Tv3)5—|— 25(Ty,) — 3 1= dn —4(T) —;— 2s(T) — 1.

(b) s = 1. Assume first that vs has at least four leaves, and let 77 =
T\ {w,v1,v2}, where w € L(vs). Since vs has at least three leaves we have
fl(vs) > 1. If f'(vg) = 2, then f’ is extended to a PIDF of T by assigning a
2 to v and a 0 to w,v1. If f/(v3) =1, then f’ to a PIDF of T by assigning a 1 to
v, w and 0 to ve. In either case, 77 (T) < +7(T")+2. By the induction hypothesis
we get

(T < dn/ — f(Tr)5+ s(T') — 1 b2 4(n—3) — e(T)5+ 2+25(1) -3,
_ An—UT) +25(T) — 1

5

Hence, we can assume that vs has at most three leaves and thus ¢(T,,) < s(T,) +
2. Let T" be the tree obtained from 7' by removing all vertices of T,, except vs.
Then n' =n —ny, + 1, L(T") = U(T) — £(Tyy) + 1 and s(T") = s(T) — s(Ty,). If
f'(vs) = 0, then f'(vs) = 2, and f’ can be extended to a PIDF of T by adding
to it the PIDF g of T,,,, where v3 is reassigned g(vs) instead of f’(v3). Applying
our induction hypothesis, we obtain
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< dn' — 0T+ s(T") — 1 N ANy, —L(Tys) +25(Tys) — 3

(T) < : 5
< Adn—ny, +1) = UT) + U(Tyy) — 1+ 25(T) — 25(Ty,) — 1
- 5
n dny, — U(Tyy) +25(Tyy) =3 4n —L(T) +2s(T) — 1
5 B 5 '

If f'(v3) = 2, then f/(v4) = 0 and the other leaf neighbor of vy in 7" is assigned

al,

which provides a contradiction. Hence let f/(v3) = 1. Then we extend f’ to

a PIDF of T' by assigning a 1 to all leaves vertices of T}, and a 0 to remaining
vertices of T,,, but vs. Using the fact that £(Ty,) < s(Tys)+2, nyg = U(Typy)+5(Tos)
and the induction hypothesis, we obtain

< dn' — 0T+ s(T") — 1

T < : HUT,)
< A(n —ny, +1) —U(T) + E(Tv;) —1+42s(T) —2s(Ty,) — 1 LT
< dn —U(T) +2s(T) — 1
—_— 5 .
This completes the proof. [
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