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Abstract

We consider cyclic partitions of the complete k-uniform hypergraph on
a finite set V', minus a set of s edges, s > 0. An s-almost t-complement-
ary k-hypergraph is a k-uniform hypergraph with vertex set V and edge
set E for which there exists a permutation § € Sym(V) such that the sets
E,EY, Eez, . ,E(’F1 partition the set of all k-subsets of V' minus a set of s
edges. Such a permutation 6 is called an s-almost (t, k)-complementing per-
mutation. The s-almost t-complementary k-hypergraphs are a natural gen-
eralization of the almost self-complementary graphs which were previously
studied by Clapham, Kamble et al. and Wojda. We prove the existence of
an s-almost p®-complementary k-hypergraph of order n, where p is prime,
s=[I;>0 (ZL), and n; and k; are the entries in the base-p® representations of
n and k, respectively. This existence result yields a combinatorial argument
which generalizes Lucas’ classic 1878 number theory result to prime powers,
which was originally proved by Davis and Webb in 1990 by another method.
In addition, we prove an alternative statement of the necessary and sufficient
conditions for the existence of a p®-complementary k-hypergraph, and the
equivalence of these two conditions yield an interesting relationship between
the base-p representation and the base-p® representation of a positive integer
n. Finally, we determine a set of necessary and sufficient conditions on n for
the existence of a t-complementary k-uniform hypergraph on n vertices for
composite values of ¢, extending previous results due to Wojda, Szymanski
and Gosselin.

Keywords: almost self-complementary hypergraph, uniform hypergraph,
cyclically t-complementary hypergraph, (¢, k)-complementing permutation.

2010 Mathematics Subject Classification: 05C65, 05E20, 05C25, 05C85.


https://doi.org/10.7151/dmgt.2303

748 DILBARJOT AND S. DUECK

1. DEFINITIONS

For a finite set V' and a positive integer k, let (Z) denote the set of all k-subsets
of V. A hypergraph with vertex set V and edge set E is a pair (V, E), in which V/
is a finite set and E is a collection of subsets of V. A hypergraph (V, E) is called
k-uniform (or a k-hypergraph) if E is a subset of (‘;) Note that a 2-hypergraph
is a graph. The parameters k and |V| are called the rank and the order of the
k-hypergraph, respectively. The vertex set and the edge set of a hypergraph X
will often be denoted by V(X) and E(X), respectively. For a permutation 6 of V',
we define the induced mapping 6* on (‘,;) by the formula 6*(e) = {6(v) : v € e},
for every e € (‘,ﬁ) For E C (‘,2), we define E? = {0*(e) : e € E}. An isomorphism
between k-hypergraphs X and X' is a bijection 6 : V(X) — V(X’) which induces
a bijection 6* from E(X) to E(X’). If such an isomorphism exists, the hyper-
graphs X and X’ are said to be isomorphic.

A k-hypergraph X = (V, E) is s-almost t-complementary if there exists a

permutation # on V such that the sets F, EG,EGZ, . ,EQF1 partition (Z) -5,

where S C (‘,ﬁ) — E with |S| = s. Such a permutation 6 is called an s-almost

(t, k)-complementing permutation, and it gives rise to a family of ¢ isomorphic
k-hypergraphs {X; = (V,E%) :i =0,1,...,t — 1} which partition the complete
k-uniform hypergraph on V minus a set of s edges, and which are permuted
cyclically under the action of . When s = 0, we obtain the (cyclically) t-com-
plementary k-uniform hypergraphs which were studied in [8, 16]. A 0-almost
(t, k)-complementing permutation is also called a (t, k)-complementing permuta-
tion. When s = 1, we obtain the almost t-complementary uniform hypergraphs
studied in [7, 20], and a 1-almost (¢, k)-complementing permutation is also called
an almost (t, k)-complementing permutation. The s-almost t-complementary k-
uniform hypergraphs are a natural generalization of self-complementary graphs,
which are special cases of s-almost t-complementary k-hypergraphs where s = 0
and t =k = 2.

For positive integers ¢, n and m, the symbol C¢(n) denotes the largest integer
a such that ¢t* divides n, and the symbol ny,,) denotes the remainder upon division
of n by m. If A is a finite set, we write C;(A) instead of Cy(|A|).

2. HISTORY AND STATEMENT OF THE MAIN RESULT

In 1978, Colbourn and Colbourn [4] showed that one of the most important prob-
lems in graph theory, the graph isomorphism problem, is polynomially equivalent
to the problem of determining whether two self-complementary graphs are iso-
morphic. This result inspired a great deal of research into self-complementary
graphs and their generalizations, and Farrugia [6] has written a comprehensive ref-
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erence manual on this topic. Rather than looking at the problem of determining
whether a given k-hypergraph is t-complementary, or s-almost t-complementary,
we instead consider the problem of which permutations on n vertices are (t, k)-
complementing, or s-almost (¢, k)-complementing. There has been much previous
work on this problem. Whether or not a permutation 6 is (¢, k)-complementing
depends entirely on the cycle type of 6. The cycle type of (2,2)-complementing
permutations was characterized in [13, 14] and the cycle types of the (2, 3)- and
(2,4)-complementing permutations were characterized in [15] and [18]. These re-
sults were generalized to characterize the cycle type of the (2, k)-complementing
permutations in [9, 17, 19, 21], and the cycle type of the (¢, 2)-complementing per-
mutations was determined in [1, 2]. The almost self-complementary graphs were
studied by Clapham et al. in [3], and the almost self-complementary 3-uniform
hypergraphs were studied in [10]. More recently, Wojda generalized their results
in [20] and showed that an almost self-complementary k-uniform hypergraph ex-
ists if and only if (}}) is odd.

When s = 0, the s-almost t-complementary k-hypergraphs are the t-comple-
mentary k-hypergraphs which were studied in 2010 in [8, 16]. They characterized
the cycle type of the (¢, k)-complementing permutations in Sym(n) in the case
where t is a prime power.

Proposition 1 [8, 16]. Let n,k,p and « be positive integers such that k < n and
p is prime. Let 0 be a permutation in Sym(n) with orbits O1,Os,...,Opn,. Then
0 is a (p, k)-complementing permutation if and only if there is an integer £ > 0
such that the union of the orbits of 0 with cardinality not divisible by p*t® has
cardinality less than k (mod p*™'). That is,

Z ‘OZ‘ < k[pg+1].

1:Cp(O;)<l+a

Proposition 1 yields the following necessary and sufficient conditions on the
order of a p®-complementary k-hypergraph for a prime p.

Proposition 2 [8, 16]. Let k, n and « be positive integers, k < n, let p be a
prime. There exists a p*-complementary k-hypergraph of order n if and only if
there exists a mnonnegative integer £ such that

N[pt+a < k[ngrl] .

In Section 4, we will generalize this result and find necessary and sufficient
conditions on the order of a t-complementary k-hypergraph in the case where ¢
is composite (see Theorem 14).

If there exists an s-almost t-complementary k-hypergraph X = (V| E) of
order n, then there exists a permutation 6 on V such that the sets F, E?, E‘QQ7 ce
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E?" partition (Z) — S, where S C (Z) — E with |S| = s, and so it follows that
(}) = s(mod t).

In the case where t = p® for a prime p and a positive integer « and ged(p?, )
= 1, this implies that Cpa ((Z)) = 0. The following classic result by Kummer
from 1852 yields conditions on the base-p representations of n and k for which

Gy (1) =0.

Theorem 3 (Kummer [11], pp. 115-116). Let p be a prime, and let k and n be
nonnegative integers such that k < n. The exponent of the highest power of p
dividing (Z) is the number of borrows involved in subtracting k from n in base-p.

Another classic result involving binomial coefficients and primes is Lucas’
Theorem of 1878.

Theorem 4 (Lucas [12]). Let p be a prime, and let 0 <k <mn. Ifn =73}, nl,
and k = Eizo kip' are the base-p representations of n and k, then

(0)-1(3) e

Lucas’ classic result was later generalized to prime powers in 1990 by Davis
and Webb [5]. In Section 3.1, we will present an alternative combinatorial proof
of this generalized version of Lucas’ Theorem.

Ifn=> n;p* and k = > i>0 k;p* are the base-p representations of n and
k, respectively, then Kummer’s Theorem implies that C), ((Z)) = 0 if and only
if k;, < m; for all ¢ > 0. In the special case where k; = n; whenever k; # 0,
then we say that the base-p representation of k is a subsequence of the base-p
representation of n. In [7] it was shown that this is a sufficient condition for the
existence of an almost p-complementary k-hypergraph of order n, as stated in
the following result.

Proposition 5 [7]. Let k and n be positive integers, k < n, and let p be prime.
There exists an almost p-complementary k-hypergraph of order n whenever the
base-p representation of k is a subsequence of the base-p representation of n.

In the next section, we will prove the following more general result, from
which both Proposition 5 and Proposition 2 may be obtained as special cases.

Theorem 6. Let a, k and n be positive integers, k < n, let p be prime, and let
n=3 >0 np™ and k = > i>0 kip™ be the base-p® representations of n and k,
respectively. There exists an s-almost p®-complementary k-hypergraph of order
n, where s = [[;5 (Zf)
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To prove Theorem 6 we will make use of the following useful lemma proved
by Szymanski and Wojda in 2010, which follows easily from Lemmas 1 and 2
in [16].

Lemma 7 [16]. Let p be a prime, let o, and m be positive integers, { < m,
and let 0 = (1,2,...,m) be a cyclic permutation. If Cp(m) > Cp(€) + v, then for
every (-subset e C {1,2,...,m} we have (6*)7(e) # e whenever j # 0 (mod p®).

After the proof of Theorem 6, in Section 3.1 we will look at some impor-
tant consequences, including an alternate proof of the generalization of Lucas’
Theorem to prime powers (see Corollaries 12).

3. PROOF OF THEOREM 6

Let
n = Z nip® and k= Z Eip™
i>0 i>0
be the base-p® representations of n and k, respectively. We construct an s-almost
p*-complementary k-hypergraph of order n, where s =[]+, (Zz)

Let V' be a set of cardinality n and let V' = J,~, Vi be a partition of V'
such that |V;| = n;p®’. Furthermore, for each integer i > 0 for which n; # 0,
let U?’:l V;; be a partition of V;, where |V;;| = p® for each j = 1,...,n;. Say
Vij = {v{,vg, ces ,UZM} when n; # 0. Now for each ¢ > 0 for which n; # 0, and
each j =1,2,...,n,, set

[ O J
Hij = (1)1,1)2, “e ,Upm-> s
and set

61- = 1—]: GZ]
j=1

Finally, set

0 = H 0;.

i>0,n;£0

Then 6 € Sym(V) and 0 has exactly n; cycles of length p™, for each nonnegative
integer ¢ in the support of the base-p® representation of n. We show that 6 is an
s-almost (p, k)-complementing permutation.

Let S be the set of k-element subsets of V' which are invariant under . We
claim that |S| = s. To see this, observe that each k-subset e € S is fixed set-
wise by 6, and hence each e € S is a union of orbits of . By the uniqueness of
the base-p® representation of k, a k-subset of V' is a union of orbits of 6 if and
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only if it is a union of the elements from exactly k; cycles of length p® in the
disjoint cycle representation of 6, for each nonnegative integer ¢ in the support of
the base-p®-representation of k. Since there are n; cycles of length p®® in 6, the
number of different k-element subsets which are equal to unions of orbits of 8 is
[Li=o (’;:) Hence |S| = s, as claimed.

Since each e € S consists of a union of orbits of 6, we have 0*(e) = e. However,
for any e € (Z) — .5, the uniqueness of the base-p® representation of k guarantees
that there is an integer i9p > 0 and an integer jo € {1,2,...,n;,} such that
eNVigjo # 0 and e # Vi j,. Now Cp(Viyj,) = adp while Cp(e N Viyj,) < afip — 1),
so it follows that

CP (6 N %ojo) +a < Cp (Viojo) .
Now Lemma 7 implies that (8*)7(e N V;yj,) # e NV;
whenever j #Z 0 (mod p®).

Now we will describe an algorithm which uses the permutation 6 to construct

some s-almost p®-complementary k-hypergraphs with vertex set V.

(I) Construct the orbits O1,Os,..., 0., of 6 on (‘,;) — 5. Each orbit O; has
the form

and hence (6*)7(e) # e,

0J07

e, (0%)(e), (6%)%(e), (6%)%(e), - ..
where e € (Z) - S.

(IT) For each £ € {1,2,...,m} and each r = 0,1,...,p* — 1, let E* denote the
set of k-sets of the form (6*)P"**"(e) in the orbit Oy constructed in (I),
where z is an integer. Since (6*)/(e) # e whenever j # 0 (mod p®), each
orbit O; has length divisible by p®. Thus, within each orbit O, # maps E!
to EfH for each 1 = 0,1,...,p% — 2, and 0 maps Ega_l to Eg.

(III) Let E be a subset of (})\ S that contains exactly one of the sets E,
EX, ES,...,Ef;a_l constructed in (II) for each ¢ € {1,2,...,m}. Then
X = (V,E) is an s-almost p*-complementary k-hypergraph. Moreover, if
there are m orbits of 6 on (Z) \ S, then there are p®™ different choices for
the edge set F, and the p®™ different choices for E generate a set of p®™
s-almost p“-complementary k-hypergraphs on V. [

3.1. Consequences of Theorem 6

In the case where @ = 1 and the base-p representation of k is a subsequence
of the base-p representation of n, we have n; = k; whenever k; # 0, and so
s = [I;so (Zz) = 1, and we obtain Proposition 5 as a special case of Theorem 6.
In the case where p = 2, Kummer’s Theorem guarantees that (Z) is odd (i.e.,
Cg((};”)) = 0) if and only if the base-2 representation of k is a subsequence of
the base-2 representation of n, and we obtain Wojda’s result in [20] that an
almost self-complementary k-hypergraph exists if and only if (Z) is odd. Note
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that s = 1 if and only if the base-p® representation of k is a subsequence of
the base-p® representation of n, so Theorem 6 guarantees the existence of an
almost p®-complementary k-hypergraph in that case. This yields the following
generalization of Proposition 5 to prime powers.

Corollary 8. Let k, n and a be positive integers, k < n, and let p be prime.
There exists an almost p*-complementary k-hypergraph of order n whenever the
base-p® representation of k is a subsequence of the base-p® representation of n.

Whenever n; < k; for some 7 > 0 in the base-p® representations of n and k,
we have (ZZ) =0, and so s = 0. In that case Theorem 6 guarantees the existence
of a p*-complementary k-hypergraph of order n. The next theorem shows that
the condition that n; < k; for some ¢ > 0 in the base-p® representations of n
and k is equivalent to the necessary and sufficient condition for the existence of
a p“-complementary k-hypergraph of order n given in Proposition 2.

Theorem 9. Let k, n and « be positive integers, k < n, let p be a prime. Let
n=3 .- np™ and k = > >0 kip™ be the base-p® representations of n and k,
respectively. Then there exists an integer £ > 0 such that Npptta] < Kppet1) if and
only if n; < k; for some ¢ > 0.

Proof. If n; < k; for some ¢ > 0, then Theorem 6 guarantees the existence of a
p*-complementary k-hypergraph of order n since in that case s = [[,~, (Zl) = 0.

i

Hence Proposition 2 implies that there exists an integer ¢ > 0 such that Npt+a) <
k[pz-s-q.
Conversely, suppose that n; > k; for all ¢ > 0. Then

i—1 i—1
e = ) nip™ 2 Y kip®™ = kg
=0 j=0
and so
(1) n[pm-} Z k[pai}

for all ¢ > 0. Also, observe that for any positive integer m and nonnegative
integers x and y, we have

(2) Mips) 2 Mipe)

whenever x < y. For any nonnegative integer ¢, the Division Algorithm guaran-
tees unique integers ¢ and r such that £ = qa + r, where 0 < r < .. Thus
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Npate] = n[pa(q+1)+r]
2 Npatery) (Ban. 20 2 =a(g+1), y=alg+1)+7)
2 Kppatatn)] (Eqn. 1: i =q+1)
> kpagtr1] (BEqn. 20 2 =a(g+1),y=ag+r+1,asr+1<a)
= kppet1) -
Hence np,eta) > kipern) for every integer £ > 0. [

Theorem 9 shows an interesting relationship between the base-p and the base-
p® representations of a positive integer n. Moreover, Theorem 9 and Theorem 6
together yield the following alternative statement of Proposition 2.

Corollary 10. Let k, n and « be positive integers, k < n, let p be a prime, and
let n =Y ;uonip™ and k = Y~ kip™ be the base-p® representations of n and
k, respectively. There exists a p®-complementary k-hypergraph of order n if and
only if n; < ki for some i > 0.

When o = 1, Corollary 10 and Kummer’s Theorem together imply that the
obvious necessary condition on the order n of a p-complementary k-hypergraph,
namely that p|(}), is also sufficient.

Corollary 11. Let p be prime, and let n and k be positive integers, k < n.
There exists a p-complementary k-uniform hypergraph of order n if and only if p
divides (7).

Proof. Let n =3 ,qnp’ and k = Y. kip' be the base-p representations of n
and k, respectively. _By Kummer’s Theo;em7 p divides (Z) if and only if there is at
least one borrow when subtracting k from n in base-p, so n; < k; for some integer

1 > 0, which holds if and only if there exists a p-complementary k-hypergraph of
order n, by Corollary 10. [

Theorem 6 also provides a combinatorial proof of the following generalization
of Lucas’ Theorem to prime powers.

Corollary 12 (Lucas’ Theorem for Prime Powers). Let p be a prime, let « be a
positive integer, and let 0 < k <mn. Letn =3, nip® and k = >0 kip™ be
the base-p® representations of n and k, respectively. Then

(1) =TT () ooy

Proof. If k = 0, the result is clearly true. For k > 1, Theorem 6 guarantees
the existence of an s-almost p®-complementary k-hypergraph of order n for s =
Hizo (Zb), which implies that (Z) = s (mod p®), as claimed. [ |

i
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If there exists an s-almost p®-complementary k-hypergraph on n vertices,
then (Z) = s (mod p®), and so by Lucas’ Theorem for Prime Powers, s must be
congruent to [ [~ (Z:) (mod p®), where n =}, nip® and k = >0 kip™ are
the base-p® representations of n and k, respectively. However the value of s need
not be equal to [],~, (Zz)

4. COMPOSITE VALUES OF ¢

In this section we will determine necessary and sufficient conditions on the or-
der n of a t-complementary k-uniform hypergraph for composite values of t. We
accomplish this by first examining the cycle type of a (¢, k)-complementing per-
mutation, for which we have the following natural characterization from [8].

Lemma 13 [8]. Let V be a finite set, let k and t be positive integers, and let
0 € Sym(V). Then the following three statements are equivalent.

(1) 0 is a (t, k)-complementing permutation.
. ' v
(2) AY £ A for j# 0 (mod t), for all A € (1)
(3) The sequence A, AY, A% A% .. has length divisible by t, for all A € (Z)

Suppose that ¢t = H§:1 p?j is the prime power decomposition of ¢, where
p1,P2,---,pr are distinct prime powers and ag,as,...,q, are positive integers.
It follows easily from Lemma 13 that a permutation 6 € Sym(n) is (¢, k)-
complementing if and only if it is also (p?j,k:)—complementing for each j =
1,2,...,7r. Thus Proposition 2 implies that, for each 7 = 1,2,...,r, there is

an integer £; > 0 such that n[po‘cﬁzj] < k[pz_jﬂ] . However, this set of r necessary
J J

conditions together are not sufficient for the existence of a (¢, k)-complementing
permutation, as was pointed out with a counterexample in [16]. The next result
shows that if we add an additional set of congruence relations to these r necessary
conditions, we obtain a necessary and sufficient set of conditions for the existence
of a t-complementary k-uniform hypergraph on n vertices.

Theorem 14. Let n,k and t be positive integers with k < n and t > 2, and
let t = H§:1 p?j be the prime power decomposition of t, where py,pa,...,p. are
distinct prime powers and oy, o, ..., are positive integers. There exists a t-
complementary k-hypergraph of order n if and only if the following conditions
hold.

(1) For each j = 1,2,...,r, there is a nonnegative integer £; > 0 such that
Nr a+0.17 < Kr e:417.
[pj] J} [pj] }
(2) For each j = 1,2,...,r, there exists a nonnegative integer i; such that
aji; > o + 45 and n[tij] < k[pe_jﬂ] .

J
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Proof. Suppose that conditions (1) and (2) hold. Let n = Y, nit" be the
base-t representation of n. Let 6 be a permutation in Sym(n) which has exactly
n; cycles of length ¢'. We will show that 6 is (p;-lj , k)-complementing for each j
using Proposition 1, which implies that € is also (¢, k)-complementing.

Let j € {1,2,...,r}. By condition (1), there is an integer ¢; > 0 such that

n[po,‘i“j] < k[pe,j“]’ and by condition (2), there is also an integer i; > 0 such
J J

that oji; > o + £; and n[tij] < k[p§j+1:|. If ©1,0,,...,0,, are the orbits of 0,
then
> oil< > 0= et
:Cp, (Oi)<lj+a; :0p, (O3)<aji;
where the last equality holds by our construction of #. Since n[tij] < ]C[pﬁj+1:|,

this implies that

Z ‘07,| < k[p§j+1].

i:Cp]- (Oi)<€j+a]~

Hence Proposition 1 guarantees that 6 is (p?j,k:)—complementing. Since j was
arbitrary, we conclude that € is also (¢, k)-complementing in Sym(n). Hence if
conditions (1) and (2) hold, there exists a t-complementary k-hypergraph on n
vertices.

Now suppose that there exists a t-complementary k-hypergraph on n vertices
with (t, k)-complementing permutation ¢ with orbits O, Os,...,Op,. Then 6
is also (p?j,k)—complementing for each 7 € {1,2,...,r}, and so Proposition 2
implies that condition (1) holds. It remains to show that condition (2) holds.

Let j € {1,2,...,r}. By condition (1), there exists ¢; such that

n[qu+ej] <k pl.jH]' Since 6 is a (p?j,k)—complementing permutation, Proposi-
J J
tion 1 implies that

Z ‘Ol| < k‘[pjjﬂ].

’i:ij (Oi)<€j+aj

Let i; be the smallest nonnegative integer satisfying a;i; > a; + £;. Now each

orbit of 6 which has cardinality not divisible by p®+t also has cardinality not
divisible by p’’", since aji; > ; + ¢, and each such orbit also has cardinality

not divisible by ¢, since p?j " divides . Hence

oo Y] O < kg

i:Ct(Oi)<ij i:ij (O¢)<€]~+aj

. £i+1 »
Moreover, since Zi:Ct(Oi)q‘j [ k[pzjﬂ] < pjﬁ < t%, we must have
j

nep = 2L ol

1:C(0;)<iy
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Thus
nr.. < k l;+17 .
[¢9] [
Since j was arbitrary, condition (2) follows. |
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