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Abstract

Let D = (V,A) be a digraph of order n, S a subset of V of size k
and 2 < k < n. A subdigraph H of D is called an S-strong subgraph
if H is strong and S C V(H). Two S-strong subgraphs D; and Dy are
said to be arc-disjoint if A(D7) N A(D2) = (). Let Ag(D) be the maximum
number of arc-disjoint S-strong digraphs in D. The strong subgraph k-
arc-connectivity is defined as A\p(D) = min{A\s(D) | S C V,|S| = k}. A
digraph D = (V, A) is called minimally strong subgraph (k, £)-arc-connected
if \p(D) > £ but for any arc e € A, \pg(D —e) < £ —1. Let &(n,k,¥)
be the set of all minimally strong subgraph (k,¢)-arc-connected digraphs
with order n. We define G(n,k,¢) = max{|A(D)| | D € &(n,k,¢)} and
g(n,k,0) = min{|A(D)| | D € &(n,k,{)}.

In this paper, we study the minimally strong subgraph (k,¢)-arc-con-
nected digraphs. We give a characterization of the minimally strong sub-
graph (3,n — 2)-arc-connected digraphs, and then give exact values and
bounds for the functions g(n, k, £) and G(n, k, 0).
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1. INTRODUCTION

1.1. Motivation and concepts

The generalized k-connectivity ki(G) of a graph G = (V, E) was introduced by
Hager [8] in 1985 (2 < k < |V/|). For a graph G = (V,E) and a set S C V of
at least two vertices, an S-Steiner tree or, simply, an S-tree is a subgraph T of
G which is a tree with S C V(T'). Two S-trees 77 and T» are said to be edge-
disjoint if E(Ty) N E(Ty) = (). Two edge-disjoint S-trees T} and T5 are said to be
internally disjoint if V(Th) NV (T2) = S. The generalized local connectivity ks(G)
is the maximum number of internally disjoint S-trees in G. For an integer k with
2 < k < n, the generalized k-connectivity is defined as

kk(G) = min{ks(G) | S CV(G),|S| = k}.

Observe that ko(G) = k(G). Li, Mao and Sun [10] introduced the following con-
cept of generalized k-edge-connectivity. The generalized local edge-connectivity
As(G) is the maximum number of edge-disjoint S-trees in G. For an integer k
with 2 < k < n, the generalized k-edge-connectivity is defined as

Ae(G) = min{Ag(G) | S € V(G), |S] = k}.

Observe that Ao(G) = A(G). Generalized connectivity of graphs has become a
well-established area in graph theory, see a recent monograph [9] by Li and Mao
on generalized connectivity of undirected graphs.

To extend generalized k-connectivity to directed graphs, Sun, Gutin, Yeo
and Zhang [14] observed that in the definition of kg(G), one can replace “an
S-tree” by “a connected subgraph of G containing S.” Therefore, Sun et al. [14]
defined strong subgraph k-connectivity by replacing “connected” with “strongly
connected” (or, simply, “strong”) as follows. Let D = (V, A) be a digraph of order
n, S a subset of V of size k and 2 < k < n. A subdigraph H of D is called an
S-strong subgraph if H is strong and S C V(H). Two S-strong subgraphs D; and
Dy are said to be arc-disjoint if A(D1) N A(D2) = (). Two arc-disjoint S-strong
subgraphs D; and Dy are said to be internally disjoint if V(Dy) NV (Dg) = S.
Let ks(D) be the maximum number of internally disjoint S-strong subgraphs in
D. The strong subgraph k-connectivity is defined as

kk(D) =min{kg(D) | S C V,|S| = k}.

As a natural counterpart of the strong subgraph k-connectivity, Sun and
Gutin [11] introduced the concept of strong subgraph k-arc-connectivity. Let
D = (V(D), A(D)) be a digraph of order n, S C V a k-subset of V(D) and 2 <
kE < n. Let Ag(D) be the maximum number of arc-disjoint S-strong subgraphs
in D. The strong subgraph k-arc-connectivity is defined as

Ao(D) = min{\s(D) | S C V(D),|S| = k}.
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The strong subgraph k-(arc-)connectivity is not only a natural extension of
the concept of generalized k-(edge-)connectivity, but also relates to important
problems in graph theory. For k = 2, /ﬁ;g(ﬁ) = k(Q) [14] and )\g(ﬁ) = \G)
[11]. Hence, ki (D) and A\g(D) could be seen as generalizations of connectivity
and edge-connectivity of undirected graphs, respectively. For k = n, k,(D) =
An(D) is the maximum number of arc-disjoint spanning strong subgraphs of D.
Moreover, we know that xg(D) and Ag(D) denote the number of internally-
disjoint and arc-disjoint strong subgraphs containing a given set S, respectively.
Hence, these parameters are relevant to the subdigraph packing problem, see
[2-5,7,13]. For a recent survey on the topic of strong subgraph connectivity, the
readers can see [12].

A digraph D = (V(D), A(D)) is called minimally strong subgraph (k,{)-arc-
connected if \p(D) > ¢ but for any arc e € A(D), \g(D —e) < £ —1. Note
that 2 < k < n,1 < ¢ < n —1 by the definition of A\;x(D) and Theorem 3.
Let &(n,k,?) be the set of all minimally strong subgraph (k, ¢)-arc-connected
digraphs with order n. We define

G(n, b, £) = max{|A(D)| | D € &(n, k, )}
and
g(n,k,0) = min{|A(D)| | D € &(n,k,0)}.
We further define
Ex(n,k,0) ={D| D € &(n,k,{),|A(D)| = G(n,k,£)}
and
ex(n,k,0) = {D | D € &(n, k, ), |A(D)| = g(n, k,0)}.

In [11], Sun and Gutin first studied the minimally strong subgraph (k,¢)-
arc-connected digraphs and gave some characterizations for some special cases
(Proposition 7 and Theorem 8). In this paper, we continue to study the minimally
strong subgraph (k, £)-arc-connected digraphs. We first give a characterization
of the minimally strong subgraph (3,n — 2)-arc-connected digraphs (Theorem
4), then give exact values and bounds for the functions g(n, k,¢) and G(n, k,¥)
(Theorem 6 and Proposition 10).

1.2. Prelimilaries

We will use the following Tillson’s decomposition theorem.

Theorem 1 [15]. The arcs of ?n can be decomposed into Hamiltonian cycles if
and only if n # 4, 6.

The following proposition will also be used in our argument.
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Proposition 2 [11]. Let D be a digraph of order n, and let k > 2 be an integer.
Then

(1) Ak1(D) < Ag(D) for every k < n —1,
(2) A(D") < M\e(D) where D' is a spanning subgraph of D,
3) 5(D) < M(D) < min{5* (D), 6~ (D)},

Sun and Gutin [11] obtained a sharp lower bound and a sharp upper bound
of \g(D) for 2 < k <mn.

Theorem 3. Let 2 < k <n. For a strong digraph D of order n, we have

1<X(D)<n-1.

Moreover, both bounds are sharp, and the upper bound holds if and only if
D= ?n, where k & {4,6}, or, k € {4,6} and k < n.

2. CHARACTERIZATION OF THE MINIMALLY STRONG SUBGRAPH
(3,n — 2)-ARC-CONNECTED DIGRAPHS

For a digraph D, its reverse D™V is a digraph with same vertex set and such that
xy € A(D) if and only if yz € A(D).

Theorem 4. A digraph D is minimally strong subgraph (3,n — 2§ar0—connect6d
if and only if D is a dig?(“%h obtained from the complete digraph K, by deleting
an arc set M such that K ,[M] is a union of vertex-disjoint cycles which cover

all but at most one verter of K ,,.

Proof. Let D be a digraph obtained from the complete digraph ?n by deleting
an arc set M such that <§n [M] is a union of vertex-disjoint cycles which cover all
but at most one vertex of K ,. To prove the theorem it suffices to show that (a)
D is minimally strong subgraph (3,n — 2)-arc-connected, that is, A\3(D) > n — 2
but for any arc e € A(D), A\3(D —e) < n—3, and (b) if a digraph H is minimally
strong subgraph (3,n — 2)-arc-connected then it must be constructed from ?n
as the digraph D above. Thus, the remainder of the proof has two parts.

Part (a). We just consider the case that ?n [M] is a union of vertex-disjoint
cycles which cover all vertices of ?n, since the argument for the other case is
similar. For any e € A(?n) \ M, observe that e must be adjacent to at least one
element of M, so A\3(D —e) < min{6"(D —e),0~ (D —e)} =n—3 by (3). Hence,
it suffices to show that A3(D) = n — 2 in the following. So we will show that for
S = {x,y,z} C V(D), there are at least n — 2 arc-disjoint S-strong subgraphs
in D.
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Case 1. x,y, z belong to the same cycle, say C = ujus - - - ugtty, of <?n[]\i]

Subcase 1.1. S induces a path of length two in C. Without loss of generality,
assume that © = uy,y = ug, 2 = ugs.

For the case that ¢ = 3, we construct the following n — 2 arc-disjoint S-
strong subgraphs: let D; be the cycle zyzxz; for any v € V(D) \ S, let D,, be the
subdigraph of D with vertex set S U {u} and arc set {zu, ux, yu,uy, zu, uz}.

For the case that t = 4, we construct the following n — 2 arc-disjoint S-strong
subgraphs: let D be the cycle zyxz; let Do be the subdigraph of D with vertex
set V(C) and arc set {zuy, zx, yus, uy, uz}; for any w € V(D) \ V(C), let D,, be
the subdigraph of D with vertex set S U {u} and arc set {zu, ux, yu, uy, zu, uz}.

For the case that ¢t > 5, we construct the following n — 2 arc-disjoint S-strong
subgraphs: let Dy be the cycle zyxz; let Do be the cycle zzusyuqz; let D3 be the
subdigraph of D with vertex set S U {u4,u;} and arc set {xuq, uaz, zus, urz, uguy,
ugy, yue }; for any w € V(D) \ ({ua,ut} US), let D, be the subdigraph of D with
vertex set S U {u} and arc set {zu, uz, yu, uy, zu, uz}.

Subcase 1.2. Exactly two elements of S are adjacent. Without loss of gener-
ality, assume that x = uy,y = us. We know ¢ > 5 in this case.

If t = 5, then z = uy. We construct the following n — 2 arc-disjoint S-strong
subgraphs: let D be the cycle zyxz; let Dy be the cycle zxu;yz; let D3 be the
subdigraph of D with vertex set V(C) and arc set {zus, usx, usy, yus, uiz, zus};
for any u € V(D) \ V(C), let D, be the subdigraph of D with vertex set S U {u}
and arc set {xu, ux, yu, uy, zu, uz}.

We now consider the case that t > 6. If z = uy4, then we construct the
following n — 2 arc-disjoint S-strong subgraphs: let D; be the cycle zyxz; let Do
be the cycle zzuyz; let D3 be the subdigraph of D with vertex set {z, y, us, z, u: }
and arc set {zus,usz,usy,yu, urz, zus}; let Dy be the subdigraph of D with
vertex set {x,y, z, us, us } and arc set {xus, usx, usy, yus, usz, ugus, zug }; for any
u € V(D) \ {z,y,us, z,us,u}, let D, be the subdigraph of D with vertex set
S U{u} and arc set {zu, ux, yu, uy, zu, uz}.

If z = us_1, then we construct the following n — 2 arc-disjoint S-strong sub-
graphs: let D; be the cycle zyxz; let Do be the cycle zzxuuyz; let D3 be the
subdigraph of D with vertex set {z,y, us, ut—2,z,u;} and arc set {zus, usz, usy,
YUy, Uz, 2Up—2, Ui—ous }; let Dy be the subdigraph of D with vertex set {x,y, us,
U9, z,up} and arc set {xup_o, Ur—oT, Up—2Y, YUr—2, Up—2Uy, Ugly—2, U3, U3Uy,
usz, zug}; for any u € V(D) \ {x,y,us, u—2,z,us}, let D, be the subdigraph
of D with vertex set S U {u} and arc set {xu, uz, yu, uy, zu, uz}.

If 2 ¢ {u4,us—1}, say z = us, then we construct the following n — 2 arc-
disjoint S-strong subgraphs: let D; be the cycle zyxz; let Dy be the cycle zzuyz;
let D3 be the subdigraph of D with vertex set {z,y,us, u4,2,u;—1} and arc set
{zus, usx, usy, yur—1,ur—12, zug, ugus}; let Dy be the subdigraph of D with ver-
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tex set {z,y,z,u—1,u;} and arc set {Tup_1, U1, Uz, 2Us, YU, Ugls—1, Ut—1Y };
let D5 be the subdigraph of D with vertex set {z,y,us, u4,z,u;—1} and arc set
{Tug, g, ugy, yuy, ugtiy—1, Up—1Ug, Up—1U3, UgU—1, U3Z, zus }; for any u € V(D) \
{z,y,us, ug, 2, up—1,u }, let D, be the subdigraph of D with vertex set S U {u}
and arc set {xu, ux, yu,uy, zu, uz}.

Subcase 1.3. Any two elements of S are nonadjacent. Without loss of gener-
ality, assume that x = u;. We know ¢ > 6 in this case.

If t = 6, then we can assume that y = wus,z = us. We construct the
following n — 2 arc-disjoint S-strong subgraphs: let D; be the cycle zyxz; let
Dy = D*V; let D3 be the subdigraph of D with vertex set S U {ug,u:} and arc
set {zug, ugy, yuz, usx, usz, zus}; let Dy be the subdigraph of D with vertex set
SU{u4,us} and arc set {zug, ugy, yue, uez, usx, xuy }; for any u € V(D)\ S, let D,
be the subdigraph of D with vertex set SU{u} and arc set {zu, ux, yu, uy, zu, uz}.

In the following we assume that ¢ > 7. We consider the case that exactly
one pair of elements, say = and z, of S does not have a common neighbor in
the cycle C. Without loss of generality, assume that y = us,z = us (observe
that = and y have a common neighbor us, ¥y and z have a common neighbor uy,
but z and = do not have a common neighbor in the cycle C). We construct the
following n — 2 arc-disjoint S-strong subgraphs: let D; be the cycle zyxz; let
Dy = Di*V; let D3 be the subdigraph of D with vertex set S U {ug,u;} and arc
set {zuyg, uy, yug, usx, ugz, zus}; let Dy be the subdigraph of D with vertex set
SU{ug,ur} and arc set {zuq, usy, yus, urz, usz, ruy}; let D5 be the subdigraph of
D with vertex set S U {ug, u;} and arc set {xug, ugx, ugy, yus, 2uy, urug, ugz}; for
any u € V(D) \ (S U{usg,uq, ug,ut }), let D, be the subdigraph of D with vertex
set SU{u} and arc set {zu, ux, yu, uy, zu, uz}.

We now consider the case that exactly one pair of elements, say x and y, of
S has a common neighbor in the cycle C. Without loss of generality, assume that
y = ug, 2 = ug (we know z and y have a common neighbor ug, y and z do not have
a common neighbor, z and x do not have a common neighbor in the cycle C). We
construct the following n — 2 arc-disjoint S-strong subgraphs: let D; be the cycle
zyxz; let Dy = Di®; let D3 be a subdigraph of D with vertex set SU{us,u;} and
arc set {wug, ugy, yus, usx, usz, zus }; let Dy be a subdigraph of D with vertex set
SU{uy, ur} and arc set {ugy, yuz, urug, usx, xug, usz, zuq }; let D5 be a subdigraph
of D with vertex set SU{us, u7} and arc set {usur, urz, zus, usz, xus, usy, yus}; let
Dg be a subdigraph of D with vertex set S U {u7,us} and arc set {u7y, yus, uguz,
Uz, xuT, w2, zug by for any u € V(D) \ (S U {ug, ug, us, uz,us }), let D, be the
subdigraph of D with vertex set S U {u} and arc set {zxu,ux, yu,uy, zu, uz}.

We consider the remaining case that any pair of elements of S does not have
a common neighbor in the cycle C. Without loss of generality, assume that y =
U4,z = u7 (we know z and y do not a common neighbor wus, y and z do not have
a common neighbor, z and x do not have a common neighbor in the cycle C). We
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construct the following n — 2 arc-disjoint S-strong subgraphs: let D; be the cycle
zyxz; let Dy = DIV; let D3 be a subdigraph of D with vertex set SU{ug,u;} and
arc set {xug, ugug, usx, ugy, Yyus, usz, zus }t; let Dy be a subdigraph of D with ver-
tex set SU{us,u;} and arc set {ugu¢, upy, yus, usze, xus, usz, zus}; let Ds be a sub-
digraph of D with vertex set SU{us,u;} and arc set {usy, yus, ugus, usz, rus, usz,
zus}; let Dg be a subdigraph of D with vertex set S U {ug,u;} and arc set
{ugu, urz, zug, Tug, usx, yus, ugy }; let D7 be a subdigraph of D with vertex set
S U {ug,us} and arc set {usz, zus, upug, xug, usx, yug, ugyt; for any u € V(D) \
(SU{ueg, us, us, ug, us, ut }), let Dy, be the subdigraph of D with vertex set SU{u}
and arc set {zxu, uz, yu, uy, zu, uz}.

Case 2. Exactly two elements of S belong to the same cycle, say C; =
ujug - - - uguq, of K ,[M], and the remaining element belongs to the other cycle
Co = v1vg - - - vpv1. Without loss of generality, assume that z,y € V(C1), z = v;.

Subcase 2.1. x and y are adjacent. Without loss of generality, assume that
T = u1,y = uz. We just consider the case that ¢ > 4 and h > 3, since the
arguments for the other cases are similar and simpler. We construct the fol-
lowing n — 2 arc-disjoint S-strong subgraphs: let D; be the cycle zyvpzz; let
Dy = Di®V; let D3 be a subdigraph of D with vertex set S U {u:} and arc set
{zuy, upy, yx, urz, zur }; let Dy be a subdigraph of D with vertex set S U {us, us}
and arc set {yu, ugus, usy, usx, rus, usz, zus}; let D5 be a subdigraph of D with
vertex set S U {vg,vp} and arc set {zup,vpve,vez, vox, xV9, Yyva, voy}; for any
u € V(D) \ (S U {us,us,va,vp}), let D, be the subdigraph of D with vertex
set SU{u} and arc set {zu, ux, yu,uy, zu, uz}.

Subcase 2.2. x and y are nonadjacent. Without loss of generality, assume
that z = u.

We first consider the case that t = 4, and observe that y = ug now. Further-
more, assume that A > 3 since the argument for the remaining case is similar and
simpler. We construct the following n — 2 arc-disjoint S-strong subgraphs: let Dy
be the cycle zyzx; let Dy = DI®V; let D3 be a subdigraph of D with vertex set
SU{uz,u;} and arc set {zug, ury, yus, usx, usz, zus }; let Dy be a subdigraph of D
with vertex set SU{va, us} and arc set {xva, vox, yvo, voy, Uiz, zur, upva, vouy }; let
D5 be a subdigraph of D with vertex set S U {ve, v} and arc set {zvp, vy, yup,
VRY, V2, U2z, zup }; for any w € V(D) \ (S U {ug, us, va,vp}), let Dy, be the sub-
digraph of D with vertex set S U {u} and arc set {zu,ux, yu,uy, zu, uz}.

Now we assume that ¢ > 5. We first consider the case that x and y have
exactly one common neighbor in the cycle C;. With a similar argument to that
of the case that t > 7 and exactly one pair of elements, say x and y, of S has a
common neighbor in the cycle C in Subcase 1.3, we can construct n—2 arc-disjoint
S-strong subgraphs.

We next consider the case that z and y do not have a common neighbor in
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the cycle C;. If h > 3, then with a similar argument to that of the case that ¢ > 7
and any pair of elements of S doesnot have a common neighbor in the cycle C in
Subcase 1.3, we can construct n — 2 arc-disjoint strong subgraphs containing S.
Otherwise, we have h = 2. Without loss of generality, assume that y = uy. We
construct the following n — 2 arc-disjoint S-strong subgraphs: let D1 be the cycle
xyzx; let Dy = Di®; let D3 be a subdigraph of D with vertex set S U {ua, us}
and arc set {zug, ugug, uox, ugy, yua, usz, zus}; let Dy be a subdigraph of D with
vertex set S U {us, u;} and arc set {usu, wpy, yus, usx, rus, usz, zug}; let D5 be a
subdigraph of D with vertex set S U{us,u;} and arc set {usy, yu, uyus, usx, rus,
usz, zus }; let Dg be a subdigraph of D with vertex set S U {u, v} and arc set
{zvp, vz, vRUL, WK, VRY, YU, uv1, V1 b for any w € V(D) \ (S U {ug, us, u, us,
vn}), let Dy, be the subdigraph of D with vertex set S U {u} and arc set {zu, uz,
YU, UY, ZU, UZ }.

Case 3. The elements of S belong to distinct cycles, say x € V(C1),y € V(Ca),
2 € V(Cy), of K n[M].

Subcase 3.1. |V (C;)| > 3 for all 1 < i < 3. With a similar argument to the
case that ¢ > 7 and exactly one pair of elements, say  and y, of S has a common
neighbor in the cycle C in Subcase 1.3, we can construct n—2 arc-disjoint S-strong
subgraphs.

Subcase 3.2. |V (Ci,)| = 2 for some 1 < ip < 3. With a similar argument
to the case that x,y do not have a common neighbor in the cycle C; and h = 2
in last paragraph of Subcase 2.2, we can construct n — 2 arc-disjoint S-strong
subgraphs.

Subcase 3.3. |V (Ci,)| = |V (Cj,)| = 2 for some 1 < ig, jo < 3. Without loss
of generality, we assume that ig = 2, jo = 3 and furthermore, ujxz, xus € E(Cy),
usy, yug € E(Ca),uqz, zuy € E(C3). We construct the following n — 2 arc-disjoint
S-strong subgraphs: let D; be the cycle xyzx; let Dy = Di®; let D3 be a
subdigraph of D with vertex set SU{u1,us} and arc set {ujug, ugz, xui, ugy, yus,
u2z, zug}; let Dy be the cycle zusyu;zusz; let Dy = DJV; for any u € V(D) \
(S U {ui,uz,us,us}), let D, be a subdigraph of D with vertex set S U {u} and
arc set {xu, uz, yu, uy, zu, uz}.

Subcase 3.4. |V (C;)| =2 for all 1 <4 < 3. This case is easy and we omit the
details.

Part (b). Let H be minimally strong subgraph (3,n — 2)-arc-connected. By
Theorem 3, we have that H 2 ?n, that is, H can be obtained from a complete
digraph K ,, by deleting a nonempty arc set M. To end our argument, we need
the following claim. Let us start from a simple yet useful observation, which
follows from (3).
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Proposition 5. No pair of arcs in M has a common head or tail.

Thus, ?n[M ] must be a union of vertex-disjoint cycles or paths, otherwise,
there are two arcs of M such that they have a common head or tail, a contradiction
with Proposition 5.

Claim 1. <?H[M] does not contain a path of order at least two.

Proof. Suppose that <?R[M | contains a path of order at least two. Let M’ O M
be a set of arcs obtained from M by adding some arcs from ?n — M such that
the digraph <?>7Z[M 'l contains no path of order at least two. For example, if

n[M] contains a path ui,...,us with £ > 2, then add the arc wsu; to M.
Note that <?n[M 'l is a supergraph of <?n[M | and is a union of vertex-disjoint
cycles which cover all but at most one vertex of ?n By Part (a), we have that
Ag(?n — M') = n—2, so H is not minimally strong subgraph (3,n — 2)-arc-
connected, a contradiction. (]

It follows from Claim 1 and its proof that <?H[M | must be a union of vertex-

disjoint cycles which cover all but at most one vertex of ?n, which completes
the proof of Part (b). [

3. RESULTS FOR g(n,k,{), G(n,k,0), ex(n,k,{) AND Ex(n,k,?)
The following result concerns the precise value for g(n, k, ¢).

Theorem 6. For any triple (n,k,f) with 2 < k < n,1 < ¢ < n—1 such that
(n,k,0) ¢ {(4,4,3),(6,6,5)}, we have

g(n,k,l) =nt.

Proof. By Theorem 3 and the definition of g(n, k, £), we have (n, k, ¢) & {(4,4, 3),
(6,6,5)}.

For all digraphs D and k > 2, we have \¢(D) < (D) and M\ (D) < 6 (D)
by (3). Hence for each D with Ax(D) = ¢, we have that 6§+ (D),d (D) > ¢, so
|A(D)| > nf and then g(n, k, £) > nt.

We first consider the case that n ¢ {4,6}. Let D = E) By Theorem 1, D
can be decomposed into n — 1 Hamiltonian cycles H; (1 < i < n —1). Let Dy
be the spanning subdigraph of D with arc sets A(Dy) = |J;<;<, A(H;). Clearly,
we have \y(Dy) > £ for 2 < k < n,1 < ¢ < n — 1. Furthermore, by (3), we
have \;(Dy) < £ since the in-degree and out-degree of each vertex in D, are both
0. Hence, \g(Dy) = £ for 2 < k <n,1 < ¢ <n-—1. For any e € A(Dy), we
have §7(Dy —e) = 6 (Dy—e€) = £ — 1, so \g(Dg —e) < £ —1 by (3). Thus,
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Dy is minimally strong subgraph (k, ¢)-arc-connected. As |A(Dy)| = nf, we have
g(n, k,¢) < nl. From the lower bound that g(n, k, ¢) > nl, we have g(n, k,¢) = ntl
for the case that n & {4,6}.

Now we assume that n € {4,6}. We just consider the case that n = 6, since
the remaining case is similar and simpler. Let D be a digraph with vertex set
V(D) = {u; | 1 <i < 6} such that D is a union of four arc-disjoint cycles Cj,
where Cl L UTUUIULUZUEUT CQ = Clrev7 Cg S UTUSUSULU4L UG UL and 04 = C3I“eV.

Let Dy (1 < ¢ < 4) be the spanning subdigraph of D with arc sets A(Dy) =
Ui<i<s A(C;). Let D5 = ?6. Clearly, we have A\ (Dy) > for 2 <k <5,1 </ <
5. Furthermore, by (3), we have Ay (Dy) < ¢ since the in-degree and out-degree of
each vertex in Dy are both ¢. Hence, \i(Dy) = £ for 2 < k < 5,1 < ¢ <5. For any
e € A(Dy), we have 6T (Dy—e) =0~ (Dy—e) =£—1, 80 \p(Dg—e) < £—1 by (3).
Thus, Dy is minimally strong subgraph (k, ¢)-arc-connected. As |A(Dy)| = n/,
we have g(n,k,¢) < nl. Hence, g(n,k,¢) = nf holds for this case by the lower
bound that g(n, k,¢) > nf. For the case that k = n = 6, we have 1 < ¢ < 4, with
a similar argument, we can also deduce that g(n, k, £) = nt. [ |

A digraph D is minimally strong if D is strong but D — e is not for every arc
e of D. Sun and Gutin [11] gave the following characterizations.

Proposition 7 [11]. The following assertions hold.
(i) A digraph D is minimally strong subgraph (k,1)-arc-connected if and only if
D is minimally strong digraph.
(ii) Let 2 <k <mn. If k ¢ {4,6}, or, k € {4,6} and k < n, then a digraph D is
minimally strong subgraph (k,n — 1)-arc-connected if and only if D = K ,,.

Theorem 8 [11]. A digraph D is minimally strong subgraph (2,n — 2)-arc-
connected if and only if D is a digraph obtained from the complete digraph ?n
by deleting an arc set M such that n[]\% is a union of vertex-disjoint cycles
which cover all but at most one vertex of K ,,.

To prove upper bounds on the number of arcs in a minimally strong subgraph
(k, £)-arc-connected digraph, we will use the following result, see e.g. Corollary
5.3.6 of [1].

Theorem 9. Fvery strong digraph D on n vertices has a strong spanning sub-
graph H with at most 2n — 2 arcs and equality holds only if H is a symmetric
digraph whose underlying undirected graph is a tree.

Proposition 10. We have (i) G(n,n,?) < 2¢{(n —1); (ii) For every k (2 < k <
n), G(n,k,1) = 2(n — 1) and Ex(n,k,1) consists of symmetric digraphs whose
underlying undirected graphs are trees; (iii) G(n, k,n—2) = (n—1)? for k € {2,3}.

Proof. (i) Let D = (V, A) be a minimally strong subgraph (n, ¢)-arc-connected
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digraph, and let Dy, ..., D, be arc-disjoint strong spanning subgraphs of D. Since
D is minimally strong subgraph (n, £)-arc-connected and D1, ..., D, are pairwise
arc-disjoint, |A| = Zle |A(D;)|. Thus, by Theorem 9, |A| < 2¢(n — 1).

(ii) In the proof of Proposition 7, Sun and Gutin [11] showed that a digraph
D is strong if and only if Ax(D) > 1. Now let A\¢(D) > 1 and a digraph D has
a minimal number of arcs. By Theorem 9, we have that |[A(D)| < 2(n — 1), and
if D € Ex(n,k,1) then |[A(D)| =2(n — 1) and D is a symmetric digraph whose
underlying undirected graph is a tree.

Part (iii) follows directly from Theorems 4 and 8. |

By Theorems 4 and 8, we can get the following result on ex(n,k,¢) and
Ex(n,k,?).
Proposition 11. The following assertions hold.
(i) Fork €{2,3}, Ex(n,k,n—2) = {?n — M} where M is an arc set such that
n[M] is a union of vertex-disjoint cycles which cover all but exactly one

verter of K .
(ii) For k € {2,3}, ex(n,k,n—2) = {E) — M} where M is an arc set such that
n[M] is a union of vertex-disjoint cycles which cover all vertices of ?n

4. DISCUSSION

In this paper, we give the characterization of minimally strong subgraph (3, n—2)-
arc-connected digraphs. We determine the precise values for g(n, k, £) completely
and the precise values for G(n, k,n—2) for k € {2,3}. So it would be interesting to
determine G(n, k,n—2) for every value of k > 2, as obtaining characterizations of
all (k,n—2)-arc-connected digraphs for 2 < k < n seems a very difficult problem.
It would also be interesting to find a sharp upper bound for G(n, k, ¢) for all k > 2
and ¢ > 2.
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