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Abstract

A 2-rainbow dominating function (2RDF) of a graph G is a function g
from the vertex set V(G) to the family of all subsets of {1,2} such that for
each vertex v with g(v) = 0 we have {J,,c y(,) 9(u) = {1,2}. The minimum
of g(V(G)) = Xvev(e) 19(v)| over all such functions is called the 2-rainbow
domination number. A 2RDF g of a graph G is independent if no two
vertices assigned non empty sets are adjacent. The independent 2-rainbow
domination number is the minimum weight of an independent 2RDF of G.
A Roman {2}-dominating function (R2DF) f : V — {0,1,2} of a graph
G = (V,E) has the property that for every vertex v € V with f(v) = 0
either there is u € N(v) with f(u) = 2 or there are z,y € N(v) with
f(x) = f(y) = 1. The weight of f is the sum f(V) = > .y f(v). An
R2DF f is called independent if no two vertices assigned non-zero values are
adjacent. The independent Roman {2}-domination number is the minimum
weight of an independent R2DF on G.

We first show that the decision problem for computing the independent 2-
rainbow (respectively, independent Roman {2}-domination) number is NP-
complete even when restricted to planar graphs. Then, we give a linear
algorithm that computes the independent 2-rainbow domination number as
well as the independent Roman {2}-domination number of a given tree,
answering problems posed in [M. Chellali and N. Jafari Rad, Independent
2-rainbow domination in graphs, J. Combin. Math. Combin. Comput. 94
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(2015) 133-148] and [A. Rahmouni and M. Chellali, Independent Roman {2}-
domination in graphs, Discrete Appl. Math. 236 (2018) 408-414]. Then, we
give a linear algorithm that computes the independent 2-rainbow domination
number of a given unicyclic graph.

Keywords: independent 2-rainbow dominating function, independent Ro-
man {2}-dominating function, algorithm, 3-SAT.
2010 Mathematics Subject Classification: 05C85, 05C69.

1. INTRODUCTION

For notation and terminology not given here we refer to [10]. Let G = (V, E) be
a graph with vertex set V' of order n and edge set E. The open neighborhood of
avertex v € Vis N(v) = {u € V : wv € E} and the closed neighborhood of v is
N[v] = N(v)U{v}. The degree of v is deg(v) = |N(v)|. A vertex of degree one is
referred as a leaf and its unique neighbor is called a support vertex. A tree T of
order n > 2 is called a star if n =2 or n > 3 and T contains exactly one vertex
that is not a leaf. A double star is a tree with precisely two vertices (as central
vertices) that are not leaves. A path of order n is denoted by P,. A wunicyclic
graph is a graph obtained from a tree T of order at least three by joining precisely
two non-adjacent vertices of T. A planar graph is a graph that can be drawn on
the plane in such a way that its edges intersect only at their endpoints.

A function f : V. — {0,1,2} is a Roman dominating function (RDF) of a
graph G = (V, E) if every vertex u for which f(u) = 0 is adjacent to at least
one vertex v for which f(v) = 2. The weight of an RDF f, denoted by w(f), is
the sum f(V) = >, o f(v). The minimum weight of an RDF on G is called the
Roman domination number of G and is denoted by yr(G). The mathematical
concept of Roman domination, was defined and discussed by Stewart [16], and
ReVelle and Rosing [13], and subsequently developed by Cockayne et al. [8]. For
an RDF f on G, we denote by V; (or Vif to refer to f) the set of all the vertices of
G with label ¢ under f. Thus an RDF f can be represented by a triple (Vp, V1, V2),
and we can use the notation f = (Vp, V1, V5).

In a recent paper, Chellali et al. [6] introduced a new variant of Roman
dominating functions. A Roman {2}-dominating function (R2DF) f : V —
{0,1,2} of G has the property that for every vertex v € V' with f(v) = 0 either
there is u € N(v) with f(u) = 2 or there are x,y € N(v) with f(x) = f(y) = 1.
The weight of a Roman {2}-dominating function f on G is the sum f(V) =
> vev f(v) and the minimum weight of a Roman {2}-dominating function f is
the Roman {2}-domination number of G, denoted by vge(G). Rahmouni and
Chellali [12] introduced independent Roman {2}-dominating function (IR2DF)
as a Roman {2}-dominating function f = (V, V1, Va2) for which V; U V; is an
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independent set. The independent Roman {2}-domination number of G, denoted
by i{poy(G), is the minimum weight of an IR2DF on G. They showed that the
decision problem associated with g RQ}(G) is NP-complete even when restricted
to bipartite graphs. They posed the following open problem.

Problem 1 (Rahmouni and Chellali [12]). Can you design a linear algorithm for
computing the value of i{po)(T) for any tree 77

Chen and Lu [7] have answered Problem 1 by giving an algorithm that com-
putes the independent Roman {2}-domination in trees. In this paper we answer
Problem 1 by a different approach.

Let f be a function on the vertex set of a graph G that assigns to each vertex
a set of colors chosen from the set {1,2}; that is f : V(G) — P({1,2}), where
P({1,2}) is the power set of {1, 2}. If for each vertex v € V(@) such that f(v) = 0,
we have U, e f(u) = {1,2}, then f is called a 2-rainbow dominating function
(2RDF) of G. The weight of a 2RDF [ is defined as w(f) = > ev(q) |f ()]
The minimum weight of a 2-rainbow dominating function is called the 2-rainbow
domination number of G, denoted by 7,2(G). We say that a function f is a
Yr2(G)-function if it is a 2RDF and w(f) = 72(G). For a 2RDF f we let V1Jc =
{v: f(v) = {1}}. Similarly, V2f, Vlf2 and Vof are defined. So, we will write f =
(v v v ).

A function f is called an independent 2-rainbow dominating function (I2RDF)
of G, if f is a 2RDF and no two vertices in V(G) — Vof are adjacent. The
independent 2-rainbow domination number, denoted by iy2(G), is the minimum
weight of an independent 2-rainbow dominating function of G. We say that
a function f is an i,2(G)-function if it is an I2RDF and w(f) = i,2(G). The
concept of rainbow domination was introduced by Bresar, Henning, and Rall [2],
and further studied by several authors (see for example, [1, 3, 5, 14, 15, 17]).
Chellali et al. [4] posed the following problem.

Problem 2 (Chellali and Jafari Rad [4]). Is there a polynomial algorithm for
computing the independent 2-rainbow domination number for trees?

In this paper we study algorithmic and complexity of the independent 2-
rainbow domination number as well as the independent Roman {2}-domination
number. In Section 2, we show that the decision problem for computing the inde-
pendent 2-rainbow (respectively, independent Roman {2}-domination) number is
NP-complete even when restricted to chordal graphs. In Section 3, we first give
a linear algorithm that computes the independent 2-rainbow domination number
of a given tree, answering Problem 2. We then answer Problem 1 using the fol-
lowing Corollary 1 of [12]. Then we give a linear algorithm that computes the
independent 2-rainbow domination number of a given unicyclic graph.

Corollary 1 (Rahmouni and Chellali [12]). If T is a tree, then igpay(T) = ir2(T).
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2. NP-COMPLETENESS RESULTS

Consider the following decision problems related to the optimization problems of
computing the independent 2-rainbow domination number and the independent
Roman {2}-domination number of a given graph.

Independent 2-Rainbow Domination (I2RD) Problem:
Instance: A graph G and a positive integer m.
Question: Does an I2RDF f exist on G with w(f) < m?

Independent Roman {2}-Domination (IR2D) Problem:
Instance: A graph G and a positive integer m.
Question: Is there an IR2DF f on G with w(f) < m?

We introduce a polynomial time reduction from PLANAR 3-SAT Problem
to I2RD and IR2D Problems to show that I2RD and IR2D Problems are NP-
complete even when restricted to planar graphs. Recall that 3-SAT is the problem
of deciding whether a given boolean formula in 3-conjunctive normal form is
satisfiable. Let ® = {C, X'} be an instance in 3-SAT Problem, that is, let ® be a
boolean formula in 3-conjunctive normal form. Let C = {¢1, o, ..., ¢} be a set of
[ > 1 clauses over a set X = {x1,..., 2z} of k > 3 variables. For each 1 < j <1,
the clause ¢; (consisting of exactly three literals) is of the form ¢; = {15,925, y3;},
where each of y1;, y2; and y3; is either a variable or the negative of a variable in
X. A natural graph associated to 3-SAT Problem is the bipartite graph Gyc x}
that has C U X as its vertex set and has an edge between the vertices x; and
c; if ¢; contains either z; or —x;. PLANAR 3-SAT is 3-SAT restricted to those
instances {C, X'} for which Gy x} is planar. It is well-know that PLANAR 3-
SAT Problem is NP-complete [9, 11]. Let ® = {C, X'} be an instance of 3-SAT
Problem such that the associated graph Gyc x) to @ is planar. We construct
graph G corresponding to ® as follows.

Assume that H is a planar embedding of Gy¢ xy. We replace each variable-
vertex x; of H, where 1 < i < k, by a graph H; as variable gadget, where H; is

obtained from a cycle graph of order 4! with vertices u}, . ,u;” such that each of
vertices ufj_g’, u;lj_2, ?]_1, uf‘] is adjacent to a new vertex v] for each 1 < j <.

We replace each clause-vertex c¢; of H, where 1 < j <[, by a new vertex z;. In
the rest we fix indices i and j, where 1 < i < k and 1 < j < [. Assume that
Ciyy Cigy - - - G,y Where 1 <m < [, is the sequence of all clause-vertices adjacent to
x; in H in clockwise direction starting from an arbitrary clause-vertex in Ny (z;),
that is, z;c;r is an edge of H for each j' € {i1,i2,...,9m}. If 2; € ¢;, (respectively,
—x; € ¢j,), where 1 < 7 < m, then we replace z;c;. by new edges u?r_szr and

ul"z;, (respectively, uf"®z; and uf""'z; ). Let Hg be the resulting graph. See

Figure 1. It is easy to see that Hg is a planar graph.
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Figure 1. Illustration of replacing clause-vertex c; by z; for each j € {1,3,4}, variable-
vertex z; by H;, clause-edge x;c3 by edges ufzg and ufzg, clause-edge z;cq4 by edges
u;z4 and u§Z4 and clause-edge x;c; by edges u?zl and u}lzl for which [ = 4, Ny (z;) =

6
{e3,ca,c1}, @i € c3, x; € ¢q and —x; € 1.

Lemma 2. The boolean formula ® is satisfiable if and only if there is an IR2DF
(respectively, I2RDF) f on He with w(f) < 2kl.

Proof. Assume that ® is satisfiable. Let T be an assignment of truth values for
the variables of X’ for which ® evaluates to true. We construct sets V;, V{ and Vi
on the vertex set of Hg as follows. If T" assigns the value true to z;, then we add

all vertices in {ufﬂ 1< < 2l}, { 2.1 <j< l} and{ 1< < l} to V1,
V/ and V3, respectively. If T assigns the value false to x;, then we add all vertices
. { 2j—1 . . 45-3 | . 45—-1 | . /
in qu; .1§j§2l},{ui .1§]§l}and{ui .1§]§l}t0V1,Vl
and V3, respectively. It is easy to see that f = (V(Hs) — Vi, V1,0) (respectively,
f=V(Hs)— (VJUVY), V],V 0)) is an IR2DF (respectively, 2RDF) on Hg
with w(f) = 2kl.

Assume that there is an IR2DF f = (Vp, Vi, V3) (respectively, I2RDF f =
(Vy, VI, V5, Vly)) on He with w(f) < 2kl. Consider values f(vf), f (u4j—3),

7

f (u;*j—2), f (ufﬂ'—l), and f (uj‘j) for each 1 < i < k and 1 < j < . Since
at least two of vertices u4j BRI A o e o'

? ul
all 1 < j <[, we find that S;; = f(v )+ S8 0f< 4= S) > 2 (respectively,
2)

Sij = ]f(ful)] —i—zs:()’f (ul _S>‘ foreach 1 <i < kand 1< j <! So,
w(f) > Zie{l,.,.,k},je{l,...,l} Sij > 2kl. Since w(f) < 2kl, we have S;; = 2 and
f(%j) = 0 (respectively, !f(zj)’ =0) foreach 1 <i <kand1l < j </ Since
f(z]) = 0 (respectively, ’f 2j ’ =0) foreach 1 < j <1, if f( ) # 0 (respectively,
‘f( )‘ #0) for some 1 <i < kand 1 < j <[, then S;; > 2, a contradiction. So,
f( l) = 0 (respectively, |f( )} =0) for each 1 < i < kand 1 < j <. Thus,

either both f (u?j_1> 1 and f(u 2J) =0or bothf< 29— 1) = Oandf( u; ) =1

u;

,u;” are not adjacent to vertex z; for
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(respectively, either f (u?j;l) #0, f (u?j;g) #0, f <ufj71> Uf(u?jfg) ={1,2}
and f (u123> =0Qor f (uf‘j> #0, f <U?j72> #0, f (U?j) uf (U?jd) = {1,2}
and f <u§j*1) — () foreach1 <i<kand1<j<l.

We fix indices i and j, where 1 <i < k and 1 < j < [. If both f (u?*l) —0
and f(u?J) = 1 (respectively, f(u?jfl) £+ 0, f(u?jfg) £+ 0, f(u?jfl) U
f (u?j_?’) ={1,2} and f <u12]> = (), then we assign the value true to the vari-
able x; and if both f (u?j_l) =1and f <u127> = 0 (respectively, f (u?j> # 0,
f (u?j_2> 0, f (u?) uUf (u?j_2> = {1,2} and f (u?j_1> = (), then we as-
sign the value false to the variable z;. We claim that ® is satisfiable for this

assignment.
Assume without loss of generality that ¢; = {x1, ~x2,26}. Since f(z;) =0

(respectively, |f(z;)] = 0), we have f (uiljl_2> = f(uiljj =1, f(ugju_g) =
f (u;lj”_1> =1lorf (ugjm_Q) =f (ugjm) = 1 (respectively, f (uilj,_Q) Uf <uilj/>
={1,2}, f (ugj”_?’) uf (u;lj”_1> ={1,2}or f <u§jm_2) uf (uéjm> = {1,2}) for
some j', 5", 7" € {1,2,...,1}. Assume without loss of generality that f (uzllj/_Q) =
f (uéllj/> = 1 (respectively, f (uiljl_2> uf (uéllj/> = {1,2}). So, x1 has the value
true. It causes to satisfy the clause c;, that is, the boolean formula @ is satisfiable.

This completes the proof. [ |

Clearly, we can compute Hg in polynomial time. By Lemma 2 and the facts
that Hg is a planar graph and both IR2D and I2RD Problems belong to NP we
have the following.

Theorem 3. Both IR2D and I12RD Problems are NP-complete even when re-
stricted to planar graphs.

3. LINEAR ALGORITHMS FOR TREES AND UNICYCLIC GRAPHS

In this section we first give a linear algorithm that computes the independent 2-
rainbow domination number as well as the independent Roman {2}-domination
number of a given tree. Finally, using the above algorithm we give a linear
algorithm that computes the independent 2-rainbow domination number of a
given unicyclic graph.
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3.1. Trees

In this section, we give a linear algorithm (Algorithm 3.1) that computes the
independent 2-rainbow domination number of trees. We say that a rooted tree
T with the vertex set V' = {v1,v2,...,v,} has Property 1 if j < i, where v; is
the parent of v; € V. Let G = (V, E) be a graph such that u € V and a vertex
v ¢ V. We define the following.

e i,2(G,u=0)=min{w(f): f is an I2RDF on G with f(u) = 0},
o io(G,u=1)=min{w(f): fis an I2RDF on G with f(u) = {1}},
) ={2}},

flv) ={1}},

e i/ o(Gu,v = 2) = min{w(f) : fis an I2RDF on G + uv with f(u) = 0 and
f(v) ={2}},

e i\o(G,u,v =12) = min{w(f) : f is an I2RDF on G + wv with f(u) = 0 and
flv) =A{1,2}}.

Lemma 4. Let Hy = (V1, Eq) and Hy = (Va, E3) be two graphs with ViNVa =0
such that uw € Vi, v € Va and a verter w ¢ V1 U Vs, Let G = (Vi U Vo, By U Ep U
{uv}). Then,

(i) ir2(Gyu = 0) = min{iye(Hi,u = 0) + dipo(Ho,v = 0),ilo(Hi,u,w = 1) +
iro(Hoyv = 1) = 1,ilo(Hi,u,w = 2) + ipo(Ho,v = 2) — 1,4 (Hy,u,w = 12)
+ir2(H2,U = 12) — 2},

) iTQ(G,'U/ = 1) = irg(Hl,U = 1) + Z.;,,Q(HQ,U,U] = 1) — 1,

) irg(G,u = 2) = iTQ(Hl,u = 2) =+ ig,Q(HQ,’U,’LU = 2) —1,

(iv) ir2(G,u = 12) = dpo(Hy,u = 12) + i o (Ha, v,w = 12) — 2,

) iy (Gu,w = 1) = min{ilo(Hi,u,w = 1) + ipe(Ha,v = 0), io(Hi,u,w =
1) + irg(Hg,’U = 1), i;Q(Hl,u,w = 12) + irg(HQ,’U = 2) — 1, i’TQ(Hl,u,w =
12) + ipo(Ha, v = 12) — 1},

(vi) i5(G u,w = 2) = min{i'o(H1,u,w = 2) + iypa(Ha,v = 0), ilo(Hy,u,w =
12) 4+ dpo(Ho,v = 1) — 1, il o (Hy, u,w = 2) + ipo(Ha,v = 2), ilo(Hy,u,w =
12) + ipa(Ha, v = 12) — 1},

(vil) i5(G,u,w = 12) = min{i5(H1, u,w = 12) + i,9(Ha,v = 0), @5 (Hy, u,w =
12) + irg(HQ,U = 1), i;z(Hl,u,w = 12) + 'L'TQ(HQ,U = 2), i;Q(Hl,u,w =
12) + ’i,q(HQ,U = 12)}

Proof. Let f be a 2RDF on G and let f; and fy be restrictions of f to Hi and
Hy, respectively. Let [/ = g(w) U f, fi = g(w) U f1 and f} = g(w) U fa, where

g(w) € {0’ {1} {2}, {1,2}}.
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Algorithm 3.1: I2RDNT(T)
Input: A connected rooted tree T' with V(T') = {v1,...,v,}, Property 1
and a vertex w ¢ V(T').

Output: (iTQ(T, V1 = 0), T:TQ(T, v = 1), Z}-Q(T, V1 = 2), iTQ(T, v = 12),
iho(Tyvr,w =1),io(T,v1,w = 2),io(T,v1,w = 12)).

fori=1ton do

2 i,,g(vi = 0) = 0Q; irg(vi = 1) = 1; irg(v,- = 2) = 1; irg(vi = 12) = 2;

i o(vi,w =1) = 00; ilo(vi,w = 2) = 005 il4(vi,w =12) = 2;

=

3 fori=n to 2 do

4 Let v; be the parent of v;;

5 irg(’l)j = 0) = min{z'rg(vj = 0) +'ir2(7)i = 0), i;Q(vj,w = 1) —I—Z'rg(’l)z‘ = 1)
—1, iy (vj,w = 2) +ip2(vi = 2) — 1,09 (vj, w = 12) +ipo(v; = 12) — 2};

6 i,,g(vj = 1) = ’l-r,»Q('Uj = 1) -+ i;2(vi,w = 1) —1;

7 192 vj:2):z',g(vj:2)+i;2(vi,w:2)—1;

8 irg(vj = 12) = irg(vj = 12) + 7:;“2(1)1',11} = 12) —2;

9 iho(vj,w=1) =min{il,(vj,w = 1) + ir2(v; = 0), 15 (vj, w = 1)

—l—Z}«2(’U¢ = 1),2';2(’[)1',11] = 12) + irg(vi = 2) — 1,i;2(vj,w = 12)
+ipg(v; =12) — 1};

10 | ig(vj,w=2) =min{ily(vj,w =2) 4+ ir2(v; =0),19(vj, w = 12)
+ira(vi =1) = 1, il5(vj, w = 2) + ira(v; = 2),109(vj, w = 12)
—{—im(l)i = 12) — 1};

11 ino(vj,w =12) = il 5 (vj, w = 12) + min{iyo(v; = 0),ir2(v; = 1),
Z.TQ(’Ui == 2), iTQ(U/L' = 12)};

12 return (i2(v1 = 0),ir2(v1 = 1),ir2(v1 = 2),4p2(v1 = 12), 45 (v, w = 1),
iiz(vlaw = 2)7’5;2(’017“} = 12))?

Clearly, f(u) € {0,{1},{2},{1,2}} and f(v) € {0,{1},{2},{1,2}}. Clearly,
f(u) = Aifand only if f(u) = A and f(v) =0, f(u) = A and f(v) = {1}, f(u) =
Aand f(v) ={2}or f(u) = Aand f(v) = {1,2} foreach A € {0, {1}, {2}, {1, 2}}.

Let f(u) = 0. Hence, f is an I2RDF on G with f(u) = 0 if and only if f; is
an I2RDF on H; with f1(u) = 0 and fo is an I2RDF on Hs with fo(v) =0, f] is
an 12RDF on Hj + uw with both f{(u) = () and f{(w) = {1} and f, is an I2RDF
on Hy with fo(v) = {1}, f] is an I2RDF on H; + uw with both f{(u) = ) and
f1(w) = {2} and f5 is an I2RDF on Hy with fo(v) = {2} or f] is an I2RDF on
H; +uw with both f](u) =0 and f{(w) = {1,2} and fs is an I2RDF on Hjy with
fa(v) ={1,2}. This completes the proof of part (i).

Let f(u) = {1}. Hence, f is an I2RDF on G with f(u) = {1} if and only if
f1 is an I2RDF on H; with fi(u) = {1} and f} is an I2RDF on Hj + vw with
both fi(v) =0 and fi(w) = {1}. This completes the proof of part (ii).
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Let f(u) = {2}. Hence, f is an I2RDF on G with f(u) = {2} if and only if
f1is an I2RDF on H; with fi(u) = {2} and f} is an I2RDF on Hj + vw with
both fi(v) =0 and fi(w) = {2}. This completes the proof of part (iii).

Let f(u) = {1,2}. Hence, f is an I2RDF on G with f(u) = {1, 2} if and only
if f1 is an I2RDF on H; with fi(u) = {1,2} and f} is an I2RDF on Hy +vw with
both f5(v) =0 and fi(w) = {1,2}. This completes the proof of part (iv).

Let f'(u) =0 and f'(w) = {1}. Hence, f’ is an I2RDF on G + uw with both
f'(u) =0 and f'(w) = {1} if and only if f{ is an I2RDF on H; + uw with both
fi(u) =0 and f{(w) = {1} and f2 is an I2RDF on Hy with fo(v) = 0, f{ is an
I2RDF on H; + uw with both f{(u) = 0 and f](w) = {1} and fs is an [2RDF
on Hy with fo(v) = {1}, f] is an I2RDF on H; + uw with both f{(u) = 0 and
f1(w) = {1,2} and fo is an I2RDF on Hy with fo(v) = {2}, f] is an I2RDF on
H; +uw with both f{(u) = 0 and f](w) = {1,2} and f5 is an I2RDF on H, with
fa(v) ={1,2}. This completes the proof of part (v).

Let f'(u) = 0 and f'(w) = {2}. Hence, f’ is an I2RDF on G + uw with both
f'(u) =0 and f'(w) = {2} if and only if f{ is an I2RDF on H; + uw with both
fi(u) =0 and f{(w) = {2} and f2 is an I2RDF on Hy with fo(v) = 0, f{ is an
I2RDF on H; + uw with both f{(u) =0 and f](w) = {1,2} and f5 is an 2RDF
on Hy with fo(v) = {1}, f is an I2RDF on H; + uw with both f{(u) = 0 and
fi(w) = {2} and f2 is an I2RDF on Hy with fo(v) = {2}, f] is an I2RDF on
H; + uw with both f](u) = 0 and f{(w) = {1,2} and fs is an I2RDF on Hjy with
fa(v) = {1,2}. This completes the proof of part (vi).

Let f'(u) = 0 and f'(w) = {1,2}. Hence, f’ is an I2RDF on G 4 uw with
both f'(u) =0 and f'(w) = {1,2} if and only if f] is an I2RDF on H; + uw with
both f{(u) =0 and f](w) = {1,2} and f2 is an I2RDF on Hy with fa(v) =0, f]
is an I2RDF on H; + uw with both f](u) = 0 and f{(w) = {1,2} and f3 is an
I2RDF on Hs with fa(v) = {1}, f{ is an I2RDF on H; + uw with both f{(u) =0
and f](w) = {1,2} and f3 is an I2RDF on Hy with fo(v) = {2}, f{ is an I2RDF
on Hy + vw with both f](u) = 0 and f](w) = {1,2} and fs is an I2RDF on Hs
with fa(v) = {1,2}. This completes the proof of part (vii). |

Lemma 5. Let T be a tree with w € V(T) and a vertex w ¢ V(T). Algorithm
3.1 computes values iyo(T,u = a) and i,.o(T,u,w = b) in linear time for each
a€{0,1,2,12} and b € {1,2,12}.

Proof. We can compute a rooted tree T' with Property 1 and the root u for
T in linear time. Clearly, i,2(T,u = a) = i2(T",u = a) and io(T,u,w = b)
= ilo(T",u,w = b) for each a € {0,1,2,12} and b € {1,2,12}. By Lemma
4, Algorithm I2RDNT(T”) computes these values. The running time of each
iteration of the for loops of Algorithm I2RDNT(7”) is O(1) and so the running
time of Algorithm 3.1 is linear. This completes the proof. [ |
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The following is clear.

Corollary 6. Let G = (V,E) be a graph such that w € V. Then, i2(G) =
min{iyo(G,u = 0),4,2(G,u = 1),i,2(G,u = 2),ir2(G,u = 12)}.

By Corollaries 1 and 6 and Lemma 5 we have the following.

Theorem 7. There is a linear algorithm that computes the independent 2-rainbow
domination number and the independent Roman {2}-domination number of a
given tree.

Note that Theorem 7 provides answers to Problems 1 and 2.

3.2. Computing independent 2-rainbow domination number of uni-
cyclic graphs

In this section using Algorithm 3.1 we give a linear algorithm that computes the
independent 2-rainbow domination number of a given unicyclic graph. Recall
that a connected unicyclic graph is a connected graph with a unique cycle. Let
A,C e {{1},{2},{1,2}} and B € {0,{1},{2},{1,2}}, let G = (V, E) be a graph
with u,v € V' and vertices w, z ¢ V. We define the following.
e io(G,u = 0,v=B) =min{w(f) : fis an I2RDF on G with f(u) = () and
f(v) = B},
e i,2(G,u = B,v=0)=min{w(f) : fis an I2RDF on G with f(u) = B and
flv) =0},
e il,(Gu,w = Ajv = B) = min{w(f) : f is an I2RDF on G + uw with
fw) =0, f(w) = Aand f(v) = B},
o ' ,(Gou,w = Av,z = C) = min{w(f) : fis an I2RDF on G + uw with
fw) =f(v) =0, f(w) = Aand f(v) = C},
Let U be a connected unicyclic graph with the unique cycle C' = vy, ...,
Vg—1,v0, where k > 3. Define T'(vg, R) = U — vpv;. Clearly, T'(vo, R) is a tree
with the vertex set V(U).

Lemma 8. Let U be a connected unicyclic graph with the unique cycle vg, ...,
vg—1,v0 (k > 2) with a vertex w ¢ V(U) and let A € {{1},{2},{1,2}}. Then,
ir2(U) = min{iyo(T(vy, R),v9 = 0,01 = 0),45(T(vo, R),v0,w = A,v1 = A) —
|Al, il o(T (v, R),v1,w = A,vo = A) — |A]}.

Proof. Assume that i,o = min{i,2(T (v, R),vo = 0,v1 = 0),i,5(T (vo, R), vo, w =
Ao = A) — Al iLo(T(vo, R),v1,w = A,ug = A) — |A|}, where A € {{1},{2},
{12}

Let f be an I2RDF on T(vg, R) with f(vg) = f(v1) = 0 and w(f) =
ira(T(vo, R),v90 = O,v3 = (). Then, f is an I2RDF on U and so i2(U) <
iTQ(T(UO,R),UO = @,U1 = @)
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Let f be an I2RDF on T (vg, R) + vow with f(vg) =0, f(v1) = f(w) = A and
w(f) = 1.5(T (v, R),vo,w = A,v1 = A). Then, the restriction of f to V(T) is an
I2RDF on U and so iy2(U) < io(T(vo, R), v, w = A,v; = A) — |A].

Similarly, i,2(U) < il5(T(vo, R),v1,w = A,v9 = A) — |A]. So, ir2(U) < ira.

Let f be an I2RDF on U with w(f) = i,2(U). We have either both f(vg) = ()
and f(vl) S {{1}7 {2}7{172}} or both f(vl) = () and f(UO) S {{1}7 {2}7{172}}'

In the following we consider these cases.

e Let f(vo) = f(vi) = 0. Then f is an I2RDF on T'(vo, R) with f(vg) =
f(v1) =0 and so i,2(T (v, R),vo = 0,v1 = 0) < i,0(U).

e Let f(vg) =0 and f(v1) = g(w) = A, where A € {{1},{2},{1,2}}. Then,
h = fUg is an I2RDF on T'(vg, R)+vow with h(vg) = @ and h(v1) = h(w) = A
and so (T (v, R),vo,v1 = A,w = A) — |A| < ipa(U).

e Similar to the previous case, if f(v1) = 0 and f(vy) = g(w) = A, where
A e {{1},{2},{1,2}}, then @/ o(T'(vo, R), v1,v0 = A,w = A) — |A| < ipa(U).

S0, iro < iy2(U). This completes the proof. ]

By Lemma 8 for computing the independent 2-rainbow domination number of
a given unicyclic graph we need to compute iy2(T,u = 0,v = 0) and (T, u, w =
A,v = A), where A € {{1},{2},{1,2}} and T is a tree with u,v € V(T') and a
vertex w ¢ V(T'). We claim that Algorithms 3.2, 3.3, 3.4 and 3.5 compute these
values. We define Pr(v,u) as the shortest path between v and u in 7.

Lemma 9. Let T be a rooted tree with the root u, v € V(T) and a vertex w ¢
V(T). Let (agp,...,as) be the output of Algorithm I2RDNTO(T, u,v). Then,

e ag=i(T,v="0u=0),

e a; =ip(T,v="0u=1{1}),

o ay =ipo(T,v="0,u=1{2}),

o a3 =i (T,v=0,u=1{12}),
o a1 = ily(Tuw = {1},0 =),
o a5 = ily(T,uw = {2},0 =),
o ag =1ilo(T,u,w={1,2},v=0).

Proof. Let Pr(v,u) = wo(= v),...,wg(= u), where k& > 0. The proof is by
induction on k = |Pr(v,u)|. Let k = 1. So, u is the parent of v. Let 7" = T, — T,,.
So,

o io(T,v=0,u=0)="1i2(Ty,v=0)+ 12T u=0),

o io(T,v=0,u={1}) =i y(Ty,v,w=1)+ipa(T",u=1) -1,

o io(T,v=0,u={2}) =i y(Ty,v,w=2)+ip(T,u=2)—1,

o io(T,v=0,u={1,2}) =io(Ty,v,w=12) + ipo(T",u = 12) — 2,
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Algorithm 3.2: 2RDNTO(7, u,v)
Input: A rooted tree T with the root u, v € V(T') and a vertex
w ¢ V(T).
Output: {i2(T,v=0,u=A),ilo(T,u,w=B,ov=0): Ae
{0, {1}, {2}, {1,2}}, B € {{1}, {2}, {1, 2}}}.

Let Pr(u,v) = wo(=v),...,wi(=u).

it = ip2(Twy, wo = 0) + iy (T, w1, w = 2);
ill? = iTQ(Twoa wo = 0) + i;«Q(T/,U)l, w = 12)7

1

2 T/ = T, — Twys

3 i00 = ir2(Twy, wo = 0) + ip2(T", w1 = 0);

4 1091 = ;2(Tw0,w0,w = 1) + ZTQ(T wp = 1) — 1

5 102 = ih.o(Twg, o, w = 2) + i (T w1 =2) — 1;

6 1012 = z;Q(Two,wo,w = 12) + ZT-Q(T wy, = 12) — 2
7 7,’1 = ir2(Twy, wo = 0) + i\o(T", w1, w = 1);

8

9

10 for i =2 to k do
1 | T =Ty, —Tu,_;;
12 oo = min{irg(T', w; = O) + %00, Z',,,.Q(T,, w;, W = 1)

+ 101 — 1,i;2(T’,wi,w = 2) + 202 — 1,2';2(T/,wi,w = 12) + 2912 — 2};
13 Qo] = Y:TQ(T/,’LUi = 1) + ’Lll -1

14 02 :iTQ(T/,wZ' :2)+’i/2—1;

15 ao12 = r2(T', w; = 12) + i1y — 2;

16 le = min{z”rQ(T’, w, w; = 1) + %00, i;Q(T/, w, w; = 1)
+i01,i;2(T’,w,wi = 12) + 102 — 1,1';2(T’,w,w,- = 12) + 1912 — 1};
17 1/2 = min{z”rQ(T', w, w; = 2) + ioo, Z';QQ(T/, w, w; = 12)
+101 — 1, i;z(T’,w,wi = 2) + 192, i/rZ(Tlvwvwi = 12) + 1912 — 1};
18 i/12 = Z';QQ(T/, w,w; = 12) + min{ioo, 201, 102, i012};
19 | oo = (ioo; o1 = Qo1; 402 = (25 1012 = Q012;

o
20 return (igo, 101, 102, 9012, 17, 15, 112);

o il o(T,u,w={1},v=0)=in(Ty,v=0)+i,(T" uw=1),
o il o(T,u,w={2},v="0)=1in(Ty,v=0)+i(T" uw=2),
o il (T,u,w=1{1,2},v=0)=1ip2(Ty,v=0)+i(T u,w=12).

Since k = 1, the for loop of Algorithm I2RDNTO(T', u,v) does not execute.
This proves the base case of the induction. Assume that the result is true for any
rooted tree T” with the root u, v € V(T"), a vertex w ¢ V(T") and | P/ (v, u)| < m,
where m > 1. Let T be a rooted tree with the root u, v € V(T), a vertex
w ¢ V(T), |Pr(v,u)] =m+ 1 and Pr(v,u) = wo(=v),..., W, Wni1(=u). Let
Ty, be the rooted subtree of T' with the root wy,. Let (ag,...,aq) and (bo, ..., bg)
be the outputs of Algorithms I2RDNTO(T, u,v) and I2RDNTO(Ty,, , W, v), Te-
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Algorithm 3.3: 2RDNT1(7T, u,v)

Input: A rooted tree T" with root u, v € V(T') and vertices w, z ¢ V(T).
Output: {i/,(T,v,w={1},u=A),i5(T,v,w={1},u,z=B): A€
{0, {1,423, {1,211, B € {1}, {21, {1, 2}}.
Let Pr(u,v) = wo(=v),...,wg(= u).
T/ Tw1 — Ty
(Two,wo,w =1)+ iTQ(T/,’LlJl = 0);
! o (Twg, Wo, w = 1) + ip2 (T wy = 1);
(Two,wo,w = 12) + iT2<T/,w1 = 2) — 1
o
v

(Towo, wo, w = 12) + dpo(T' w1 = 12) — 1;
Ty wo,w = 1) + il o (T wy, w = 1);

! o (Twg, wo, w = 1) + il o (T w1, w = 2);
Z112 - 2/r2(Tw07w0a w = 1) + Z.;Q(T/vwl’w = 12)5

© W N O A W N+
.
[
[N}
I
~.

10 for i =2 to k do
11 T =Ty, — Tw,_,;
12 o190 = min{z}«g(T’, w; = O) + Z‘lo,i;a(T/ Wi, W = 1)
+inn — 1,0 5(T  wi,w =2) +i12 — 1,4 o (T wi, w = 12) 4+ i112 — 2}
13 a1 = ’iTQ(T/,U)Z‘ = 1) + illl — 1;
14 a1 = Y:TQ(T/,’LUi = 2) + ’L'/12 —1;
15 Q12 = iTQ(T/,wi = 12) + 7;/112 — 2;
16 iy = min{io(T", wi, w = 1) + 10, 0.5 (T", wi, w = 1)

—|—i11,i;2(T’,wi,w = 12) + 119 — 1, i’rQ(T’,wi,w = 12) + 7119 — 1};
17 19 = min{io (T, wi, w = 2) + 10, 1.5 (T, wi, w = 12)

+Z.11 - 172';*2(Tlawi>w - 2) + ilQ,i;,Q(T/,’LUi,'LU - 12) + Z.112 - 1}7
18 7,',112 = i’TQ(T’,wi,w = 12) + min{ilo,in,ilg,inz};

19 | 110 = Q105 111 = Q11; 412 = 125 1112 = Q1123

L PN
20 return (410,711, %12, %112, 1], U129, ¥]10);

spectively. By the induction hypothesis,
. bo = ip2(Tw,,, v = 0, W, = 0),
o by =i(Ty,,,v="0,w,={1}),
° b2 = ir2(Tw,,, v = 0, w, = {2}),
o b3 =ipo(Tw,, ,v="0w,=/{1,2}),
(
(
(

i b4 - 7"/r’2 T’wm7wﬂ% = {1} v = )a
i :7’;‘2 Twm’wm,w_{2} v = )
o bg =il o(Tw,,, Wm,w =1{1,2},v=0)

Let (0’5, ol 06) be values of variables (ioo, 1015102, 10125 115 15, zg) of Algorithm
I2RDNTO(T, u, v), respectively, after the iteration of the for loop for each 2 < k <
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Algorithm 3.4: 2RDNT2(T, u,v)

Input: A rooted tree T" with root u, v € V(T') and vertices w, z ¢ V(T).
Output: {i/,(T,v,w = {2},u=A),i5(T,v,w ={2},u,z=B): A€
{0.{1},{2},{1,2}}, B e {{1}, {2}, {1,2}}}.

1 Let Pr(u,v) = wo(=v),...,wi(= u).

2 T/ =Ty, — Ty

3 190 = i;2(TwO,wo,w = 2) + iTQ(T/,’LlJl = 0);

4 191 = z';,2(TwO,w0,w = 12) + iTQ(T,,U)l = 1) —1;

5 199 = ’i;2<Tw0,w0,’w = 2) + iTQ(T/,wl = 2);

6 1210 = i;@(Two,wo,w = 12) + irg(T/,wl = 12) —1;

7 iy = 1o (Twy, wo, w = 2) + il (T wy, w = 1);

8 iy = Uo(Twy, wo, w = 2) + iLo(T", wi, w = 2);

9 ihyy = 1ho(Twy, wo, w = 2) + ilo(T", w1, w = 12);
10 for i =2 to k do

11 T =Ty, — Tw,_,;

12 | gy = min{io (T, w; = 0) + igg, il (T, wi,w = 1)

+ 191 — 1,1';,2(T’,wi,w = 2) + 299 — 1,2';2(T,,wi,w = 12) + 1910 — 2};

13 o1 = ’iTQ(T/,U)Z‘ = 1) + il?l —1;

14 Qg9 = Y:TQ(T/,’LUi = 2) + ’L'/22 —1;

15 o912 = iTQ(T/,wi = 12) + i1212 —2;

16 | ihy =min{il (T, wi, w = 1) + g0, 0.5 (T, wi, w = 1)

—|—i21,i;2(T’,wi,w = 12) + 199 — 1, i’rQ(T’,wi,w = 12) + 1919 — 1};
17 | dhy = min{il o (T, w;, w = 2) + ig0, 1o (T, wi, w = 12)

+ 191 — 1,2';,2(TI,’LUZ‘,’LU = 2) =+ iQQ,Z';,Q(T/,’wi,’LU = 12) + 1919 — 1};
18 7,',112 = i/TQ(T/, Wi, W = 12) + min{igo, 121, 122, iglz};

19 | 20 = Q05 G21 = Q21; 122 = (0225 1212 = (212;

L PN
20 return (i, 21, 922, 1212, 191, 199, 1912);

m + 1. Clearly, (bg,...,bs) = (06”, . ,og") and (ag,...,ap) = (06”+1, ce og”H).
Let T =T — Ty,,. Since u is the parent of w,,(# v) in T, we have

e io(T,v = 0,u =0) = min{i,o(T,w; = 0) + by, i\.o(T", wij,w = 1) + by — 1,
ino (T wiyw =2) + by — 1,5 (T, wi, w = 12) + bg — 2},
ira(T,v=0,u={1}) = ip(T",w; = 1) + by — 1,

o io(T,v=0,u={2}) =ip(T w; =2)+bs — 1,
iro(Tyv =0,u={1,2}) = ipo(T", w; = 12) + bg — 2,

o il o(T,u,w = {1},v = 0) = min{i,(T", w,w; = 1) + by, iLo(T", w,w; = 1) +
b ity (T w,w; = 12) + by — 1, (T, w, w; = 12) + by — 11,

o ilo(T,u,w = {2},v =0) = min{il o (T, w,w; = 2) + by, ilo(T',w,w; =12) +
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Algorithm 3.5: 2RDNT12(7T, u,v)

Input: A rooted tree T with root u, v € V(T') and vertices w, z ¢ V(T).
Output: {i/,(T,v,w={1,2},u = A),i,(T,v,w ={1,2},u,z = B) :
A'e (0.1}, {2}, 11,2}, B € {1}, {2} {1,2}}}.

1 Let Pr(u,v) = wo(=v),...,wi(= u).

2 T =Ty — Twy;

3 1190 = z;Q(TwO,wo,w = 12) + iTQ(T/, w1 = 0),

4 1191 = 222(Tw0,w0,w = 12) + irz(T/,wl = 1),

5 1192 = Z;Q(Two,’wo,w = 12) + iTQ(T/ w)p = 2);

6 11212 =0l o(Twy, wo, w = 12) + o (T, wy = 12);

7 i191 =ty (Twg, wo, w = 12) + o (1", w1, w = 1);

8 99 = 1ho(Twy, wo, w = 12) + il o (T' w1, w = 2);

9 Z'/1212 - ZrQ(Twmwva = 12) + i;Q(T//wlv w = 12);
10 for i =2 to k do

11 T =Ty, — Tw,_,;

12 | i = min{irg(T’ w; = 0) + 4120, 105 (T Wi, w = 1)

+ 12191 — 1, 7hQ(T w;, W = 2) + 4129 — 1,’L',IFQ(T/,U}1',U} = 12) + 11212 — 2};

13 121 = ip2 (T w; = 1) + iy — 1;

14 129 = irg (T’, w; = 2) + i/122 — 1;

15 ®1212 = iTQ(T/, w; = 12) + i/1212 —2;

16 | dho; = min{ilo (T, w;,w = 1) + i120, 1o (T", wi, w = 1)

+ 121, to (T, wi, w = 12) +i122 — 1,019 (T, wi, w = 12) 4+ i1212 — 1};
17 99 = min{i o (T, wi, w = 2) + 4120, 1o (T, wi, w = 12)

+iro1 — Lo (T wi, w = 2) + d122, o (T, wi, w = 12) + i1212 — 1};
18 7,',1212 = Z';,Q (T’, w;, W = 12) -+ min{imo, i121, i122, i1212};

19 | l120 = Q1205 Y121 = Q121 1122 = (1225 11212 = (1212;

. . . . . . . )
20 return (2120, 112152122, %1212, 21915 122, 11212),

by — 1,i;2(T’,w,wi = 2) + bg,i;,Q(T’,w,wi = 12) + b3 — 1},
i i;’2(T7ua w = {17 2}>U = Q)) = Z’;Q(Tlawawi = 12) + min{b07 bla bg, b3}

This completes the proof. [ |
Similar to Lemma 9 we have the following.

Lemma 10. Let T be a rooted tree with the root u, v € V(T) and vertices w,z ¢
V(T). Let (ag,...,as) be the output of Algorithm I2RDNT1(T, u,v). Then,

® ap :i;z(T v,w={1},u = 0),
ro(Tov,w = {1}, u={1}),

® a1 =19
o ay = ily(Tv,w = {1},u={2)),
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e az =1ilo(T,v,w={1},u={1,2}),
o a4:z W(Tyov,w={1},u,z ={1}),
v
ra

T,v,w={1},u,z = {2}),
T,v,w={1},u,z={1,2}).

.CL5:

.(1,6:

Lemma 11. Let T be a rooted tree with the root u, v € V(T) and a vertex
w ¢ V(T). Let (ao,...,as) be the output of Algorithm I2RDNT2(T', u,v). Then,

o ag =i o(T,v,w={2},u=10),

o a1 =ipy(T\v,w={2},u={1}),

o ay =i (T,v,w = {2}, u = {2}),

o az =1ilo(T,v,w={2},u={1,2}),

o ay =1i'5(T,v,w={2},u,z={1}),

o a5—zr’2(TU w={2},u,z ={2}),

o ag =1ily(T,v,w={2},u,z ={1,2}).

Lemma 12. Let T be a rooted tree with the root u, v € V(T) and a vertex
w ¢ V( ). Let (ag,...,as) be the output of Algorithm I2RDNT12(T, u,v). Then,

o (T v,w = {1,2},u = 0),
o a1 =i ,(T,v,w={1,2},u={1}),
2(T v,w={1,2},u={2}),
o a3 =i o(T,v,w={1,2},u = {1,2}),
o ay = z’z(T v,w={1,2},u,z = {1}),
o a5 =il'y(T,v,w={1,2},u,z = {2}),
ag = ZT2(T,v,w ={1,2},u,z ={1,2}).

Theorem 13. There is a linear algorithm that computes the independent 2-
rainbow domination number of a given unicyclic graph.

Proof. Let U be a connected unicyclic graph with the unique cycle vy, ..., v5_1,
vo such that a vertex w ¢ V(U). By Lemma 8, i,2(U) = min{i,2(T(vo, R), vo =
0,01 = 0),i5(T(vo, R),vo,w = Ayu; = A) — |A|,i5(T (v, R),v1,w = Ajvg =
— |Al}, where A € {{1},{2},{1,2}}. Let T}, be a rooted tree of T'(vg, R) with
the root u and let v € V(T,,). Clearly, i,2(T(vo, R),v = A,u = A) = ipo(Ty,v =
A,u = A) and i 5(T(vo, R),v,w = A,ju = A) = i, 5(Ty,v,w = A,u = A), where
A e {{1},{2},{1,2}}. It follows from Lemmas 9, 10, 11 and 12 that Algorithms
3.2, 3.3, 3.4 and 3.5 compute ir2(U).
It remains to compute the running time of these algorithms. Let Pr(v, ) =
wo(=v),...,wi(= u), where k > 0. Clearly, we can compute T, and P(T,v,u)
in linear time. Let T}, be the value of variable 7" of Algorithm I2RDNTO(T', u, v)
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after the iteration of the for loop for each 2 < m < k. By Lemma 5, the running
time of lines 2-9 of Algorithm I2RDNTO(T,u,v) is O(V(11)) and the running
time of the iteration of the for loop of Algorithm I2RDNTO(T, u,v) for2 < m < k
is O(V(Ty,)). Clearly, V(T;) NV (T;) = 0 for each 2 < i < j < k. So, the running
time of Algorithm I2RDNTO(T, u,v) is equal to Zf:z OV (Ty)) =0(V(T)) and
so the running time of Algorithm 3.2 is linear. Similarly, the running times of
Algorithms of 3.3, 3.4 and 3.5 are linear. This completes the proof. [ |
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