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Abstract

For vertex- and edge-connectivity we construct infinitely many pairs of
regular graphs with the same spectrum, but with different connectivity.
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1. INTRODUCTION

Spectral graph theory deals with the relation between the structure of a graph
and the eigenvalues (spectrum) of an associated matrix, such as the adjacency
matrix A and the Laplacian matrix L. Important types of relations are the
spectral characterization. These are conditions in terms of the spectrum of A or
L, which are necessary and sufficient for certain graph properties. Two famous
examples are: (i) a graph is bipartite if and only if the spectrum of A is invariant
under multiplication by —1, and (ii) the number of connected components of a
graph is equal to the multiplicity of the eigenvalue 0 of L. Properties that are
characterized by the spectrum for A as well as for L are the number of vertices,
the number of edges, and regularity. If a graph is regular, the spectrum of A
follows from the spectrum of L, and vice versa. This implies that for both A and
L the properties of being regular and bipartite, and being regular and connected
are characterized by the spectrum.

If a property is not characterized by the spectrum, then there exist a pair
of cospectral graphs where one has the property and the other one not. For


http://dx.doi.org/10.7151/dmgt.2278

578 W .H. HAEMERS

many graph properties and several types of associated matrices, such pairs are
not hard to find. However, if we restrict to regular graphs it becomes harder
and more interesting, because a pair of regular cospectral graphs where one has
a given property and the other one not is a counter examples for a spectral
characterization with respect to A, L, and several other types of matrices. Such
a pair of regular cospectral graphs has been found for a number of properties, for
example for being distance-regular [8], having a given diameter [9], and admitting
a perfect matching [2].

The vertex-connectivity k(I") of a graph I' is the minimum number of vertices
one has to delete from I' such that the graph becomes disconnected. The edge-
connectiwvity k' (T') is the minimum number of edges one has to delete from IT" to
make the graph disconnected. One easily has that x(I') < /(") < §(I") where
§(T") is the minimal degree of I'. Clearly, (') = 0 as well as «/(I') = 0 just
means that I' is disconnected, therefore these two properties are characterized
by the spectrum when I is regular. Fiedler [6] showed that the second smallest
eigenvalue of the Laplacian matrix L (called the algebraic connectivity) is a lower
bound for the vertex- (and edge-) connectivity. For a regular graph I" there exist
stronger spectral bounds for k(I") (see [1]) and £'(T") (see [4]). Here we show
that for the vertex- and for the edge-connectivity in a connected regular graph
there is in general no spectral characterization. For k > 2 we present a pair of
regular cospectral graphs I" and IV of degree 2k and order 6k, where x(I") = 2k and
k(I'") = k+1. The edge-connectivity turned out to be much harder. Nevertheless,
for every even k > 4 we found a pair of regular cospectral graphs I' and I of
degree 3k — 5, where x'(I") = 3k — 5 and x'(I") = 3k — 6.

The main tool is the following result of Godsil and McKay [7].

Theorem 1.1. Let I' be a graph, and let X1,...,Xm,Y be a partition of the
vertexr set of I' into m + 1 classes, such that the following holds.

(i) For 1 <i,57 < m, each vertex x € X; has the same numbers of neighbors
m Xj.
(i) For 1 < i < m each vertezr y € Y is adjacent to 0, 5|X;|, or all vertices
Of Xz
Make a graph T as follows. For 0 < i < m and each vertexr y € Y with %]XZ|
neighbors in X;, delete the 1| X;| edges between y and X;, and insert 3|X;| edges
between y and the other vertices of X;. Then the graph I thus obtained is cospec-
tral with T' with respect to the adjacency matrix.

The corresponding operation is called Godsil-McKay switching. In many
applications m = 1. Then X; is called a GM-switching set, and condition (i) just
means that the subgraph of I' induced by X is regular.

We assume familiarity with basic results from linear algebra and graph spec-
tra; see for example [3], or [5]. As usual, Jp,, (or just J) denotes the m x n
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all-ones matrix, Oy, , (or just O) is the m x n all-zeros matrix, and I, (or just
I) denotes the identity matrix of order n.

2.  VERTEX-CONNECTIVITY

Suppose k > 2. We define a k-regular graph G on the integers modulo 3k — 1 as
follows. For i = 0,...,3k—2 vertex 7 is adjacent to {k+i,k+i+1,...,2k+i—1}
(mod 3k—1). Then G has no triangles and vertex-connectivity & (indeed, between
any pair of vertices there exists k vertex-disjoint paths). Next we partition the
vertex set V of GG into four classes Vg, ..., V3 as follows,

Vo={0}, Vi={k,k+1,...,2k—1},

Vo={1,2,....k—1}, Vs = {2k, 2k +1,...,3k — 2}.

So Vi consists of the neighbors of vertex 0. Note that G contains a matching
of size k — 1 that matches vertices of V5 with V3. Let B be the corresponding
partitioned adjacency matrix of G. Then

0 Jig  O1p—1 O1,k—1
Jkai Orr  Big B3
Or-11 By Op_1p-1  Bags
Or-11 Bl3  Byz  Op_1x1

Next we define

N = [ T ] K = [ Ok =1 ] M=[J-N K J-K].
Jh—1k+1 Tk k-1

Finally, we define I to be the graph with adjacency matrix

Oap. 2k N M
A=| NT  J-Ity1  Ogi13k-1
MT  Osk_1k41 B

Let {X,U,V} be the corresponding partition of the vertex set of I'. It follows
that I is regular of degree 2k, and that X is a GM-switching set of I'. In terms
of A, Godsil-McKay switching replaces N by J — N and M by J— M. The graph
I/ thus obtained is cospectral with I', and becomes disconnected if we delete the
first k + 1 vertices. So the vertex-connectivity of I” is at most k + 1.

To verify that the vertex-connectivity of I' equals 2k we have to find 2k
vertex-disjoint paths between any two distinct nonadjacent vertices x and y of
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I' (see for example [10], Theorem 15.1). This is a straightforward (and time
consuming) activity, for which we have to distinguish several cases, depending on
the partition classes to which x and y belong.

Suppose z,y € V. Then, because G has vertex-connectivity k, there exist
k vertex-disjoint paths in G between x and y. Let X, and X, be the sets of
neighbors in X of z an y, respectively. Then there exist £ = | X, N X,| vertex-
disjoint paths between x and y of length 2, and k—/¢ vertex-disjoint paths between
X\ Xy, and X, \ X, via U of length 3.

Suppose x,y € X. If x and y are both adjacent to all vertices of U, then x
and y are also adjacent to all vertices of V3, so there are 2k vertex-disjoint paths
of length 2 between z and y. If x and y are both adjacent to all vertices of V5,
then x and y have 2k — 2 common neighbors in V', and there is a path between x
and y of length 3 via two vertices of U, and a path of length 4 via a vertex of X.
If = is adjacent to all vertices of UUV3, and y is adjacent to all vertices of V5, then
there exist k — 1 vertex-disjoint paths of length 4 using the matching between V5
and V3, x and y have one common neighbor z € U and k vertex-disjoint paths
of length 5 via VoUVy, X and U \ {z}. Next suppose z is the unique vertex in
X adjacent to all vertices of V3 and just one vertex of U. If y is adjacent to
all vertices of UUV3, then = and y have one common neighbor in U and k — 1
common neighbors in V3, furthermore there are k vertex-disjoint paths of length
4 via Vi, X and U. If y is adjacent to all vertices of V5, then z and y have k — 1
vertex-disjoint paths of length 2 via V4, k — 1 disjoint paths of length 3 via V3
and V5, one path of lenght 3 via V{, and Vi, and one path of length 3 via an edge
of U.

The remaining cases: (v € X, y€U),(zr€ X,yeV)and (z €U, y € V) are
left as an exercise. In a similar way one can verify that I'” has vertex connectivity
k 4+ 1. So we can conclude the following.

Theorem 2.1. For every k > 2 there exists a pair of 2k-reqular cospectral graphs,
where one has vertex-connectivity 2k and the other one has vertex-connectivity
k+1.

The smallest cases (k = 2,3,4) have been double checked by computer using
the package newGRAPH [11].

3. EDGE-CONNECTIVITY

The construction of cospectral pairs of regular graphs with different edge-con-
nectivity turned out to be much harder then for the case of vertex-connectivity.
Again Godsil-McKay switching is the main tool, but now we apply Theorem 1.1
with m = 2. (All attempts to find an example with m = 1 failed; the difficulty is
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caused by the regularity requirement.) For every even integer k > 6 we define a
graph I' for which the vertex set is partitioned into three classes, X1, X5 and Y,
and assume the corresponding partitioned adjacency matrix A has the following
structure.

Ay L M
A= | LT A, M, |,
M M} B

such that A;, As and B are the adjacency matrices of the subgraphs Gi, Go
and H induced by X, Xs, and Y, respectively. Let G be the graph induced by
X = X1 U Xo, defined by

Jk—1,k-1 0
L= ’ , and Ay = Ay = L — Iy,
O Jet1ho+1 — C ! 2 2k
where C' is the adjacency matrix of the (k + 1)-cycle. Moreover, H is a discon-
nected graph with adjacency matrix

By O Jok—3 k-1 @

(0] By (0] Jok_5k+1
Jp—1,2k-3 O J—1Ir O ’

@) Jet1,2k-5 @ J — I

B =

where Bj is the adjacency matrix of a (k — 4)-regular graph Hj of order 2k — 3,
and By is the adjacency matrix of a (k — 6)-regular graph Hy of order 2k — 5
(here we use that £ > 6 and even). Finally we define

O Jyr—2 O O Ok

[ M ] _ O O  Jik—2 O  Opo
Mo Jkk—2 O O O Ok
O @ O  Jik—2 Opa2k

)

A vertex from H, which is not a vertex of Hy or Hs is adjacent to no vertex of
X. A vertex from H; or Hy is adjacent to exactly half or none of the vertices
of X; and Xs. It is easily checked that G, G2 and G are regular, thus we can
conclude that the given partition of I' satisfies the conditions for GM-switching
given in Theorem 1.1. To obtain the adjacency matrix A’ of the switched graph
I'" we have to replace M; and My by

0] O  Jir—2 O Ok

M1 | O S O O Opm
My | O @ O  Jik—2 Oga2k
Jek—2 O @ O Ok

We know that I' and I” are cospectral, and we easily have that I' and I” are
(3k — 5)-regular of order 10k — 8.
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To work out the edge-connectivity of I' and I, we first observe that the graph
G1 (respectively, G) has two connected components G111 and G 2 (respectively,
G2,1 and Go2), and we define 1 (respectively, x2) to be the first vertex (ordered
as in A) of the larger component G 2 (respectively, G2 2). Let y be the last vertex
of Hy. For i,j = 1,2 let X;; be the vertex set of G; ;.

Then the adjacencies between X and Y are as follows:

(i) the first k—2 vertices of B; are adjacent to XU {z2} inI', and to X2 2\ {z2}
in I';

(ii) the second k — 2 vertices of By are adjacent to X; U{x;} in I', and to
X172 \ {331} in F,;

(iii) the vertex y of By is adjacent to X12\ {z1} in T, and to X; U {z1} in I';

(iv) the first k—1 vertices of By are adjacent to X 2\{z1} inT', and to X7 1U{x1}
in I';

(v) the other k — 2 vertices of By are adjacent to Xo9 \ {z2} in I', and to
X271U {:CQ} in ITV.

From (i) to (v) we see that I" and TV become disconnected if we delete the vertices
x1, 22 and y (k(T') = k(I”) = 3). We claim that there is no disconnecting set of
edges in I', which is smaller than the degree 3k —5. The only candidates for such
a set are subsets of the edges between X and Y. The smallest disconnecting set of
edges between X and Y has 3k —4 edges and consists of the 2k —4 edges between
{z1, 22} and H;, together with the k edges between y and X 2. Therefore I' has
edge-connectivity 3k — 5. However, after switching, we find a disconnecting edge
set in IV consisting of the 2k — 5 edges between {1, x2} and Hs, and the k — 1
edges between y and X;; (indeed, we don’t need the edge {y,x1}). Therefore
the edge-connectivity of IV equals 3k — 6. Thus we have the following.

Theorem 3.1. For every k > 6 there exists a pair of (3k — 5)-reqular cospec-
tral graphs, where one has edge-connectivity 3k — 5 and the other one has edge-
connectivity 3k — 6.

The smallest pair has degree 13, order 52 and edge-connectivities 13 and 12.
There is some variation possible in the above construction, which can lead to
examples with other degrees, orders and edge-connectivities. For example, we
can obtain a pair of 7-regular graphs of order 36 with edge connectivities 7 and
6 by the above construction with £k = 4 when we replace the component of H
containing Hs by a graph with adjacency matrix

O33 I3 I3 I3

I3 J-13 J—1I3 J—1I3
Is J—1I3 J—1Iy J—1I
I3 J-13 J—1I3 J—1;
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But we found no pair of cospectral regular graphs where one has edge-connectivity
smaller than 6. The cases k = 4 and k = 6 have been double checked by computer
using the package newGRAPH [11].

4. FINAL REMARKS

If T and IV are regular cospectral graphs, then also the line graphs L(I") and
L(I") are regular and cospectral (see for example [3], Section 1.4.5). Moreover,
for every graph I', k(L(T')) = &/(T"). So, the line graphs of the graphs described
in Section 3 give another infinite family of cospectral pairs of regular graphs with
different vertex-connectivity.

We can conclude that in general the property of being regular with a given
vertex- or edge-connectivity is not characterized by the spectrum. However, for
vertex-connectivity at most 2, and edge-connectivity at most 5 this may still be
the case. Especially interesting is the question if being regular with vertex- or
edge-connectivity 1 is characterized by the spectrum.
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