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Abstract

We consider Laplacian fractional revival between two vertices of a graph
X. Assume that it occurs at time 7 between vertices 1 and 2. We prove
that for the spectral decomposition L = Y.?_, 6, E, of the Laplacian matrix
L of X, for each r = 0,1,...,q, either E,.e; = E,es, or E,.e; = —FE,eq,
depending on whether 7% equals to 1 or not. That is to say, vertices 1
and 2 are strongly cospectral with respect to L. We give a characterization
of the parameters of threshold graphs that allow for Laplacian fractional
revival between two vertices; those graphs can be used to generate more
graphs with Laplacian fractional revival. We also characterize threshold
graphs that admit Laplacian fractional revival within a subset of more than
two vertices. Throughout we rely on techniques from spectral graph theory.

Keywords: Laplacian matrix, spectral decomposition, quantum informa-
tion transfer, fractional revival.
2010 Mathematics Subject Classification: 05C50, 15A18, 81P45.

1. INTRODUCTION

Transferring a quantum state from one location to another reliably, or generating
entangled states, play important roles in quantum spin systems. We model a
quantum spin system by an undirected weighted graph: assign a vertex to each
spin, and two vertices are adjacent if and only if the two corresponding spins
are interacting with each other, with the edge weight equal to the interaction
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strength between the two spins. The system evolves with time due to its own
dynamics; for the one excitation subspace, the adjacency matrix of the graph
serves as the Hamiltonian of the system under XY dynamics, and the Laplacian
matrix of the graph serves as the Hamiltonian of the system under Heisenberg
dynamics. Here we focus on the latter case, and refer to quantum state transfer
on graphs instead of in a quantum system.

For a graph X on n vertices with labelling {1,...,n}, its adjacency matriz
A(X) is an n-by-n matrix with (j, k) entry 1 if vertices j and k are adjacent, and 0
otherwise. Its Laplacian matrixz is L = D — A, where D is a diagonal matrix with
j-th diagonal entry being the j-th row sum of A. Let H denote the Hamiltonian of
the system (A or L, depending on the dynamics), and let U(t) = e**. Then the
fidelity of state transfer from vertex u to vertex v is given by py»(t) = |U(t)u.v|?
and is a measurement of the closeness of the state at vertex v at time ¢ to the state
at vertex u at time 0. If there is some time ¢; > 0, such that p, ,(¢;) = 1 for two
distinct vertices w and v, then we say that there is perfect state transfer (PST)
from u to v at time ¢;. It means that, up to a phase factor, with probability 1 the
state at vertex v at time t¢; is identical to the initial state at vertex u at time 0.
There is a lot of research on perfect state transfer on graphs, including quantum
state transfer properties with respect to graph operations, of weighting schema to
obtain weighted graphs with PST where the unweighted ones do not, of adding
potentials to graphs, and some special classes of graphs with PST; we refer the
interested reader to [2,4,9,10,13,15,16]. Another phenomenon related to quantum
state transfer is called fractional revival. If there is some time t5 > 0 and two
distinct vertices u and v, such that U(t2)e, = ae, + Pe, for some a, f € C with
|a|? + |B]? = 1 and B # 0, we say there is fractional revival (FR) from u to v at
time to. Further, if |a| = |§|, the fractional revival is called balanced [7] (observe
that FR generalizes PST). More generally, if there is some time t3 > 0 and a
proper subset S of V(X), such that for any vertex u € S, U(t3)un =0if v ¢ S,
and the unweighted graph associated to the submatrix U(t3)(g g is connected,
we say there is generalized fractional revival between vertices in S (here U(t3)[37 s]
is the submatrix of entries that lie in the rows and columns of U(t3) indexed by
elements in 5).

Fractional revival between two end vertices of a spin chain (where the un-
derlying graph is a path) can also be used to transfer quantum states efficiently,
and balanced fractional revival can be used to generate entangled states. For
adjacency fractional revival to occur at the two end vertices of a quantum spin
chain with weighted loops, the spectrum of the Hamiltonian H = A must take
the form of a bi-lattice [11]. It is shown that spin chains with adjacency fractional
revival can be obtained from isospectral deformations of spin chains with PST (a
characterization of the spectrum of H for a spin chain to exhibit PST at the end
vertices is known), and the deformation only changes the middle couplings (also
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weights of the loops on the middle two vertices of the path when n is even) of the
chain with PST to get a chain with FR. In [5], a class of cubelike graphs and some
weighted graphs obtained from hypercubes are found to exhibit fractional revival.
In [7], some properties of adjacency fractional revival (Hamiltonian H = A) on
general graphs are studied; in particular, a characterization of fractional revival
between cospectral vertices is given.

Not many graphs are known to exhibit fractional revival. Here we focus
on Laplacian dynamics, and characterize the parameters of a family of graphs
— threshold graphs — that admit fractional revival under Laplacian dynam-
ics. With these threshold graphs, we can produce more graphs with Laplacian
fractional revival. Recall that a threshold graph can be constructed from the
one-vertex graph by repeatedly adding a single vertex of two possible types: an
isolated verter, i.e., a vertex without incident edges, or a dominating vertex, i.e.,
a vertex connected to all other vertices. A characterization of PST in threshold
graphs is known (see Theorem 3 below), and consequently our results on FR in
threshold graphs, which rely heavily on techniques from spectral graph theory,
can be seen as an extension of that theorem.

The outline of the paper is as follows. In Section 2, we review almost equitable
partitions of a graph, some basic graph theory, and related results about threshold
graphs. In Section 3, we consider Laplacian fractional revival between two vertices
of a graph X, where we deduce that the two vertices are strongly cospectral
with respect to L. In Section 4, we characterize threshold graphs that admit
(generalized) Laplacian fractional revival within a subset of the vertex set. In
Section 5, we produce more graphs with Laplacian fractional revival by making
use of threshold graphs.

2. PRELIMINARIES

Some graphs admit some special partitions of their vertex set, and these partitions
play important roles in quantum state transfer under Laplacian dynamics. First
we introduce the characteristic matrix of a partition of the vertex set V(X) of
the graph X, and a special partition of V' (X) that X may admit.

Definition [12]. If 7 = (C4,...,C%) is a partition of V(X), the characteristic
matriz P of 7 is the n X k matrix

P

{ 1 ifv; € Cy,
it =

0 otherwise.

If we scale each column of P so that its norm is 1, the resulting matrix is called
the normalized characteristic matriz of the partition 7, and is denoted by P.
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Definition [6]. For the graph X = (V, E), a partition 7 = (C1,...,Cy) of its
vertex set V, is called an almost equitable partition if for all j, ¢ € {1,..., k} with
J # ¢, the number of neighbours of a vertex v € Cj; has in the cell C; does not
depend on the choice of v. The generalized Laplacian matriz L(X)™ with respect
to the almost equitable partition 7 is the £ x k& matrix such that

T —ng lf] 75 E’
L(X)M - { S5, otherwise,

where cj, is the number of neighbours a vertex in cell C; has in cell Cp, and

If the condition in the definition of almost equitable partition above also
holds whenever j = ¢, then this special almost equitable partition is called an
equitable partition, which plays an important role in quantum state transfer under
adjacency dynamics.

An almost equitable partition of a graph X has the following characterization
by using its characteristic matrix and the Laplacian matrix of the graph X.

Proposition 1 [6]. Let G be a graph, L its Laplacian matriz, m = (C1,...,Ck)
a k-partition of V(G) and P the characteristic matriz of m. Then m is an almost
equitable partition if and only if there is a k X k matriz M such that

LP =PM.

If  is an almost equitable k-partition, then M is the generalized Laplacian matriz
L(G)".

Now we review some graph operations: complement, union and join.

Let X = (V, E) denote the graph with vertex set V and edge set E. Then
the complement X¢ of X is the graph that has the same vertex set as X, and two
vertices of X¢ are adjacent if and only if they are not adjacent in X. Assume
X1 = (W1, E1) and X = (Va, E3) are two graphs with disjoint vertex sets. Then
the union X7 U X9 of X7 and X5 is the graph with vertex set V73 U V5 and edge
set By U FEo, ie., X1 UXy = (Vl UVs, Fh U EQ). The join X1V X5 of X7 and Xs
is X1V Xo = (X{UX$)¢, which is the graph obtained by taking the union of X;
with X first, then connecting every vertex of X; to every vertex of Xs.

By using the above two binary graph operations — union and join, we have
the following characterization of connected threshold graphs, where K, denotes
the complete graph on p vertices, and O, denotes the empty graph on p vertices.

Proposition 2 [17]. Let X be a connected graph on at least two vertices. Then
X is a connected threshold graph if and only if one of the following two conditions
is satisfied:
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(1) there are indices my,...,mox € N with m; > 2 such that X = (((Op, V
Kpy)UOms)V K)o )V Ky, =0 (ma, .. mag);

(2) there are indices my, ..., mog+1 € N with my > 2 such that X = ((((Km, U
Omy) V Kpy) U Om4) .. ) V Km2k+1 =I'(my,... ,kaH).

The Laplacian PST properties of threshold graphs are known.

Theorem 3 [17]. Let X be a threshold graph. When X = T'(mq,...,ma)
(respectively, X = T'(mq,...,mok11)), then there is PST between vertex j and
¢ at time t € [0,27] if and only if {j,¢} = {1,2} and in addition: t = 7/2,
mi; =2, mg =2 (mod 4), and m, =0 (mod 4) for r = 3,...,2k (respectively,
j=3,....2k+1).

Throughout, we use ey, ..., e, to denote the standard basis vectors in the n-
dimensional vector space, where for each j =1,...,n,e; = (0,...,0,1,0,... ,0)T
We use Jp,, to denote the all ones matrix of size m x n, use 1, to denote the
all ones vector of size n, and use I, to denote the identity matrix of size n. We
denote a p x ¢ zero matrix by 0,, and the zero vector in CP by 0,. Subscripts
denoting the sizes of matrices and vectors will be suppressed when they are clear
from the context.

3. LAPLACIAN FRACTIONAL REVIVAL BETWEEN TWO VERTICES

Assume that X is a graph on n vertices and that it admits Laplacian fractional
revival from vertex u to vertex v at time 7. Without loss of generality, assume that
— eiTL — Ul 0 :|
0 U,
for some complex symmetric unitary matrices U; of order 2 and Us of order
n — 2, and the union of the spectrum of U; and the spectrum of Us gives the
spectrum of U(7). Denote the (j, ¢) entry of Uy by Uj 4, then for j = 1,2, e/"Le; =
Uijer + Usjea. Now assume the spectral decomposition of L is L = Z:{ZO 0, E,
with 8y = 0. Then ™' = 1, ™ E,. and ¢le, = 1, e’ E.e, for any
vertex u of X. Therefore Z?,:O eiT@TErej = eiTLej = Uijer + Usjep for j = 1,2.
Premultiplying E, on both sides of the equation, combined with the facts that e!™"
and F, commute, and that E.FEy = 9§, (E,, gives eiTa’“ETej = UijEre1 + UgjEres
for j = 1,2. Putting them together, we have [E,.e; E,e] (U1 — e”GT‘I) = 0 for
r=0,1,...,q. Therefore if C, = [E,e; Eyes] # 0, then €™ is an eigenvalue of
U1, and any nonzero row of C,. is a real left eigenvector of U; associated to the
eigenvalue /7% . In particular, for 8y = 0, we have Cy = %ng = 0, and therefore
e = im0 = 1 is an eigenvalue of U;. Furthermore, 1 is a simple eigenvalue of
Uy, since the only 2-by-2 diagonalizable matrix that has 1 as a multiple eigenvalue
is the identity matrix Is.

vertices u and v are labelled 1 and 2, respectively. Then U(7)
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Note that for a complex symmetric matrix, each of its real eigenvectors is a
left eigenvector at the same time, and the real eigenvectors associated to distinct
eigenvalues are orthogonal. To see this, assume U is a complex symmetric matrix,
with a real eigenvector = associated to A, and a real eigenvector y associated to
p # . Taking the transpose of Uz = Az we have 27U = 2TUT = (Uz)T = AzT,
that is to say, x is also a left eigenvector of U. From \zTy = (27U)y = 27 (Uy) =
pz’y and X # p, we conclude that 27y = 0, i.e., « and y are orthogonal to each
other.

Now consider any eigenvalue 6,. Then if €% = 1, from the facts that U,
is symmetric and that F, is a real matrix for » = 0,1,...,q, we know C,1o =
[Ere1, Erealy =0, i.e., Ere;+ Erea = 0. Since 1 is a simple eigenvalue of Uy, we
have that for each r such that e’”? = 1, all the rows of C, are scalar multiples of
17, That is to say, [E,e1, Eres] = [Ere1, Ere1], or Eye; = E.es. The following
theorem summarizes those observations.

Theorem 4. If there is Laplacian fractional revival between two vertices u and
v at time T in graph X, then vertices u and v are strongly cospectral with respect
to the Laplacian matriz L. That is, if the spectral decomposition of L is L =
>, 0-E,, then for each r, either E.e, = Eye, (if 7297: €Z) or Ere, = —FEye, (if
e ¢ 7) holds.

While preparing this manuscript, we learned that Chan and Teitelbaum [8]
have also proved the necessity of strong cospectrality for Laplacian FR.

Remark 5. For generalized Laplacian fractional revival between m > 3 vertices,
1 is not necessarily a simple eigenvalue of Uy, but if it is, then with a similar
argument as above, we have the following.

Assume X is a graph that admits generalized Laplacian fractional revival be-
tween vertices in S = {1,2,...,m} C V(X) at time 7, and that Uy = U(7)[5,5] =
(eiTL)[& s] has 1 as a simple eigenvalue. Let L = >4, 0-E, be the spectral de-
composition of the Laplacian matrix L of X. Then for each r = 1,...,m, the
vectors Frey, Eyes,..., E.e, are linearly dependent, and either

(1) E,e1 = Eyeg = -+ = Eyey, if €79 =1, or

(2) E.ei1+Eea+---+Ee,=0 'Lf eiTGT # 1.

Example 6. Let X be the graph as shown in Figure 1, and write the spectral
decomposition of its Laplacian as L(X) = Z?":O 0,.E,, with0y=0,0; =1, 05 = 3,

03 = 4, and 64 = 5. There is Laplacian fractional revival between vertices v; and
v9, and generalized fractional revival between vertices {vs, vy, vs,v6} at time %’r
Direct observation shows that v; and ve are strongly cospectral with respect to
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L: E.e; = Epeq for r =0,2, Er.ey = —FEres for r = 1,3, and Eye; = Eqes = Og,
which is in accordance with Theorem 4. There is also generalized Laplacian
fractional revival between vertices {v1, v4, v5}, and between vertices {ve, v, v} at
time 7. Since 1 is a simple eigenvalue of Uy = U(W)[{17475}’{1’475H, Remark 5 implies
that E,.e1 = E,eq = E,es forr =0,3 (e”GT = 1) and that E.e;+ E,eqs+ Ere5 =0
for r = 1,2, 4 (since €™ # 1), which can be confirmed by checking the orthogonal
projection matrices E, directly.

V1 V9

Ve Vs

Figure 1

4. LAPLACIAN FRACTIONAL REVIVAL IN THRESHOLD GRAPHS

We will only give detailed consideration to connected threshold graphs of the form
['(m1, ma, ..., ma) in this section; note that similar results hold for the connected
threshold graphs I'(mq, ma, ..., mok, maog+1), and we state them without proof.

As shown in [17], for the threshold graph I'(my,ma, ..., mag), its eigenvalues
are:

(3) Ao =0,
(4)  Aj=mjp1 +mjys+ - + mgy for any odd integer j € {1,...,2k},

(5) and \j = 0 + mjq2 + - - + mgy for any even integer j € {1,...,2k},

where 0 = mq +mg +---+mj for j = 1,2,...,2k. The multiplicity of A; is

1 if j =0,
mp—1, if j=1,
m; otherwise.

The orthogonal idempotents for L corresponding to Ag = 0, A = Ay and A = A;
for j =2,3,...,2k are: Fy = U—;J

02k,02k
Iy = = Jmymy 0 -+ 0
0 0O --- 0

E1: . . o
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m; 1
0j—10; JUj—1,Uj—1 _?jJUj—17mj OGj—l,Uzk—Uj
o _1 _ 1 ;
E; = o Imjoi_1 I, o Imjm; Om; oor—0; , respectively.
OO’Qk_O'ijj—l OUQk_O'jamj 00'2k_0'j70'2k_0'j
We partition the vertex set of I'(my,...,mgx) according to the indices my,mao,

..., mak; denote the corresponding cells by Cy,Cs, ..., o, and denote the par-
tition by .

Lemma 7. If I'(mq,...,mar) admits Laplacian fractional revival between two
vertices u and v, then they must belong to the same cell of the partition 7.

Proof. From Theorem 4 we know that if there is fractional revival between two
vertices u and v of I'(myq, ..., moy), then the two vertices are strongly cospectral
with respect to L. Assume v € Cj, v € Cy, j < £, and u is the s-th entry of cell

C;. Then Eje, = 0y,, and for e, € R™, Eje, = [ el — %11%1 oL ]T if

02k —M1
. 14T T _ 14T
Jj=1; Eje, = [ —=1 ‘ e, — g—jlmj

T
T oo .
o lo 002k,gj } if 7 > 1. In either case, u

and v are not strongly cospectral with respect to L. Therefore v and v must be
in the same cell of the partition . [

Lemma 8. If X = I'(myq,...,mag) admits Laplacian fractional revival between
two vertices u and v, then {u,v} = {1,2} and m; = 2.

Proof. From Lemma 7 we know vertices u and v are in the same cell of m;
assume u,v € (), with u being the s-th vertex in Cj, and v the r-th vertex

. T T

in Cj. Let o9 = 0, then Eje, :{ _a'ij]'?;j—l (65 — a%lmj) ‘ ()Z%_Uj ] and
T T

Eje, :[— Jijlzj_l (er — a%-lmj) OZ%_UJ} , where egz, e, € R™. By Theorem

4, Laplacian fractional revival between u and v implies Eje, = *FEje,, which is

possible only if j =1 and o1 = my = 2. |

Now we are going to characterize the parameters m; such that Laplacian
fractional revival occurs between vertices 1 and 2 in the graph I'(mq, ..., maox)
by using the spectral decomposition of L shown at the beginning of this section.
Since all the eigenvalues of L are integers, we know that L is periodic at all
vertices at time 27, i.e., €®™ is a scalar multiple of the identity matrix (in fact
it is the identity matrix here). In the following we will not consider this case.

Theorem 9. The threshold graph X = I'(mi,...,mox) admits Laplacian frac-
tional revival between two vertices u and v at time 7 if and only if

(i) {u,v} ={1,2} and my =2, and
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(ii) (a) mI =2I ¢1Z,
(b) (m1+ma)g-,mjs- €Z for j=3,...,2k.

Proof. Assume that there is Laplacian fractional revival between vertices v and
v at time 7 > 0. Then Lemmas 7 and 8 imply that (i) holds. Using the spectral
decomposition of L we have

. . 1 . mo : ms
(™), =™ ([1—c | 4™ [ — | 4™ [ — |+
; 2 0109 0203
PR Mak—1 A Mok 1
+ e 2k—1 () + e 2k <> _|_ —,
O2k—202k—1 O2k—102k T2k

(eiTL)IQ _ ei'r)q <_1> +€i7'>\2 ( m2 ) +€i7'>\3 (777/3) + ...
) 2 0109 0203

+ eiT/\zk—1 <Tn2k1> + ei'r)\Qk <Tn2k> + i
bl
02k—202k—1 02k—102k 02k

(eiTL)lw —_ ei’l‘)\j (_1> + ei'r)\j-H (W) + ..

0j 0;505+1

. 1
4 e (m%) + — for w e C; with j =2,...,2k.

02k—102k 02k

Since (e”L)Lw = 0 for w # 1,2, then considering w € Co, w € Cop_1,...,w €
C3,w € Cy, we find that Toog, Tmog, T(0ok—2+ma), ..., 7(Mmg+me+---+max),
and 7(oy+mg+-- -+ mgg) are all even integer multiples of , which is equivalent
to the fact that Tmog, Tmor_1, TMog_o,...,7ms, and 7oy are all even integer
multiples of 7. In this case,

. 1. 1 - 1. 1

iTL _ iTm iTL _ iTm
(6) (e )1’1—56 2—}—5, and (e )172——56 2+§'

Hence, if in addition,
e 7my and therefore 7m; = 27 is an even integer multiple of 7, then the graph
X is periodic at vertex 1 (and vertex 2);

e Tmo and therefore Tm; = 27 is an odd integer multiple of 7, then the graph
X admits Laplacian perfect state transfer between vertices 1 and 2;

e Tmo and therefore 7m; = 27 is not an integer multiple of 7, then the graph
X admits Laplacian fractional revival between vertices 1 and 2.

Therefore the conditions are necessary. It is straightforward to show that the
conditions are sufficient. ]

With the same argument as above, we have the following.
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Remark 10. The threshold graph X = I'(my, ..., maog, mor+1) admits Laplacian
fractional revival between two vertices u and v at time 7 if and only if

(i) {u,v} ={1,2} and my =2, and
(ii) (&) mi% =27 ¢ Z,
(b) (m1+ma)g-,mjs- € Zforj=3,...,2k 2k +1.
Corollary 11. There is balanced Laplacian fractional revival between vertices u
and v in the threshold graph X =T'(m1,...,maox) at time 7, if and only if
(i) my = 2 with {u,v} ={1,2},

(il) 7= 2“177 for some non-negative integer £,

2s+1) o
(i) mo = (2;:1 , for the same integer ¢ as in (ii), and for a non-negative integer

s of distinct parity from £ such that (204 1)|(2s + 1) (in fact when this is

true, then %jﬂ =3 (mod 4)), and

(iv) m; =0 (mod 8) forj =3,...,2k.

Proof. From Theorem 9 and equation (6), we know that if balanced fractional
revival in X takes place between vertices u and v, then it is between vertices 1
and 2. In this case, m; = 2, cos (mo7) = 0, and 7(my + m2),7ms, ..., Tmey are
all even integer multiples of 7. Therefore Tmo = 23“77 for some mteger s. Since

7(m1 +ms2) is an even integer multiple of 7, we have 2T = %—H 7 for some integer
¢, where ¢ has different parity than s. Hence 7 = 2Z+17r and me = 2(22£‘fll) for

integers s and ¢ with distinct parity. Combining Wlth the fact that 7m; is an
even integer multiple of 7 for j = 3,...,2k, we find that m; = 0 (mod 8) for
Jj=3.

Conversely, if m; =0 (mod 8) for j > 3, and 7 = #77 for some integer ¢,

then m;7 = m; %2'177 is an even integer multiple of 7 for j > 3. Furthermore, if

my = (2238421) for integer s of different parity than ¢ such that (2¢ + 1)|(2s + 1),
then (mi +mao)T = (s+ ¢+ 1)7 is an even integer multiple of 7, and cos(maT) =
cos (%w) = 0. Again from Theorem 9 and equation (6), we know that there is

balanced fractional revival in X between vertices 1 and 2 at time 7. [ ]

Remark 12. There is balanced Laplacian fractional revival between vertices u
and v in the threshold graph X = I'(myq, ..., maog, mogs1) at time 7, if and only
if

(i) m1 =2 with {u,v} = {1,2},

(i) 7= 22“'171' for some non-negative integer ¢,

(iii) mo = (22;:11), for the same integer ¢ as in (ii), and for a non-negative integer

s of distinct parity from ¢ such that (204 1)|(2s + 1) (in fact when this is

true, then 3554 =3 (mod 4)), and
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(iv) mj =0 (mod 8) for j =3,...,2k, 2k + 1.

Remark 13. Since if there is PST between vertices v and v, then u and v are
strongly cospectral [13], the proof of Theorem 9 can be used to prove Theorem 3
— the second of the three cases in the proof gives us Theorem 3.

Now we address generalized Laplacian fractional revival within some subset
of vertices in threshold graphs.

Theorem 14. Consider the threshold graph X = T'(mq, ..., mag), and let Cy, £ =
1,...,2k denote the cells of the partition m of V(X) according to the parameters
my,f=1,...,2k. Then X admits generalized Laplacian fractional revival between
vertices in S C V(X) at some time T > 0 if and only if, for some integer
J <2k, Tmog, Tmog_1,...,Tmjy2 and Toj41 are all even integer multiple of m,
while Tmj11 is not. In this case, S = Cr U ---UCj, and X 1is periodic at all
vertices in the cells Cjiq,...,Coy.

Proof. Assume X admits generalized Laplacian fractional revival between ver-

ticesin S at time 7, with j being the largest index of the cells such that SNC; # 0.
Let u be any vertex in S N Cj. Now

iTL
(€™)
iTA 1 iTA M4l iTA may, 1
—e £ _ +€ £4+1 = —|—+6 2k a0 +7
Oy 0¢0¢+1 02k—102k 02k

— T <_1> + el A+t <1 _ 1) 4o eiTA2 <1 _ 1) + 1 7
O¢ oy Or+1 02k—1 02k 02k

for any w € Cy, with £ =57+ 1,...,2k, and

e (2 e (- L) o
) oj 0 Oj+1

+wm<1-_1>+],
02k—1 02k 02k

for any v € C1 UC2 U ---UC(C; with v # u, and

(eiTL) _ ei’r)\g 1— i + eiT/\4+1 i . 1 n
,x oy oy Op+1

cem (1Y), L
02k—1 02k 02k

for any x € Cy, with £ =1,...,2k.
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Since (e'™),. = 0 for w € Cyy,, Cop_1, ..., Cj11, we find that

TMoE TMok—1 ij+2 TOj+1
20 7 2 77 2w 7 27w

(7) € Z.

In this case, we have

iT L
(e” )wwzl, forw e Cj4 U---UCCy

)

)

®) (€)= ™ (1= 5 ) 4 s and

(eiTL)WU = €™ <—;> + % forve ChU---UC; and v # u.
J J

Therefore X is periodic at any vertex w € Cj11 U ---U Cy. The fact that u
is involved in generalized Laplacian fractional revival implies that |(e™X),, | # 1.
Combining with (7) and (8), we find 54 ¢ Z irrespective of whether j is even
or odd, and therefore (¢"1),, ,, # 0 for any v € C1,...,Cj_1,C; (if (L), =0,
then o; = 2, 7 = 1 and there is Laplacian PST between vertices 1 and 2, which
is not the case we are considering). Hence S = C; U --- U C; and the conditions

are necessary. The other direction follows directly. [

Remark 15. For the threshold graph X = I'(my,..., mag, moky1), let Cp, 0 =
1,...,2k+1, denote the cells of the partition of V(X) according to the parameters
me, £ = 1,...,2k + 1. Then X admits generalized Laplacian fractional revival
between vertices in S C V(X) at some time 7 > 0 if and only if, for some integer
J < 2k + 1, Tmojy1, TMaok, TMak—1,...,7m;12 and 7041 are all even integer
multiples of 7, while 7m;;1 is not. In this case, S = C; U--- U}, and X is
periodic at all vertices in the cells Cji1, ..., Cog, Copy1-

Example 16. Consider the threshold graph X =1(2,2,2,2,4,4), direct compu-
tation shows that there is generalized Laplacian fractional revival between the set
S ={1,2,...,6} at 7 = /2. The result agrees with the one stated in Theorem
14, since Tms = Tmg and 704 = 87 are even integer multiples of 7, while 7my4 = 7
is not. Similarly I'(1,2, 1,4) admits Laplacian fractional revival between the first
T, and I'(2,2,6,2,4,4) admits Laplacian fractional revival
between the first 10 vertices at time 7 = 7.

4 vertices at time 7 =

Remark 17. Note that Theorem 14 implies Theorem 9, but the strong cospec-
trality of the two vertices involved in Laplacian fractional revival makes the proof
more clear as shown in Theorem 9.
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5. CONSTRUCTING GRAPHS WITH LAPLACIAN FRACTIONAL REVIVAL

More graphs with Laplacian fractional revival can be obtained from those thresh-
old graphs that admit Laplacian fractional revival. For this result, we need to
make use of almost equitable partitions of a graph. First note that apart from
Proposition 1, there are other characterizations of an almost equitable partition
of a graph. The proof is essentially the same as that for the characterization for
equitable partitions [14], but we include it for completeness.

Proposition 18. Suppose 1 = (C,...,Cy) is a partition of the vertices of the
graph X, and that P is its normalized characteristic matriz. Denote the Laplacian
of X by L(X). Then the following are equivalent:

(a) 7 is an almost equitable partition.

(b) The column space of P is L(X)-invariant.

(¢) There is a matriz B of order k x k such that L(X)P = PB.
(d) L(X) and PPT commute.

Proof. Assume P is the characteristic matrix of the partition 7. From Theorem
1 we know that 7 is an almost equitable partition if and only if L(X)P = PM,
i.e., the column space of P is L(X)-invariant. Since P and P have the same
column space, it follows that (a) and (b) are equivalent.

Since (c) is an equivalent way of saying that the column space of Pis L(X)-
invariant, (b) and (c) are equivalent. Furthermore, L(X)P = PB implies that
PTL(X)P = PTPB = I, B = B, from which we see that the matrix B in (c) is
symmetric.

Now if (c) is true, and using the fact that B is symmetric, we have L(X)IE’PT =
PBPT = P(PB)T = P(L(X)P)T = PPTL(X), and therefore (c) implies (d).

To prove that (d) implies (b), we note that if L(X) commutes with a matrix
S, then the column space of S is L(X)-invariant. Combined with the fact that
PPT and P have the same column space, we get the desired result. [

If a graph X; admits an equitable partition 7 with vertices a and b being
singletons, then (e4(XV) = (e“A(Xl)"l) o where A(X;)™ = PTA(X,)P,
a

)

with rows and columns indexed by the cells of the partition 71, and the undirected

weighted graph with adjacency matrix A(X;)7 is called the symmetrized quotient
graph of X with respect to m; [4]. Now if a graph X admits an almost equitable

o —

partition 7, then a parallel result holds between L(X) and L(X )™ with exactly the

— —

same argument, where L(X)™ = PTL(X)P (note that L(X)™ is not a Laplacian
matrix in general).
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Theorem 19. Let X = (V| E) be a graph with an almost equitable partition
where two distinct vertices a and b belong to singleton cells. Let L(X) denote its
Laplacian matriz. Let u,v be either a or b, then for any time t,

(eitL(X)> _ (eitLT)Ew){ -

where {u} and {v} are the corresponding singleton cells of m, and are used to
index the rows and columns of ZTX\)7T . Therefore, the system with Hamiltonian
L(X) has fractional revival (respectively, perfect state transfer) from a to b at time
t if and only if the system with Hamiltonian [TX\)7r = PTL(X)]S has fractional
revival (respectively, perfect state transfer) from {a} to {b} at time t.

The above result was used in an example in [1]. Now we can construct more
graphs with Laplacian fractional revival (respectively, Laplacian perfect state
transfer) from given graphs.

Corollary 20. Suppose that the graph X = (V| E) has an almost equitable par-
tition w of V', with vertices a and b belonging to singleton cells. If there is Lapla-
cian fractional revival (respectively, Laplacian perfect state transfer) from a to
b in X, then for any graph Y obtained from X by adding or deleting any col-
lection of edges within the cells of m, Y also admits Laplacian fractional revival
(respectively, Laplacian perfect state transfer) from a to b.

Proof. The almost equitable partition of the vertex set of X is also an almost
equitable partition of V(Y). From the fact that PTL(Y)P = PTL(X)P and
Theorem 19, the result follows. [

Remark 21. The partition 7 of a threshold graph according to the parameters
m; is an almost equitable partition, and so is any refinement of this partition.
In particular, for a threshold graph X that admits Laplacian fractional revival
at time 7, partitioning the cell C; = {1,2} of 7 into two smaller cells Cy; = {1}
and C} 2 = {2} and keeping all the other cells unchanged, results in the partition
7/, that is still an almost equitable partition of V(X), but now the two vertices
involved in Laplacian fractional revival are singletons. Therefore, we can produce
more graphs with Laplacian fractional revival from the threshold graph X by
adding or deleting edges inside the cells of the partition 7’ of V(X). Similarly,
if a threshold graph X admits generalized Laplacian fractional revival at time 7
between vertices {1,...,} = Cy U--- U}, where C1,...,Cq; (Coxy1) are the
cells of the partition 7, then the refinement 7 of 7, which partitions C1U---UC}
into singletons as {1},...,{¢} and keeps the other cells of 7 unchanged, is still
an almost equitable partition of V(X), but with all the vertices involved in the
revival as singletons. Again, adding or deleting vertices inside the cells of the
partition 7" results in graphs that admit generalized Laplacian fractional revival
between vertices {1,...,¢} at time 7.
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Example 22. For any threshold graph X = I'(mq,...,mg;) with Laplacian
fractional revival (respectively, Laplacian PST), and for odd integer p > 1, even
integer ¢ > 2, the graph Y obtained from X by adding edges in the induced
subgraph O,,, on cell C}, or deleting edges in the induced subgraph K, on cell
Cy of the equitable partition m, still admits Laplacian fractional revival between
the two vertices, by Corollary 20 and Remark 21. For example, we know without
calculations that the complete bipartite graph K¢ admits Laplacian fractional
revival at time 7/4 (and admits Laplacian PST at time 7/2), since it can obtained
from the threshold graph Os V Kg (which admits Laplacian fractional revival at
time /4 by Theorem 9, and which admits Laplacian PST at time 7 /2 by Theorem
3) by removing all the edges inside K.
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