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Abstract

In this paper, we show the non-1-planarity of the lexicographic product
of a theta graph and Ks. This result completes the proof of the conjecture
that a graph G o K5 is 1-planar if and only if G has no edge belonging to
two cycles.
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1. INTRODUCTION

In this paper, we only consider simple and connected graphs, which have neither
loops nor multiple edges. We denote the vertex set and the edge set of a graph
G by V(G) and E(G), respectively. For a graph H, an H-subgraph of G is a
subgraph of G isomorphic to H.

A drawing of a graph G on the Euclidean plane or the sphere S? is a rep-
resentation of G on S? where vertices are distinct points of S2, and edges are
curves on the sphere joining the points corresponding to their end vertices; we
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are preferential to “sphere” in the paper since we do not distinguish between the
outer region and the inner regions of the plane. A drawing is proper if edges are
simple curves without vertices of the graph in their interiors. A crossing point is
a transversal intersection of two curves on the sphere. In this paper, we consider
only proper drawings such that no two adjacent edges cross, no two edges touch
each other tangently and no more than two edges cross at the same point.

A graph G is 1-planar if it can be properly drawn on the sphere S? so that
each of its edges crosses at most one other edge. By the above definition, no-
tice that every planar graph is 1-planar. We can also regard the drawing as a
continuous map f : G — S? which may not be injective where G is regarded
as a l-dimensional topological space. In this paper, we call the above map f a
1-embedding of G into the sphere. In this case, we say that the image f(G) is
a l-plane graph; similarly to the difference between “planar graph” and “plane
graph”. Sometimes, for simplicity, we denote a given 1-plane graph by G, instead
of f(G). Similarly, for simplicity, we use v (respectively, e) instead of f(v) (re-
spectively, f(e)) for v € V(G) (respectively, e € E(G)) in a 1-plane graph f(G)
(or simply G).

An edge of a 1-plane graph G is crossing if it crosses another edge, and is
non-crossing otherwise. If an edge vgve of a 1-plane graph G crosses an edge vivs
at a crossing point z, then we say that the arc v;z is a half-edge of G for each
i € {0,1,2,3}. The crossing point of two edges ab and cd can be denoted by
Z{ab,cdy With the subscript to clarify such a pair of crossing edges. A connected
component D of §% —G whose boundary contains no crossing point is a face of the
1-plane graph G; the boundary of the face D is a closed walk consisting of non-
crossing edges only. A connected component D of S?—G whose boundary contains
a crossing point is a fake face. For the number of edges of a 1-planar graph G, the
following tight upper bound is well-known (e.g., see [1]): |E(G)| < 4|V(G)| — 8.
A 1-planar graph G is optimal if it satisfies the equality in the above inequality.

Recently, 1-planar graphs have been widely researched in the literature (e.g.,
see the survey paper [5]). Especially, in contrast with general planar embeddings
(without crossings) of graphs, it was shown in [7] that testing 1l-planarity of a
given graph is an NP-complete problem. As a relevant fact, we can easily check
that an edge contraction may not preserve the 1-planarity. Hence, the 1-planarity
of a graph cannot be characterized in terms of forbidden minors. Furthermore,
it is known [6, 7] that there are infinitely many non-1-planar graphs G with
minimum degree at least 3 such that G — e is 1-planar for any edge e of G. This
implies that we cannot establish a Kuratowski-like theorem for 1-planar graphs.

As stated above, it is not easy to test the 1-planarity of a given graph.
However, there are results for some special classes of graphs. It is known that the
complete graph K, is 1-planar if and only if n < 6. Figure 1 shows the unique
(unlabeled) 1-embedding of K¢ on the sphere; the “uniqueness” is discussed in [8].
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Figure 1. Unique 1l-embedding of K on the sphere.

Furthermore in [3], the characterization of complete multi-partite 1-planar graphs
was given.

Recently, the 1-planarity of “joins” and “products” of graphs have been dis-
cussed in [2, 4]. The lexicographic product G o H of two graphs G and H is a
graph such that the vertex set of G o H is the Cartesian product V(G) x V(H),
and two vertices (u,v) and (z,y) are adjacent if and only if either u is adjacent
to x in G or u = x and v is adjacent to y in H. For example, the complete graph
with 6 vertices shown in Figure 1 is the lexicographic product of C3 and Ko;
where C). denotes a cycle with k edges. By definition, G o H # H o GG in general.
It was shown in [2] that Ky o H, where |V(H)| < 4, is 1-planar if and only if H
is a subgraph of either Cs or C4, and the following conjecture was proposed in
the same paper. A graph G is a cactus if G is connected and if every edge of G
belongs to at most one cycle.

Conjecture 1 [2]. The lexicographic product of a graph G and Ky is 1-planar if
and only if G is a cactus.

The “if”-part of the conjecture was proved in [2]. In the present paper, we
prove the “only if”-part of the conjecture by proving the following theorem.

Theorem 2. If a lexicographic product of a graph G and K is 1-planar, then G
18 a cactus.

In the next section, we introduce the notion of a “barrier loop”, which plays
an important role to discuss 1-embeddability of graphs in our argument. To prove
Theorem 2, we first consider in Section 3 the ways to 1-embed the lexicographic
product of C), and Ko on the sphere. Then we prove that the lexicographic
product of a theta graph and K> is not 1-planar. Our main result is proved in
the end of Section 4.

2. BARRIER LoOP

Let G be a 1-planar graph and let f be a 1-embedding of G. Suppose that the
1-plane graph f(G) has a simple closed curve L = vyzov121v222 - + - Ug—12k—1V0 ON
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52 where each v; is a vertex of G and each z; is a crossing point of f(G) such
that v;z; and z;v;11 are half-edges of f(G) for each i € {0,...,k—1} with indices
taken modulo k. We call the above simple closed curve on S? a barrier loop of
f(@). In the above L, if v;z;v;41 in the sequence corresponds to an edge v;v;41 of
G, then we sometimes omit the crossing point z; and write L = - - - v;v;41 - - -. The
following proposition plays an important role when discussing re-1-embeddings of
1-planar graphs. For two graphs G and H, we define GNH = (V(G)NV(H))U
(E(G)NE(H)).

Proposition 3. Let G be a 1-planar graph and f : G — S? be a 1-embedding of
G such that f(H) has a barrier loop L for a subgraph H of G. If u and v locate
in distinct regions separated by L for u,v € V(QG), then there exists no path P
joining u and v such that PN H C {u,v}.

Proof. Suppose, for a contradiction, that there exists a path P joining u and
v such that PN H C {u,v}. Then, P crosses L by the above assumption.
Since u,v ¢ V(L), we have V(P) N V(L) = 0, hence P crosses L transversally
at a crossing point z in f where xz and yz are half-edges contained in L for
x,y € V(G). In this case, zy should be an edge of G and xy crosses another edge
e € E(P). Since xy is a crossing edge in f(H), e is contained in E(H); otherwise,
L would not be a barrier loop in f(H). This implies that P N H contains the
edge e, a contradiction. [

It easily follows from the above proposition that there exists no edge uv €
E(G) \ E(H) such that u and v are in the different regions separated by the
barrier loop L in f(H).

3. PossSIBLE RE-1-EMBEDDINGS OF (), o Ky

It was proved in [8] that there exist exactly two ways to l-embed K, into the
sphere as shown in Figure 2. We say that the left-hand side 1-embedding of K4
in the figure is tetrahedral and the right-hand side one is pyramidal.

Figure 2. Two 1-embeddings of Kj.
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Lemma 4. Let G be a disjoint union of Hy and Hy where H; = Ky for each
i€ {1,2} and let f be a 1-embedding of G into the sphere. If there is a crossing
point created by ey € E(Hy) and ea € E(Hs), then each of f(Hy) and f(Hs) is
tetrahedral and they are dual to each other.

Proof. We assume that H; (respectively, Hs) has vertices ag, a1, as and ag (re-
spectively, bo, by, be and b3). First, suppose that f(H;) is pyramidal. In f(G), we
may assume that agajasas is the unique cycle consisting of non-crossing edges
without loss of generality. Note that {agaz,ajas} forms a pair of crossing edges.
Furthermore, we may assume that aga; crosses bpb; by the assumption in the
statement. In this case, by cannot be adjacent to bg or by by Proposition 3, since
0012 {agaz,araz} forms a barrier loop. Thus, we have got a contradiction.

Secondly, suppose that both f(H;) and f(Hs) are tetrahedral. We denote
the region corresponding to the triangular face bounded by a;a;+1a,42 in f(Hi)
by R; where the indices are taken modulo 4. In this case, we may assume that
apay crosses bpbs and that by lies in Ry. Observe that b3 is in the interior of
Rs. Now, if by is also in Ry (respectively, R3), then b; cannot be adjacent to
bs (respectively, by) by the 1-planarity of G. Therefore, by lies in Ry or Rg, say
R;. Similarly, the remaining vertex bs must be in Ry, and we get our desired
conclusion by the 1-planarity of G. |

RO

Figure 3. 1-embedding of X,,.

Consider a 1-embedding of X,, = C,, o Ky for n > 3, shown in Figure 3.
In the figure, there are two cycles C' = uguy -+ -u,_1 and C' = vgvy...v,_1 oOf
length n which consist of non-crossing edges only. Then non-crossing edges u;v;
called rungs are placed between C' and C’ in parallel for 0 < i < n — 1. In the
l-embedding, u;v;4+1 and u;1v; forms a pair of crossing edges for 0 < i <n —1
with indices taken modulo n. Denote by H; a subgraph of X,, isomorphic to
K4 such that V(Hl) = {ui,vi,uiﬂ,vi“} and E(HZ) = {uivi,viviﬂ,viﬂui“,
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WUip1Uj, UiVi41, Uir10V; }, Where indices are taken modulo n. In the following ar-
guments, X,, is supposed to have the above vertices and edges, and indices are
taken modulo n unless otherwise stated. First, we prove the following proposi-
tions giving basic properties of X,,.

Proposition 5. X,, (n > 3) is 4-connected. Furthermore, if n > 4, then the
connectivity of X, is exactly 4.

Proof. Since X3 is isomorphic to Kg and the connectivity of G o H for two con-
nected graphs G (which is not a complete graph) and H is exactly the connectivity
of G times the order of H [9], the proposition follows. [

Proposition 6. In X, (n > 4), there is no subgraph isomorphic to K4 other
than H;.

Proof. In X,, u; has degree 5, and we have to choose three vertices adjacent to
w; from {w;—1,v;—1,v;, uiy1,vi+1 . However, there is no edge between {u;_1,v;—1}
and {u;y1,v;41} if n > 4. Therefore, the proposition follows. [

Proposition 7. In X, (n > 4), each rung u;v; is included in exactly two Ky-
subgraphs H;_1 and H; while each of the other edges is included in only one
Ky-subgraph.

Proof. It easily follows from Proposition 6. ]

Now we consider local structures of 1-embedded X, on the sphere with n > 5.

Lemma 8. In any 1-embedding f : X, — S? with n > 5, edges e € E(H;) and
¢ € E(Hj) cannot cross if j equals neither i — 1 nor i+ 1.

Proof. Suppose that ¢ < j and j equals neither ¢ — 1 nor ¢ + 1. Suppose,
for a contradiction, that H; and H; have a pair of crossing edges e € E(H;)
and ¢’ € E(H;). By Lemma 4, f(H;) and f(H;) are dual to each other; note
that each of them is tetrahedral. In this case, we can easily find a barrier loop
corresponding to a cycle in f(H;) which separates any two vertices of f(H;). If
j # i+ 2, the path wu;y1u;49v;11 cannot exist by Proposition 3. Also in the case
when j = ¢ 4 2, the path w;u;—1v; cannot exist by the same reason; note that
i—1%# j+1since n > 5. ]

Lemma 9. In any 1-embedding f : X,, — S? with n > 5, {u;v;, ui11vi41} is not
a pair of crossing edges.

Proof. This is just a corollary of Lemma 8. [
Lemma 10. In any 1-embedding f : X,, — S? with n > 5, if edges e € E(H;)

and €' € E(H;y1) cross, then each of f(H;) and f(H;11) is tetrahedral and f(H;U
Hii1) is one of the 1-plane graphs (A), (B), (C) and (D) shown in Figure 4.
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Figure 4. H; and H;;; having crossing edges.

Proof. First, suppose, for a contradiction, that f(H;) is pyramidal. By Lemma
9, one of ©;V;V;+1U;4+1 and w;v;U;1Vi4+1, SAY U;V;V4+1Ui+1 bounds the unique quad-
rangular face of f(H;). If an edge between {u;y1,vit1} and {u;42,vi12} crosses
an edge of H;, then exactly one of u;12 and v;42, say u;42, lies in the fake face
UiV 2 {uvps 1 wiuiga )} OF f(Hi). In this case, wivizfy v, vuiy,} forms a barrier loop
and u;y2 cannot be adjacent to v;4+; by Proposition 3, a contradiction. On the
other hand, if w;2v;42 cross an edge of H;, then f(H; U H;y2) has a pair of
crossing edgs e € F(H;) and € € E(H;12), contrary to Lemma 8.

Hence f(H;) is tetrahedral. By Lemma 8, wu;y2 and v;;o lie in the same
face of f(H;). If both u;yo and v;19 lie in the face w;u;y1vi41 or viuy1vi41 of
f(H;), then f(H; U H;+1) does not have a pair of crossing edges e € E(H;) and
¢/ € E(H;y1), a contradiction.

Hence both w2 and v;49 lie in the same face w;vju;1 or u;v;viy; of f(H;).
Suppose that the edge u;tov;1o lies inside the face u;v;u;+q of f(H;). If w;v;
crosses an edge of H;;1, then the edge is vjy1uir2 O Vi41Vi42, say Viy1uit2 (see
the left-hand side of Figure 5). Then since u;—1 is adjacent to both u; and wv;,
the vertex w;_; lies inside the face u;11uitoviye of f(H; U Hiy1) (see the right-
hand side of Figure 5) and now a barrier loop v;i1u;2v;4+2 separating u; and
v; prevents the path w;v;_1v; to be placed on the sphere. Therefore, u;v; is
not crossing in f(H; U H;y1) and hence v;yiu;1o crosses uju;+1 or viu;yi, and
consequently, f(H; U H;;1) is the 1-plane graph (A) or (B), respectively, shown
in Figure 4. Similarly, if we suppose that w;v;v;+1 contains the edge u;t2v;42,
then we obtain (C) and (D) in Figure 4. Thus, the lemma follows. |

In a l-embedding f : X,, — S2, the 1-plane graph f(H; U H; 1) is called a
bow if it is one of the 1-plane graphs (A), (B), (C) and (D) shown in Figure 4.
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Figure 5. Configurations in the proof of Lemma 10.

Lemma 11. In any 1-embedding f : X, — S? withn > 5, if f(H;) is tetrahedral,
then either f(H;—1) or f(H;+1), say f(Hit+1), is also tetrahedral and f(H;UH;11)
18 a bow.

Proof. Suppose, for a contradiction, that no edge of H;_1 and H;y; crosses an
edge of H;. This implies that {u;—1,v;—1} and {u;+2,v;12} lie in different faces of
f(H;). Then the path P = u;jouits---uj—1 of X, has an edge usus41 for some
se€{i+2,...,i—2} that crosses an edge of H;, contrary to Lemma 8. Hence one
of f(H;—1) and f(H;4+1) has a crossing edge that crosses an edge of f(H;) and,
by Lemma 10, the lemma follows. ]

Lemma 12. In any 1-embedding f : X,, — S? with n > 5, if f(H; U H;y1) is a
bow, then each of two triangular faces and siz triangular fake faces of f(H;UH; 1)
contains no vertex of V(Xy) \ {wi, vi, Uit1, Vit1, Uit2, Vit }.

Proof. 1t suffices to prove the lemma when f(H; U H;11) is of the form (A) in
Figure 4. Suppose that the triangular face w;1u;1+2vi+2 of f(H; UH;y1) contains
a vertex ugs for some s ¢ {i,i+ 1,7+ 2}. Similar to the proof of the above lemma,
we consider a path usust1 - - - u; and obtain a contradiction. The same argument
works for the other triangular face and six triangular fake faces. [

Lemma 13. In any 1-embedding f : X, — S? withn > 5, if f(H;) is pyramidal,
then each of the four triangular fake faces of f(H;) contains no vertex of V(X,)\
{1, Viy Wig1, Vig1 }-

Proof. The proof is analogous to the proof of Lemma 12. [

By Lemmas 8, 9, 10, 11, 12 and 13, every l-embedding of X, is like a chain
consisting of pyramidal K,’s which contain no vertices in their four triangular
fake faces and pairs of tetrahedral Ky’s each of which contains no vertex in its
two triangular faces and six triangular fake faces (see Figure 6 which represents a
1-embedding of X4 with three bows). If H; is pyramidal for any i € {0,...,n—1},
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then we call f(X,) canonical. Any f(X,) with n > 5 has exactly two big fake
faces, or two big faces if f(X,,) is canonical, each of whose boundaries contains
exactly n vertices and crossing points in total. Observe that each of the other
faces and fake faces is triangular in the 1-embedding.

Figure 6. 1-embedding of X4 with three bows.

4. PROOF OF THE MAIN RESULT

Let 0; ;. denote the theta graph consisting of three inner disjoint paths joining
two vertices having length 4, j and k, respectively. Such a theta graph 0; ;. is
expected to be simple, hence if i+ < j < k, then j > 2. For our purpose, we first
prove the following theorem.

Theorem 14. A lexicographic product of a theta graph 0; ;) and Ky is not 1-
planar.

Proof. We consider a theta graph 6, ; with 7 < j < k. First we show that the
graphs 6122 0 Ky and 0322 0 K3 are not 1-planar. Since 6122 0 K3 has 8 vertices
and 24 edges, if it has a 1-embedding on the sphere, then the 1-embedding is
optimal. However, this graph has a vertex having odd degree, a contradiction,
since every vertex of every optimal 1-planar graph has even degree (see [8]). Also
it is easy to see that 0229 o Ky contains a non-1-planar graph Ky ¢ (see [3]) as a
subgraph.

Since j > 2, we may assume that 7 + k£ > 5 in what follows. The theta
graph 6; ;1 is a cycle C = zoz1---2p—1 (n = j + k) with a path of length ¢
linking two vertices xp and ;. Then the graph G = 6, ; o K2 has a subgraph
H isomorphic to X,, with n > 5. Suppose, for a contradiction, that G has a
l-embedding f. All possible f(H) are described in Section 3. In f(H) there are
either two big fake faces or two big faces whose boundaries are denoted by L and
L', respectively, such that each of L and L’ has exactly n points each of which is
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either a vertex of H or a crossing point of f(H). Relabel vertices of L and L’ such
that the vertices of H lying on L (respectively, L') belong to {ug,u1,...,un—1}
(respectively, {vo,v1,...,vn—1}). If f(HsU Hs41) is a bow, then the two vertices
ust1 and vgy 1 are placed so that ugsvsugi1 is a triangular face of H. In the above
labeling of vertices of H, {us,vs} corresponds to z5 € V(C).

In f(H) with vertices labeled as above, f(H,—1 U Hp) is not a bow. For
otherwise, either u1uov1 2y, vy,v,us} (When f(Hi) is pyramidal) or ujugvive (when
f(Hy) is tetrahedral) is a barrier loop in f(H) that separates vy and v;. This
contradicts (by Proposition 3) the fact that G has a path P joining vy and v;
such that PN H = {vg,v;}.

Now we choose half edges from f(H) to form a barrier loop denoted by L.
First, we take a part of such a barrier loop around vy so as not to pass through vg.

(i) If each of f(H,—1) and f(Hp) is pyramidal, then v,_jugv; are taken (from
f(Hp—1 U Hy)).
(ii) If one of f(Hp—1) and f(Hp), say f(Hp—1), is pyramidal and f(HoU Hy) is
a bow, then v, 102 {ugv, ujup} u1v2 are taken (from f(H,—1 U HoU Hy)).
(iii) If each of f(H,—oU H,_1) and f(HpU H;) is a bow, then
Un—2Un—12{up_gon_1,un—1u0} W0 {usus ugvy } U102 are taken (from f(H,—oUH, 1
UHyU Hl))

For each s € {0,...,n — 1} such that no half edge is chosen from f(Hy) so
far, we do as follows.
(iv) If f(Hs) is pyramidal, then vszgy v, uvsss

v) If f(Hy) is tetrahedral and either f(Hs_1 U H) or f(Hs U Hgy1), now say
f(Hs U Hgy1), is a bow, then UsZ {04054 1,us 10540} Us+2 ATE taken.

JUs+1 are taken.

The above obtained Ly is clearly a barrier loop separating vy and u;. This
contradicts (by Proposition 3) the fact that G has a path P joining vy and u;
such that PN H = {vp, u;}. |

Finally, we prove Theorem 2 to solve Conjecture 1.

Proof of Theorem 2. Suppose that G is not a cactus. Then, it is easy to
see that G contains a simple theta graph as its subgraph. By Theorem 14, the
lexicographic product of a graph G and K3 is not 1-planar and hence the theorem
follows. ]

5. REMARKS

In the paper, we mainly discussed the way to l-embed X, = C, o Ky for our
purpose. The obtained result can be useful when considering re-1-embedding
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of other 1-plane graphs since we can find canonical f(X,)’s in some classes of
1-plane graphs; e.g., a class of optimal 1-plane graphs. However, the condition
n > 5 in the argument is necessary. As we can see, the l-embedding of X4 in
Figure 7 does not satisfy Lemma 9. As we stated before, X3 is isomorphic to Kg
and hence any four vertices of X3 can induce K4, which is H; in our argument.

uo

Uz

Figure 7. 1-embedding of X4 not satisfying Lemma 9.
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