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Abstract

For a graph G an edge-covering of G is a family of subgraphs Hy, Ho, .. .,
H, such that each edge of E(G) belongs to at least one of the subgraphs H;,
i=1,2,...,t. In this case we say that G admits an (Hy, Ha, ..., H;)-(edge)
covering. An H-covering of graph G is an (Hy, Ha, ..., H¢)-(edge) covering
in which every subgraph H; is isomorphic to a given graph H.

Let G be a graph admitting H-covering. An edge k-labeling o : E(G) —
{1,2,...,k} is called an H-irregular edge k-labeling of the graph G if for
every two different subgraphs H’ and H" isomorphic to H their weights
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wto,(H') and wt,(H") are distinct. The weight of a subgraph H under an
edge k-labeling « is the sum of labels of edges belonging to H. The edge
H -irregularity strength of a graph G, denoted by ehs(G, H), is the smallest
integer k such that G has an H-irregular edge k-labeling.

In this paper we determine the exact values of ehs(G, H) for prisms,
antiprisms, triangular ladders, diagonal ladders, wheels and gear graphs.
Moreover the subgraph H is isomorphic to only Cy, C5 and Kjy.

Keywords: H-irregular edge labeling, edge H-irregularity strength, prism,
antiprism, triangular ladder, diagonal ladder, wheel, gear graph.
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1. INTRODUCTION

Consider a simple and finite graph G = (V, E) of order at least 2. An edge
k-labeling is a function a : E(G) — {1,2,...,k}, where k is a positive integer.
Then the associated weight of a vertex z € V(G) is wa(2) = X, ep(q) 2(zy),
where the sum is taken over all edges incident to . Such a labeling « is called
irreqular if the obtained weights of all vertices are different. The smallest positive
integer k for which there exists an irregular labeling of G is called the irregularity
strength of G and is denoted by s(G). If it does not exist, then we write s(G) = oc.
One can easily see that s(G) < oo if and only if G contains no isolated edges and
has at most one isolated vertex.

The notion of the irregularity strength was firstly introduced by Chartrand
et al. in [7]. Some results on the irregularity strength can be found in [2,3,5,6,
8,9,11-14].

A vertex k-labeling 5 : V(G) — {1,2,...,k} is called an edge irregular k-
labeling of the graph G if the weights wg(zy) # wg(x'y’) for every two distinct
edges zy and z'y’, where the weight of an edge zy € E(G) is wg(zy) = B(z)+5(y).
The minimum k for which a graph G admits an edge irregular k-labeling is called
the edge irreqularity strength of G, denoted by es(G). The notion of the edge
irregularity strength was defined by Ahmad et al. in [1].

A family of subgraphs Hy, Ho, ..., H; is said to be an edge-covering of G if
each edge of F(G) belongs to at least one of the subgraphs H;, i = 1,2,...,t.
In this case we say that G admits an (Hy, Ha,..., H;)-(edge) covering. If every
subgraph H;, i = 1,2,...,t, is isomorphic to a given graph H, then the graph G
admits an H -covering.

Motivated by the irregularity strength and the edge irregularity strength of
a graph G Ashraf et al. in [4] introduced a new parameter, edge H-irregularity
strength, as a natural extension of the parameters s(G) and es(G). Let G be
a graph admitting H-covering. An edge k-labeling « is called an H -irreqular
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edge k-labeling of the graph G if for every two different subgraphs H' and H”
isomorphic to H we have

wto(H) = Y ale)# D ale) = wto(H").
)

ceE(H') ceE(H"

The edge H-irregularity strength of a graph G, denoted by ehs(G, H), is the
smallest integer k for which G has an H-irregular edge k-labeling.

Next theorem proved in [4] gives the lower bound of the edge H-irregularity
strength of a graph G.

Theorem 1 [4]. Let G be a graph admitting an H-covering and t is the number
of all the subgraphs isomorphic to H. Then
hs(G, H) > {1+ (-1 W
ehs(G, > —.
|E(H)|

Note that the parameter ¢ is the number of all subgraphs of G isomorphic to
H. In this paper we determine exact values of the edge H-irregularity strength for
prisms, antiprisms, triangular ladders, diagonal ladders, wheels and gear graphs
for some H. Moreover the subgraph H is isomorphic to only C4, C'5 and Kj.

2. PRISM AND ANTIPRISM

The prism D,, can be defined as the Cartesian product C,JP, of a cycle on n
vertices with a path on 2 vertices. Let V(C,0FP2) = {z;,y; : 1 <1i < n} be the
vertex set and E(C,0Py) = {x;xiy1,yiyi+1 : 1 < i <n}U{xjy; : 1 <i<n} be
the edge set, where the indices are taken modulo n. Hence, the graph D, has 2n
vertices and 3n edges.

Theorem 2. Let D,, = C,,[0P;, n > 3, n # 4, be a prism. Then

ehs(Dy, Cy) = [n%—?f‘ .

Proof. The prism D,, n > 3, n # 4, admits a Cy-covering with exactly n cycles
C4. We denote these 4-cycles by the symbols Cj, 1 =1,2,...,n, such that the
vertex set of C% is V(CY) = {xi, zis1,%,vir1} and the edge set is E(CY) =
{Zi%ip1, ViYir1, Tili, Tiv1Yiv1 }-

From Theorem 1 it follows that ehs(D,,, Cy) > ["T‘Hﬂ To show that [”T‘*'S]
is an upper bound for the edge Cy-irregularity strength of D,, we define a Cy-
irregular edge labeling oy : E(Dy,) — {1,2,..., [”T‘Hi] }, in the following way. We
distinguish to cases according to the parity of n.
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Case 1. When n is odd, then

( | (] for 1 <4 < nEL
1(TiTi+1 {n+21—21 for nTJrl +1<i<n,
[i 11 for 1 <i<ntl
1(Yivit1) {[n+222—‘ for 22l +1<i<n,
o (] for 1 <q < nEL
ar(ziu) = 4
1\T3Y; [n+§;72" for nTJrl +1<¢<n.
Case 2. When n is even, then
i <z
[5-‘ for 1 <i< 3,
a(izii) — .
1(@iwiy1) {(n+21_’—| for 5 +1<i<mn,
(L] for 1 <i <3,
a1(yiyir1) = § [%52] fori=3+1,
[[2:25) for24+2<i<n,
'm for 1 <i< 3%,
E . — ﬂ =
ar(ziy) = o . +1  fori=73+1andn=0 (mod4),
n2 fori=%+1and n=2 (mod 4),
\ {n+§>—i] for 5 +2<i<mn.

It is easy to see that under the labeling «; all edge labels are at most (”TJFSW .

The Cy-weights of the cycles C%, i = 1,2,...,n, under the edge labeling oy, are
given by

wta, (C1) = Y au(e) = ar(@iwitr) + a1 (yayir) + a1 (@igi) + a1 (zip1yie)-
e€E(CY)

Case 1. When n is odd, then
Wha, (C}) = [5] + [EL] + [4] + [ =20 +2  for 1 <i< 5L,

n+l
toy (%) = (2] 4+ [259] 4 [5] 4 [59] = ot 3,

wty(C) = [#5=1] 4 [T 4[24 4 [244=4] = on 4 5 - 2
for 222 +1<i<n-—1,
wta, (CF) = [5] + [2] + T3]+ [2] =5
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Case 2. When n is even, then

wte, (Ch) = [4] + [ + [L]+[EL]=2i+2 for1<i<Z-—1,
wtm(C’f :[%]4—["7“'2]—1—[%]4—%—1—1:714—2 for n =0 (mod 4),

]+14+2+1=n+3 forn=0 (mod4),

Il
—
I3
_

+
—
‘3
=+
w
_

+
—
I3

)

Wiy, <C4>: (2] + [=2] 4 [2] + 22 =n+2  for n =2 (mod 4),
)
)

n
Wta, <C42+1 =[2]+ 23] 4+ [22] + 22 = 4+ 3 for n =2 (mod 4),

Wl (C) = [2459] 4 [5250] 4 [25841] 4 [9250] = 45— 24

whoy (CT) = [4] + 3] + [4] + [4] =5,

Combining the previous we get that

- 2(1+1 for 1 <i< |2,
wtoy(cp = {20 FD o forisis (g
1+2(n+2—1i) for [§]+1<i<n.
One can see that the weights of cycles C%, for i = 1,2,..., [%1, are even and in

increasing order, therefore wt,, (Cfl) > wiq, (Cj).

On the other hand, the weights of cycles Ci, for i = {%w +1,...,n, are odd
and in decreasing order, therefore wt,, (Cﬁ“) < wtgy, (Ci).

Thus the edge weights are distinct numbers from the set {4,5,...,n + 3}.

This shows that ehs(D,,, Cy) < [’%31 Hence the proof is concluded. |

The antiprism A, [10], n > 3, is a 4-regular graph (Archimedean convex
polytope), consisting of 2n vertices and 4n edges. The vertex and edge set of
A, are defined as: V(A,) = {xi,yi : 1 < i < n}, BE(A,) = {ziy; : 1 <i <
npU{zizipr 1 <i<npU{yzit1 1 <i<n}U{yyir1: 1 <i < n}, with
indices taken modulo n.

Theorem 3. Let A,, n > 4, be an antiprism. Then

ehs(A,,Cs) = [2714- 2-‘ .

3

Proof. The antiprism A,,, n > 4, admits a Cs-covering with exactly 2n cycles Cs.
The first type of the cycle Cs has the vertex set V(C%) = {4, wiq1,y: : 1 <i < n}
and the edge set E(CY%) = {z;xit1, 2y, yizit1 : 1 < ¢ < n}. The second type
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of the cycle C3 has the vertex set V(Cg) = {¥i,Yi+1,Ti+1 : 1 < i < n} and the
edge set E(CL) = {YiVi+1, Yi%it1, Yir17i41 : 1 < i < n}. Note that the indices are
taken modulo n.

From Theorem 1 it follows that ehs(A,, C3) > [2%52]. To show that [2%2]
is an upper bound for the edge Cs-irregularity strength of A, we define a Cs-
irregular edge labeling ay : E(A4,) — {1, 2, .., {2”;21 }, in the following way.
We distinguish two cases.

Case 1. When n =0,4,5 (mod 6), then

i fori=1,2,

i+ %] for3<i<t—1,
a2(l'i$i+1) = [#1 fori:t,

n—i+3+4+ |22 fort+1<i<n-—2,

(n—1+2 fori=n—1,n,

where £ — ot if p =5 (mod 6),
241 ifn=0,4 (mod 6).

(i+1+ |5 for 1 <i<[2]-1,
|22 for i = [§] and n =5 (mod 6),
ap(yiyiv1) = § [252] -1 for i = [§] and n = 0,4 (mod 6),
n—i+2+ ==L for [2]+1<i<n-—1,
1 for i = n,
i+ |5 for 1 <i < [%],
2tz fori=[%]+1and n=0,5 (mod 6),
an(wiy) = § [24E2] — 1 for i = [§] + 1 and n =4 (mod 6),
n—i+3+ |22 for [2]+2<i<n-—1,
2 for i =n,
1 fori =1,
i+1+ |52 for 2 <i < [%] -1,
an(yirip1) =  [252] -1 for i = [§] and n = 0,4 (mod 6),
22 for i = [4] and n =5 (mod 6),
n—i+2+ 2] for [2]+1<i<n
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Case 2. When n =1,2,3 (mod 6), then

i fori=1,2,
i+ %] for 3<i<t-—1,
B {#1 for i =t and n = 2 (mod 6),
ax(Tidiey) = [2nt2] 1 for i =t and n = 1,3 (mod 6),
n—i+34 22| fort+1<i<n-—2,
n—i+2 fori=n—1,n,

here ¢ ol ifn=1,3 (mod 6),
W =
5+1 ifn=2 (mod 6).

i+1+4 [ for 1 <i<[2]-1,
e for i = 3],
o) = n—i+2+ =L for [2]4+1<i<n-—1,
\1 for i = n,
(Z'—G—V_TlJ for 1 <i <[5,
2tz for i =[4]+1 and n =2 (mod 6),
ag(ziyi) = [2”;2]—1 fori=[%]+1and n=1,3 (mod 6),
n—i+3+ ==L for [B]+2<i<n-—1,
(2 for i = n,
1 fori=1,
i+1+ |52 for2<i<[%] -1,
a2 (YiTit1) = [%]—1 fori=[%] and n = 1,2 (mod 6),
22 ] ‘ for i = [%] and n = 3 (mod 6),
n—i+2+L%J for[%]—i—lgign.

Now we compute the Cs-weights under the edge labeling ais as follows. For
the weights of 3-cycles of the first type we get

whay (C5) = Y anle) = ag(wimit1) + o) + 02 (yizir)
ecE(CY)
_ J4ai-1 for 1 <i<[%],
dn —4i+6 for [§]+1<i<n,
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and for the weights of 3-cycles of the second type we have

wta, (C) = Y az(e) = oa(yivis1) + ca(yimir1) + a2 (yir17it1)

e€E(CY)
_ J4i+1 for 1 <i<[2H] -1,
C\4n—4i+4 for [MH] <i <.

Combining these two cases one can see that the weights of the cycles C%
are different to the weights of the cycles Ci. This shows that g is an edge Cs-
irregular labeling of A,,. Therefore, ehs(A,,Cy) < {%] and we arrive at the
desired result. [

3. TRIANGULAR LADDER AND DIAGONAL LADDER

Let L, = P,0P, n > 2, be a ladder with the vertex set V(L) = {z;,y; : i =
1,2,...,n} and the edge set E(L,) = {zizit1,vivi+1 11 =1,2,...,n—1}U{z;y; :
i=1,2,...,n}. The triangular ladder T L,,, n > 2, is obtained from a ladder L,,
by adding the edges y;z;y+1 for i =1,2,... ,n— 1.

Theorem 4. Let TL,, n > 2, be a triangular ladder. Then

2
ehs(TL,,Cs3) = [;—‘ .

Proof. The triangular ladder T'L,,, n > 2, admits a Cs-covering with exactly
2(n — 1) cycles C5. There are two types of cycles Cs that cover T'L,. The first
type of cycles C3 has the vertex set V(C%) = {z;, zi41,vi : 1 <i <n—1} and
the edge set E(C%) = {zizit1,2:¥i, yiriy1 : 1 < i < n —1}. The second type of
cycles C3 has the vertex set V(CL) = {yi, yi+1, Tit1 : 1 <i <n—1} and the edge
set E(C3) = {yi¥iv1, ViTiv1, Yir1%ip1 1 1 <i <n — 1},

According to Theorem 1 it follows that ehs(T'L,,,C3) > [%”] To show that
[%”1 is an upper bound for the edge Cs-irregularity strength of T'L,, we define
a Cs-irregular edge labeling a3 : E(TL,) — {1, 2,..., (%ﬂ} as follows. Let us
consider three cases.

Case 1. When i = 0 (mod 3), then

a3(®iziv1) = a3(Yiyiy1) = 2 fori=3,6,...,n—1,
a3(yiTiy1) 2’;3 fori=3,6,....,n—1,

ozg(xiyi):% for i = 3,6,...,n.
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Case 2. When ¢ = 1 (mod 3), then

as(ziwit1) = ag(Yiyie1) = a3(yiviyr) = 241 fori=1,4,...,n—1,

Oé3(.%'iyi) :L;l fori:1,4,...,n.

Case 3. When ¢ = 2 (mod 3), then

ag(xixiy1) = 2i:.)_1 fori=2,5,....,n—1,
as(yiyiv1) = as(yizipr) = 22 fori=2,5,...,n—1,
as(ziy;) :L;’J fori=2,5,...,n.

It is a routine matter to verify that under the labeling ag all edge labels are
at most {%ﬂ It is not difficult to see that under the edge labeling a3 the weights
of the cycles C%, 1 <i <n — 1, are of the form

Wtay (C3) = ag(@iziv1) + ag(iys) + o3(Yiwipr) = 20 + 1.
The weights of the cycles Cg, 1 <i<n—1, are of the form
Wiy (C4) = a3 (yiyiv1) + as3(Tiv1¥iv1) + as(yizipr) = 2(i + 1),

Combining these two cases we obtained that the weights are different for any
two distinct cycles Cs. Thus ehs(T'Ly,, C3) < (%”] This completes the proof. m

The diagonal ladder DL, is obtained from a ladder L, by adding the edges
{ziyit1,Tiv1yi - 1 <i <n—1}. So the diagonal ladder DL,, contains 2n vertices
and 5n — 4 edges.

Theorem 5. Let DL,,, n > 2, be a diagonal ladder. Then

ehs(D Ly, K1) — [” + ﬂ .

6

Proof. The diagonal ladder DL,,, n > 2, admits a K4-covering with exactly (n—
1) complete graphs Ky. The K¢ has the vertex set V(K%) = {@i, yi, Tit1, Yit1
1 < i < n—1} and the edge set E(K}) = {ZiTit1, Tilis TilYit1, YilYit1, YiTit1,
Tiv1Yiv1 : 1 <1 <n— 1}.

With respect to Theorem 1 it follows that ehs(DL,, K4) > [”TM]. To
show that ehs(DL,, K4) < ["T*ﬂ we define a Ky-irregular edge labeling ay :
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E(DLy) = {1,2,..., [%H]}, in the following way.

as(yiyisr) = [§] for 1 <i<mn-—1,
P for1<i<5
4(114—1) {W'gl] forGSiSn_l’
- (% for 1 <14 <4,
ulwigs) = (ﬂ] for5<i<n
6 = =15
( ) 1 fori=1,
a4\ T;Y; = R
4\ TiYit1 (%] for2<i<n_ 1,
1 fori=1,2,

[Z4] for3<i<n-—1.

One can verify that under the labeling a4 all edge labels are at least 1 and
at most [”T‘Fﬂ. To show that ay is edge Ky-irregular labeling it will be enough
to show that wta, (K3) < wte, (KS). Tt is a simple mathematical exercise that
the weights of the subgraphs K, i = 1,2,3,4,5 are wt,, (K}) =5 + 1.

Fori=6,7,...,n —1 we get
wha, (K = Y aule) = aa(@izist) + aa(yiyir) + aa(@iys) + ca(@ip1yie)
e€E(K})
+ aa(ziyipr) + aa(wipay) = [ + [§] + [F2] + [F2] + [55°]
[ =51
This proves that wta, (KiT) = wta, (Ki) +1 for i = 1,2,...,n — 1. Therefore,

ay is an edge Ky-irregular labeling of DL,. Thus ehs(DL,, K4) < {”T‘Lﬂ. This
concludes the proof. [

4. WHEEL AND GEAR GRAPH

A wheel W,,, n > 3, is a graph obtained by joining all vertices of cycle C,, to
a further vertex ¢, called the center. Thus W, contains n + 1 vertices, say,
¢, T1,%2,...,T, and 2n edges, say, cx;, T;xi+1, 1 < i < n, where the indices are
taken modulo n.

Theorem 6. Let W,,, n > 4, be a wheel. Then

chs(W,, C) = [” + 2} .

3
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Proof. The wheel W,, n > 4, admits a Cs-covering with exactly n cycles Cs.
Every cycle C5 in W, is of the form C% = cx;x;q1, where i = 1,2,...,n with
indices taken modulo n.

According to Theorem 1 we have that ehs(W,,C3) > [%2]. To show that
["—H] is an upper bound for the edge Cs-irregularity strength of W,, we define a

3
Cs-irregular edge labeling a5 : E(W,) — {1, 2,..., ["T"'T‘} as follows.

(i fori =1, 2,

_)i—|4] for 3<i<[2H] -1,

(65t = [ag2] for i = [21],
(n—it 1= |75 for [HHH+1<i<n,
(1 for i =1,
i—1-[5 for 2 <i < [%],
as(ca;) = %52 fori=[5]+1and n=0,1 (mod 3),
Z [252] -1 for i = [§] +1 and n =2 (mod 3),

n—itl-[25=] for[3]+2<i<n-—1,
2 for i = n.

It is a matter of routine checking that under the labeling a5 all edge labels
are at most ("T"‘z] For the Cs-weight of the cycle C§ we get

Wtay (C8) = a5(ca;) + as(cxivr) + as(Tiziy)

20+ 1 for 1 <i < [%],
2(n+2—1) for [§]+1<i<n.

Clearly, the weights of C% for 1 < i < [5] are odd and increasing. On the other
hand the weights of C’§ for [%] 4+ 1 < i < n are even and decreasing. So, it
concludes that all the weights of C% are different. Thus o is an edge Cs-irregular
labeling of W, and ehs(W,,, C3) < [”T“] This completes the proof. ]

A gear graph G, is obtained from W, by inserting a vertex to each edge on
the cycle C),. Then the vertex set of G, is V(Gy,) = {c,x;,y; : 1 <i < n} and the
edge set is E(W,,) = {xiys, yi¥it1, czi : 1 < i < n} with indices taken modulo n.

Theorem 7. Let G, n > 3, be a gear graph. Then
n+ 3-‘

ehs(Gp, Cy) = [ 1

Proof. The gear G, n > 3, admits a Cy-covering with exactly n cycles Cjy.
According to Theorem 1 we obtain that ehs(Gy,Cy) > [2+2]. To show that
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[”T*‘g] is an upper bound for the edge Cy-irregularity strength of GG,, we define a

Cy-irregular edge labeling ag : E(G,) — {1, 2,..., [”T‘Hs] }, in the following way.

for 1 <i<[2]-1,

for i = [%] and n # 2 (mod 4),
nos for i = § and n = 2 (mod 4),
2] for [3] +1<i<n,

[
ol ):{FQ for 1 << [2],
[

IS Dol
J—

|
N —

S —

”q for [%W +1<i<n,

.

a for 1 <i<[%],
";*3} for[%w—klgign.
It is easy to verify that under the labeling ag all edge labels are at most

{”TH)’] For the Cy-weight of the cycle C%, i = 1,2,...,n, under the edge labeling
ag, we get

wtag (C) = Z ag(e) = ag(cri) + ag(crivt) + as(wiyi) + a6 (YiTit1)

e€E(CY)
f2i+2 for 1 <i<[2],
Cl2n+5-2i for[%}—klgign.

Clearly, the weights of C§ for 1 < i < [2] are even and increasing. On the
other hand the weights of C? for {%1 4+ 1 <14 < n are odd and decreasing. So,
it concluded that all the weights of Cj are different. Thus as is an edge Cy-
irregular labeling of G,,. Hence ehs(G,,Cy) < ["THW This completes the proof

of theorem. n
5. CONCLUSION

In this paper we have investigated the edge H-irregularity strength of some
graphs. We have found the exact values of this parameter for several families of
graphs namely, prisms, antiprisms, triangular ladders, diagonal ladders, wheels
and gear graphs.
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