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Abstract

A proper [k]-total coloring ¢ of a graph G is a proper total coloring ¢ of
G using colors of the set [k] = {1,2,...,k}. Let p(u) denote the product of
the color on a vertex u and colors on all the edges incident with u. For each
edge uv € E(Q), if p(u) # p(v), then we say the coloring ¢ distinguishes
adjacent vertices by product and call it a neighbor product distinguishing
k-total coloring of G. By x"[7(G), we denote the smallest value of & in such
a coloring of G. It has been conjectured by Li et al. that A(G) + 3 colors
enable the existence of a neighbor product distinguishing total coloring. In
this paper, by applying the Combinatorial Nullstellensatz, we obtain that
the conjecture holds for planar graph with A(G) > 10. Moreover, for planar
graph G with A(G) > 11, it is neighbor product distinguishing (A(G) + 2)-
total colorable, and the upper bound A(G) + 2 is tight.
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graph.
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1. INTRODUCTION

The terminology and notation used but undefined in this paper can be found
in [2]. Let G = (V,E) be a graph. We use V(G), E(G), A(G) and 6(G) to
denote the vertex set, edge set, maximum degree and minimum degree of G,
respectively. Let dg(v) or simply d(v) denote the degree of a vertex v in G. If
d(z) = k, d(z) > k and d(z) < k, then the vertex z is called a k-vertex, k-
vertex and k™ -vertex, respectively. Let Ng(u) be the set of neighbors of u in
the graph G. We use n;(u) to denote the number of i-neighbors of w.

Let [k] be a set of colors where [k] = {1,2,...,k} and let ¢ be a total col-
oring of G for which ¢ : E(G) UV(G) — [k]. By p(v) (respectively, s(v)), we
denote the product (respectively, set) of colors taken on the edges incident to
v and the color on the vertex v, i.e., p(v) = c(v) [[ep(q) c(uv) (respectively,
s(v) = {c(uv)luv € E(G)} U {c(v)}). If the coloring c is proper, then we call
the coloring ¢ such that p(v) # p(u) (respectively, s(u) # s(v)) for each edge
wv € E(G) a neighbor product distinguishing [k|-total coloring (respectively,
adjacent vertex distinguishing [k|-total coloring) of G, or a tnpd-k-coloring (re-
spectively, tndi-k-coloring) for simplicity. By x"7(G) (respectively, (tndi(G))),
we denote the smallest value k such that G has a neighbor product (respectively,
vertex) distinguishing [k]-total coloring of G. It is easy to observe that if two
vertices are distinguished by product, then they are also distinguished by sets,
but not necessarily conversely. That is to say tndi(G) < x"7(G).

In 2005, Zhang et al. introduced the notion of adjacent vertex distinguishing
k-total coloring and brought forward the following conjecture.

Conjecture 1.1 [25]. Let G be a connected graph with at least two vertices, then
tndi(G) < A(G) + 3.

Zhang et al. proved the conjecture for graphs which are cliques, paths, cycles,
fans, wheels, stars, complete graphs, bipartite complete graphs and trees. Wang
and Chen confirmed the conjecture for graphs with A(G) = 3 [3,18]. Recently,
Lu et al. verified the conjecture for all graphs with maximum degree 4 [13]. Wang
proved that if G is 1-tree, then tndi(G) < A(G)+2 [19]. Wang et al. investigated
some planar graphs such as outerplanars and series-parallel graphs and confirmed
the conjecture [20,21]. In 2008, Wang et al. showed that if G is a graph with
mad(G) < 3, then tndi(G) < A(G) + 2 [22]. In 2012, Huang et al. proved that
if G is a planar graph with A(G) > 11, then tndi(G) < A(G) + 3 [9]. Recently,
Cheng et al. verified the conjecture for planar graphs with A(G) > 10 [4]. In
2014, Wang et al. obtained that if G is a planar graph with A(G) > 14, then
A(G) + 1 < tndi(G) < A(G) + 2 [23]. Recently, Sun et al. confirmed the
Conjecture 1.1 for the planar graph with A(G) > 8 and without adjacent 4-
cycles [17]. More related results can be seen in [6-8,11,12,14-16,24].
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Recently, Li et al. completely determined the neighbor product distinguishing
total coloring index for complete graphs, trees, cycles, bipartite graphs, subcubic
graphs and Ky-minor free graphs. Based on these examples, they proposed the
following conjecture.

Conjecture 1.2 [10]. If G is a graph with at least two vertices, then x"17(G) <
A(G) + 3.

As for the sparse graph G with A(G) < 3, Li et al. proved that x"[71(G) =5
if G is an odd cycle, x"17(G) = 4 if G is an even cycle and X" [1(G) < A(G) + 3 if
G is a subcubic graph [10]. In 2017, Ding et al. confirmed the Conjecture 1.2 for

sparse graph G with bounded maximum degree [6]. In this paper, we consider
the planar graph G with A(G) > 10 and obtain the following result.

Theorem 1.3. Let G be a planar graph such that A(G) > 10. Then x"17(G) <
A(G) + 3.

For A(G) > 11, we prove the following tight upper bound.

Theorem 1.4. If G is a planar graph G with A(G) > 11, then x"1(G)
A(G) +2.

Since tndi(G) < x"11(G), Theorem 1.4 implies the following result in [23].

Theorem 1.5. If G is a planar graph G with A(G) > 11, then tndi(G) <
A(G) + 2.

IA

2. SOME IMPORTANT LEMMAS

Lemma 2.1 [1]. Let L; be the set of real numbers, where |L;| =1; for 1 <i <t,
and Iy > lo > -+ > 1;. Let L = {Zle x|z € Li?H1§i<j§t(xi —xj) # 0}.
Define 1,1, ...,1l; by Iy =11 and l; = min {lg_l — 1,li} for2 <i<t. Ifl;>0,
then |L| > S0 1h— 3t(t+1) + 1.
From Lemma 2.1, it is easy to get the following lemma.

Lemma 2.2. Let S; be the set of positive real numbers, where |S;| = s; for1 <i <
t, and 81 > s > -+ > s;. Let S = {H§:1 xi|z; € Si7H1§i<j§t(xi — ;) # 0}.
Define sy, sh,...,s, by s} = s1 and s; = min{s,_| —1,s;} for 2 <i <t. Ifs,
>0, then |S| > Y1 st — 4t(t +1) + 1.

Proof. For convenience, let S; = {xil,mb,...,xisl}, L, = {ln:z:il,lnxiz,...,
lnxiSi} for1 <i<t. Let L:{Zle Inz;[Inz; €L, [[1«;cjqp(Inzi— Inzj) # 0}.
From Lemma 2.1, we have |L| > S°!_ s/ — $t(t+1)+1. Clearly, |S| = |L|. Thus

7

we have |S| > S, s} — St +1)+ 1. .



984 A.J. DonGg AND T. LI

Let P(x1,x2,...,2,) be a polynomial in n variables. By cp <xlf1:v§2 e :cfl"),
we denote the coefficient of the monomial x’flx;” -..zF» in the expansion of
P(xz1,x9,...,xy,), where k; is a non-negative integer for 1 <i < n.

Lemma 2.3 (Combinatorial Nullstellensatz [1]). Let F be an arbitrary field, and
let P = P(x1,x9,...,2,) be a polynomial in Flxy,za, ..., x,]. Suppose the degree
deg(P) of P equals Y ;" | ki, where each k; is a nonnegative integer, and suppose
the coefficient of xlflxgz -oogkn in P ois non-zero. If S1,Ss,...,S, are subsets of

F with |S;| > ki for 1 <i <mn, then there are s; € S1,...,s, € Sy, so that P(sy,
89,...,8,) # 0.

In the following, we will prove the main theorems. For convenience, for
the coloring ¢ of G, we use p.(v) to denote the product of the color on the
vertex v and the colors taken on edges which are incident with v, i.e., p.(v) =
[L,cccle)e(v). We use S.(z) to denote the set of colors available for each element
z € E(G) UV(G) in the coloring c. In addition, the following configurations in
Figure 1 will be used in the proof of the theorems.

X w X  x Ww w
N L at
Y
u u qu z
y v ¥ y u

K F, F F,

Figure 1
w X, X, X X, w X, »,
%
> o R

v WV, Yooy, u

Hl HZ H3 H4
Figure 2

3. PROOF OF THEOREM 1.3

For any graph G, let n;(G) = |{v|dg(v) = i}| for i = 1,2,...,A(G). A graph
G’ is smaller than the graph G if any of the following is true.
o [E(G)] <IEG);
e |[E(G")] =|E(G)] and (ni(G),ni—1(G"),...,n2(G"),n1(G")) precedes (n:(G),
ni—1(G),...,n2(G),n1(G)) with respect to the lexicographic order, where
t = max{A(G),A(G")}.
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A graph G is minimal for the front property when no smaller graph satisfies
it.

Suppose G is a minimal counterexample to Theorem 1.3. That is, the graph
G does not admit any tnpd-k-coloring, and its smaller graph G’ constructed from
G by deleting edge, contracting edge or splitting vertex which is shown in the
following discussion admits a tnpd-k-coloring c’.

Let H be the graph obtained by removing all the 2~ -vertices of G. In the
following, we will discuss the structural property of G and H by extending the
coloring ¢ of G’ to the desired coloring ¢ of G. And then apply the discharging
method to obtain a contradiction to the planarity of graph G.

For each v € V(G) and each coloring ¢ of G, if d(v) < 4, then it has at
most 12 forbidden colors since v has at most four adjacent vertices, four incident
edges, and we have to guarantee that p.(v) # p.(u) for each edge uv € E(G).
Since k > 13, we can recolor v if necessary to get a coloring as desired. So in the
following discussion, we will omit the coloring of all 4™ -vertices.

For convenience, a 4-face f is good if it is incident with at most one 5~ -vertex,
otherwise, f is bad. A k-vertex v is called a bad k-neighbor of u if the edge uv is
incident with two 3-faces. And v is called a special k-neighbor of u if the edge
uv is incident with a 3-face and a bad 4-face. We use nkHb(u) and nfl (u) to denote
the number of bad k-neighbors and special 3-neighbors of u in H, respectively.

Now, we give some structural properties of G.

Property 1. Every 6™ -vertex is not adjacent to any 4~ -vertex.

Proof. Suppose to the contrary that there exists a 6~ -vertex u which is adjacent
to a 4~ -vertex v. We consider the smaller graph G = G —uv. By the minimality
of G, we have G’ admits a tnpd-k-coloring ¢. Now, we delete the color of .
Let S1, S5 be the sets of available colors for u, uv, respectively. It is easy to
know that [S;| > 13 —5—-5 =3, |S2] > 13 —-5—-3 = 5. Let B = {z122|21 €
Si,x9 € So,x1 # x2}. By Lemma 2.2, we have |[B| >34+5—-3+1=6 > 5. Thus
there exist x1 € S1, xo € S for u and uv such that v does not conflict with any
adjacent vertex. Then we can color u and uv with x; and x2, respectively, to get
a tnpd-k-coloring, a contradiction. [ |

Property 2. For any vertex u € V(G), we have na(u) < 1.

Proof. Suppose to the contrary that na(u) > 2, and let x, y be two 2-neighbors
of u. It is clear that z is not adjacent to y by Proposition 1. By analyzing
whether the multiple edges appear or not when contracting the edges ux and uy,
G must contain one of configurations Fp, F» and F3. We divide the proof into
the following three cases:

Case 1. There is a structure isomorphic to the configuration F; in G, i.e.,
and y are not incident with any 3-face, and u, z and y are not incident with one
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and the same 4-face. Now we contract the edges ux and uy to get a smaller graph
G’ (see H;y in Figure 2). By the minimality of G, we have G’ admits a tnpd-k-
coloring ¢. For convenience, let ¢ (uw) = a and ¢/ (uv) = b. In the following, we
subdivide uw, uv with x and y respectively. By coloring ux, yv with b and uy,
rw with a, we get a tnpd-k-coloring of GG, a contradiction.

Case 2. There is a structure isomorphic to the configuration F5 in G, i.e., u,
x and y are incident with one and the same 4-face. We split = and y into x1, x2
and y1, ya2, respectively, to obtain a smaller graph G’ (see Hj in Figure 2). By
the minimality of G, we have G’ admits a tnpd-k-coloring ¢/. For convenience,
let (uz1) = a, d(uy1) = b, d(x2v) = ¢ and ¢(yav) = d. In the following, we
can stick x1 and x5 together, and stick y; and y2 together (if necessary exchange
the colors of ux; and uy; to guarantee a proper total coloring) to get a tnpd-k-
coloring of GG, a contradiction.

Case 3. There is a structure isomorphic to the configuration F3 in G, i.e., at
least one 2-neighbor of « is incident with some 3-face. We split x and y into xq,
x9 and y1, Yo, respectively, to obtain a smaller graph G’ (see Hs in Figure 2). By
the minimality of G, we have G’ admits a tnpd-k-coloring ¢’. For convenience,
let d(uz1) = a, d(uv) = b, (uy1) = ¢, ' (xaw) = d and  (yav) = e.

If e=d ¢ {a,c} or d # e, then we can stick x; and z3, y; and y, together (if
necessary exchange the colors of ux; and uy; to guarantee a proper total coloring)
to get a tnpd-k-coloring of G, a contradiction.

If d = e = a, then we recolor ux; with b, recolor uv with a and recolor vy
with b. Now we can stick x; and z9, y; and y» together, a contradiction.

If d = e = ¢, then we recolor uxq, with b, recolor uv with ¢, recolor vy, with
b and recolor uy; with a. Now we can stick 1 and z2, y; and y» together, a
contradiction. [

Property 3. For any vertexr u € V(QG), let x, y be bad 3-neighbors of u, then
any 3-face which is incident with x is not adjacent to any 3-face which is incident
with y.

Proof. By the contrary, G contains a structure isomorphic to the configuration
F4. We split the bad 3-neighbors « and y of u into =1, x2, y1 and y2, respectively
to get a smaller graph G’ (see Hy in Figure 2). By the minimality of G, we have
G’ admits a tnpd-k-coloring ¢. For convenience, let (vxy) = a, (wx1) = b,
d(uv) = ¢, d(uz) = d, d(uw) = e, d(uye) = f, d(wy1) = g, d(zy1) = h and
d(uxy) = i. Next, we try to stick z1, y; with z3, yo together, respectively.
If 1, y1 can be stuck with xa, yo to get a proper total coloring, then we get a
tnpd-k-coloring of G, a contradiction. Otherwise, we consider the following cases.

Case 1. If only one pair of the vertices x; and y; for ¢ = 1,2 cannot be stuck
properly, without loss of generality, we say xo cannot be stuck properly with x;.
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Then i € {a,b}. Without loss of generality, let i = a.

If a ¢ {g,h}, then f = b (otherwise, we exchange the colors of uzy and uys
so that we can stick y1, y2 and z1, z2 together to get a tnpd-k-coloring of G, a
contradiction). We exchange the colors of uze and uys, and meanwhile exchange
the colors of wx; and wy;. Now, we can stick z1, xo with y;, yo together,
respectively, to get a tnpd-k-coloring of GG, a contradiction.

If ¢ = a, then we consider the following subcases.

e If h # e, then exchange the colors uze and ww, recolor wy; with e. Now we
can stick x1, xo with y1, yo together, respectively, a contradiction.

e If h = e and d # b, then first, exchange the colors of zu and zy;, and
meanwhile exchange the colors of wu and wy;. Then recolor uzs with d.
Now we can stick x1, o with y1, yo together, respectively, a contradiction.

e If h = e and d = b, then first, exchange the colors of vu and vxy. And then
recolor uxe with f, recolor uys with ¢. Now we can stick z1, xo with y1, yo
together, respectively, a contradiction.

If A = a, then we consider the following subcases.

e If g # d and d # b, then exchange the colors uze and uz, recolor zy; with d.
Now we can stick y1, y2 and x1, xo together properly, a contradiction.

o If g #% d and d = b, then first, exchange the colors of zu and zy;, and
meanwhile exchange the colors of wu and wz;. Then recolor uxo with f and
recolor uys with e. Now we can stick z1, xo and y;, y2 together properly, a
contradiction.

e If g = d, then first, exchange the colors of zu and zy; and meanwhile exchange
the colors of wy; and wu. And then recolor uxe with e. Now we can stick
x1, xo and y1, y2 together properly, a contradiction.

Case 2. xo and gy cannot be properly stuck with x; and y;, respectively.
Without loss of generality, let ¢/ (uz3) = g = a and h = f = b. Now we exchange
the colors of wv and vxy, and exchange the colors of uz and y;z. Next, recolor
uxy with d and recolor uys with c¢. Now, we can stick x1, x2 and y1, y2 together
properly, a contradiction. [ |

Property 4. Every 5~ -vertex is not adjacent to any 5~ -vertex.

Proof. Suppose to the contrary that there exists a 5~ -vertex u which is adjacent
to a 5 -vertex v. Without loss of generality, we assume dg(u) = dg(v) = 5, and
let Ng(u) = {u1,us,us, ug,v}, and Ng(v) = {v1,v2,v3,v4,u}. We consider the
smaller graph G’ = G — uwv. By the minimality of G, we have G’ admits a tnpd-
k-coloring ¢’. Now, we delete the colors of u and v. For convenience, we use ¢ to
denote the current coloring of G’. Let S1, So and S3 be the sets of available colors
for u, uwv and v, respectively. It is easy to know that |S;| > 5 for 1 < i < 3. We
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associate u, uv, v with the variables x1, 2 and x3, respectively, and let Inx; = y;
for 1 <4 < 3. For convenience, let S] = {y;|Inz; = y;,z; € S;} for 1 < i < 3.
Obviously, |Si| > 5 for 1 <14 < 3. Now we consider the following polynomial.

4
Plyvy2ys) = [ e —w) [] (01 + 92+ In Po(w) — In Py(u;))

1<k<I<3 i=1
4
1 (2 + 3 + In Po(v) — In Py(v)))
j=1

(y1 +y2 +InPy(u) — (y2 + y3 + In Py(v))),

where P,(x) denotes the product of colors which are used for = and the elements
which are incident with z in G’ in the coloring ¢. It is not difficult to obtain that
cp (y%yéyg) =20 # 0 by MATLAB. Since deg(P) = 12 = 44+4+4, by Lemma 2.3,
there is s; € S} for 1 <4 < 3 such that P(si, s2,s3) # 0. Finally, from the above
discussion, we can color u, uv and v with e®!, e*2 and e*3, respectively, to obtain
a tnpd-k-coloring of G, a contradiction. [ |

Note that the coefficient of the monomial y1y3y3 in the expansion of P(y1y2y3)
is equal to that of the same monomial in the polynomial [, ;<s(yx — ¥1)(y1 +
y2)*(y2+y3)*(y1 —y3) in Property 4. Thus in the following proofs when discussing
the coefficient of some monomial in the expansion of the polynomial, if its degree
is equal to the degree of the polynomial, we will omit the constant term in the
polynomial.

Property 5. There exists no (5~,6~,67)-cycle.

Proof. Suppose to the contrary that there exists a (57,67, 67 )-cycle uvw. With-
out loss of generality, we assume dg(u) = 5, dg(v) = dg(w) = 6. We consider
the smaller graph G’ = G — uv — uw — vw. By the minimality of G, we have G’
admits a tnpd-k-coloring ¢/. Now, we delete the colors of u, v and w. Let Si,
S9, S3, S4, S; and Sg be the sets of available colors for v, w, u, vw, vu and uw,
respectively. It is easy to know that |S1| > 13—-8=5>3,[S2| > 13—-8=5 >4,
S35 > 13—6=7>6,|S4] >13—-8=5>4,1|S5] >13—-—7=6 > 5 and
|Se| > 13 — 7 =6 > 4. We associate v, w, u, vw, vu and vw with the variables
x1,%2,...,%q, respectively, and let Inz; = y; for 1 <4 < 6. For convenience, let
Si={yi| Inz; = y;,x; € S;} for 1 <i < 6. Obviously, |S1] >5 > 3, |5 >5 > 4,
IS5 >7>6,]S) >5>4,|Sf] >6>5and |S;| > 6 > 4. Now we consider the
following polynomial.

Plyi,ya-vve) = [ we—w) JI - v —va)(yz — va)
1<k<I<3 4<i<j<6
(1 —y5)(y3 — y5)(v2 — v6) (Y3 — ¥e)
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(y1+ys —v2 —Y6) (Y2 + ys — y3 — ¥s)
(y1 + 1 — Y3 — v6) (Y2 + ya + v6) (y3 + vs + y6)°
(y1 +ya+ 3/5)4-

It is not difficult to obtain that cp (yi’y%ygyiygyé) = 346 # 0 by MATLAB.
Since deg(P) =26 =3+ 4+ 6 +4+ 5+ 4, by Lemma 2.3, there is s; € S/ for

1 < i < 6 such that P(s1,$2,...,8¢) # 0. Finally, we can color v, w, u, vw,
vu and uw with e®1 e, ... e%, respectively, to obtain a tnpd-k-coloring of G, a
contradiction. u

Property 6. For any non-zero integer t, if each (t + 1)-vertex in G can be
recolored, then for any verter u € V(G) with nq(u) > t, we have ng(u) = 0 where
2<d<t+1.

Proof. Suppose to the contrary that there exists a vertex u with n;(u) >t and
ng(u) # 0. Let vy, ve,...,v; be some 1-neighbors of u, and vy be a d-neighbor of
u where 2 < d < t+1. Since vy can be recolored, then we split the vertex vy into
voo and wvg1 to obtain a smaller graph G’ where dgr(vog) = 1 and dgr(ve1) = d—1.
By the minimality of G, G’ has a tnpd-k-coloring. Now, we stick vgg and vg;
together properly (if necessary, we can exchange the color of uvgg with some wv;
for 1 <1 <t) to obtain a tnpd-k-coloring of G, a contradiction. [ |

In the following, we give some structural properties of H.
Fact 1. For each u € V(H), if dg(u) <5, then dg(u) = dg(u).

Proof. Suppose to the contrary that there exists a vertex u € V(H) such that
d(u) < 5and nS (u) > 1. Without loss of generality, we assume that dg (u) = 5.

First, we assume that n{(u) > 1. By Property 6, we have n§ (u) = 0. Clearly,
n$(u) = dg(u) —5. If n{(u) = 1, then dg(u) = 6, a contradiction by Property 1.
So we have n{(u) > 2. Let wuy,uus, . .., uug_s be the 1-neighbors of u where d =
dc(u). Now, we consider the smaller graph G’ = G — {uuq,uug, . ..,uug_5}. By
the minimality of G, we have G’ admits a tnpd-k-coloring ¢’. Let Sy, Sa,...,Sq_5
be the sets of available colors for wuy, uus, ..., uug_5, respectively. It is easy to
know that |S;| > (A(G) +2) —6 = A(G) —4for 1 <i < d—5. Let B = {xy
Ty x5 |xp € Sk, 1 <k < d—5,H1§i<de_5(xi—xj) + 0}. By Lemma 2.2, we
have |B| > (A(G)—4)+(A(G)—5)+~--+(A(G)+2—d)—%(d—S)(d—4)+1 =
12A(G)—d—2)(d—5)—2(d—5)(d—4)+1=L1(d—5)2A(G) —2d+2)+ 1=
(d—5)(A(G) —d+1)+ 1.

Clearly, if d = 7, 8, 9 and 10, since A(G) > 11, we have |B| > (7—5)(11 -7+
1)+1=11>5, |B| > (8—5)(11—8+1)+1 =13 > 5, |B| > (9—5)(11-9+1)+1 =
13 >5and |B| > (10 —5)(11 =10+ 1) + 1 = 11 > 5, respectively. In each of
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the above-mentioned three situations, we can choose «; € S; to color uu; for
1 <4 < d-—5 to obtain a tnpd-k-coloring of G, a contradiction. If d > 11,
then we have |B| > (11 = 5)(A(G) —d+1)+1>6+1=7> 5. Now, we can
choose a; € 5; to color uu; for 1 < i < d— 5 to obtain a tnpd-k-coloring of G, a
contradiction.

Now, we assume that n{(u) = 0. Then by Property 2, n§(u) = 1. Thus
dc(u) = 6, a contradiction by Property 1. [

By Fact 1, it is easy to obtain the following fact.
Fact 2. 0(H) > 3.

Fact 3. For each u € V(H) with dg(u) = 6, if dg(u) < dg(u), then u is not
adjacent to any 5~ -vertex in H.

Proof. Suppose to the contrary that there exists a vertex u € V(H) with
dr(u) = 6 and nf' (u) > 1. By Fact 1, we have n?, (u) > 1.

First, we assume dg(u) = 7. Let w be the 27-neighbor and v be some 57 -
neighbor of wu, respectively. Without loss of generality, we assume dg(w) = 2
and dg(v) = 5. Now, we consider the smaller graph G’ = G — {uv,uw}. By
the minimality of G, we have G’ admits a tnpd-k-coloring ¢/. We delete the
colors of u and v. Let Si, S5, S3 and S; be the sets of available colors for w,
wv, vw and v, respectively. It is easy to know that [S1| > 13 — 10 = 3 > 2,
|S2] >13—-5—-4=4>3,|53]>13-6=T7>6and |Sy >13—-8=5>4. We
associate u, uv, uw and v with the variables x1, x2, x3 and x4, respectively, and
let Inz; = y; for 1 <14 < 4. For convenience, let S = {y; | Inx; = y;,x; € S;} for
1 < i< 4. Obviously, [S]| =3 > 2, [S[ >4>3,[95] =7 >6and |5 =5 > 4.
Now we consider the following polynomial.

P(y,yz,ysys) = [ e — )01 — va)(y2 — va)
1<k<j<3

(y1 +y3 — ya)(y1 + y2 +y3)° (2 + ya) ™.

It is not difficult to obtain that cp (y%ygygyg) =50 # 0 by MATLAB. Since
deg(P) = 15 = 2434 6 + 4, by Lemma 2.3, there is s; € S, for 1 < i < 4
such that P(s1, s2,s3,54) # 0. Finally, we can color u, uv, uw and v with e®!,
e’ ..., e, respectively, to obtain a tnpd-k-coloring of GG, a contradiction.

Now, we assume dg(u) > 8. Then ng, (u) > 2. By Property 2 and Prop-
erty 6, we have n{(u) = dg(u) — dg(u). Let uui,uus,...,uug_g be the 1-
neighbors of u where d = dg(u). Now, we consider the smaller graph G’ =
G — {uuy,uug, ..., uug_g}. By the minimality of G, we have G’ admits a tnpd-
k-coloring ¢’. Let S1,Ss,...,S4_¢ be the sets of available colors for uuy, vus, . . .,
uug—g, respectively. It is easy to know that |S;| > (A(G)+2) —7 = A(G) —5 for
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1<:1<d—6. Let B= {xlxg---md,glxk S Sk,l <k< d_67H1§i<j§d76(wi_
xj) # 0}. By Lemma 2.2, we have |B| > (A(G) —5)+(A(G) —6)+-- -+ (A(G) +
2—d)—1(d—6)(d—5)+1=102A(G)—d—3)(d—6)— 3(d—6)(d—5)+1=
%(d —6)2A(G) —2d+2)+1=(d—-6)(A(G)—d+1)+ 1.

Clearly, if d = 8, 9, and 10, since A(G) > 11, we have |B| > (8 — 6)(11 —
8+1)+1=9>6,|B] >O-6)(11-94+1)+1 =10 > 6, and |B| >
(10-6)(11 =10+ 1) +1 =9 > 6, respectively. In each of the above-mentioned
three situations, we can choose «; € S; to color uu; for 1 <7 < d — 6 to obtain a

tnpd-k-coloring of G, a contradiction.

If d = 11, then we consider the following subcases.

e If A(G) = 11, then the color set which is used in the coloring is {1,2,...,13}.
Let v be some 5 -neighbor of w. Without loss of generality, we assume
dg(v) = 5. Clearly, in any coloring of G, p(u) > 1 x 2 x --- x 12, p(v) <
13x12x---x8. Thus % = 1% > 1. So we have p(u) # p(v) in any coloring.
Since |B| > (11 —-6)(11—11+1)+1 =6 > 5, we can choose a; € S; to color
uu; for 1 <4 < 5 to obtain a tnpd-k-coloring of GG, a contradiction.

e If A(G) > 12, then we have |B| > (11-6)(12—114+1)+1 =11 > 6. Now, we
can choose «; € S; to color uu; for 1 <i < d— 6 to obtain a tnpd-k-coloring
of GG, a contradiction.

If d > 12, then we have |B| > (12—6)(A(G)—d+1)+1 > 6+1 =7 > 6. Now,
we can choose «; € S; to color uu; for 1 < ¢ < d — 6 to obtain a tnpd-k-coloring
of GG, a contradiction. [ |

Fact 4. For each v € V(H) with dg(u) = 7, if dg(u) < dg(u), then u is not
adjacent to any 4~ -vertex in H.

Proof. Suppose to the contrary that there exists a vertex u € V(H) with
di(u) = 7 and nil (u) > 1. By Fact 1, we have n§ (u) > 1.

If dg(u) = 8, then let v be the 27 -neighbor and w be some 4~ -neighbor of
u, respectively. Now, we consider the smaller graph G' = G — {uv,uw}. By
the minimality of G, we have G’ admits a tnpd-k-coloring /. Let Si, Sy be
the sets of available colors for uv and ww, respectively. It is easy to know that
|Sl‘ >13—-8=25, |S2‘ >13—-10=3. Let B = {xlxg |xk €S, k=1,2,21 # xz}.
By Lemma 2.2, we have |B| > 543 —3+1=6 > 5. Thus there exist z; € 57,
o € Sy for uv and uw such that u does not conflict with any adjacent vertex. Now
we can color uv and uw with x1 and x9, respectively, to get a tnpd-k-coloring, a
contradiction.

If dg(u) = 9, then ng, (u) = 2. By Property 2 and Property 6, we have
n$(u) = 2. Let v, w be the 1-neighbors. Now, we consider the smaller graph
G' = G—{uv,uw}. By the minimality of G, we have G’ admits a tnpd-k-coloring

c. Let Si, So be the sets of available colors for uv and uw, respectively. It is
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easy to know that |S1| > 13 —8 =5, |So| > 13 —8 = 5. Let B = {x1x9 |z €
Sk, k=1,2,21 # x9}. By Lemma 2.2, we have |B| >5+4—-3+41=7>5. Thus
there exist z1 € S1, xo € Sy for uv and ww such that u does not conflict with
any adjacent vertex. Now we can color uv and uww with x; and x9, respectively,
to get a tnpd-k-coloring, a contradiction.

If di(u) > 10, then n§ (u) > 3. By Property 2 and Property 6, we have
n{(u) > 3. By Property 6, we have n§(u) = 0 for 2 < d < 4. Thus ni’ (u) =0
by Fact 1. [

Fact 5. For each u € V(H) with dg(u) = 7, u is adjacent to at most one
47 -vertex in H.

Proof. Suppose to the contrary that there exists a vertex u € V(H) with
di(u) = 7 and nil (u) > 2. By Fact 1, we have n§ (u) > 2.

If dg(u) = dp(u) =7, then let v, w be the 4~ -neighbors of u. Without loss
of generality, we assume that dg(v) = dg(w) = 4. Now, we consider the smaller
graph G’ = G — {uv,uw}. By the minimality of G, we have G’ admits a tnpd-k-
coloring /. We delete the color of u. Let S1, So and S3 be the sets of available
colors for u, uv and uw, respectively. It is easy to know that |S1| > 13 — 10 = 3,
|S2‘ > 13 -8 =5and ’53| > 13—-8=05. Let B = {x1x2m3|azk GSk,l < kﬁg,
[li<icj<s(@i—;) # 0}. By Lemma 2.2, we have [B| >3+4+5-6+1=17>5.
Thus there exist x1 € S1, 9 € S and z3 € S3 for u, uv and uw such that u does
not conflict with any adjacent vertex. Now we can color u, uv and uw with z1,
x9 and x3, respectively, to get a tnpd-k-coloring, a contradiction.

If dg(u) > 8, then ny—(u) = 0 by Fact 4. |

For convenience, for each u € V(H) with dy(u) = 7, if nf (u) = 1, then we
call it a bad 7-vertex. Otherwise, it is called a good 7-vertex.

Fact 6. There is no (5,6,7)-cycle or (5,7,7)-cycle such that the T-vertices are
bad T-vertices in H.

Proof. Without loss of generality, suppose to the contrary that there exists a
(u,v,w)-cycle such that dy(u) = dg(w) = 7, dg(v) = 5 and u, w are bad 7-
vertices, or dy(u) = 7, dg(w) = 6, dg(v) = 5 and u is a bad 7-vertex. By
Fact 1, Fact 3 and Fact 4, we have dy(x) = dg(z) where x is u, w or v. For
convenience, let uu; € E(H) with dg(u;) = 3. Now, we consider the smaller
graph G' = G — {uuy, uv, vw,vw}. By the minimality of G, we have G’ admits
a tnpd-k-coloring ¢/. Now, we delete the colors of u, v and w. Let Sy, Ss, Ss,
S4, S5, S¢ and S7 be the sets of available colors for u, v, w, uv, uw, wv and wuq,
respectively. It is easy to know that |S1| > 13—-8=5>4,[S2| >13—-6=17 > 6,
1S5 > 13 -10 =3 > 2, [S4| > 13 -7 =6 > 5, [S5] > 13-9 =4 > 3,
|S¢| > 13 -8 =5 >4 and |S7] > 13—-6 = 7 > 6. We associate u, v, w, uv,
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uww, wv and uwu; with the variables x1, 9, ..., 27, respectively, and let Inx; = y;
for 1 <4 < 7. For convenience, let S, = {y;| Inz; = y;,z; € S;} for 1 <i < 7.
Obviously, [S}| > 5 >4, [S)| >7>6,|S4] >3>2,[9)| >6>5,|5 >4>3,
|Sg| > 5 >4 and |S] > 7 > 6. Now we consider the following polynomial.

Plynyz -y = I1 we—w) TI i —u)n — a2 —ya)
1<k<j<3 4<i<j<6
(y1 —y5)(ys — y5) (Y2 — v6) (y3 — v6) (y1 — y7) (Y4 — y7)
(ys —yr) (1 +ys +y7 —y2 — y6) (Y2 + va — ¥3 — ¥s)
(1 4+ ya+y7r — y3 — v6) (2 + ya + ¥6)* (3 + y5 + v6)°
(1 +ya+ys +yr)h

It is not difficult to obtain that cp (y%ygygyi’yg’yéyg) = 200 # 0 by MATLAB.
Since deg(P) =30 =4+6+245+3+4+ 6, by Lemma 2.3, there is s; € .S] for

1 < < 7 such that P(sy,$2,...,s7) # 0. Finally, we can color u, v, w, uv, uw,
wv and wu; with e’1,e%2, ... %7, respectively, to obtain a tnpd-k-coloring of G,
a contradiction. [ ]

Fact 7. For each v € V(H) with dy(u) =7, if niL.(u) =1, then u is adjacent to
at most one 5-vertex in H.

Proof. Suppose to the contrary that there exists a vertex u € V(H) with
di(u) = 7, nil (u) = 1 and nff(u) > 2. By Fact 1, we have n{ (u) = 1 and
n&(u) > 2. Let uj be the 4 -neighbor of u, uy and ug be the 5-neighbors of u.

By Fact 4, we only consider the situation dg(u) = dg(u). Without loss of
generality, we assume dg(u;) = 4. Now, we consider the smaller graph G’ =
G — {uu,uug,uug}. By the minimality of G, we have G’ admits a tnpd-k-
coloring ¢’. Now, we delete the colors of u, up and uz. Let Sy, Sa, S3, S4, S5 and
Sg be the sets of available colors for u, uui, uus, uus, us and ug, respectively.
It is easy to know that |S1| > 13 —8 =5 > 4, |Sy| > 13—-4—-3 =6 > 5,
|S3] > 13 -8 =5>3,|54 >13—-8=5>4,1[S5] >13—-8 =5 > 4 and
|Ss| > 13—8 = 5 > 4. We associate u, uuq, uug, uus, uz and uz with the variables
x1,%2,...,Tq, respectively, and let Inz; = y; for 1 <4 < 6. For convenience, let
Si={yi| Inz; = y;,z; € S;} for 1 <i < 6. Obviously, [S1] >5 >4, |S5| > 6 > 5,
IS5 >5>3,]5) >5>4,|St >5>4and |S;| > 5> 4. Now we consider the
following polynomial.

P(yn,ya,--ve) = [ wo—w) J] W= vi)ys —us)(wa — us)
2<k<6 2<i<j<4
(y1+y2 +vy1—y5)(v1 +v2 +y3 — v6) (ys + y5)*
(ya + y6)4(y1 +y2 +ys + y4)4.
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It is not difficult to obtain that cp (y%ygygyiyg‘yé) = 176 # 0 by MATLAB.
Since deg(P) =24 =4+ 5+ 3+ 4+ 4+ 4, by Lemma 2.3, there is s; € S/ for

1 <4 <6 such that P(sq,s9,...,5¢) # 0. Finally, we can color u, uui, uusg, uus,
u9 and ug with e e%2, ... €%, respectively, to obtain a tnpd-k-coloring of G, a
contradiction. u

Fact 8. For each v € V(H) with dy(u) =8, if n (u) > 1 and ni’ (u) > 2, then
nt (u) =2.

Proof. Suppose to the contrary that there exists a vertex u € V(H) with
dr(u) = 8 such that nf(v) > 1, nfl (u) > 2 and nll (u) > 3. By Fact 1,
we have n§ (u) > 1, n§ (u) > 2 and né’l (u) > 3.

If dg(u) = dg(u) = 8, then let uj, uz and us be the 5 -neighbor of w.
Without loss of generality, we assume dg(ui) = 3, dg(uz2) = 4 and dg(ug) = 5.
Now, we consider the smaller graph G’ = G —{uu1, uuz, uus}. By the minimality
of G, we have G’ admits a tnpd-k-coloring /. Now, we delete the colors of u
and usg. Let S7, S9, S3, S4 and S; be the sets of available colors for u, wuq,
uug, uus and us, respectively. It is easy to know that |S1| > 13 — 10 = 3 > 2,
1S5 >13-5-2=6>5,[S3 >13-8=5>4, [ >13-9=4> 3 and
|S5] > 13 — 8 =5 > 4. We associate u, uuy, uug, uusz and uz with the variables
r1,T9,...,Ts5, respectively, and let Inx; = y; for 1 < ¢ < 5. For convenience, let
S!={yi| Inz; = y;,x; € S;} for 1 <i < 5. Obviously, |S]| >3 > 2, S5 > 6 > 5,
|S5] > 5 >4, 15)] >4 >3 and |Sf| > 5 > 4. Now we consider the following
polynomial.

P(y1,y2,...,y5) = H (e — ) (1 — y5) (ya — ys) (1 + Y2 + Y3 — Ys)
1<k<i<4

(ya +y5) (1 + ya + y3 + ya)®.

It is not difficult to obtain that cp (y%ygygfyi’yg) =45 # 0 by MATLAB. Since
deg(P) =18 = 245444344, by Lemma 2.3, there is s; € S} for 1 <14 < 5 such
that P(s1,s2,...,55) # 0. Finally, we can color w, uu;, uug, uug and ug with
et e’2 ..., e% respectively, to obtain a tnpd-k-coloring of G, a contradiction.

If dg(u) =9, then ny- (u) = 1. Let uj, ug and ug be the 4 -neighbor of w.
Without loss of generality, we assume dg(u1) = 2, dg(uz) = 3 and dg(uz) = 4.
Now, we consider the smaller graph G’ = G —{uu1, uuz,uus}. By the minimality
of G, we have G’ admits a tnpd-k-coloring ¢. Now, we delete the colors of u.
Let S1, S9, S3 and S; be the sets of available colors for u, wuq, uus and uug,
respectively. It is easy to know that |S1| > 13 —12 =1, [Sp| > 13 -7 = 6,
|Sg‘ >13—8 =5 and |S4‘ >13—-9=4. Let B= {$1$2$3{E4’$k €S, 1<k<4,
[i<icj<a(mi—zj) # 0}. By Lemma 2.2, we have |B| > 1+4+5+6—10+1 =7 > 6.
Thus there exist z1 € S1, T9 € S, x3 € S3 and x4 € Sy for u, uuy, vus and uug



NEIGHBOR PRODUCT DISTINGUISHING TOTAL COLORINGS 995

such that u does not conflict with any adjacent vertex. Now we can color wu,
uul, uue and wusg with z1, o, x3 and x4, respectively, to get a tnpd-k-coloring,
a contradiction.

If dg(u) > 10, then ng;, (u) > 2. By Property 2 and Property 6, we have
n$(u) > 2. By Property 6, we have n§(u) = 0 for 2 < d < 3. Thus n{ (u) =0
by Fact 1. A contradiction to n (u) > 1. [ ]

In order to complete the proof, we use the discharging method. By Euler’s

formula |V (H)| — |E(H)| + |[F(H)| = 2 and 3 cy () du(v) = X pepry du(f) =
2|E(H)|, thus

Y du(w)=6)+ Y (2du(f)—6) = —6(|V(H)|—|EH)|+|F(H)|) = —12.

veV (H) JEF(H)

Define an initial charge function w on V(H) U F(H) by setting w(v) =
dpg(v) —6 if v € V(H) and w(f) = 2dy(f) — 6 if f € F(H). Clearly, we
have erV(H)UF(H) w(z) = —12.

Now redistribute the charges according to the following discharging rules.
D1. If v is a bad 3-neighbor of u, then u gives 1 to v.

D2. Assume that v is a special 3-neighbor of u, then u gives % to v.
D3. If v is a bad 4-neighbor of u, then u gives % to v.
D4. For each u € V(H), if u is a good 7-vertex and v is a bad 5-neighbor of u,

then u gives % to v.

D5. If v is a bad 5-neighbor of w with dg(u) > 8, then u gives % to v.

D6. Assume that f is a 4-face. If f is bad, then f gives 1 to each of its incident
5~ -vertices. If f is good, then f gives 2 to each of its incident 5~ -vertices.

D7. If fis a 5'-face, then f gives 2 to each of its incident 5 -vertices.

Let the new charge of each element z € V(H)UF(H) be w'(z). In the follow-
ing, we will show that 3>, oy (yup) @' () = 0, a contradiction to 3, ey (pryup(m
w(x) = —12. This will complete the proof.

Consider any vertex v € V(H), suppose dg(v) = 3. Then w(v) = —3.

If v is incident with three 3-faces, then w'(v) = w(v) +3 x 1 =0 by D1.

If v is incident with two 3-faces and one bad 4-face, then w'(v) = w(v) + 1+
1 x2+1=0by D1, D2 and D6.

If v is incident with two 3-faces and one good 4-face (or 51-face), then w'(v) =
w(v) +142=0by D1 and D6 (or DT).

If v is incident with one 3-face and two bad 4-face, then w'(v) = w(v) + 3 X
24+1x2=0Dby D2 and D6.
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If v is incident with one 3-face and at least one good 4-face (or 5*-face), then
w'(v) > w(v) +1+1+2=1>0by D2 and D6 (or D).

Otherwise, v is incident with three 4T -faces. Then w'(v) > w(v) +1x 3 =0
by D6 and D7.

Suppose dg(v) = 4. Then w(v) = —2.

If v is incident with four 3-faces, then w'(v) = w(v) 4+ 3 x 4 = 0 by D3.

Otherwise, v is incident with at least one 4*-face. Then w'(v) > w(v) + 1 +
1 x2=0by D6, D7 and D3.

Suppose dg(v) = 5. Then w(v) = —1.

If v is incident with at least one 4*-face, then w'(v) > w(v) + 1 = 0 by Dé6.
Otherwise, v is incident with five 3-faces. By Property 5 and Fact 3, v has at
least three 7T-neighbors in H. Furthermore, v is adjacent to at most two bad
7-vertices by Fact 4 and Fact 6. For convenience, we divide the proof into the
following cases.

e If v is not adjacent to any bad 7-vertex, then clearly we have w'(v) > w(v) +
$ x3=0by D5.

e If v is adjacent to one bad 7-vertex, then we have nf, (v) > 4 by Fact 6. We
have w'(v) > w(v) + § x 3 =0 by D4 and D5.

e If v is adjacent to two bad 7-vertices, then we have nﬁ( ) = 5 by Fact 6.
We have w'(v) > w(v) + & x 3= 0 by D4 and D5.

Suppose dg(v) = 6. Then w(v) = 0. By Property 1 and Fact 3, we have v is
not adjacent to any 4~ -vertex in H. Thus we have w'(v) = w(v) = 0.

Suppose dp(v) = 7. Then w(v) = 1. By Fact 5, we have nfl (v) < 1. If
nil(v) = 1, i.e., v is a bad T-vertex, then n (v) = 0. We have w'(v) > w(v)—1 =0
by D1, D2 and D4. Tf nf(v) = 1, then n{ (v) =0 and v 1s adjacent to at most
one 5-vertex by Fact 7. We have w’(v) >w(v) — & —4%=3%>0by D3 and D4.
Otherwise, ny- (v) = 0, since v has at most three bad 5- nelghbors by Proposition 4
and Fact 1, we have w'(v) > w(v) — & x 3 =0 by D4.

Suppose dg(v) = 8. Then w(v) = 2. By Fact 8, we have ni! (v) < 2.

If ni(v) = 2, then ni(v) = 0 and nff(v) = 0. Thus we have w'(v) >
w(v) —1x2=0 by DI.

If ni(v) = 1, then ni(v) < 1 by Fact 8.

e Ifnil(v) = 1, then n (v) = 0 by Fact 8. We have w’(v) > w(v)—1—
by D1 and D2.

o If ntl (v )—0 then nil(v) < 3 by Property 4 and Fact 1. We have w'(v) >
w(v) —1—% x3=0by D1 and D5.

Otherwise, nf (v) = 0. Then nfl (v) + nkl (v) < 4 by Property 4 and Fact 1.
We have w'(v) > w(v) — 3 x 4 =0 by D3 and D5.
Suppose dg(v) = 9. Then w(v) = 3. We have nif(v) < 3 by Property 3.

N|—
|
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If nfl (v) = 3, then ni(v) = 0 and nf (v) = 0 by Property 4 and Fact 1.
Thus we have w'(v) = w(v) — 1 x 3 =0 by DI1.

If ndl(v) = 2, then nfl (v) + nfl(v) + ni(v) < 2 by Property 4 and Fact 1.
Thus we have w'(v) > w(v) =1 x 2 — 1 x 2 =0 by D1, D2, D3 and D5.

If nf (v) = 1, then nfl(v) + n4b(v) + ”51)( v) < 4 by Property 4 and Fact 1.
Thus we have w'(v) > w(v) —1— 1 x 3 =13 >0by D1, D2, D3 and D5.

Otherwise nfl (v) = 0. Then n#l (v) + nfl (v) + nll (v) <5 by Property 4 and
Fact 1. Thus we have w'(v) > w(v) — 3 x 5= % >0 by D2, D3 and D5.

Suppose dg(v) = 10. Then w(v) = 4. We have nfl (v) < 3 by Property 3.

If ndf(v) = 3, then n¥l (v) + nfl(v) + n f(v) < 1 by Property 4 and Fact 1.
Thus we have w'(v) = w(v) =1 x3—1 =1>0by D1, D2, D3 and D5.

If ndl(v) = 2, then nfl (v) + nfl(v) + nif(v) < 4 by Property 4 and Fact 1.
Thus we have w'(v) > w(v) =1 x 2—1 x4 =0 by D1, D2, D3 and D5.

If ndl(v) = 1, then nfl(v) + nfl(v) + ni(v) < 5 by Property 4 and Fact 1.
Thus we have w'(v) > w(v) —1—3 x5 % > 0 by D1, D2, D3 and D5.

Otherwise nil (v) = 0. Then nl)q (v)1
2

<

+ nfi (v) + n (v) < 6 by Property 4 and
Fact 1. Thus we have w'(v) > w(v) — 5 x 6 =1 > 0 by D2, D3 and D5.

Suppose dg(v) > 11. Then w(v) = dy(v) — 6. Since two special 3-neighbors
may be incident with one and the same bad 4-face, it is not difficult to ob-
tain that nfl(v) < 2 (dg(v) —2nf(v)). Clearly, nfl(v) + nfl(v) + nfl(v) <
2 (du(v) — 2nif(v)) by Property 4 and Fact 1.

Thus we have w'(v) > w(v) — n?%(v) — [3 (du(v) —2nfl(v))] x & =
6 — nil(v) — (dH( ) —2nf(v)) x 1 =dy(v) — 6 —ndl(v) — 2dy(v) + 2nfl(v) =
2dp(v) — 6 — Infl( 1) by D1, D2, D3 and D5. )
) Since 7515,1( v) < ,dH(l v) by Property 3, we have w'(v) > 5dy(v) — 6 — 3 x
§dH(U) = gdH(U) —6> 9 > 0.

For each f € F(H), suppose dg(f) = 3. Then w'(v) = w(v) = 0.

Suppose dg(f) = 4. Then w(f) = 2. By Property 4 and Fact 1, f is incident
with at most two 5~ -vertices. If f is bad, then w'(f) = w(f) — 1 x 2 =0 by DE6.
Otherwise, we have w'(f) > w(f) —2 = 0 by DE6.

Suppose dg(f) > 5. Then w(f) = 2dgy(f) — 6. By Property 4 and Fact 1,
f is incident with at most |1dy(f)| 5~ -vertices. We have w'(f) > w(f) — 2 x
3di(f) =0 by D7.
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