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Abstract

We show that if G is a connected cubic graph of order 10, then there
exists a G-decomposition of K, if and only if v =1 or 10 (mod 15) except
when v = 10 and G is one of 5 specific graphs.
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1. INTRODUCTION

For a graph G, we use V(G) and E(G) to denote the vertex set and the edge
set of G, respectively. We use K,«s to denote the complete simple multipartite
graph with r parts of size s, and K,y (or K¢ ,xs) to denote the complete simple
multipartite graph with r parts of size s and one part of size t. If G’ is a subgraph
of G, then G\ G’ denotes the graph obtained from G by deleting the edges of G’.
The graph K, \ K, is called a complete graph of order v with a hole of size u and
the vertices of K, are called the vertices in the hole. If a and b are integers with
a <b, let [a,b] denote the set {a,a+1,...,b}.

A decomposition of a graph K is a set A = {G1,Ga,...,G} of subgraphs
of K such that each edge of K appears in exactly one G;. If each G; in A is
isomorphic to a given graph G, the decomposition is called a G-decomposition of
K and the copies of G in A are called G-blocks. A {G, H}-decomposition of K is
defined similarly. A G-decomposition of K is also known as a (K, G)-design and
a (K, G)-design is often known as a G-design of order v. If a G-decomposition
of K exists, then we may say G decomposes K or K is decomposable by G.

A (K,, Kj)-design is also known as a balanced incomplete block design and a
Kj,-decomposition of Ky, 4, 0, is a group divisible design. We will make use of
group divisible designs in our constructions. However, for the sake of brevity, we
will refrain from adding too many details on these concepts and direct the inter-
ested reader to the Handbook of Combinatorial Designs [10] and to the summaries
within on group divisible designs [11].

Given a graph G, a classical problem in combinatorics is to find necessary
and sufficient conditions on v for the existence of a (K, G)-design. This is known
as the spectrum problem for G and it has been investigated and settled for nu-
merous classes of simple graphs G (see [2] and [7] for summaries, and the website
maintained by Bryant and McCourt [8] for more up to date results). When G is
a complete graph, the spectrum problem was settled by Kirkman [15] for G = K3
and by Hanani [13] for G € {K4, K5}. The spectrum problem for connected 2-
regular graphs (i.e., for cycles) was investigated by numerous authors and settled
by Alspach and Gavlas in [6].

In this work, we are concerned with the spectrum problem for the connected
3-regular (i.e., cubic) graphs of order 10. There are 19 non-isomorphic such
graphs (see Figure 1 and [18]). The spectrum problem has been settled for 6 of
them (the unlabeled ones in the figure). Here we settle it for the remaining 13
graphs.

If G is a cubic graph of order 10 and if there exists a (K, G)-design, then we
must have 15/(35) (since the number of edges in G is 15 and the number of edges
in K, is (5)) and 3Jv — 1 (since G is 3-regular and K, is (v — 1)-regular). Thus
we must have v =1 or 10 (mod 15).
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Figure 1. The 19 connected cubic graphs of order 10. The spectrum problem for the 6
unlabeled graphs has previously been settled.

Because of the interest in the Petersen graph (Graph Gig in Figure 1), it
had been known that it does not decompose Kig (see [14]). In 1996, Adams
and Bryant [1] settled the spectrum problem for the Petersen graph by showing
there exists a G19-decomposition of K, if and only if v = 1 or 10 (mod 15)
and v # 10. Subsequently, Adams, Bryant, and Khodkar [3] showed that 4
additional connected cubic graphs of order 10, namely Gs, G14, G5, and Gi7
do not decompose Ki1g. The aim of this manuscript is to show that these are
the only cases when v = 1 or 10 (mod 15) and a G;-decomposition of K, does
not exist. In 2016, the spectrum problem for the 5-Prism and 5-Mobius (G5
and G17, respectively) was settled by Meszka, Nedela, Rosa, and Skoviera in [17].
More recently, Adams et al. [4] settled the spectrum problem for Graphs G, G
and Glg.

It is known that if G is a connected cubic graph of order 10, then there exists
a G-design of order v for all v = 1 (mod 30) (see [19] if G is bipartite and [20]
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if G is tripartite). Thus to settle the spectrum problem for these 13 remaining
graphs, it suffices to settle the cases v = 10,16 and 25 (mod 30).

Before proceeding, we note that several authors have considered the spectrum
problem for various cubic graphs. In [13], Hanani settled the problem for Kj-
designs by showing that there exists a (K, K4)-design if and only if v = 1 or
4 (mod 12). The spectrum problem for K3 3-designs was settled by Guy and
Beineke in [12]. The spectrum problem for the 3-prism was settled by Carter
[9]. The spectrum problem for the 3-dimensional cube was settled by Maheo in
[16]. More recently, the spectrum problem for the remaining four connected cubic
graphs of order 8 was settled in [5].

We will show that if G; is a connected cubic graph of order 10, then there
exists a (K, G;)-design of order v if and only if v = 1 or 10 (mod 15), and
v # 10 when G; € {G2,G14,G15,G17,G19}. Since these results are known
when G; € {Gi1,G15,G16,G17,G18,G19}, we will focus on the remaining 13
graphs. Henceforth, each of the graphs G; with i € [2,14] in Figure 1, with
vertices labeled as in the figure, will be represented by G;[vg,v1,...,v9]. For
example, Ga[vg, v1, ..., v9] is the graph with vertex set {vg, v1, va, v3,v4, 5, Vg, V7,
vs, U9} and edge set {{vo, v}, {v1,v2}, {v2,v3}, {vs, va}, {va, vs}, {vs, v}, {ve, v7},
{vr,vs}, {vs, vo}, {ve, vo}, {vo, va}, {v1,vo}, {vs, vs}, {va, v6}, {vs,v7}}. In some
cases, we may write a G-decomposition of a graph with vertex set V as a pair
(V,B), where B is a collection of copies of G that partitions the edge-set of the
graph.

2. GENERAL CONSTRUCTIONS

Our main constructions depend on many small examples. These examples are
given in the Appendix. We first state some results on K4-decompositions of cer-
tain complete multipartite graphs as well as a result on { K3, K5 }-decompositions
of K,. We make use of these results in the next section. All of these results can
be found in the Handbook of Combinatorial Designs [10].

Theorem 1. There exists a Kyq-decomposition of Knxo if and only if n = 1
(mod 3) and n > 7.

Theorem 2. There exists a K4-decomposition of Ky, «s3 if and only ifn =0 or 1
(mod 4) and n > 4.

Theorem 3. There exists a Ky-decomposition of Kpxo5 if and only if n = 0
(mod 3) and n > 9.

Theorem 4. There exists a Ky-decomposition of K,_2yx36 if and only if n =2
or3 (mod 4) andn > 7.

Theorem 5. There ezists a { K3, K5 }-decomposition of K, if v is odd.
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Because of the relevance of the decompositions of Kjg results from [3], we
state them in a separate lemma.

Lemma 6. Let G be a connected cubic graph of order 10 (see Figure 1). There
exists a G-decomposition of Kig if and only if G ¢ {G2, G14, G15,G17,G19}.

We are ready to proceed with our results.

Lemma 7. For every integer x > 2 and each i € [3,13], there exists a G;-
decomposition of K(3,41)x10-

Proof. By Theorem 1, there exists a K4-decomposition of K(3,,1)x2- Replacing
each vertex of K(3,41)x2 by a set of 5 vertices and each edge of K(3,,1)x2 by a
copy of K55 gives a Kyx5-decomposition of K(3;41)x10- By Example 24, there
exist GG;-decompositions of K4«5. Thus the result now follows. [ ]

Lemma 8. Let i € [3,13]. There exists a G;-decomposition of K, for all v =10
(mod 30).

Proof. Let x be a nonnegative integer and let v = 30z + 10. For v = 10 and
v = 40, the results follow from Lemma 6 and Example 20, respectively. So we
may assume x > 2.

Let H be the complete graph with vertex set Hy U Ho U --- U Hs,qq with
|H;| = 10 for each j € [1,3xz + 1]. By Lemma 7, there is a G;-decomposition
B! of K (3541)x10 With vertex set Hy U Hy U --- U H3,11 and the obvious vertex
partition. For each ¢ € [3,13] and j € [1,3z + 1], let B; ; be a Gj-decomposition
of Ko with vertex set H;. Then (V, B;) where V = V(H) and B; = B;UB; ; U
Bi72 J---u Bi,3x+1 is a G4-decomposition of K30.410- [ |

Lemma 9. For every positive integer x and each i € [2,14], there exists a G;-
decomposition of K(az41)x15-

Proof. 1t is simple to see that K1515 decomposes K(,41)x15 and since G4 de-
composes K515 (by Example 28), the result follows for Gi4. By Theorem 5,
there exists a { K3, K5 }-decomposition of Ka,41. Replacing each vertex of Koy1
by a set of 15 vertices and each edge of Ko,1 by a copy of Ki515 gives a
{K3x15, K5x15 }-decomposition of Ko, 1)x15- By Examples 25 and 26, there
exist G;-decompositions of K315 and Ksx15 for all ¢ € [2,13]. Thus the result
now follows. [ |

Lemma 10. Let i € [2,14]. There ezists a G;-decomposition of K, for allv = 16
(mod 30).
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Proof. Let x be a nonnegative integer and let v = 30x 4+ 16. For v = 16, the
result follows from Example 18. So we may assume x > 1.

Let H be the complete graph with vertex set Hy U Ho U -+ U Hazy1 U {00}
with |H;| = 15 for each j € [1,2z+1]. By Lemma 9, there is a G;-decomposition
B{ of K(Qmﬂ)xm with vertex set Hy U Ho U --- U Ha,41 and the obvious vertex
partition. For each ¢ € [2,14] and j € [1,2z + 1], let B; ; be a Gj-decomposition
of K6 with vertex set H; U {oo}. Then (V,B;) where V = V(H) and B; =
B! UB;1UBj2U---UB;az41 is a Gi-decomposition of K3pz416. ]

Lemma 11. For every integer x > 3 and each i € [3,13], there exists a G;-
decomposition of K(3z)x10,25-

Proof. By Theorem 3, there exists a Kj-decomposition of K3,yxo5 for z > 3.
Replacing each vertex of K (3;)x25 by a set of 5 vertices and each edge of K(3,)x25
by a copy of K55 gives a Kyy5-decomposition of K(3;)x10,25- By Example 24,
there exist G;-decompositions of K4x5. Thus the result now follows. [ ]

Lemma 12. Let i € [3,13]. There exists a G;-decomposition of K, for all v =25
(mod 30).

Proof. Let x be a nonnegative integer and let v = 30z + 25. There exist G-
decompositions of Ko5, K55 and Kgs by Examples 19, 21 and 22, respectively.
Thus it remains to consider the case = > 3.

Let H be the complete graph with vertex set Hy U Ho U --- U Hs,1q with
|H;| = 10 for j € [1,3z] and |H3z4+1| = 25. By Lemma 11, there exists a Gj-
decomposition B, of K (3z)x10,25 With vertex set Hy U Hy U ---U H3zyq and the
obvious vertex partition. For each i € [3,13] and j € [1,3z], let B;; be a Gj-
decomposition of K19 with vertex set H;. Also, let B; 3,11 be a G;-decomposition
of K5 with vertex set Hszy1. Then (V,B;) where V = V(H) and B; = B} U
Bi1UB;jaU---UB,j3;41 is a Gj-decomposition of K30,425. []

Because there is no Gs- nor a Gi4-decomposition of Kqg, we will treat the
case v = 10 (mod 15) for these two graphs separately. Moreover, since G4 is
bipartite and G5 is not, we will use different approaches for the two graphs.

Lemma 13. There exists a Go-decomposition of Kyx15 whenx =0 or1 (mod 4),
r > 4, and a Ga-decomposition of K, _9)x1530 when x = 2 or 3 (mod 4) and
T >17.

Proof. By Theorem 2, if z = 0 or 1 (mod 4), then there exists a Ky-decom-
position of K3, and by Theorem 4, if z = 2 or 3 (mod 4) and = > 7, then
there exists a Ky-decomposition of K(,_2)x3¢. Replacing each vertex in these
decompositions by a set of 5 vertices and each edge by a copy of a Kj 5 yields
a Kyxs-decomposition of K15 when x = 0 or 1 (mod 4) and of K(;_2)x1530
when x =2 or 3 (mod 4) and 2 > 7. The result follows by Example 24. |
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Lemma 14. If v = 10 (mod 15) and v # 10, then there exists a Ga-decomposi-
tion of K,.

Proof. Let x be a positive integer and let v = 152+ 10. By Examples 19, 20, 21,
and 23, there exist Go-decompositions of Kos, K40, K55, and Kiqg, respectively.
So we may assume that = ¢ {1,2,3,6}.

First, suppose £ = 0 or 1 (mod 4) and let H be the complete graph with
vertex set Hy U Ho U ---U Hyyq with |H;| = 15 for j € [1,2] and |Hy44] = 10.
By Lemma 13, there exists a Go-decomposition B’ of K,x15 with vertex set
H{UH3U- - -UH, and the obvious vertex partition. Let B be a GGo-decomposition
of K5 with vertex set Hi{UH 1. For each j € [2, 2], let B; be a G2-decomposition
of Kos \ Ky with vertex set H; U Hy41 (with the vertices of H,1 being the
vertices in the hole). Then (V, B) where V =V (H) and B=B'UB;U---UB,
is a Ga-decomposition of Ki5;410-

Now suppose = 2 or 3 (mod 4) and x ¢ {2,3,6}. Let H be the complete
graph with vertex set Hy U Hy U --- U H,_; with |Hg| = 30, |[H,—1| = 10, and
|Hj| =15 for j € [1,2 —2]. By Lemma 13, there exists a Gp-decomposition B’ of
K(z_9)x15,30 with vertex set Hy U HyU---U Hy_9 U Hy and the obvious vertex
partition. Let By be a Go-decomposition of K4y with vertex set HyU H,_1. For
each j € [1,z — 2], let B; be a Ga-decomposition of K5 \ Kjo with vertex set
H;UH,_; (with the vertices of H,_1 being the vertices in the hole). Then (V, B)
where V =V (H) and B = B'UByU By U---U B,_» is a Go-decomposition of
Ki52-+10- u

Lemma 15. There exists a Gia-decomposition of K _1)x15.24 for all integers
T > 2.

Proof. 1t is simple to see that K(,_1)x1524 can be decomposed into (mgl) copies
of K515 and x — 1 copies of Ki524. Also note that Ki594 can be decomposed
into one copy of K15.15 and one copy of Ky 15. By Example 28, there exists a G14-
decomposition of K515 and by Example 27, there exists a G14-decomposition of
Kg 15. The result now follows. [ ]

Lemma 16. Ifv =10 (mod 15) and v # 10, then there exists a (K,, G14)-design.

Proof. Let x be a positive integer and let v = 152 + 10. By Example 19, there
exists a G14-decomposition of Ko5 and thus we may assume that z > 2.

Let H be the complete graph with vertex set H; U Ho U --- U H, U {00}
with |H,| = 24 and |H;| = 15 for j € [1,2 — 1]. By Lemma 15, there exists a
G14-decomposition B’ of K (z_1)x15,24 With vertex set Hy U HaU---U H, and the
obvious vertex partition. Let B, be a (Gi4-decomposition of K5 with vertex set
H,U{oo}. For each j € [1,2—1], let B; be a Ga-decomposition of K1 with vertex
set H; U {oo}. Then (V,B) where V =V (H) and B=B'UB{UByU---UB, is
a G14-decomposition of Ki5;410- [ |
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Combining the results from Lemmas 8 to 16 and the previously known results
from [1], [17], and [4], we obtain the following.

Theorem 17. Let G be connected cubic graph of order 10. There exists a G-
decomposition of K, if and only if v =1 or 10 (mod 15) except when v =10 and
G is one of the 5 graphs Go, G14, G15, G17 or Gig in Figure 1.

3. APPENDIX

Here we give examples of decompositions that were used in Section 2. These
results were found by using computer searches.

Example 18. Let V(Ki6) = Z16, and let

By = {G2[4 14,8,11,3,12,6,5,15,0], G2[14,5,9, 3,1, 7, 2,13,8,10], G2[2, 10, 6,4, 5,8,1,15,7, 3],
G2[0,1,6,7,5,2,11,12,8,9],G2[0,5,3,4, 1,12, 14, 7,11,13], Go[1, 10,11, 0,2, 4, 15,9, 12, 13],
Ga[6,11,9,13,4,10,12, 15,3, 14], G2[7, 10,0, 8, 6,13, 15, 14, 2, 9]},

Bs = {G3[6 5,0,11,8,4,14,7,2,15],Gs[3,10,9, 15,12, 11,1,7, 5, 4], G3[13,6, 10,2,8,1,9,0, 15, 3],
Gs[0,1,3,2,5,8,12,9,6,4], G3[0,7,8,3,11,13,14,5,1,10], G3[2,6, 11,10, 12,4, 13, 5,9, 14],
Gs[10,15,8,13,7,6,12,2,1,14], Gs[12, 14,0, 13, 15,4,11,9, 7, 3]},

By = {G4[10,2, 11,1,4,7,6,14,15,0], G4[12, 2, 15,7,5,3,9,6,8,13], G4[8, 7,0, 11,15, 5,12,9, 4, 10],

0,1,3,2,7,9,13,11,4, 5], G4[0,6,4, 3,10, 14,8,15, 1, 12], G4[1, 2, 6,13, 5, 10, 12, 8, 11, 14],

7,14,12,3,6,11,9,10, 1, 13], G4[9, 14,0, 13, 3,15, 4, 8,2, 5]},

8,0,11,2,6,4,15,12,9,13], G5[10,1,9,7,3,14,6, 15,11, 4], G50, 1,2,4, 7, 10,8, 12, 5, 3],

0,4,5,1,6,8,7,13,2,12], G5[0,6,9,2, 3,4, 14, 12,13, 10], G5[6, 11, 3, 10, 14, 1, 15,9, 8, 5],

11,12,1,13,14,5,15,7,2,10], G5[14, 15,0,7,5,9, 11, 13, 3, 8]},

Bg = {G 0,2,13,14,5,6,1,11,4,9], G¢[9,7,6,2, 11,12, 4, 10, 14, 3], Gg[4,0, 1,3,5,7, 10,9, 8, 2],

7,0,5,8,3,11,15,2,9,1], Gg[11,0, 10,12, 1,8, 15,13, 4, 6], Gs[14, 1, 15, 10, 3, 12, 8,7, 13, 0],

12,2,5,10,13,6,9,11, 14, 15], Gg[15, 6, 14, 8,4, 3,13, 5,12, 7]},

1,13,2,11,15,9,10,8,14, 5], G7[12,5,9,2,0,4,14,6,1,8], G7[4, 7, 1, 3,0,5, 6, 10, 2, 12],

4,2,6,7,0,8,9,11,3,10], G7[15,5,10,13,0, 11, 1,4, 3, 8], G7[9, 1, 14, 15,0, 12, 7, 11,13, 6],

11,12,9,14,3,15,4,13,7,8], G7[14,13,12,6,3,5,2,7, 15,10]},

Bg = {Gs 14,8,12,6,4,15,3,5,10,9], Gs[13, 10,7, 11, 14, 12, 5,0, 15, 6], Gs[2, 1, 4,8, 13, 5,6, 7, 3, 0],

7,4,2,3,12,1,11,9,6,0], Gs[10,8,1,6,14,2,11,4,9,0], Gg[11,12,2,9,15,8,5, 1,13, 0],

8,7,5,14,13,3,10,11,15,2], Gs[1, 14,7, 12,15,10,4, 13,9, 3]},

Bg = {Gg 5,2,9,8,15,10,0,11, 14, 3], Go[4, 14, 10,9, 15,7,6,3, 13, 1], Go[2, 1,5, 7,9, 4, 6, 8,3, 0],

5,4,3,1,7,11,2,12,6,0], Gg[8, 7,10, 1,11,4,13,12,9,0], Go[8, 12,0, 13,10, 11,6, 14, 15, 1],
Go[10,8,13,5,15,4,12,7,14, 2], Go[15,11,12,5,6,2,13,14,9, 3]},

Bio = {G10[4,14,10,13,12,1,9,5, 3, 2], G10[2, 10,6, 5, 15,11, 8,14, 3,7], G10[5,1,0,2,6,4,3,8,9,7],
G10[8,4,0,7,1,13,5,11,3,10], G10[7, 6,0, 11,4, 12,8, 2, 13, 15], G10[12,9, 0, 14, 6, 15, 10,7, 13, 11],
G10[2,14,1,15,0,12,6,3,13,9], G10[11,9,4, 15,8, 1, 10,12, 5, 14]},

Bi1 ={G11[8,7,2,3,5,11,13,1,0, 15), G11[1, 4, 15,6, 3,8,12,5,9, 7], G11[10, 5, 4,0, 2, 1,9, 3, 7, 6],
G11[14,2,8,0,5,1,11,6,12, 3], G11[13,3,10,0,9,2, 15,11, 4, 14], G11 [0, 12, 11, 2,10, 14, 8,6, 4, 13]
G11[13,12,10,4,8,9,14,7,15,5], G11[1,6,13,7,10,15,9,11, 14, 12]},

Bs ={G

5
Gs
Gs
6

Gyl
Gyl
8,
[
[
[
Gol
Gol
B7 = {G7[
Grl4,
Gl
[
Gs|
Gs|
[
Gol
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Bia = {G12[6,4,2,7,9,3,8,15,1,5), G12[6,7,3,11,10,8,9,0,4, 13], G12[0, 1,4, 7,12, 3, 13,8, 5, 2],
G12[0,5,3,14,2,6,9,10,1, 7], G12[0,8,2,11,15,10,6, 14, 1, 12], G12[0, 13,11, 4,8, 14, 5, 10, 12, 15],
G12[3,4,14,12,13,1,11,9, 5, 15], G12[10,2,12,6,11, 7, 14, 15,9, 13]},

Bis = {Gis[11,15,8,10,1,13,5,14, 6,9], G13[15,6, 12, 2,14,13,8,11, 3, 0], G130, 1, 3,9, 7, 4,6, 10, 5, 2],
G13[0,5,1,12,3,7,8,4,2,9], G13[0, 8,2, 15,4,10,13,7, 1, 14], G13[0, 12,10, 15,1, 11, 7, 14, 9, 13],
G13[2,6,13,4,11,10,3,5,12,7], G13[5,6,8,9, 12, 15, 3,4, 14,11},

Bia = {G14[3,6,13,0,14,5,4,12,15,7), G14[5,2,7,1,11,9,6,4,3,12], G14[0, 6,8, 14,15,11,3,9, 7, 10],
G14[0,1,4,14,13,3,10,12,9,2], G14[0, 8,2, 13,5, 7,4, 10,11,12], G14[0,9, 8, 12,6, 5, 1, 2, 10, 15],
G14[1,13,9,4,15,3,8,5,11,14], G14[2, 11,6, 10, 13,15, 1,8, 7, 14]}.

For i € [2,14], a G;-decomposition of K16 consists of the Gj-blocks in B;.
Example 19. Let V(Ky5) = {rs: 7 € Zs and s € Zs}, and let

By = {G2]00, 10, 01, 20, 40, 32, 03, 30, 02, 21], G2[00, 12, 03, 20, 14, 21, 22, 01, 04, 43],
G2[00,04, 14,01, 12,02, 34, 32,41, 24], G2[03, 13, 01, 43, 11, 33, 34, 22, 23, 44] },
B3z = {G3[00, 10,01, 20, 40, 12, 42,02, 11, 21], G3[00, 12, 03, 10, 02, 14, 21, 04, 30, 13],
G3[00,23,04,01,21,03,43, 12,41, 14], G3[01, 14,03, 32, 34, 12, 44, 24, 23, 43]},
B4 = {G4[00, 10,01, 20, 40, 02, 31, 12, 11, 21], G4[00, 02, 42, 01, 12, 23, 43, 33, 10, 03],
G4[00, 13’047 10,34,44724,427 12, 14]7G4[03’ 147 11,24,02743,31733,04, 21]}’
Bs = {G5[00, 10,01, 20, 40, 12, 02, 32, 11, 21], G5[00, 02, 03, 10, 22, 04, 33, 14, 30, 13],
G,S[OO’ 14,04701,217037 12,337 11744]7G5[01,427 14741722703,43734733,44]},
B¢ = {G6[20,00, 10,01, 11,02,42,41, 12, 31], Gs[02, 00, 31,42, 20, 13, 04, 33, 30, 03],
Gg[04, 00, 12, 33,01, 14, 32, 24, 13, 03], G6[04, 01, 13, 43, 24,02, 14, 30, 44, 11]},
Br = {G7[12,31,10,01, 00, 20, 02, 30, 11, 32], G7[13, 01, 12,03, 00, 42, 41, 23, 10, 33],
G7(23,31,33,04, 00, 14, 02,44, 10, 34], G7[33, 34, 21,44, 01, 04, 22, 23, 42, 14]},
Bg = {G3[01, 10,31, 12,03, 11, 41, 02, 20, 00], Gg[22, 31, 32, 40, 33, 1o, 23, 12, 02, O¢],
Gg[04,03,01, 13,44, 10,34, 11, 14, 00], G333, 23, 03, 14, 34,02, 24, 32, 44, 01]},
By = {Gy|[01, 10, 21,02, 32, 30, 11, 12, 20, 00], G9[22, 12,01, 11, 23, 13, 04, 21, 03, O¢],
Go[33,13,14,01,04,40,44, 21, 23,00], Go[44, 24, 13, 32, 33, 22,04, 42, 34, 00] },
Bio = {G10[21, 10, 00,01, 30, 02, 20, 12, 32, 11], G10[01, 31, 00, 03, 10, 33, 12, 21, 23, 13],
G10[02, 33,00, 04, 10, 34, 14,31, 44,42], G10[42, 04,01, 44, 13, 33,24, 23, 12, 34]},
Bi1 = {G11[11, 30,01, 00, 10, 21, 02, 20, 22, 31], G11[43, 21, 22, 00, 12, 01, 13, 03, 23, 30],
G11[44,10,04,00,23,41, 24, 14, 34,02], G11[04, 42, 03, 02, 22, 13, 24, 23,44, 31] },
Bia = {G12[007 10721,40,02,20,22,03,30,01},G12[00,22,01,027 11,03,04,14,40,33],
G12[00,04,01,03,31,44, 22,23, 11, 34], G12[02, 22, 32, 24, 03, 43, 34,41, 23, 04] },
B13 = {G13[00, 10, 21, 11, 22, 20, 02,03, 30, 01], G13[00, 31,01, 13,42, 12, 03, 43, 21, 22],
G13[00,03, 10, 24, 34, 13,44, 33,01, 04], G13[02, 12, 23, 40, 34, 04, 42, 14, 21, 44]},
B14 = {G14[00, 10, 31, 12,21, 01, 11, 30, 02, 20], G14[00, 02, 41, 33, 20, 03, 10, 04, 22, 12],
G14[00,04, 01,03, 12,24,02, 33, 21, 14], G14[01, 33, 22, 14, 34, 23, 13, 44, 03, 24]}.

For i € [2,14], a G;-decomposition of Ka; consists of the G;-blocks in B; under
the action of the map rs +— (r +1 (mod 5))s.
Example 20. Let V(Ky) = {rs: 7 € Z13 and s € Z3} U {o0}, and let

By = {G2[00, 10,30, 90, 11, 21,41, 20, 01, 50], G2[00, 11, 61, 30, 01, 12, 22, 1o, 02, 71],
G2[00,91, 32, 1o, 62,02,22,41, 01, 42], G2[02, 32, 50, 12,21, 72, 00, 09, 62, 31]},
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B3 = {G3[007 10,30, 90, 21, 20,41, 11,01, 50], G3[00, 11, 71, 30, 01, 12, 10, 02, 60, 91],
[00,12,22,40,82,91,52,02,01,32] 03[02,42,21,82,30,92,()0,111,32,91]}
By = {G4[00, 10,30, 90, 11,21,41,20,01,50] G4[00,01,31,20, 111,02,32,22,30,71]
G400, 101,22, 19, 52,112, 72,81, 01, 32], G4[02, 22, 60, 12,92, 01, 00, 40, 102, 21]},
By = {G5[00, 10, 30,90, 11, 20, 21, 110,01,50} G5[00,11,71, 109, 02,21, 12, 101,01,91]
[0 02712,20782711,92752,01722] G5[02752,80742760’ 12741,00 827121]}
Bg = {G6[40,00, 10, 30, 80, 11,31,21,20,01] G6[31,00,60,81,30,02,51,12,01, 101]
Geg[22, 00,02, 12,20, 52,31, 82, 102, 60], G¢[42,01, 41, 32, T2, 120, 00, 122,121, 102] },
Br = {G7[11,01,10,30,00,40,100,21,80,51},G7[02,61,01,21,00,11,60,12,40,101},
[52,22,31,02,00,12,30,62,10,102},G7[40,82,22,01,02,21,102,51,12,00]},
Bg = {G8[30,10,01,20,31,80,21,100,40,00},08[31,21,01,51,12,60,02,11,41,00],
Ggll2,02,30, 62,102, 50, 32,01, 22, 00], Gg[42, 61, 72, 12, 00, 09, 62,121, 52,01]},
Bg = {G9[30,10,60,01,21,90,71,11,40,00],G9[11,01,10,51,12,90,121,02,21,00],
Go[l2, 02,20, 52,102, 40,122, 62, 22, 00], Go[32, 41, 112,51, 102, 61, 00, 40, 02, 01]},
B1o = {G10[60, 10,00, 30, 90, 01, 40, 11, 21, 41], G10[10, 01, 00, 51, 20, 02, 11, 60, 32, 12],
Gl [6 21700,22,60702,327017102712:| G10[112,617017227417102,427110700 32]}7
B11 = {G11[41, 90, 30, 00, 10, 60, 01,40, 11, 110], G11[12, 31, 11, 00, 01, 10, 02, 41, 71, 121],
G11[102,50,22,00,12,30,72,32,02,01} G11[81,112,52,01,61,12,8(),42,627 }}
Bio = {G12[7 92,91,90,02,11,111,71,50,120] G12[00,10,01,50,11,40,91,12,41,30]
G12[00,31,11,22,72,41,02,42,10,12] G12[00,52,111,41,62,72,02,00 20,82]}
B13 = {G13[00, 10, 60, 41, 11, 40,01, 81,90, 30], G13[00, 01, 50, 91, 02, 21, 81, 12, 80, 11],
G13[00,02,10,82,50,22,52,61,32,12],G13[01,21,102,71,82,02,42,00,00,92]}.

For i € [2,13], a Gj-decomposition of K4 consists of the G;-blocks in B; under
the action of the map oo — oo and 75 — (r + 1 (mod 13))s.

Example 21. Let V(K55) = {rs: 7 € Z11 and s € Z5}, and let

By = {G2[80, 10, 103, 70, 23, 63, 60, 24, 44, 21], G2[l0, 102, 14,51, 91, 64, 00, 30, 62, 81],
G2[0o, 10, 01, 30, 50,02, 12, 11, 80, 31], G2[00, 02, 22, 10, 62, 03, 33, 100, 92, 42],
G2[00, 53, 103,20, 04,11, 42,01, 14, 24], G2[00, 14, 44,01, 31,03, 13, 71, 21, 54],
G2[01,527827 11, 23771, 14,33772,03]7G2[01733764,61783,63’84732,53794},
G2[03, 14, 02,44, 52, 33,84, 22,104, 12]},

Bs = {G3[00, 10, 30,01, 60, 61,81, 20, 11, 50], G3[00, 11,41, 1o, 42, 12, 70, 32, 20, O2],
G’3[00,42,62,01,11,43,51,237 10,03],G3[00,23,43,607 13, 14,50,04,80,53}7
G3[00,047 14,01,02,44,41,34,50,24],G3[01, 19,292,441, 72, 13,63,23,11,52},
G3[01,82,537 11,74,44,12,34, 101,63],03[02,52,03,72,83,94,73,64, 12, 14],
G3[02,94, 23,54, 83,24,64,91, 74, 33] },

By = {G3[53, 80, 12,42, 100, 14, 72, 22,91, 92], G3[83, 72,92, 102, 64, 84, 61, 30, 81, 93],
G3[84, 53, 34, 22, 73, 60, 23, 40, 44, 52], G3[00, 10, 30, 01, 20, 31,42, 21, 11, 5o,
G3[00,21761720, 11702763,03760,82]7G3[00702744, 30722,92,04703,10764},
G3[00, 23,43,01,51,03,44, 33, 11, 63], G3[01, 33, 04, 84, 71, 14, 73,42, 101, 94],
G3[03,104,41, 84,100, 74,101, 64, 62, 33]},

Bs = {G4[00, 10, 30,01, 20, 51, 60, 61, 11, 50], G4[00, 11,21, 70, 12, 32, 22, 52, 10, O2],
G4[00, 12, 72,40, 22, 23, 13, 33, 10, 03], G4[00, 82, 33, 50, 03, 04, 103, 24, 80, 43],
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Bgs = {GG

7*{G7

Bsg = {Gs

9*{G9

Gy

G4[00,04, 14,20, 64, 21, 84, 31,01, 24], G4[01, 02, 23, 11, 22, 03, 32, 73, 31, 33],
[01,32,04,20,94,62,104,82,21,14} G4[01,82,74,91,52,04,53,104,34,84]
G4[03,44,63,54,92,01, 93,41, 103, 73]},

[0, 00, 10, 30, 80, 11,31, 21, 20, 01], G¢[31, 0o, 21, 61, 01, 22, 32, 12, 10, 02],
Gé[32, 00, 12,42, 70,03, 01, 13, 02, 50], Gs[13, 0o, 52, 03, 10, 33, 02, 73, 51, 21],
[83,00733,73790704,81714,42,01] G6[44700,047 14730,84701,104724,50]
Ge[53,01, 52,43, 61,23, 24,04, 42, 02], Gs[14, 01, 63, 04, 02, 03, 24, 93, 43, 22],
G6[84,03,64,103,94, 62,104, 42, 54,101]},

[6 01,10,30,00,40,11,61,80,81] G7[22,02,11,41,00,31,21,32,01,62]
[72,30,02,12,00,22,40,102,50,03} G7[73,30,03,13,00,23,40,04,50,103]
G7[74,30,04, 14,00, 24,01, 54, To, 104], G7[23, 03, 22, 72,01, 42,61, 13, 21, 63],
G'7[l4,31,03,04,01, 13,91, 33, 11, 54], G7[23, 02, 64, 84,01, 14, 22, 73, 12, 54],
Gr[64,42,33,04,02,94, 23, 14, 63,92]},

[30, 10,01, 20, 31, 80, 21, 11, 40, 00], Gg[02, 21, 61, 01, 32, 10, 22, 100, 31, O],
Gg[62,52,01,02, 13, 80,03, 100, 72, 00], Gg[53, 03,01, 12, 14, 60, 04, 80, 63, O0],
Gs[83,73,01,42,84,31,24, 10,04, 00], Gg[84, 24,01, 62,03, 11, 02, 31, 94, Oo],
G3[33,13,32, 12,64, 51, 24, 02, 23, 01], G8[34, 43, 12,92, 64, 03, 52, 23, 44, 01],
G3[73,43,04,63,44,33,34, 64, 74,02]},

[30,10,60,21,70,01,11,51,40700] 09[21,01,51,02,22,101,92712,31,00]
Go[l2,02, 10, 72, 13, 30, 82, 03, 22, 00], G9[03, 32, 60, 103, 102, 30, 63, 04, 42, Op],
G9[23,13,50,04,44, 70,64, 14,53, 00], Go[14, 04, 01, 02, 13, 21, 33, 12, 24, Oo],
Gol[la,22,81,33,03, 31, 53, 24,42, 01], G9[43, 03, 41,64, 91, 54, 73, 74, 33, 01],
(44,53, 74,30, 14,42,94,32,64,01]},

Bio = {G10[60, 1o, 00, 30,01, 21, 40, 31, 02, 61], G10[60, 11, 00, 21, 80, 12, 31, 100, 62, 02],
G1o[lo, 02,00, 22, 50, 03, 32, 01, 23, 13], G10[30, 13, 00, 33, 70, 04, 23, 80, 34, 24],
G10[01,43, 00,04, 20,44, 14,21, 54, 71], G10[21, 12,01, 22, 61, 03, 42, 91, 63, 13],
G10[02,63,01,04,31,44, 73,22, 104, 03], G10[02, 24,01, 64, 12,42, 54, 22, 43, 13],
G10[03,43, 02,104,103, 14,64, 62, 24, 44]}7

Bi1 ={G1

1[11, 01, 30, 0o, 1o, 60, 21, 40, 31, 90], G11[22, 71, 21, 00, 01, 41, 02, 11, 12, 10],

G11[03, 60, 32, 00, 22,40, 02,42, 12,81], G11[43, 10,03, 00, 52, 31, 02, 13, 33, 101],
G11[14,01, 83,00, 43, 60,04, 63,03, 11], G11[84, 40, 14, 00, 04, 10, 104, 24, 74, 11],
G11[14,91,24,01,23,41,94, 63,53, 02], G11[24, 32, 03, 02, 22, 13,93, 52, 04, 62],
G11(74,42,44,02,23,94,24, 73,64, 93]},

B12 = {G12[03, 100, 24, 70, 60, 72, 10, 51, 103, 44], G12[23, 84,41, 63, 51, 104, 33, 71, 72, 101],

G12[14,Q(),02,34,037 12,100, 62, 11,51}7012[00,20, 11,02,41,40751,80,01,50},
G12[00, 71, 51, 62, 02,42, 32,03, 60, 52], G12[00, 92, 51, 53, 72, 23,43, 83, 10, 03],
G12[00,43, 70,44, 54, 63, 64, 14, 20, 24], G12[01, 32, 14, 82,03, 63,53, 74, 71, 43],
G12[02,32, 44,91, 84, 22,94, 04, 81, 54]},

Bi3 = {G13]00, 10, 60, 11, 31, 40, 21,80, 01, 30], G13[00, 01, 41, 42, 12, 21,02,92,61, 11],
G13[00, 02, 10,42, 03, 22, 62, 13, 30, 12], G13[00, 42, 70, 32, 63, 62, 03, 73, 10, 33],
G13[00,03, 10, 14, 52, 73,04, 12,01, 13], G13[00, 14, 30, 74, 22, 34, 04, 03, 01, 24],

G13[00, 54,01, 103,92, 64,42, 24, 11, 74], G13[01, 23,41, 93, 04, 33, 03, 104, 71, 43],

G13[01,04,64,71,44,63,03, 54, 12, 74]}.

For i € [2,13], a G;-decomposition of Kx5 consists of the G;-blocks in B;
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the action of the map rs — (r + 1 (mod 11))s.

Example 22. Let V(Kg5) = {rs: 7 € Z17 and s € Z5}, and let

By = {G2[82,23,101, 13, 160, 30, 153, 93, 32, 73], G2[50, 21, 62, 120, 70, 61, 104, 13, 90, 131],

G2[100,04,121,141,74,71,42,161,134,101], G2[40, 64, 101, 102, 82,120, 110, 74,113, 111],
G2[00, 20, 80, 10,101, 51,02, 100, 61, 31], G2[00, 101,111, 130, 02, 42, 72, 10, 12, 22],
GQ[OO7 82,162, 19, 112, 23,63, 150, 102,03]7 GQ[OQ, 13,33, 5o, 23,93, 64, 20, 34, 103]7
GQ[O(),53,047 10,123,71,102,01, 143,54]7 02[00,64,84, 11p, 54, 12, 132,21,44,94]7
02[01,41,62, 51,12,63,04,21, 13,23}, G2[01,82, 13,81,153,04, 14,02, 143, 113]7

G2[01,33,14,71,134,72,34, 12,164, 84], G2[03, 14,42, 144,92, 34,164, 82, 83, 74|},

B3 = {G3]00, 10, 30,90, 11,40, 21, 01, 120, 50], G3[00, 01, 31, 10, 71, 21, 02, 131, 30, 41],

G3[00, 71,131, 20, 42, 52, 80, 02, 1o, 12], G3[00, 32, 52, 100, 02, 13, 70, 03, 120, 62],
G3[00, 82,03, 10,43,113,01, 53, 30, 13], G3[00, 93, 123, 150, 14, 71, 151, 04, 01, 133],
G3[00, 04, 14,20, 84, 24, 11, 114, 60, 44], G3[00, 74, 104, 20, 164, 02, 81, 134,01, 124],
G3[017 12,527 217927027337 162741,62]7G3[017827337 117027237 112,037 51763]7
G3[017 03,83,11,113,34,119, 54,671, 153]7 G3[02, T2,143,19,03,114, 13,84, 21, 04]7
G;g[(b7 53,14,32,74,04,23,84, 52, 24}, G3[037 53,04,92, 54, 33, 143, 154, 64,44]}7

B4 = {G4[02,91,133, 13,64, 104, 31, 72, 22, 101], G4[14,01, 131, 23, 21, 122,03, 104, 70, 134],

G493, 73,52, 164,90, 110, 63,150,101, 00], Ga4[141, 111,120, 11,164, 12,110, 1o, 143, 140],
G4[20,91,44,03,12,151,143,00, 114, 10|, G4[33, 133, 34, 62, 32, 80, 123, 70, 84, 23],
G400, 30, 80,40, 71,91, 102,141, 50, 11], G4[00, 41, 22, 20, 131, 12, 02, 72, 30, 62],

G400, 82,102, 19, 122, 33,03, 133, 20, 13], G4[00, 63,04, 10, 94, 154, 84, 74, 120, 44],
G4[01,51,33,21,81, 142,04, 153, 11, 103], G4[01, 81,04, 31,02, 74, 154, 33, 91, 24],
G4[02,42,153,71,23,104, 62, 14,122, 04], G4[02, 63,143, 52, 53, 64, 34,102, 12, 94]},

{G5[32, 50, 63,103, 20, 163, 13, 164, 40, 80], G5[73, 64, 11, 00, 72, 01, 104, 23, 102, 52],

Gs[21,71,42,53,01, 11, 144, 12, 70, 93], G5[43, 13, 140, 20, 162, 120, 24,41, 141, 01],
G5[007 1o, 70,50, 130,51, 11, 101,20,01],05[00,41,61, 1o, 131,42,02,92,30,101},
G500, 02,22, 60,112, 23, 142,43, 100, 32], G5[00, 92, 33, 30, 13, 23, 93, 24, 60, 53],
G500, 103,44, 10,04, 94, 24, 144, 30, 54], G5[02, 62,44, 92, 114, 32, 144, 52, 93, 164],
G5[01,42,52,61,122,113,03, 24,21, 112], G5[01, 152,133, 11,43,04, 113,84, 61, 14],
G501, 34,03,123,41,84,124,104, 11, 153], G5[00, 94, 84,01, 02,03, 32,04, 11, 154]},

Bg = {Gsl40, 00, 10, 30, 100,01, 21, 11, 150, 90], Gs[11, 00, 01, 51, 30, 91, 02, 141, 111, 20],

Gg[121,00,101, 141, 31,42, 22, 12, 19, 02], G6[32, 00, 22, 52, 10, 72, 131, 82, 02, 5o],
G(5[92,007827 132,01, 71,62,02,03, 150],06[33,00,037 13,30, 73, 140, 113,93,40}7
G6[73,00,63,937 150,04, 131, 14,102,01]7G6[44,00,04, 14,30,84,01794,24,50]7
G6[84,00,74,94,21,03,01,13, 104,140],G6[33,01,23,83,31, 123,22,73,03,61],
06[123,01, 103,04,11,74,13,24, 102,32], G6[124,01,34, 114,131,94, 32, 104,63,02},
Gg[23,02, 13,133, 12,24, 163, 14,22, 04], G6[124, 04,64, 123, 84, 152, 24, 62, 53, 12]},

B7 = {G7[01, 90, 10, 30,00, 40, 150, 21, 100, 31], G7[81, 20, 01, 51, 00, 11, 50, 02, 80, 21],

G7[22731,71702700, 121721,327 10,42]7G7[037 707 12,42700,52, 120,237807 142]7
Gr7[42,01, 72,142, 00, 82,21, 132, 11, 161], G7[73, 30, 03, 13, 00, 23, 40, 133, 50, 113],
G7[54,01, 123,04, 00, 14, 30, 64, 10, 7], G7[54, 110, 44, 74,00, 84, 130, 94, 01, 32],
G7[63,02,92,03,01, 13,31, 53,11, 113],G7[34,91,53,83,01,637 121,14,14, 103]7
G7(164,41,24,104,01,34,02, 14,141, 114], G7[154, 123,44, 104, 02,124, 113,134, 52, 03],
Gr[42,14,43,113,02, 73,24, 82,04, 44], G7[14, 23,42, 03,02, 52,112, 33, 12, 113]},
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Bg = {Gg[?)o, 10,90, 01, 31,100, 21, 150,40,()()},(}'8[11,01,30,617 161, 50, 111,40,21,00},
08[12,02,30,62,112,50,92,40,22,00],G8[102,82,140,03,22,01,02,11,92,00],
Gs[ls,03, 30, 73,123, 50, 103, 40, 23, 00], Gg[113, 93,01, 41, 14, 160, 04, 21, 103, 0o],
G3[34,04, 50,104, 154, 60, 144, 80,44, 00}, Gs[114, 104, 31,91, 142,01, 32, 51, 154, 0¢],
Ggl42,81,152,22,43,91, 33,02, 62,01], Gg[43,03, 21, 73, 54, 11,44, 41, 13, 01],
Gg[133,23,7T2,142,124,61,84,02,63,01], Gg[133, 53, 132, 43, 34, 32, 04, 102, 73, 02],
G3[34,14,101,154, 94,42, 84,03, 24, 02], Gg[14, 73, 134,02, 94, 63,64, 163,44, 03]},

By = {G9|73,90,41,121,43,154, 149, 100, 102, 70}, Go[110, 10,93, 14, 123, 12, 41, 163, 40, 32],
G9[94,111, 134,153,163, 119, 120, 51, 82, 104], Go[43, 34,91, 142, 131, 123, 100, 93, 30, 110],
G9[01,30,90, 11,21,10,51,71, 50,00},G9[12,51, 140, 52,101, 30, O2, 102,61,00]7
Go[52,42, 90, 13,133,120, 93, 33,62, 00], G9[04, 33,01, 61, 34, 10, 74, 71, 133, 00],
Gol54,34,70,14,51,01,112,144,44,00], Go[13,41, 62, 22,132, 31, 53,92, 02, 01],
Go[103, 82, 32,253,163, 51,04, 73,92,01], Go[44, 43, 12,04, 53,02, 74, 14, 133,01],
Go[134,03,74,160,94, 32, 14,62, 114, 02], Gg[63, 83,114, 11, 24, 52, 144, 51, 84, 02]},

Bio = {G10[103, 50, 32, 63, 40, 20, 80, 13, 42, 33], G10[21, 10, 51, 62, 42, 164, 02, 73, 11, 64],
G10[104, 102, 52, 22,01, 21, ].].0,71,93,42},G’10[144,707 53,01,11, 72,110, 12, 20, 13],
G10[8()7 1o, 00,40, 120,01, 50, 21, 121,61],G10[807 21,00,71, 10, 102,31,01,42,52}7
G10[80, 12,00, 82, 20, 53, 42, 41, 83, 03], G10[40, 03, 00, 43, 90, 04, 73, 01, 24, 14],
G10[101 ()47 ()07 24’ 4107 747 147 117 84’ 124]’ G10[217 547 ()07 124’ ()17 1127 S)L‘l7 317 :))37 12}7
Gio[l2,81,01,13,21, 143, 82,121,103, 93], G10[02, 113,01, 94, 12, 103, 104, 52, 154, 14],
010[04, 62,02,43,104, 163,42, 74, 33, 153}, G10[71, 34,03,84,42,64,113,83,134, 54}},

Bi1 = {G11[11,90, 30, 00, 10, 60, 130, 40,01, 21], G11[121, 50, 31, 00, 01, 10, 51, 11, 71, 02],
G11[227 117 101700,51, 121, 127 1417027 10}7G11[112,60732700’ 22740,02,427 12,31]7
G11[237 150, 827 00, 62, 120, 037 927 13, 10]7 G11|:047 907 63,007 23740, 037 83, 137 60],
G11[44, 10,04, 00, 103,01, 02, 14, 34, 41], G11[14, 80, 54, 00, 44, 60, 134, 64, 04, 31],
G11(23,02,92,01,22, 72,03, 112, 13, 11], G11[03, 61, 33, 01, 23, 41, 93, 43, 13, 42],
G11[247 45,83,01,63,141,04,73, 14, 61]7 G11[04, 02,64,01,14,91,164,24, 62, 03],
G11[84, 32,24,02,03,12,44, 33, 74, 132], G11[24, 133,104,092, 153,43,04, 94, 54, 143]},

Bis = {G12[13,31, 132,73,81,102, 130,90,80,83},G12[64, 162,19,111,02,73,122, 81,1571, 150},
G12[104, 84,160, 32, 14, 21, 54, 41, 110, 161], G12[00, 20, 90, 61, 41, 30, 11, 100, 01, 80],
G;[Q[Oo7 21,30, 52,141, 31, 12, 82, 20,61], G12[00,02, 20,132,92,32,03,42, 90, 52],
G12[00, 82, 150, 23, 73, 92, 83, 43, 20, 13], G12[00, 33, 60, 13, 23, 53, 04, 14, 10, 113],
G’12[037 14,62,113,74,149,114,11, 143,51]7 G12[00,44,01,32,91,64,42,43,31, 104},
G12[00,74,11,123,102, 134, 132,04, 01, 124], G12[01, 03, 31, 73, 54, 23, 64, 134, 02, 63],
G12[Q17 33,112,34,164,83,04, 103, 62, 54}, G’lz[Oo, 73,01,02,51,34,04, 84, 30, 14}},

Bis = {G13[32, 50, 103, 33, 13, 80, 20, 42, 40, 63], G13[51, 1o, 21, 11, 64, 02, 164, 52, 42, 62],
G13[00, 102,01,92, 71,104, 21, 53, 23, 72]7 G13[707 01,44,141,20,151,12,41, 11, 110],
G13[00, 1o, 80, 81,31, 50, 21, 22, 110,30], G13[00,21, 140,092,112, 31, 82,03, 20, 12},
G13[00, 42, 70, 13, 81, 62, 33, 41, 01, 132], G13[00, 03, 10, 73, 04, 33, 83, 34, 90, 43],
G13[00,93,01,62,34,14,61,44,10,04},6’13[00,44,60,24,104,64,134,84,130,54},
G13[017 72,02,139,73, 13, 122,34,21,03],G13[01, 23,61,133,34,43,24,54,31, 113],
G13[01,63,12,104, 73,94, 53, 43, 62,64], G13[03, 54, 121, 64, 123,102, 114, 12,134, 92]}.

For i € [2,13], a Gj-decomposition of Kgs consists of the G;-blocks in B; under
the action of the map rs +— (r+ 1 (mod 17))s.
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Example 23. Let V(Kig0) = {rs: 7 € Z33 and s € Z3} U {o0}, and let

By = {G2[130,121, 231,221, 132, 52, 301, 30, 90,41], G2[11, 180, 90, 320,42, 132,92, 291, 152, 129],
Go [517 191,172,180, 149, 282,131,281, 152, 82], Go [31, 172,160, 52, 200, 221,271, 10¢, 272, 170},
G2[131,91, 80, 61, 30, 200, 220, 190, 300, 151], G2[00, 40, 120, 50, 180, 61, 221, 250, 100, 01],
G2[00, 61,151, 40,121, 02,162, 70, 22, 261], G2[00, 221, T2, 10, 42, 102, 252, 69, 142, 122],
G200, 112,212,114, 62, 71,101, 42, 321, 242], G2[02, 12, 199, 62, 140, 42, 00,111,41,271]}.

Then a Go-decomposition of K1gg consists of the G'o-blocks in By under the action
of the map oo — oo and rg — (r + 1 (mod 33))s.

Example 24. Let V(Kyx5) = {rs : v € Zs and s € Z4} with the obvious vertex
partition and let

Bz ={G2[00, 01,02, 19, 32, 11, 03, 40, 21, 12], G2[00, 41, 03, 31, 13, 40, 22, 23, 12,43]},
B3 ={G3[00,01, 02, 10, 32,11, 03, 21, 30, 12], G3[01, 42, 03, 02, 21, 33, 00, 43, 20, 23]},
By ={G4[00, 01,02, 10,32, 03,11, 13, 30, 12], G4[01, 33, 22, 31, 40, 03, 00, 11, 23, 32] },
Bs ={G5[00, 01,02, 19, 21,03, 31, 23, 30, 12], G5[00, 41, 22, 13, 12, 21, 42, 23, 40, 03]},
Bg ={Gg¢[11, 00,01, 02, 10, 22,03, 32, 41, 20], G6[33, 00, 23, 32, 43, 40, 03, 21, 02, 31] },
B ={G~[03, 20,01, 02,00, 11,40, 13, 10, 22], G7[33, 01, 22, 43, 00, 32,41, 03, 42, 31},
Bs ={Gg[02, 01,20, 32, 13, 10,03, 40, 11, 00, Gs[33, 22, 11, 02,43, 21, 03, 01, 32, 00] },
By ={Gy[02, 01, 10, 22,41, 20, 03, 32, 11, 00], G9[03, 31, 33, 20, 12, 21, 13, 02, 43, 00] },
Bi1o ={G10[l0, 01,00, 02,20, 32,11, 22,03, 31], G10[23, 31, Oo, 13, 20, 12, 03, 41, 43, 22] },
Bi11 ={G11[41,20,02,00,01, 10,22, 11, 42, 03], G11[41, 12, 13,00, 42, 33, 10, 03, 21, 43]},
B2 ={G12[00,01, 10, 31, 22, 11, 42, 03, 20, 02], G12[00, 31,43, 41, 12, 03, 32, 33, 40, 13]},
Bi3 ={G13[00,01, 10, 31,03, 11, 22, 13, 20, 02], G13[00, 31, 33, 21, 42, 13, 19, 02, 03, 22]}.

For i € [2,13], a Gj-decomposition of K5 consists of the G;-blocks in B; under
the action of the map rs +— (r+ 1 (mod 5))s.

Example 25. Let V(K3x15) = {rs : r € Z15 and s € Z3} with the obvious vertex
partition and let

By = {G2]00, 01,02, 19, 32, 60, 81, 42, 21, 12], G2[00, 32, 51, 80, 31, 40, 122, 71, 132, 61],
G2[01, 32,80, 11, 70,51, 132,90, 52, 110] },

B3 = {G’3[00,01,027 1o, 31,52, 80,21, 30, 12],@3[00,31,62, 1o, 131,122,2(),71,30,72]7
G3[00, 131,82,01,122,90,11, 72,21, 112]},

By = {G4[02,01, 119,142,130, 61, 140, 11,72,90],G4[00,01,22,20, 141, 122,31,02,60,52],
G4[00,112,11,30,121,102,61,10,132,101]},

By = {G’5[00,01,027 10,21,52,31,72,30,12],Gf,[()(),?}l,gz,1()7 121,69, 131,82,30,102},
G5[01,132, 10, 72, 81, 00, 101,40, 91, 20] },

BG = {G6[11,00,01702,10722770,32741,20]7G6[41,00731,527 10772, 100,42701780},
G6[112,017 1327607 142721, 122771, 140751}}7

B7 = {Grl[61, 20, 01,02, 00, 11, 40, 71, 10, 22], G7[30, 62, 51, 22, 00, 71, 02, 121, 40, 102],
G7[6o, 12,91, 112,00, 101, 142,100,61,02]}7

Bg = {G8[02,01720741,62, 1o, 22,40, 11,00],G8[42,31,80,01,82, 10,72, 11(),41,00}7
Gg[90,42,11,72,121,292,81,30,122,01]},
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By = {Gg[02,01, 12, 30, 51, 1o, T2, 40, 11, 00], Go[12, 31, 02, 109, 142, 70, 61, 130, 51, 00},
Gg[102,61, 132,21,60,01, 142,81, 112,00]},

B1o = {G10[lo, 01, 00, 02, 20, 32, 11, 30, 62, 51], G10[60, 31, 00, 62,01, 132, 51, 100, 92, 21],
G10[52,81,00, 122,40,101,92,41, 02, 100]}7

B11 = {G11[41,20702700701, 10,22,11,42,70],G11[102,40,32,00,41,60,02,51,92,21],
G11[22,111, 82,00, 61, 100, 62,101, 30, 121]},

Bi2 = {G12]00, 01, 10, 31, 22, 11, 40, 62, 21, 02], G12[00, 31, 02, 41, 80, 32,91, 142, 19, 52],
G12[01, 82, 140,61, 132, 50, 112,00, 51, 110] },

Bi3 = {G13[00, 01, 10, 61,40, 11,22, 100, 21, 02], G13[00, 31, 02, 20, 62, 41, 90, 142, 30, 22],
G13[01,32,91,027 71,112, 10, 101,22,90]}.

For i € [2,13], a G;-decomposition of K315 consists of the G;-blocks in B; under
the action of the map rs — (r + 1 mod 15)s.

Example 26. Let V(K5x15) = {rs : r € Z15 and s € Z5} with the obvious vertex
partition. Let

By = {G2[14,41,43, 149,91, 149, 120,93,82,30] 02[64,62, 103,61, 100, 14,91,50,74,70}
[73,11,72,63741,100,93,134,50,112] 02[113,130,144,91,84,01,22,143,30,62]
[101,43,64,143,134,122,31,03,04,112] G2[00,01,02,20,41,22,03,70,51,42]
G2[00, 51, 12, 50, 121,43, 144, 40, 143, 122], G2[00, 81, 33,01, 32,93, 04, 22, 44, 63],
G2[01, 82, 34, 140, 84, 21, 142,24, 62, 134], G2[03, 54, 130, 53, 121, 133, 64, 90, 144, 62]},

Bs = {Gg[1147 13,100, 102,41, 129, 134,71,34,70] G3[61,94, 120,104,131, 33, 110,82,60,42]
[90,73791,82723700,64730762,51] G3[80701,74770761,82753,62,120,24]
[130704,82764721,93724,63,427101] G3|:007 11712,90701,03,120,21740782]
G3[00,41,03,10,111,43,02, 63,01, 13], G3[00,43, T4, 140, 73,112, 64, 93,01, 104],
[01,52,33722,93,114,142,24,31,14] G3[02,03,51,22,103,04,72,64,83,94]}

B4 = {G4[84,33,92,717807 113, 141,132,53760] G4[120,131,94,607 143,01, 14,62, 141,42]
Ga[l1,112,94,41, 144,60, 44,33, 42,04], Ga[64, 83, 120, 74, 43,02, 141, 149, 143, 31],
G4[144,52, 70,132, 50, 14,110, 63, 81, 103], G4[00, 21, 02, 10, 41, 122, 33, 82, 50, 22],
G4[00, 41, 12,60,11,102, 14,103, 10, 73], G4[00, 61, 92, 131, 60, 83, 24,111, 30, 44],
G4[00,43,111,04,102, 83,34, 103,91, 64], G4[03, 04, 81, 84,02, 113,92,123,114, 142]},

Bs = {G5[01, 130, 53, 144, 132, 31, 23,91, 80, 103], G5[30, 91, 134, 102, 14, 41, 44, 112, 53, 92],

G5[31,54,52,01,20,03,100,13,22,70} G5[112,23,130,12,43,41,54,121,34,60]
G5[110,113,124,02721,82,121,74,01,72} G5[00,01712,10,417103,81,24,20,92]

5[02, 103,24, 72, 73,114, 123,124, 90, 134], G502, 144, 83, 62,91, 120, 24, 73, 54, 123],

5[0 41,13,607141,103,32,104,10,74] G5[00,91,82,40,32,10,04,43701,33H7

Bg = {G6[100,53,71,30, 101, 52, 84,103, 62, 143} G6[32,14o, 129,141,130, 53, 114, 33,131, 103},

Ge[44,120,51,42,121, 52,144, 30, 22, 60], G [42, 54, 12,121, 64, 31, 82, 00, 111, 103],

6

6

QQ

Ge6[130,41, 14, 10,123, 02, 143,134, 32, 63], G6[51, 00, 21, 52, 20, 112, 34, 03,41, 7o],
(12,00, 02,03, 10, 23, 74, 73, 40, 64], G6[122, 00, 62, 44, 30, 84,61, 124, 13, 101],
[74,01743,14760703,52754751, 142} G6[94703724771,937120,54701,137 131}}

Br = {G7[1 142,21,92,64,91,93, 72,51, 13], G7[72, T3, 124, 12, 60, 62, 121, 112, 63, 64],
G7(21,143, 51,93, 124, 62,84, 100, 34, 32], G7[24, 132, 123, 140, 134, 110, 73, 60, 41, 103],
G7[lo, 33,21, 74, 13,40, 11, 63, 81, 24], G7[91, 60, 11, 12, 00, 21, 30, 101, 20, 123],
[6 02,41,72700,91,22,63,10,104} G7[124703,32,63,00,42,70,34,307103}
[34,22,93,74,00,104,81,14,40,92} G7[14,31,34,21,02,133,51,84,93,32]}
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Bg = {Gg[llo, 13,122, 11,134, 142,93, 101,40, 24], Gg[103, 7o, 44, 100, 124, 81,04, 110,41, 34],
[13, 11,72,60,43,104,41, 32,144, 82] Gg[lg, 01,13,101, 80, 131,60, 03, 22,43]
Gs[11p,121,62,21,04,112,113, 52, 00, 83], Gs[22, 01,40, 131, 53, 30, 102, 60, 31, 00],
Gs[102, 101, 53, 40, 124, 120, 83,130, 92, 00], Gs[63, 122,21, 102,124,171, 114, 31, 03, O¢],
Gs[24, 52, 34, 63,104, 22, 54, 103, 132,01], Gg[94, 73, 104, 00, 74, 113, 34, 21, 53, 02]},

Bg = {G9[31,50,01,64,61,24, 13,84,92,103], Go[33, 110, 141,42, 11,82, 73,34, 13, 112],
[130722, 131733,00793,81, 13720, 134] G9[307 132731,53, 507 1427 121, 1127517 24]
Go[42,61, 103,134, 110, 63,124, 22, 59, 114], Gg[12, 01, 10, 133,41, 20, T4, 143, 11, 00,
[02, 24,101,93,144,100, 143,114, 112, 01] G9[134, 33, 14,60, 94,492,103, 102, 34, 02]

G9[1327 41,80,13,72,50,113,04, 51, 00], G9[327 61,90, 34, 22,110, 133, 74, 91,00]},

Big = {Glo[llg, 41,60, 24,123,130,91, 22, 44,00], G10[82, 111,43,72,71,14,112,23,109, 24],
G10[101, 02,124, 140, 62, 20, 103, 51, 73, 114], G10[20, 84, 22, 53, 92, 81, 63, 31, 60, 54],
G10[91,93,00,104,92,134,73,40,124,13],G10[51,13,01,104,30,43,34,131,73,54],
G10[02,21,00, 122,20,23,71,12,114, 143],G10[143,52,007 54,50,74,82,64, 113,90]7
G10[111784770, 1217114702,53752731,03]7G10[10,01700,62760702, 11770,23, 111}}7

B11 = {G11[54,407 447 907 637 22, 1237 52, 1247 141]7 G11|:'537 04742, 1447 1417 64, 307 127 73, 61]7
G11[53, 144,131, 50, 124, 69, 104, 33, 20, 112]7 G11[81, 02,90, 22, 84, 82,124, 103, 1(),42}7
G11[104,92,90,91, 114,653,141, 82,61, 113},G11[617 1o, 22,00, 11,20, 62,21, 82, 110],
G11[103, 40, 03, 00, 61, 80, 33, 71, 73, 52], G11[104, 140,43, 00, 91, 120, 64, 111,44, 11],
G11(32, 54,83, 00, 52, 81, 62, 73, 11, 33], G11[14, 53, 114, 01, 83, 41, 73, 82, 54, 112]},

Bl2 = {G12[144, 817 32, 247 140, 127 60, 91, 237 52], G12[90,41, 747 131, 20, 23, 110, 94, 227 54},
G12[44, 103, 70,61, 102,53,54,82,43,50], G12[03,41,427 133,129, 22, 74,122, 143, 112},
G12[51, 24,132,33,81,30,124,131, 112, 130]7 G12[00, 01,20,141,102,11,02, 83, 10, 12},
G12[03,24, 71,94, 143,111, 103, 129, 134, 131], G12[03, 74, 72, 73, 134, 30, 114, 02, 63, 01],
G12[00,417 1007 317 43, 61,337 14, 107 122]7 G12[00, 927 317 62, 847 437 147 537 1007 24]},

Bis = {G13[40, 133, 72,103, 61,03, 80, 81, 5(),92]7 G13[24, 133,94, 72,101, 12¢, 123,60, 104, 141],
G13[144,22,111,94, 142,131, 12,11, 83, 70], G13[123, 132, 41,43, 134,91, 143, 60, 62, 24],
G13[134,52,90,114,103,41,62783,02,20],G13[00,21,30701,13,41,112,83,40,62},
G13]00, 143,124, 60, 54, 103, 142, 144, 02, 14], G13[01, 112, 131, 62,43, 142,54, 133, 44, 113],
G13[00,51,90,21, 14,61,192,44, 10,33],@13[00,717 129, 62,04,91,64, 73, 20, 124]}.

For i € [2,13], a G;j-decomposition of K515 consists of the G;-blocks in B; under
the action of the map rs — (r+ 1 (mod 15))s.

Example 27. Let V(Kg15) = [0,8] U [9, 23] with the obvious vertex partition.
Let

Bis = {G14[8,18,2,20,5,14,4,17,7,23], G14[20, 3, 11,4,12,6,9,0,17, 8],
G14[9,5,13,1,19,2,17,6,22, 7], G14[0, 10,1, 15,4, 13, 3,16, 2, 11],
G14[0,14,2,12,7,16,5,11,6,15], G14[0, 18, 3,9,8,22, 1,16, 6, 23],
Gh4[1,18,4,21,7,20,0,19,5,23], G14[2, 13,6, 10,4, 22, 3, 19,8, 21],
Gi4[5,10,7,14,3,21,1,12,8,15]}.

Then a G'14-decomposition of Kg 15 consists of the G4-blocks in Biy.
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Example 28. Let V(Ki515) = {rs : v € Zi5,8 € Zz} with the obvious ver-
tex partition. Let Biy = {G14[20, 144,49, 81,30, 101, 79, 91, Og, 01]} Then a Gi4-
decomposition of K5 15 consists of the G4-blocks in B4 under the action of the
map 75— (r+1 (mod 15))s.

Example 29. Let V(Ky5\K19) = Zgs with [0,9] being the vertices in the hole.
Let

By = {G2[12,16,13,11, 14,4, 23,24, 15, 21], G2[16, 17, 1,20, 14, 22, 24,2, 23, 7],
Ga[14,18,7,21,22,5,13, 10, 23, 3], G2[2, 14, 10, 4, 12, 20, 24, 5, 16, 15],
G-[16,18,20,9,23,13,19,0,21, 2], G2[15,20, 17, 6,22, 3,10, 24, 13, 4],
G[0,10,11,1,13,15,18,5, 14, 12], G[0, 14, 16, 3,19, 18,21, 4,11, 17],

Ga[0,15,22,1,24,11,19,2, 12, 23], G2[1, 10, 15, 3,17, 21, 24, 6,12, 18],

[ ], ]
[ ], ]
[
[

Q

2[2,13,17,4,19,10, 16,9, 22, 20], G2[3, 21,13,9,17,12,22,7, 11, 20],
Ga[5,12,19,1,23,8,17,10,21, 11], G»[8, 14, 21, 5,23, 6,11, 18,17, 19],
G-[10,20,7,13,8,12,15,9, 14, 6], G2[15, 19,6, 16, 23, 18, 22, 8, 24, 7],
G[18,24,9,19,22,11, 16,8, 20,0]}.

Then a Go-decomposition of Ka5\ Kjg consists of the Ga-blocks in Bs.
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