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Abstract

Given a positive integer n and an r-uniform hypergraph F', the Turdn
number ex(n, F') is the maximum number of edges in an F-free r-uniform
hypergraph on n vertices. The Turdn density of F' is defined as w(F) =
lim,, ezEn’)F). The Lagrangian density of F is mx(F) = sup{r!\(G) : G

n

is F-free}, where A\(G) is the Lagrangian of G. Sidorenko observed that
w(F) < ma(F), and Pikhurko observed that w(F) = mx(F) if every pair of
vertices in F' is contained in an edge of F'. Recently, Lagrangian densities
of hypergraphs and Turdn numbers of their extensions have been studied
actively. For example, in the paper [A hypergraph Turdn theorem via La-
grangians of intersecting families, J. Combin. Theory Ser. A 120 (2013)
2020-2038], Hefetz and Keevash studied the Lagrangian densitiy of the 3-
uniform graph spanned by {123,456} and the Turdn number of its extension.
In this paper, we show that the Lagrangian density of the 3-uniform graph
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spanned by {123,234,456} achieves only on K2 . Applying it, we get the
Turdn number of its extension, and show that the unique extremal hyper-
graph is the balanced complete 5-partite 3-uniform hypergraph on n vertices.
Keywords: Turdan number, hypergraph Lagrangian, Lagrangian density.
2010 Mathematics Subject Classification: 05C65.

1. NOTATIONS AND DEFINITIONS

For a set V and a positive integer r we denote by V(") the family of all r-subsets
of V. An r-uniform graph or r-graph G consists of a set V(G) of vertices and a set
E(G) C V(@)™ of edges. We sometimes simply write G as E(G). Let |G| denote
the number of edges of G. An edge e = {aj,as,...,a,} will be simply denoted
by aias - --a,. An r-graph H is a subgraph of an r-graph G, denoted by H C G,
if V(H) C V(G) and E(H) C E(G). In particular, a subgraph H is spanning if
V(H) = V(G). A subgraph of G induced by V' C V, denoted as G[V'], is the
r-graph with vertex set V'’ and edge set E' = {e € F(G) : e C V'}. Let K] denote
the complete r-graph on t vertices, that is, the r-graph on ¢ vertices containing
all r-subsets of the vertex set as edges. Let T, (n) be the balanced complete m-
partite r-uniform graph on m wvertices, i.e., V(T (n)) = Vi U Vo U--- UV, such
that V;NV; =0 for every 1 <i < j <mand [V1] <|Va| <--- < |Vp,| < Vi + 1,
and E(T},(n)) = {e € ([Z]) : for every i € [m],|eNV;| < 1}. Let I, (n) = [Ty, (n)].
For a positive integer n, let [n] denote {1,2,3,...,n}. Given positive integers m
and r, let [m], =m(m —1)---(m—r+1).

Given an r-graph F, an r-graph G is called F'-free if it does not contain a
copy of F' as a subgraph. For a fixed positive integer n and an r-graph F, the
Turdn number of F, denoted by ex(n, F'), is the maximum number of edges in
an F-free r-graph with n vertices. An averaging argument of Katona-Nemetz-
Simonovits [8] shows that the sequence exéZ’)F)

exists. The Turdn density of F'is defined as

is a non-increasing sequence.

ex(n,F)

()

Hence, lim,,

. ex(n,F)

T
For 2-graphs, Erdds-Stone-Simonovits determined the Turan densities of all
graphs except bipartite graphs. Very few results are known for hypergraphs and a
recent survey on this topic can be found in Keevash’s survey paper [9]. Lagrangian

has been a useful tool in estimating the Turdan density of a hypergraph.

Definition 1.1. Let G be an r-graph on [n] and let & = (z1,...,2,) € R", define
the Lagrangian function of G as

NG D= > ]z

c€E(G) ice
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The Lagrangian of G, denoted by A(G), is defined as
MG) = max{\(G, %) : ¥ € A},

where

n
A= {f: (x1,22,...,2n) € R": Zazz =1, z; > 0foreveryi € [n]}
=1

The value z; is called the weight of the vertex i and a vector & € A is called
a feasible weighting on G. A feasible weighting i € A is called an optimum
weighting on G if \(G,7) = \(G).

Given an r-graph F', we define the Lagrangian density m\(F') of F' to be

mA(F) = sup{r!\(G) : G is F-free}.

The Lagrangian density of an r-graph is closely related to its Turan density.
We say that a pair of vertices {i,j} is covered in a hypergraph H if there exists
e € H such that {i,j} C e. We say that a hypergraph H covers pairs if every
pair of vertices is covered in H.

Proposition 1.2 [15, 17]. 7(F) < m\(F). If F covers pairs, then w(F) = mx(F).

Thus, to determine the Turdn density of K3 (a long standing conjecture of
Turdn) is equivalent to determine the Lagrangian density of Kj.

Let r > 3, F be an r-graph and p > |V(F)|. Let IC};7 denote the family
of r-graphs H that contain a set C' of p vertices, called the core, such that the
subgraph of H induced by C' contains a copy of F' and every pair of vertices in C' is
covered in H. Let Hg be a member of ICZI; obtained as follows. Label the vertices
of F''as v1,...,vy(p). Add new vertices vy ()41, .-, Vp Let C' = {v1,...,vp}.
For each pair of vertices v;,v; € C not covered in F', we add a set B;; of r — 2
new vertices and the edge {v;,v;} U B;;, where the B;; ’s are pairwise disjoint
over all such pairs {i,j}. We call HI" the extension of F.

The Lagrangian method for hypergraph Turdn problems were developed inde-
pendently by Sidorenko [17] and Frankl-Fiiredi [3], generalizing work of Motzkin
and Straus [10] and Zykov [22]. Recently, Lagrangian densities of hypergraphs
and Turan numbers of their extensions have been studied by Mubayi, Pikhurko,
Hefetz-Keevash, Norin-Yepremyan, Jiang, etc. In [5], Hefetz and Keevash re-
marked that it is interesting in its own right to determine the maximum La-
grangian of r-graphs with certain properties. For example, determine the La-
grangian density of an r-graph F. The Lagrangian density of the enlargement
of a tree satisfying Erdds-Sos’s conjecture is determined by Sidorenko [18] and
Brandt-Irwin-Jiang [1]. Pikhurko [15] determined the Lagrangian density of a
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4-uniform tight linear path of length 2 and applied it to confirm the conjecture
of Frankl-Fiiredi on the Turdn number of its extension, the r-uniform genearlized
triangle for the case r = 4. Norin and Yepremyan [13] confirmed for r = 5 or 6
by extending the earlier result of Frankl-Fiiredi in [3]. Mubayi [11] and Pikhurko
[16] obtained the exact Turdn number of the expanded complete 2-graph, the
extension of an empty graph with a core of p vertices, and showed the stability.
Mubayi and Pikhurko [12] also obtain the Turdn numbers for the generalized
fans, extension of an edge in an r-uniform graph with a core of r + 1 vertices,
and showed the stability. Brandt-Irwin-Jiang [1] and independently Norin and
Yepremyan [14] showed that for a large family of r-graphs F' and sufficiently large
n, ex(n, Hf) = e(T,(n,p—1)) with the unique extremal graph being 7,.(n,p—1).
In [5], Hefetz and Keevash determined the Lagrangian density of a 3-uniform
matching of size 2 and the Turdn number of its extension. They proposed a
conjecture on the Lagrangian density of an r-uniform matching of size 2 and the
Turan number for its extension. Norin and Yepremyan confirmed this conjec-
ture, and independently Wu-Peng-Chen [20] confirmed this conjecture for r = 4.
Jiang-Peng-Wu in [7] obtained the Lagrangian density of a 3-uniform matching
of any size and the Turdn number of the extension. The authors of [19] and [6]
determined the Lagrangian density of a 3-uniform linear path of length 3 or 4,
the Lagrangian density of the disjoint union of a 3-uniform linear path of length
2 or 3 and a matching of any size, and the corresponding Turdn numbers of their
extensions. It seems to be more difficult if we replace a linear path by a tight
path. The authors of [2] obtain the Lagrangian density of the disjoint union of
a 3-uniform tight path of length 2 and an edge, and the corresponding Turan
number of its extension. Yan-Peng in [21] determined the Lagrangian densities of
the 3-uniform linear cycle of length 3 ({123, 345,561}), and F5 ({123,124, 345}).

In this paper, we obtain the Lagrangian density of a 3-uniform path of length
3 where two consecutive edges have 1 or 2 vertices in common. Precisely, let TP
be the 3-graph with vertex set [6] and edge set {123,234,456}. We show that the
Lagrangian density of T'P3 achieves only on K g Applying it, we obtain the Turdn
number for the extension of T'P3 and show that the unique extremal hypergraph
is T3(n). The method in this paper uses the idea in [7] and [19] by showing that
we can reduce the family of all T'Ps-free 3-graphs to the family of left compressed
and dense T Ps-free 3-graphs, but much more structural analysis is needed here.

2. PRELIMINARIES

In this section, we develop some useful properties of the Lagrangian function.
The following fact follows immediately from the definition of the Lagrangian.

Fact 2.1. Let Gy, Ga be r-graphs and G1 C Ga. Then A(G1) < A(G2).
Given an r-graph G and a set S of vertices, the link of S in G, denoted
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by La(S), is the hypergraph with edge set {e € (Vr(ﬁ)sﬁs) ceUS e E(G)} In

particular, S = {i}, we write Lg({i}) as Lg (7). The degree of ¢ is dg (i) = |Lg(7)],
the number of edges containing i in G. Given i,j € V(G), define

Lg(j\i)={e:id¢e,eU{j} € E(G)and eU{i} ¢ E(G)},

when there is no confusion, we will drop the subscript G. We say G on vertex set
[n] is left-compressed if for every i,j, 1 < i < j <n, Lg(j\i) = 0. Equivalently, G
on [n] is left-compressed if jija---jr € E(G) implies i1is - - - i, € E(G), wherever
ip < jp for 1 <p<r. Leti,j € V(G), define

mi;(G) = (BE(G)\{eU{j} e € La(j \9)}) U{eU{i} s e € La(j \ 1)}
By the definition of m;;(G), it’s straightforward to verify the following fact.

Fact 2.2. Let G be an r-graph on [n]. Let ¥ = (x1,x2,...,2y,) be a feasible
weighting on G. If x; > xj, then \(m;(G),T) > NG, ).

An r-graph G is dense if for every subgraph G’ of G with |[V(G')| < |V (G)]
we have A\(G') < A\(G). This is equivalent to that no coordinate in an optimum
weighting is zero.

Fact 2.3 [4]. Let G = (V, E) be a dense r-graph. Then G covers pairs.
In [10], Motzkin and Straus determined the Lagrangian of any given 2-graph.

Theorem 2.4 (Motzkin and Straus [10]). If G is a 2-graph in which a mazimum
complete subgraph has t vertices, then N(G) = A (K?) =4 (1—1).

The support of a vector Z is o(Z) = {i : x; # 0 for i € [n]}.

Fact 2.5 [4]. Let G be an r-graph on [n]. Let ¥ = (x1,x9,...,xy) be an optimum
weighting on G. Then
ONG, T)
T
oz, rMG)

for every i € ().
Let T. 2(3) be a 3-graph with two edges intersecting at two vertices.
Fact 2.6. If G is a dense 3-graph on [n] (n > 4), then G contains a copy 0fT2(3).

Proof. Suppose that G is T: 2(3)—free. Since G is dense, then every pair of vertices

is covered exactly once. Let ¥ = (x1,x2,...,2,) be an optimum weighting on

G. By Fact 2.5, % = 3\(G) for all 1 < i < n. Summing over i we obtain

n  OANG,E e .
IAG) = X0, gm ) — Sicicjen ity < 5 (1-1). S0 MG) < =L < L it

is a contradiction. [ ]
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Fact 2.7. Let G be an r-graph on [n|. Let ¥ = (x1,x2,...,z,) be a feasible
weighting on G. Let i,j € [n], i # j. Suppose that Lg(i \ j) = La(j \ i) = 0.
Let ¥ = (y1,Y2, .- -,Yn) be defined by letting y; = xy for every £ € [n] \ {i,j} and
letting y; = yj = 3(x; + ;). Then A(G,¥) > A\(G, ).

Proof. Since Lg(i\ j) = Lg(7\ i) = 0, we have

g 42
NGH) - NG EH) = Y [w—mia?]} [T =>o0

4
{i,j}Cecq kee\{i,j} [

Let K;~ be an r-graph obtained by removing one edge from Kj.

Fact 2.8 [5]. Let G be a 3-graph on [5]. If G # K2, then \(G) < MKZ™) <
MK3) —1073.

As usual, if Vi,...,V, are disjoint sets of vertices then II{_,V; = Vi x V5 x
o x Vg = {(x1,29,...,25) : for every i € [s],z; € Vi}. We will use II{_,V; to
also denote the set of the corresponding unordered s-sets. If L is a hypergraph
on [m], then a blowup of L is a hypergraph G whose vertex set can be partitioned
into Vi,...,Vy, such that E(G) = U.cp [Lic. Vi- The following proposition fol-
lows immediately from the definition and is implicit in many papers (see [9] for
instance).

Proposition 2.9. Let r > 2. Let L be an r-graph and G be a blowup of L.
Suppose |V(G)| =n. Then |G| < XN(L)n".

3. LAGRANGIAN DENSITY OF T'P3 AND RELATED TURAN NUMBER

3.1. Lagrangian density of T'Ps

Recall that T'P5 is the 3-graph with vertex set [6] and edge set {123,234, 456}.
In this section, we will show that the maximum possible Lagrangian among all
T Ps-free 3-graphs is uniquely achieved by K2. Our main results are as follows.

Theorem 3.1. Let G be a TP3-free 3-graph. Then \(G) < X (K3) = 2% Fur-
thermore, if G is K32-free, then A\(G) < A (K3) —1073.

Corollary 3.2. m\(TP3) = 3!\ (K3) .

Proof. Since K3 is T Ps-free, then my(TPs) > 3!\ (Kg’) On the other hand, by
Theorem 3.1, 7)(T'P3) < 3!\ (K2). Therefore, my\(TP3) = 3!\ (K3). |

In order to prove Theorem 3.1, we divide the T Ps;-free 3-graphs into two
categories: one is that the graphs contain at most six vertices; the other is that
the graphs contain seven vertices or more than seven vertices. We will prove the
following results.
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Lemma 3.3. Let G be a 3-graph on [n] (n < 6). If G is T Ps-free, then for every

pairi,j, 1 <1i < j <mn, the following hold.

(1) m;(G) is T Ps-free.

(2) Furthermore, if G is K2-free and {i,j} is covered by an edge of G, then
75 (G) is K3-free.

Proof. Suppose for the contrary that 7;;(G) contains a copy of T'Ps, denoted by
TP. Since G is T'P3-free, there is an edge e € T'P such that i € e € 7;;(G), j ¢ e
and ¢’ = e\ {i}U{j} € G. There are two cases in terms of the degree of 7 in T'P.

Case 1. dpp(i) = 1. If there exists no f € TP such that j € f, then TP\
{e}U{e'} forms a copy of TPs in G. Otherwise, there exists one edge f such that
je feTP, then f/= f\{jtU{i} € G. So TP\ {e, f}U{¢€, f'} forms a copy
of TP; in G.

Case 2. drp(i) = 2. Let TP = {e1,ez,e3} and |e; Nea| =2, [ea Neg| = 1,
ler Ne3| = 0. There are two possible cases.

Subcase 2.1. i € e; Neo. Since G is T Ps-free, at least one of the following
cases may happen. (I) ¢f = e; \ {i}U{j} € G, ¢, = ex\ {i}U{j} € G. In
this case, if j € e3 \ eg, then {€],e},es3\ {j} U {i}} forms a copy of TP;. If
J ¢ es\ ez, then {€], €}, e3} forms a copy of TPs. (II) ef = e1 \ {i}U{j} € G but
eh = ea\{i}U{j} ¢ G. In this case, if j € e3\ e, then {e],es3,e3\{j}U{i}} forms a
copy of TPs. If j ¢ e3\ ea, we get €], e2,e3 € G and |e] UeaUes| = 7, contradicting
the condition. (III) €} =e; \ {i} U{j} ¢ G but ¢}, = ez \ {i} U{j} € G. In this
case, if j € ez \ e2, then {e1,e3,e3\ {j} U{i}} forms a copy of T'Ps. If j ¢ e3\ ea,
then we can get e, e, e3 € G and |e; Ue), Ues| = 7, contradicting the condition.

Subcase 2.2. i € ea Nes. Since G is T Ps-free, at least one of the following
cases may happen. (I) e5 = ex \ {i}U{j} € G, e = e3\ {i}U{j} € G. In
this case, if j € e \ ea, then {e1 \ {j} U {i},€), €4} forms a copy of TP;. If
J ¢ e1\ ez, then {ey, e, 5} forms a copy of TP;. (II) e5 = ez \ {t} U{j} ¢ G but
es =e3\{i} U{j} € G. In this case, j ¢ e \ ez, then we can get ej,ez,¢e4 € G
and |e; U eg U 4| = 7, contradicting the condition. (III) e = ey \ {i} U{j} € G
but ef = e3 \ {i} U{j} ¢ G. In this case, j ¢ e1 \ e2, we get e1,¢e5,e3 € G and
ler Uehy Ues| =7, contradicting the condition.

Assume that {i,j} is covered by an edge g of G. Suppose for contradiction
that m;;(G) contains a copy K of K32. Clearly, V(K ) must contain i. If j € V(K),
then it is easy to see that K is also in G, contradicting G being Kg’-free. By the
definition of 7;;(G), all the edges in K not containing ¢ are also in G. If j ¢ V(K),
since n < 6, we have |[¢g NV (K)| = 2. Now, we can find a copy of TP3 in G, a
contradiction. [ ]

Next, we need an algorithm.
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Algorithm 3.4 (Dense and Left-compressed [7]).
Input: An r-graph G.
Output: A dense, left-compressed r-graph G'.

Step 1. If G is dense, then go to Step 2. Otherwise, replace G by a dense sub-
graph G’ with the same Lagrangian and go to Step 2.

Step 2. If G is left-compressed, then terminate. Otherwise, let ¢ be an optimum
weighting of G, then there exist vertices ¢, j, where 7 < j, such that y; > y; and
La(5\ 1) # 0. Replace G by m;;(G) and go to Step 1.

Note that the algorithm terminates after finite many steps since Step 2 re-
duces the parameter s(G) = > ..o D ic.? by at least 1 each time and Step 1
reduces the number of vertices by at least 1 each time.

Lemma 3.5. Let G be a TPs-free (and K32-free) 3-graph on [n] (n < 6). Then
there exists a dense and left-compressed T Py-free (and K3-free) 3-graph G' with
V(G| <|V(GQ)| such that N\(G') > \N(G).

Proof. We apply Algorithm 3.4 to G and let G’ be the final graph. Then G’
is dense and left-compressed. By Fact 2.2, A(G') > A\(G). By Lemma 3.3, G’ is
T Ps-free (and K3-free). |

Claim 3.6. Let G be a TP3-free 3-graph on [n] (n < 6). Then A(G) < X (K3).
Furthermore, if G is also K3-free, then \(G) < X (K2) —1073.

Proof. By Lemma 3.5, we may assume that G is dense and left-compressed. If
n < 5, by Fact 2.1, then A(G) < A (K3). If G is Kj-free, by Fact 2.8, then
AMG) < A (K53_) < A (Kg’) — 1073. Hence, we may assume that n = 6. Let
Z = (z1,22,...,2¢) be an optimum weighting of G. It is clear that x; > x9 >
-+« > xg. By Fact 2.3, G covers pairs. So i56 € (G, for some ¢ < 5. Since G is
left-compressed, we have 156 € G, this implies that for every 4, j, where 2 < i <
j <6, 1ij € G. Suppose that G[{2,3,4,5,6}] contains an edge. Without loss of
generality, we assume that 456 € G. Since 123,145 € G, we have {123, 145,456}
forms a copy of T'P3 in GG, contradicting G' being T Ps-free. Hence G = {1ij :

2 z6

2 < i< j <6} Assume that x; = a. Since § = (— ) is a feasible

i—a’ "7 1-a

weighting on Lg(1), By Theorem 2.4,
1 2
MG) = MG, Z) = a(l —a)’XLg(1),7) < ia(l —a)? < 77 < A(KE) —1072 -

Let Q = {a1b1ba, asb1ba, c1cacs}, we have the following result.

Claim 3.7. Let G be a dense 3-graph. If G contains a subgraph Q), then it also
contains a copy of T Ps.
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Proof. Suppose that G is T'Ps-free. If |V(G)| = |V(Q)|, then we have biciz ¢ G
for every = € {a1,a2,b2,ca,c3}. If biciar € G, then {biciai,a1bibe, cicacs} forms
a copy of T'Ps, it is a contradiction. If bjcias € G, then {biciag, asbiby, crcacs}
forms a copy of T'Ps. If bycibe € G, then {bicibe, a1bibe, crcacs} forms a copy
of TPs. If bicica € G, then {bicica,cicacs, arbibe} forms a copy of TPs. If
bicics € G, then {bicics, cicacs, arbiby} forms a copy of TP;. So the pair,
{b1,c1}, is not covered by any edge of G, which is a contradiction by Fact 2.3.
If [V(G)] > |V(Q)], then let v; € V(G) \ V(Q), where 1 < i < |[V(G)| — |[V(Q)].
Since G is T Ps-free, we have ajciz ¢ G for every x € {b1,be,co,c3,v;}. If
ajc1by € G, then {a1c1b1,a1b1ba, c1cacs} forms a copy of T'Ps. If ajc1bg € G, then
{a1c1ba, a1b1by, crcacs} forms a copy of T'Ps. If ajcica € G, then {ajcica, crcacs,
a1biby} forms a copy of T'P;. If ajcics € G, then {ajcics, cicacs, arbiby} forms
a copy of T'P;. If ajciv; € G, then {aic1vi,a1biba, asbibe} forms a copy of
TPs. Similarly, we have ajcox ¢ G for = € {b1,be,c1,c3,v;} and ajcsx ¢ G
for x € {b1,b2,c1,c2,v1}. Since G is dense, we have ajcias € G (i = 1,2,3).
Next, we consider the pair {b1,c;1}. From previous analysis, we have bjcix ¢ G
for every x € {ai,as,be,ca,c3}. So we just consider the edges biciv; € G
(1 <i < V(@) = |V(Q)]) or not. If bicyv; € G, then {ajazcy, ajagcy, c1biv;}
forms a copy of T'Ps. So the pair {b1, c1}, is not covered by any edge of G, which
is a contradiction by Fact 2.3. ]

Claim 3.8. Let G be a dense 3-graph and |V (G)| = 7. If G is T Ps-free, then
MG) < M (KE) —1073.

Proof. Let V(G) = {a1,a2,b1,b2,v1,v2,v3}. Since G is dense, we have G con-
tains a copy of T. 2(3) by Fact 2.6. Without loss of generality, we assume that
a1b1bo, asb1bs € G. If vivovg € G, by Claim 3.7, then G contains a copy of T'Ps,
it is a contradiction. If vivous ¢ G, we consider the pairs {v;, v} (1 < j < k < 3).
If vjuga; € G (i = 1,2), then {a1b1b, bibaas, a;vjvy} forms a copy of TP3 in G.
So the pairs {vj, vy} may be covered by the edge of the form vjvib; or vjvibs.
By the pigeonhole principle, there exist two pairs {v;,v;} covered by by or ba.
Without loss of generality, we only need to discuss the following two cases.

Case 1. vivab1,vovsby, vivsby € G. First, we consider the pairs {a;,v;} (i =
1,2; j = 1,3). Due to the ‘symmetry’ of aj, a2, and the ‘symmetry’ of vy, v3, we
use {a1,v1} as an example. If ajvias € G, then {vsbiva, bivavy, viaias} forms a
copy of TPs. If ajv1by € G, then {v3biva, bjvavy, viaibe} forms a copy of T Py. If
ajvv; € G (i = 2,3), then {aibiba, bibaaz, ajv1v;} forms a copy of TPs. So the
only edge containing {a1,v1} is ajv1b;. Similarly, agvibi, ajvsby, agvsb; are the
only edges in G containing {ag,v1}, {a1,vs} and {ag,v3}, respectively.

Second, we consider {ai,as}. If ajasb; € G, then {a1bi1be, aibiag,brvivs}
forms a copy of T'Ps. If ajasby € G, then {agb1ba, ajasbe, byvive} forms a copy of
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TPs. If ajagv; € G (i = 1,3), then {bjvov1, bjvavs, ajagv;} forms a copy of T'Ps.
So the only edge containing {aj,as} is ajasvs.

Third, we consider {ve, by }. If vabaai € G, then {vabsay, a1b1ba, biagvy } forms
a copy of T'Ps. If vabsas € G, then {vabaag, asbibe, biaivi} forms a copy of T Ps.
If vobov; € G, then {vivabg, v1v2b1, biajvs} forms a copy of T'Ps. If vebous € G,
then {vsvaba, v3v2b1,braiv1} forms a copy of TP;. So the only edge containing
{2}2, bg} is Ugbgbl.

Finally, we consider the rest of edges in G. If ajveb; € G, then {ajv2by, a1b1ba,
vivgby} forms a copy of T'Ps. If agueby € G, then {agvaby, agbiba, v1v3be} forms
a copy of T'Ps. If vjusb; € G, then {vivsby1, biv1ve, v2aiaz} forms a copy of T Ps.
If b1bov; € G (Z =1, 3), then {blbzvi, b1b2a2,aga1v2} forms a copy of T Ps.

From the above, we obtain that G = {a1b1b2, a2biba, v1v2b1, vousb1, v1v3be,
a1v1b1, ajvsby, agv1by, agusby, ajagva, bibave}. Let & be an optimum weighting of
G, by Fact 2.7, we may assume that z,, = Zq, = Ty, = T, Tp, = Ty, = Tpyy =
y,mp, =z and 3z + 3y + 2z = 1. A(G) = MG, ) = 23 + y3 + 9zyz. If some of
x,y, z is 0, then it is easy to verify that A\(G) = 2—17 < A(K3)—1073. So we assume
that x,y,2 > 0. Let f(z,y,2) = 23 + y® + 9ryz. To get the maximum value of
f(x,y, z), we apply the theory of Lagrange multipliers. Let

9(z,y,2,7) =2° + 4> + 9zyz —y(3x + 3y + 2 — 1).

Taking the partial derivative with respect to x,y, z and -, and let its value equal
to 0. We have

322 4+ 9yz = 3y
3y% + 922 = 3y
Yy =~

3xr+3y+z2=1.

Noting that the right hand sides of the first and the second equalities are
equal, we obtain that
322 — 3y% = 9z(x — 7).

If z — y = 0. Solving the above system of equations, we have that g = %, Yo =

2—36, Z0 = %. If z —y # 0, then we have that z1 = %, Y1 = %()(‘)/ﬁ, z1 =0.1
or ro = 15_135/6, Y2 = %Xﬁ, z9 = 0.1. By direct calculation, we see that the

maximum occurs at ro = 5, Yo = %, z0 = %.

Hence, A(G) < f(z0,y0,20) = 5 < & — 1073 = A (K3) — 1072

Case 2. v1v2b1,vov3by, v1v3by € G. First, we consider the pairs {a;,v;} (i =
1,2; 7 =1,2,3). Due to the ‘symmetry’ of a1, ag and the ‘symmetry’ of v, vo and
v3, we use {a1,v1} as an example. If ajvias € G, then {bjvive, bivavs, viaiaz}
forms a copy of T'Ps. If ajv1by € G, then {bjvyva, bivavs, viaiby} forms a copy of
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TPs. If ajviv; € G (i = 2,3), then {a1b1be, bybaas, ajviv;} forms a copy of T Ps.
So the only edge containing {ai,v1} is ajv1by. Similarly, agviby, ajvaby, agvaby,
ajvsby, agusby are the only edges in G containing {ag,v1}, {ai,v2}, {az,va},
{a1,v3} and {a2,v3}, respectively.

Second, we consider {ai,as}. If ajasby € G, then {a1b1be, ajboag,bivivs}
forms a copy of T'Ps. If ajasv; € G (i = 1,3), then {ajagv;, byvive, bivavs} forms
a copy of T'Ps. If ajagve € G, then {ajagva, byvivs, bivavs} forms a copy of T Ps.
So the only edge containing {a1,as} is ajazb;.

Third, we consider the pair {bs,v;} (i = 1,2,3). Due to the ‘symmetry’ of
vy, vo and v3, we use {bg,v1} as an example. If byvia; € G, then {viaibe, a1bby,
bivaus} forms a copy of T'Ps. If bavias € G, then {viagba, asbabi, byaijva} forms a
copy of T Ps. If byvivg € G, then {vjvaby, v1v2b1, biajvs} forms a copy of T Py. If
bavivs € G, then {vsv1ba, v3v1b1, brajas} forms a copy of T'Ps. So the only edge
containing {by, v1} is bov1by. Similarly, boveb; and bousb; are the only edges in G
containing {be,v1} and {ba, v3}, respectively.

Meanwhile, if bovovg € G, then {vausbe, byvovs, biajas} forms a copy of T'Ps.

From the above, we obtain that G={bjuv : {u,v} € {a1, a2, bz, vy, v2, vg}(Q)}.
Let # be an optimum weighting of G, by Fact 2.7, we may assume that z,, =
T, Tq; = Ty = Ty, = (1—2)/6 (i =1,2;j =1,2,3).

MG) = MG, ) = 152 - (1_x)2 <5 <2x+(1_$)+(1”)>3= =N

6 =24 3 81

Then A(G) < & < 2 — 1073 = A (K2) — 1075, u

Claim 3.9. Let G be a dense 3-graph and |V (G)| > 8. If G is T P3-free, then
MG) <X (K2) —1072.

Proof. Let V(G) = {a1,a2,b1,b2,v1,v2,03,04,...,0,} (n > 4). Since G is dense,
we have (G contains a copy of T. 2(3) by Fact 2.6. Without loss of generality, we
assume that a1b1be, a2b1by € G. Suppose that G[{v1,va,...,v,}] contains an edge
e, then G contains a copy of T'P3 by Claim 3.7, it is a contradiction. Therefore,
for the pair {v;,vx} (1 < j < k < 3), we have vjupv; ¢ G where 1 < i < n,
i # j,k. If vjuga; € G where i = 1,2, then {a1b1ba, bib2as, vjvga;} forms a copy
of TP3. So the pair {v;, v} may be covered by the edge of the form vjvib; or
vjvrba. By the pigeonhole principle, there exist two pairs {vj, vy} covered by by
or by. Without loss of generality, we assume that viveb1, vovsb; € G.

First, we consider {a1,v1}. If ajvias € G, then {bjviva, bivovs, viaias} forms
a copy of T'Ps. If ajvibe € G, then {bjviva, bivavs, via1be} forms a copy of T Ps.
If ayviv; € G (i = 2,3,...,n), then {a1b1ba, bibsag, ajv1v;} forms a copy of T'Ps.
So we have ajv1b; € G. Similarly, aov1b; € G by the ‘symmetry’ of aq, as.

Second, we consider {ai,vs}. If ajvgae € G, then {ajagvs, arbivi,biviva}
forms a copy of T'Ps. If ajusbe € G, then {a1byvy, ajviby, v1b1ve} forms a copy of
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TPs. If ajugv; € G (1 < i <m,i+#4), then {a1v4v;, a1b1ba, biboas} forms a copy
of T P3. So we have ajvsb € G.

Third, we consider the pair {vq,vs}. If vivsa; € G (i = 1,2), then {a1b1b2,
bibsag, vivsa;} forms a copy of T'Ps. If vivsby € G, then {vga1b1, a1biba, bavivs}
forms a copy of T'P3. Recall that G[{vi,v2,...,v,}] dose not contain an edge,
so vivgby € G. We note that the three vertices vi,v9,v3 are ‘symmetrical’. So
the pairs {a;,v;} (i = 1,2; j = 1,2,3) must be covered by the edge of the form
a;vjb;. We will show that vy, vg,...,v, are ‘symmetrical’.

Let us consider the pairs {v;,v;} (i = 1,2,3; j = 4,...,n). By the ‘symmetry’
of v, va, v3, without loss of generality, we use {v1,v;} as an example. If viv;ja; € G
(¢ =1,2), then {a1b1b2, bibaas, vivja;} forms a copy of T'Ps. If vivjby € G, then
{b1v1v2, bivavs, v1v;ba } forms a copy of T'Py. Recall that G[{vi, v, ..., v,}] dose
not contain an edge. So the only edge containing {v;,v;} (i =1,2,3;j=4,...,n)
is Uivjbl.

Now, we consider the pairs {v;,v;} (4 < i < j < n). If vivja, € G (k =
1,2), then {aibib, biboas, vivja} forms a copy of T'P;. If vjvjba € G, then
{vivjba, a1biba, a1byv } forms a copy of T'P3. Recall that G[{vi,va,...,v,}] does
not contain an edge. So the only edge containing {v;,v;} (4 < i < j < n) is
Uﬂ}jbl.

Next, we consider the pairs {a;,v;} (i = 1,2; j = 4,...,n). By the ‘sym-
metry’ of ai,as, without loss of generality, we use {a1,v;} as an example. If
ajvjaz € G, then {bjv1vg, biajvi, a1vjag} forms a copy of TPs. If ajvjby € G,
then {a1v;b2, a1b1b2, bivive} forms a copy of T'Ps. If ajvju; € G (1 =1,2,...,n;
i # j), then {a1b1ba, bibaag, aqvjv;} forms a copy of T'P3. So the only edge con-
taining {a;,v;} (i =1,2; j =4,...,n) is a;v;b1.

From the above, we obtain that vy, ve, ..., v, are ‘symmetrical’. The discus-
sion above implies that all pairs {v;,v;} (1 <i < j < n)and {ag, v} (k =1,2;
1 =1,2,...,n) must only be covered by the edges of the forms v;v;b1 and axv;b1,
respectively.

Next, we show that the pairs {v;,b2} (j = 1,2,...,n) must only be covered
by the edges v;jbab;. If viboa; € G (i = 1,2), then {v;bsa;, bibaai, bivgu} (k, 1 # j)
forms a copy of T'Ps. If vibov; € G (1 < j < i < n), then {vjbv;, bibaai, arbivg}
(k # i,j) forms a copy of TP3. So vjbsb; is the only edge covering the pair
{Uj, bQ}

Finally, we consider {a1,as}. If ajazby € G then {ajaqbs, biasba,bivive}
forms a copy of T'P3. If ajasv; € G (i = 1,2,...,n), then {aiasv;, v;vjbi, vvibi }
(i # j # k) forms a copy of T'Ps. So ajagb; is the only edge covering the pair
{a1,as}.

The discussion implies that G = {bjuv : {u,v} € {a1,az,b2,v1,v2,... ,vn}@)}.
Let & be an optimum weighting of G, by Fact 2.7, we can assume that x;, = z,
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xai:xb:xvj:%(i:1,2,j:1,2,...,n).
B n+3\ (1—z\> 1 )
= =x- —z-(1— <2/27.
AMG) = NG, %)==z ( 5 ><n+3> <5 (1—2)°<2/27
Then A(G) < & < &£ — 1073 = X (K3) — 1073, ]

Proof of Lemma 3.1. If G is not dense, we may take a dense subgraph G’ of
G, such that A(G') = A\(G) and G’ is T Ps-free (and K3-free). So we may assume
that G is dense. The conclusion follows from Claims 3.6, 3.8 and 3.9. [

3.2. Turan number of the extension of T Pj
The main result in this section is as follows.

Theorem 3.10. For sufficiently large n, ex (n, H6TP3> = t3(n). Moreover, if n
is sufficiently large and G is an ng3 -free 3-graph on [n] with |G| = t3(n), then
G =T3(n).

To prove the theorem, we need several results from [1].

Definition 3.11 [1]. Let m,r > 2 be positive integers. Let F' be an r-graph that
has at most m+ 1 vertices satisfying m(F') < [Tmn—}f We say that ’Cr}:z+1 is m-stable
if for every real € > 0 there are a real § > 0 and an integer n; such that if G is

a le;; y1-free r-graph with at least n > n; vertices and more than ([z][ — 5) (:f)

edges, then G can be made m-partite by deleting at most en vertices.

Theorem 3.12 [1]. Let m,r > 2 be positive integers. Let F' be an r-graph that
either has at most m vertices or has m + 1 vertices one of which has degree 1.
Suppose either my\(F') < [Z—}f or mA(F) = [:Z—]f and KE | is m-stable. Then there
exists a positive integer ny such that for all n > ng we have ex (n, HEJFI) =tr (n)
and the unique extremal r-graph is T}, (n).

Given an r-graph G and a real a with 0 < a < 1, we say that G is «-

dense if G has minimum degree at least a('V(TG_){_l). Let i,7 € V(G), we say i
and j are nonadjacent if {i,j} is not covered in G. Given a set U C V(G), we
say U is an equivalence class of G if for every two vertices u,v € U, Lg(u) =
Lg(v). Given two nonadjacent nonequivalent vertices u,v € V(G), dg(u) >
da(v), symmetrizing v to u refers to the operation of deleting all edges containing
v of G and adding all the edges {u} U A, A € Lg(v) to G. We use the following

algorithm from [1], which was originated in [15].

Algorithm 3.13 (Symmetrization and cleaning with threshold «).
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Input: An r-graph G.

Output: An r-graph G*.

Initiation: Let Gy = Hy = G. Set i = 0.

Iteration: For each vertex w in H;, let A;(u) denote the equivalence class that
w is in. If either H; is empty or H; contains no two nonadjacent nonequivalent
vertices, then let G* = H; and terminate. Otherwise let u, v be two nonadjacent
nonequivalent vertices in H;, where dg,(u) > dg,(v). We symmetrize each vertex
in A;(v) to u. Let G;41 denote the resulting graph. If G;11 is a-dense, then let
H; 11 = Giy1. Otherwise we let L = G;41 and repeat the following: let z be any
vertex of minimum degree in L. We redefine L = L — z unless in forming G,
from H; we symmetrized the equivalence class of some vertex v in H; to some
vertex in the equivalence class of z in H;. In that case, we redefine L = L — v
instead. We repeat the process until L. becomes either a-dense or empty. Let
H; 11 = L. We call the process of forming H;,; from G;11 “cleaning”. Let Z;11
denote the set of vertices removed, so that H;+1 = G;+1— Z;+1. By our definition,
if H;41 is nonempty, then it is a-dense.

Theorem 3.14 [1]. Let m,r > 2 be positive integers. Let F' be an r-graph that
has at most m wvertices or has m + 1 vertices one of which has degree 1. There
exists a real vo = vyo(m,r) > 0 such that for every positive real v < 7, there
exist a real § > 0 and an integer ng such that the following is true for all n > nyg.

Let G be a le;;H-free r-graph on [n] with more than ([ZZ—][ — 5) (:,L) edges. Let
G* be the final r-graph produced by Algorithm 3.13 with threshold [Zz—][ — . Then
IV(G*)| > (1 —y)n and G* is (%—],f - 7) -dense. Furthermore, if there is a set

W CV(G*) with [W| > (1 —~0)|V(G*)| such that W is the union of a collection
of at most m equivalence classes of G*, then G[W] is m-partite.

The following lemma is implied in [1], we give a proof for completeness.

Lemma 3.15 [1]. Let m,r > 2 be positive integers. Let F' be an r-graph that has
at most m + 1 vertices, r — 1 vertices of an edge has degree 1 and w)(F) < [Z—][
Suppose there is a constant ¢ > 0 such that \(L) < MN(K])) — ¢ for every F-free
and K -free r-graph L. Then /Cf;H_l is m-stable.

Proof. Let ¢ > 0 be given. Let §,ng be the constants guaranteed by Theorem
3.14. We can assume that ¢ is small enough and ng is large enough. Let v > 0
satisfy v < ¢ and d + ry < c¢. Let G be a ICTZ”;H—free r-graph on n > ng vertices

with more than ([m]’” — 6) (:‘) edges. Let G™ be the final r-graph produced by

applying Algorithm 3.13 to G with threshold [ — 4. By Algorithm 3.13, if S
consists of one vertex from each equivalence class of G*, then G*[S] covers pairs
and G* is a blowup of G*[5].
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First, suppose that |S| > m+ 1. If F C G*[5], then since G*[S] covers pairs,
we can find a member of KF | in G*[S] by using any (m + 1)-set that contains a
copy of F as the core, contradicting G* being K 41-free. So G*[S] is F-free. We
claim that G*[S] is K, -free. Otherwise suppose G*[S] contains a copy of KJ,.
When |V (F)| = m, K, contains a copy of F' clearly. So suppose that |V (F)| =
m+ 1 and F has r — 1 vertices of one edge of degree 1. Let e = {vy,...,v,} € F
with dp(v1) = -+- =dp(v,—1) = 1. Let uy € S\ V(K7,) since |S| > m + 1, and
let ug € V(KJ,), since G*[S] covers pairs, there is an edge covering {ui,us2} in
G*[S], denote as {ui,...,u,}. Assume that V(F) = {v1,...,0m4+1}. We define
an injective function f from V (F') to S with f(v;) = w; for every i € [m+1], where
Upgl, ..., Umt1 are arbitrary m-+1—r vertices in V(K] )\ {ug,...,u,}. It is clear
that f preserves edges and hence G*[S] contains a copy of F, a contradiction.
Thus, by our assumption, A(G*[S]) < Lme o By Proposition 2.9, we have

(1) G*] < MG [S])n” < (;[T’Z] - c> nr < (T - c> %

Now, during the process of obtaining G* from G, symmetrization never decreases
the number of edges. Since at most yn vertices are deleted in the process (see
Theorem 3.14),

67| > |G\—7n<:fj> > ([ﬁ[—a—m) (’;) > (@T—c) %

contradicting (1). So |S| < m. Hence, W = V(G*) is the union of at most m
equivalence classes of G*. By Theorem 3.14, |W| > (1 — v)n and G[W] is m-
partite. Hence, G can be made m-partite by deleting at most yn < en vertices.
Thus, ICELH is m-stable. [

Proof of Theorem 3.10. By Theorem 3.1 and Corollary 3.2, T'P5 satisfies the
conditions of Lemma 3.15. So IC6TP3 is 5-stable. The theorem then follows from
Theorem 3.12. m
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