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Abstract

Given a positive integer n and an r-uniform hypergraph F , the Turán

number ex(n, F ) is the maximum number of edges in an F -free r-uniform
hypergraph on n vertices. The Turán density of F is defined as π(F ) =

limn→∞

ex(n,F )

(n
r
)

. The Lagrangian density of F is πλ(F ) = sup{r!λ(G) : G

is F -free}, where λ(G) is the Lagrangian of G. Sidorenko observed that
π(F ) ≤ πλ(F ), and Pikhurko observed that π(F ) = πλ(F ) if every pair of
vertices in F is contained in an edge of F . Recently, Lagrangian densities
of hypergraphs and Turán numbers of their extensions have been studied
actively. For example, in the paper [A hypergraph Turán theorem via La-

grangians of intersecting families, J. Combin. Theory Ser. A 120 (2013)
2020–2038], Hefetz and Keevash studied the Lagrangian densitiy of the 3-
uniform graph spanned by {123, 456} and the Turán number of its extension.
In this paper, we show that the Lagrangian density of the 3-uniform graph
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spanned by {123, 234, 456} achieves only on K3
5 . Applying it, we get the

Turán number of its extension, and show that the unique extremal hyper-
graph is the balanced complete 5-partite 3-uniform hypergraph on n vertices.
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1. Notations and Definitions

For a set V and a positive integer r we denote by V (r) the family of all r-subsets
of V . An r-uniform graph or r-graph G consists of a set V (G) of vertices and a set
E(G) ⊆ V (G)(r) of edges. We sometimes simply write G as E(G). Let |G| denote
the number of edges of G. An edge e = {a1, a2, . . . , ar} will be simply denoted
by a1a2 · · · ar. An r-graph H is a subgraph of an r-graph G, denoted by H ⊆ G,
if V (H) ⊆ V (G) and E(H) ⊆ E(G). In particular, a subgraph H is spanning if
V (H) = V (G). A subgraph of G induced by V ′ ⊆ V , denoted as G[V ′], is the
r-graph with vertex set V ′ and edge set E′ = {e ∈ E(G) : e ⊆ V ′}. Let Kr

t denote
the complete r-graph on t vertices, that is, the r-graph on t vertices containing
all r-subsets of the vertex set as edges. Let T r

m(n) be the balanced complete m-

partite r-uniform graph on n vertices, i.e., V (T r
m(n)) = V1 ∪ V2 ∪ · · · ∪ Vm such

that Vi ∩ Vj = ∅ for every 1 ≤ i < j ≤ m and |V1| ≤ |V2| ≤ · · · ≤ |Vm| ≤ |V1|+ 1,

and E(T r
m(n)) =

{

e ∈
(

[n]
r

)

: for every i ∈ [m], |e∩Vi| ≤ 1
}

. Let trm(n) = |T r
m(n)|.

For a positive integer n, let [n] denote {1, 2, 3, . . . , n}. Given positive integers m
and r, let [m]r = m(m− 1) · · · (m− r + 1).

Given an r-graph F , an r-graph G is called F -free if it does not contain a
copy of F as a subgraph. For a fixed positive integer n and an r-graph F , the
Turán number of F , denoted by ex(n, F ), is the maximum number of edges in
an F -free r-graph with n vertices. An averaging argument of Katona-Nemetz-
Simonovits [8] shows that the sequence ex(n,F )

(nr)
is a non-increasing sequence.

Hence, limn→∞
ex(n,F )

(nr)
exists. The Turán density of F is defined as

π(F ) = lim
n→∞

ex(n, F )
(

n
r

) .

For 2-graphs, Erdős-Stone-Simonovits determined the Turán densities of all
graphs except bipartite graphs. Very few results are known for hypergraphs and a
recent survey on this topic can be found in Keevash’s survey paper [9]. Lagrangian
has been a useful tool in estimating the Turán density of a hypergraph.

Definition 1.1. Let G be an r-graph on [n] and let ~x = (x1, . . . , xn) ∈ R
n, define

the Lagrangian function of G as

λ(G,~x) =
∑

e∈E(G)

∏

i∈e
xi.
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The Lagrangian of G, denoted by λ(G), is defined as

λ(G) = max{λ(G,~x) : ~x ∈ ∆},

where

∆ =

{

~x = (x1, x2, . . . , xn) ∈ R
n :

n
∑

i=1

xi = 1, xi ≥ 0 for every i ∈ [n]

}

.

The value xi is called the weight of the vertex i and a vector ~x ∈ ∆ is called
a feasible weighting on G. A feasible weighting ~y ∈ ∆ is called an optimum

weighting on G if λ(G, ~y) = λ(G).

Given an r-graph F , we define the Lagrangian density πλ(F ) of F to be

πλ(F ) = sup{r!λ(G) : G is F -free}.

The Lagrangian density of an r-graph is closely related to its Turán density.
We say that a pair of vertices {i, j} is covered in a hypergraph H if there exists
e ∈ H such that {i, j} ⊆ e. We say that a hypergraph H covers pairs if every
pair of vertices is covered in H.

Proposition 1.2 [15, 17]. π(F ) ≤ πλ(F ). If F covers pairs, then π(F ) = πλ(F ).

Thus, to determine the Turán density of K3
4 (a long standing conjecture of

Turán) is equivalent to determine the Lagrangian density of K3
4 .

Let r ≥ 3, F be an r-graph and p ≥ |V (F )|. Let KF
p denote the family

of r-graphs H that contain a set C of p vertices, called the core, such that the
subgraph ofH induced by C contains a copy of F and every pair of vertices in C is
covered in H. Let HF

p be a member of KF
p obtained as follows. Label the vertices

of F as v1, . . . , v|V (F )|. Add new vertices v|V (F )|+1, . . . , vp. Let C = {v1, . . . , vp}.
For each pair of vertices vi, vj ∈ C not covered in F , we add a set Bij of r − 2
new vertices and the edge {vi, vj} ∪ Bij , where the Bij ’s are pairwise disjoint
over all such pairs {i, j}. We call HF

p the extension of F .

The Lagrangian method for hypergraph Turán problems were developed inde-
pendently by Sidorenko [17] and Frankl-Füredi [3], generalizing work of Motzkin
and Straus [10] and Zykov [22]. Recently, Lagrangian densities of hypergraphs
and Turán numbers of their extensions have been studied by Mubayi, Pikhurko,
Hefetz-Keevash, Norin-Yepremyan, Jiang, etc. In [5], Hefetz and Keevash re-
marked that it is interesting in its own right to determine the maximum La-
grangian of r-graphs with certain properties. For example, determine the La-
grangian density of an r-graph F . The Lagrangian density of the enlargement
of a tree satisfying Erdős-Sos’s conjecture is determined by Sidorenko [18] and
Brandt-Irwin-Jiang [1]. Pikhurko [15] determined the Lagrangian density of a
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4-uniform tight linear path of length 2 and applied it to confirm the conjecture
of Frankl-Füredi on the Turán number of its extension, the r-uniform genearlized
triangle for the case r = 4. Norin and Yepremyan [13] confirmed for r = 5 or 6
by extending the earlier result of Frankl-Füredi in [3]. Mubayi [11] and Pikhurko
[16] obtained the exact Turán number of the expanded complete 2-graph, the
extension of an empty graph with a core of p vertices, and showed the stability.
Mubayi and Pikhurko [12] also obtain the Turán numbers for the generalized
fans, extension of an edge in an r-uniform graph with a core of r + 1 vertices,
and showed the stability. Brandt-Irwin-Jiang [1] and independently Norin and
Yepremyan [14] showed that for a large family of r-graphs F and sufficiently large
n, ex(n,HF

p ) = e(Tr(n, p−1)) with the unique extremal graph being Tr(n, p−1).
In [5], Hefetz and Keevash determined the Lagrangian density of a 3-uniform
matching of size 2 and the Turán number of its extension. They proposed a
conjecture on the Lagrangian density of an r-uniform matching of size 2 and the
Turán number for its extension. Norin and Yepremyan confirmed this conjec-
ture, and independently Wu-Peng-Chen [20] confirmed this conjecture for r = 4.
Jiang-Peng-Wu in [7] obtained the Lagrangian density of a 3-uniform matching
of any size and the Turán number of the extension. The authors of [19] and [6]
determined the Lagrangian density of a 3-uniform linear path of length 3 or 4,
the Lagrangian density of the disjoint union of a 3-uniform linear path of length
2 or 3 and a matching of any size, and the corresponding Turán numbers of their
extensions. It seems to be more difficult if we replace a linear path by a tight
path. The authors of [2] obtain the Lagrangian density of the disjoint union of
a 3-uniform tight path of length 2 and an edge, and the corresponding Turán
number of its extension. Yan-Peng in [21] determined the Lagrangian densities of
the 3-uniform linear cycle of length 3 ({123, 345, 561}), and F5 ({123, 124, 345}).

In this paper, we obtain the Lagrangian density of a 3-uniform path of length
3 where two consecutive edges have 1 or 2 vertices in common. Precisely, let TP3

be the 3-graph with vertex set [6] and edge set {123, 234, 456}. We show that the
Lagrangian density of TP3 achieves only on K3

5 . Applying it, we obtain the Turán
number for the extension of TP3 and show that the unique extremal hypergraph
is T 3

5 (n). The method in this paper uses the idea in [7] and [19] by showing that
we can reduce the family of all TP3-free 3-graphs to the family of left compressed
and dense TP3-free 3-graphs, but much more structural analysis is needed here.

2. Preliminaries

In this section, we develop some useful properties of the Lagrangian function.
The following fact follows immediately from the definition of the Lagrangian.

Fact 2.1. Let G1, G2 be r-graphs and G1 ⊆ G2. Then λ(G1) ≤ λ(G2).

Given an r-graph G and a set S of vertices, the link of S in G, denoted



The Lagrangian Density of {123, 234, 456} and the Turán Number ...909

by LG(S), is the hypergraph with edge set
{

e ∈
(V (G)\S

r−|S|
)

: e ∪ S ∈ E(G)
}

. In

particular, S = {i}, we write LG({i}) as LG(i). The degree of i is dG(i) = |LG(i)|,
the number of edges containing i in G. Given i, j ∈ V (G), define

LG(j \ i) = {e : i /∈ e, e ∪ {j} ∈ E(G) and e ∪ {i} /∈ E(G)},

when there is no confusion, we will drop the subscript G. We say G on vertex set
[n] is left-compressed if for every i, j, 1 ≤ i < j ≤ n, LG(j\i) = ∅. Equivalently, G
on [n] is left-compressed if j1j2 · · · jr ∈ E(G) implies i1i2 · · · ir ∈ E(G), wherever
ip ≤ jp for 1 ≤ p ≤ r. Let i, j ∈ V (G), define

πij(G) =
(

E(G) \ {e ∪ {j} : e ∈ LG(j \ i)}
)

∪ {e ∪ {i} : e ∈ LG(j \ i)}.

By the definition of πij(G), it’s straightforward to verify the following fact.

Fact 2.2. Let G be an r-graph on [n]. Let ~x = (x1, x2, . . . , xn) be a feasible

weighting on G. If xi ≥ xj, then λ(πij(G), ~x) ≥ λ(G,~x).

An r-graph G is dense if for every subgraph G′ of G with |V (G′)| < |V (G)|
we have λ(G′) < λ(G). This is equivalent to that no coordinate in an optimum
weighting is zero.

Fact 2.3 [4]. Let G = (V,E) be a dense r-graph. Then G covers pairs.

In [10], Motzkin and Straus determined the Lagrangian of any given 2-graph.

Theorem 2.4 (Motzkin and Straus [10]). If G is a 2-graph in which a maximum

complete subgraph has t vertices, then λ(G) = λ
(

K2
t

)

= 1
2

(

1− 1
t

)

.

The support of a vector ~x is σ(~x) = {i : xi 6= 0 for i ∈ [n]}.

Fact 2.5 [4]. Let G be an r-graph on [n]. Let ~x = (x1, x2, . . . , xn) be an optimum

weighting on G. Then
∂λ(G,~x)

∂xi
= rλ(G)

for every i ∈ σ(~x).

Let T
(3)
2 be a 3-graph with two edges intersecting at two vertices.

Fact 2.6. If G is a dense 3-graph on [n] (n ≥ 4), then G contains a copy of T
(3)
2 .

Proof. Suppose that G is T
(3)
2 -free. Since G is dense, then every pair of vertices

is covered exactly once. Let ~x = (x1, x2, . . . , xn) be an optimum weighting on

G. By Fact 2.5, ∂λ(G,~x)
∂xi

= 3λ(G) for all 1 ≤ i ≤ n. Summing over i we obtain

3nλ(G) =
∑n

i=1
∂λ(G,~x)

∂xi
=

∑

1≤i<j≤n xixj ≤ 1
2

(

1− 1
n

)

. So λ(G) ≤ n−1
6n2 ≤ 1

32 , it
is a contradiction.
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Fact 2.7. Let G be an r-graph on [n]. Let ~x = (x1, x2, . . . , xn) be a feasible

weighting on G. Let i, j ∈ [n], i 6= j. Suppose that LG(i \ j) = LG(j \ i) = ∅.
Let ~y = (y1, y2, . . . , yn) be defined by letting yℓ = xℓ for every ℓ ∈ [n] \ {i, j} and

letting yi = yj =
1
2(xi + xj). Then λ(G, ~y) ≥ λ(G,~x).

Proof. Since LG(i \ j) = LG(j \ i) = ∅, we have

λ(G, ~y)− λ(G,~x) =
∑

{i,j}⊆e∈G

[

(xi + xj)
2

4
− xixj

]

∏

k∈e\{i,j}
xk ≥ 0.

Let Kr−
t be an r-graph obtained by removing one edge from Kr

t .

Fact 2.8 [5]. Let G be a 3-graph on [5]. If G 6= K3
5 , then λ(G) ≤ λ(K3−

5 ) ≤
λ(K3

5 )− 10−3.

As usual, if V1, . . . , Vs are disjoint sets of vertices then Πs
i=1Vi = V1 × V2 ×

· · · × Vs = {(x1, x2, . . . , xs) : for every i ∈ [s], xi ∈ Vi}. We will use Πs
i=1Vi to

also denote the set of the corresponding unordered s-sets. If L is a hypergraph
on [m], then a blowup of L is a hypergraph G whose vertex set can be partitioned
into V1, . . . , Vm such that E(G) =

⋃

e∈L
∏

i∈e Vi. The following proposition fol-
lows immediately from the definition and is implicit in many papers (see [9] for
instance).

Proposition 2.9. Let r ≥ 2. Let L be an r-graph and G be a blowup of L.
Suppose |V (G)| = n. Then |G| ≤ λ(L)nr.

3. Lagrangian Density of TP3 and Related Turán Number

3.1. Lagrangian density of TP3

Recall that TP3 is the 3-graph with vertex set [6] and edge set {123, 234, 456}.
In this section, we will show that the maximum possible Lagrangian among all
TP3-free 3-graphs is uniquely achieved by K3

5 . Our main results are as follows.

Theorem 3.1. Let G be a TP3-free 3-graph. Then λ(G) ≤ λ
(

K3
5

)

= 2
25 . Fur-

thermore, if G is K3
5 -free, then λ(G) ≤ λ

(

K3
5

)

− 10−3.

Corollary 3.2. πλ(TP3) = 3!λ
(

K3
5

)

.

Proof. Since K3
5 is TP3-free, then πλ(TP3) ≥ 3!λ

(

K3
5

)

. On the other hand, by
Theorem 3.1, πλ(TP3) ≤ 3!λ

(

K3
5

)

. Therefore, πλ(TP3) = 3!λ
(

K3
5

)

.

In order to prove Theorem 3.1, we divide the TP3-free 3-graphs into two
categories: one is that the graphs contain at most six vertices; the other is that
the graphs contain seven vertices or more than seven vertices. We will prove the
following results.
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Lemma 3.3. Let G be a 3-graph on [n] (n ≤ 6). If G is TP3-free, then for every

pair i, j, 1 ≤ i < j ≤ n, the following hold.

(1) πij(G) is TP3-free.

(2) Furthermore, if G is K3
5 -free and {i, j} is covered by an edge of G, then

πij(G) is K3
5 -free.

Proof. Suppose for the contrary that πij(G) contains a copy of TP3, denoted by
TP . Since G is TP3-free, there is an edge e ∈ TP such that i ∈ e ∈ πij(G), j /∈ e
and e′ = e \ {i}∪ {j} ∈ G. There are two cases in terms of the degree of i in TP .

Case 1. dTP (i) = 1. If there exists no f ∈ TP such that j ∈ f , then TP\
{e}∪{e′} forms a copy of TP3 in G. Otherwise, there exists one edge f such that
j ∈ f ∈ TP , then f ′ = f \ {j} ∪ {i} ∈ G. So TP \ {e, f} ∪ {e′, f ′} forms a copy
of TP3 in G.

Case 2. dTP (i) = 2. Let TP = {e1, e2, e3} and |e1 ∩ e2| = 2, |e2 ∩ e3| = 1,
|e1 ∩ e3| = 0. There are two possible cases.

Subcase 2.1. i ∈ e1 ∩ e2. Since G is TP3-free, at least one of the following
cases may happen. (I) e′1 = e1 \ {i} ∪ {j} ∈ G, e′2 = e2 \ {i} ∪ {j} ∈ G. In
this case, if j ∈ e3 \ e2, then {e′1, e

′
2, e3 \ {j} ∪ {i}} forms a copy of TP3. If

j /∈ e3 \ e2, then {e′1, e
′
2, e3} forms a copy of TP3. (II) e

′
1 = e1 \ {i} ∪ {j} ∈ G but

e′2 = e2\{i}∪{j} /∈ G. In this case, if j ∈ e3\e2, then {e′1, e3, e3\{j}∪{i}} forms a
copy of TP3. If j /∈ e3\e2, we get e

′
1, e2, e3 ∈ G and |e′1∪e2∪e3| = 7, contradicting

the condition. (III) e′1 = e1 \ {i} ∪ {j} /∈ G but e′2 = e2 \ {i} ∪ {j} ∈ G. In this
case, if j ∈ e3 \ e2, then {e1, e3, e3 \ {j}∪ {i}} forms a copy of TP3. If j /∈ e3 \ e2,
then we can get e1, e

′
2, e3 ∈ G and |e1 ∪ e′2 ∪ e3| = 7, contradicting the condition.

Subcase 2.2. i ∈ e2 ∩ e3. Since G is TP3-free, at least one of the following
cases may happen. (I) e′2 = e2 \ {i} ∪ {j} ∈ G, e′3 = e3 \ {i} ∪ {j} ∈ G. In
this case, if j ∈ e1 \ e2, then {e1 \ {j} ∪ {i}, e′2, e

′
3} forms a copy of TP3. If

j /∈ e1 \ e2, then {e1, e
′
2, e

′
3} forms a copy of TP3. (II) e

′
2 = e2 \ {i} ∪ {j} /∈ G but

e′3 = e3 \ {i} ∪ {j} ∈ G. In this case, j /∈ e1 \ e2, then we can get e1, e2, e
′
3 ∈ G

and |e1 ∪ e2 ∪ e′3| = 7, contradicting the condition. (III) e′2 = e2 \ {i} ∪ {j} ∈ G
but e′3 = e3 \ {i} ∪ {j} /∈ G. In this case, j /∈ e1 \ e2, we get e1, e

′
2, e3 ∈ G and

|e1 ∪ e′2 ∪ e3| = 7, contradicting the condition.
Assume that {i, j} is covered by an edge g of G. Suppose for contradiction

that πij(G) contains a copy K of K3
5 . Clearly, V (K) must contain i. If j ∈ V (K),

then it is easy to see that K is also in G, contradicting G being K3
5 -free. By the

definition of πij(G), all the edges in K not containing i are also in G. If j /∈ V (K),
since n ≤ 6, we have |g ∩ V (K)| = 2. Now, we can find a copy of TP3 in G, a
contradiction.

Next, we need an algorithm.
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Algorithm 3.4 (Dense and Left-compressed [7]).
Input: An r-graph G.
Output: A dense, left-compressed r-graph G′.

Step 1. If G is dense, then go to Step 2. Otherwise, replace G by a dense sub-
graph G′ with the same Lagrangian and go to Step 2.

Step 2. If G is left-compressed, then terminate. Otherwise, let ~y be an optimum
weighting of G, then there exist vertices i, j, where i < j, such that yi > yj and
LG(j \ i) 6= ∅. Replace G by πij(G) and go to Step 1.

Note that the algorithm terminates after finite many steps since Step 2 re-
duces the parameter s(G) =

∑

e∈G
∑

i∈e i by at least 1 each time and Step 1
reduces the number of vertices by at least 1 each time.

Lemma 3.5. Let G be a TP3-free (and K3
5 -free) 3-graph on [n] (n ≤ 6). Then

there exists a dense and left-compressed TP3-free (and K3
5 -free) 3-graph G′ with

|V (G′)| ≤ |V (G)| such that λ(G′) ≥ λ(G).

Proof. We apply Algorithm 3.4 to G and let G′ be the final graph. Then G′

is dense and left-compressed. By Fact 2.2, λ(G′) ≥ λ(G). By Lemma 3.3, G′ is
TP3-free (and K3

5 -free).

Claim 3.6. Let G be a TP3-free 3-graph on [n] (n ≤ 6). Then λ(G) ≤ λ
(

K3
5

)

.

Furthermore, if G is also K3
5 -free, then λ(G) ≤ λ

(

K3
5

)

− 10−3.

Proof. By Lemma 3.5, we may assume that G is dense and left-compressed. If
n ≤ 5, by Fact 2.1, then λ(G) ≤ λ

(

K3
5

)

. If G is K3
5 -free, by Fact 2.8, then

λ(G) ≤ λ
(

K3−
5

)

≤ λ
(

K3
5

)

− 10−3. Hence, we may assume that n = 6. Let
~x = (x1, x2, . . . , x6) be an optimum weighting of G. It is clear that x1 ≥ x2 ≥
· · · ≥ x6. By Fact 2.3, G covers pairs. So i56 ∈ G, for some i < 5. Since G is
left-compressed, we have 156 ∈ G, this implies that for every i, j, where 2 ≤ i <
j ≤ 6, 1ij ∈ G. Suppose that G[{2, 3, 4, 5, 6}] contains an edge. Without loss of
generality, we assume that 456 ∈ G. Since 123, 145 ∈ G, we have {123, 145, 456}
forms a copy of TP3 in G, contradicting G being TP3-free. Hence G = {1ij :

2 ≤ i < j ≤ 6}. Assume that x1 = a. Since ~y =
(

x2

1−a
, . . . , x6

1−a

)

is a feasible

weighting on LG(1), By Theorem 2.4,

λ(G) = λ(G,~x) = a(1− a)2λ(LG(1), ~y) <
1

2
a(1− a)2 ≤

2

27
< λ

(

K3
5

)

− 10−3.

Let Q = {a1b1b2, a2b1b2, c1c2c3}, we have the following result.

Claim 3.7. Let G be a dense 3-graph. If G contains a subgraph Q, then it also

contains a copy of TP3.
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Proof. Suppose that G is TP3-free. If |V (G)| = |V (Q)|, then we have b1c1x /∈ G
for every x ∈ {a1, a2, b2, c2, c3}. If b1c1a1 ∈ G, then {b1c1a1, a1b1b2, c1c2c3} forms
a copy of TP3, it is a contradiction. If b1c1a2 ∈ G, then {b1c1a2, a2b1b2, c1c2c3}
forms a copy of TP3. If b1c1b2 ∈ G, then {b1c1b2, a1b1b2, c1c2c3} forms a copy
of TP3. If b1c1c2 ∈ G, then {b1c1c2, c1c2c3, a1b1b2} forms a copy of TP3. If
b1c1c3 ∈ G, then {b1c1c3, c1c2c3, a1b1b2} forms a copy of TP3. So the pair,
{b1, c1}, is not covered by any edge of G, which is a contradiction by Fact 2.3.
If |V (G)| > |V (Q)|, then let vi ∈ V (G) \ V (Q), where 1 ≤ i ≤ |V (G)| − |V (Q)|.
Since G is TP3-free, we have a1c1x /∈ G for every x ∈ {b1, b2, c2, c3, vi}. If
a1c1b1 ∈ G, then {a1c1b1, a1b1b2, c1c2c3} forms a copy of TP3. If a1c1b2 ∈ G, then
{a1c1b2, a1b1b2, c1c2c3} forms a copy of TP3. If a1c1c2 ∈ G, then {a1c1c2, c1c2c3,
a1b1b2} forms a copy of TP3. If a1c1c3 ∈ G, then {a1c1c3, c1c2c3, a1b1b2} forms
a copy of TP3. If a1c1vi ∈ G, then {a1c1vi, a1b1b2, a2b1b2} forms a copy of
TP3. Similarly, we have a1c2x /∈ G for x ∈ {b1, b2, c1, c3, vi} and a1c3x /∈ G
for x ∈ {b1, b2, c1, c2, v1}. Since G is dense, we have a1cia2 ∈ G (i = 1, 2, 3).
Next, we consider the pair {b1, c1}. From previous analysis, we have b1c1x /∈ G
for every x ∈ {a1, a2, b2, c2, c3}. So we just consider the edges b1c1vi ∈ G
(1 ≤ i ≤ |V (G)| − |V (Q)|) or not. If b1c1vi ∈ G, then {a1a2c1, a1a2c2, c1b1vi}
forms a copy of TP3. So the pair {b1, c1}, is not covered by any edge of G, which
is a contradiction by Fact 2.3.

Claim 3.8. Let G be a dense 3-graph and |V (G)| = 7. If G is TP3-free, then

λ(G) ≤ λ
(

K3
5

)

− 10−3.

Proof. Let V (G) = {a1, a2, b1, b2, v1, v2, v3}. Since G is dense, we have G con-

tains a copy of T
(3)
2 by Fact 2.6. Without loss of generality, we assume that

a1b1b2, a2b1b2 ∈ G. If v1v2v3 ∈ G, by Claim 3.7, then G contains a copy of TP3,
it is a contradiction. If v1v2v3 /∈ G, we consider the pairs {vj , vk} (1 ≤ j < k ≤ 3).
If vjvkai ∈ G (i = 1, 2), then {a1b1b2, b1b2a2, aivjvk} forms a copy of TP3 in G.
So the pairs {vj , vk} may be covered by the edge of the form vjvkb1 or vjvkb2.
By the pigeonhole principle, there exist two pairs {vj , vk} covered by b1 or b2.
Without loss of generality, we only need to discuss the following two cases.

Case 1. v1v2b1, v2v3b1, v1v3b2 ∈ G. First, we consider the pairs {ai, vj} (i =
1, 2; j = 1, 3). Due to the ‘symmetry’ of a1, a2, and the ‘symmetry’ of v1, v3, we
use {a1, v1} as an example. If a1v1a2 ∈ G, then {v3b1v2, b1v2v1, v1a1a2} forms a
copy of TP3. If a1v1b2 ∈ G, then {v3b1v2, b1v2v1, v1a1b2} forms a copy of TP3. If
a1v1vi ∈ G (i = 2, 3), then {a1b1b2, b1b2a2, a1v1vi} forms a copy of TP3. So the
only edge containing {a1, v1} is a1v1b1. Similarly, a2v1b1, a1v3b1, a2v3b1 are the
only edges in G containing {a2, v1}, {a1, v3} and {a2, v3}, respectively.

Second, we consider {a1, a2}. If a1a2b1 ∈ G, then {a1b1b2, a1b1a2, b2v1v3}
forms a copy of TP3. If a1a2b2 ∈ G, then {a2b1b2, a1a2b2, b1v1v2} forms a copy of
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TP3. If a1a2vi ∈ G (i = 1, 3), then {b1v2v1, b1v2v3, a1a2vi} forms a copy of TP3.
So the only edge containing {a1, a2} is a1a2v2.

Third, we consider {v2, b2}. If v2b2a1 ∈ G, then {v2b2a1, a1b1b2, b1a2v1} forms
a copy of TP3. If v2b2a2 ∈ G, then {v2b2a2, a2b1b2, b1a1v1} forms a copy of TP3.
If v2b2v1 ∈ G, then {v1v2b2, v1v2b1, b1a1v3} forms a copy of TP3. If v2b2v3 ∈ G,
then {v3v2b2, v3v2b1, b1a1v1} forms a copy of TP3. So the only edge containing
{v2, b2} is v2b2b1.

Finally, we consider the rest of edges inG. If a1v2b1 ∈ G, then {a1v2b1, a1b1b2,
v1v3b2} forms a copy of TP3. If a2v2b1 ∈ G, then {a2v2b1, a2b1b2, v1v3b2} forms
a copy of TP3. If v1v3b1 ∈ G, then {v1v3b1, b1v1v2, v2a1a2} forms a copy of TP3.
If b1b2vi ∈ G (i = 1, 3), then {b1b2vi, b1b2a2, a2a1v2} forms a copy of TP3.

From the above, we obtain that G = {a1b1b2, a2b1b2, v1v2b1, v2v3b1, v1v3b2,
a1v1b1, a1v3b1, a2v1b1, a2v3b1, a1a2v2, b1b2v2}. Let ~x be an optimum weighting of
G, by Fact 2.7, we may assume that xa1 = xa2 = xv2 = x, xb2 = xv1 = xv3 =
y, xb1 = z and 3x + 3y + z = 1. λ(G) = λ(G,~x) = x3 + y3 + 9xyz. If some of
x, y, z is 0, then it is easy to verify that λ(G) = 1

27 < λ(K3
5 )−10−3. So we assume

that x, y, z > 0. Let f(x, y, z) = x3 + y3 + 9xyz. To get the maximum value of
f(x, y, z), we apply the theory of Lagrange multipliers. Let

g(x, y, z, γ) = x3 + y3 + 9xyz − γ(3x+ 3y + z − 1).

Taking the partial derivative with respect to x, y, z and γ, and let its value equal
to 0. We have















3x2 + 9yz = 3γ
3y2 + 9xz = 3γ
9xy = γ
3x+ 3y + z = 1.

Noting that the right hand sides of the first and the second equalities are
equal, we obtain that

3x2 − 3y2 = 9z(x− y).

If x− y = 0. Solving the above system of equations, we have that x0 =
3
26 , y0 =

3
26 , z0 =

8
26 . If x−y 6= 0, then we have that x1 =

15+3
√
15

100 , y1 =
15−3

√
15

100 , z1 = 0.1

or x2 = 15−3
√
15

100 , y2 = 15+3
√
15

100 , z2 = 0.1. By direct calculation, we see that the
maximum occurs at x0 =

3
26 , y0 =

3
26 , z0 =

8
26 .

Hence, λ(G) ≤ f(x0, y0, z0) =
27
676 < 2

25 − 10−3 = λ
(

K3
5

)

− 10−3.

Case 2. v1v2b1, v2v3b1, v1v3b1 ∈ G. First, we consider the pairs {ai, vj} (i =
1, 2; j = 1, 2, 3). Due to the ‘symmetry’ of a1, a2 and the ‘symmetry’ of v1, v2 and
v3, we use {a1, v1} as an example. If a1v1a2 ∈ G, then {b1v1v2, b1v2v3, v1a1a2}
forms a copy of TP3. If a1v1b2 ∈ G, then {b1v1v2, b1v2v3, v1a1b2} forms a copy of
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TP3. If a1v1vi ∈ G (i = 2, 3), then {a1b1b2, b1b2a2, a1v1vi} forms a copy of TP3.
So the only edge containing {a1, v1} is a1v1b1. Similarly, a2v1b1, a1v2b1, a2v2b1,
a1v3b1, a2v3b1 are the only edges in G containing {a2, v1}, {a1, v2}, {a2, v2},
{a1, v3} and {a2, v3}, respectively.

Second, we consider {a1, a2}. If a1a2b2 ∈ G, then {a1b1b2, a1b2a2, b1v1v3}
forms a copy of TP3. If a1a2vi ∈ G (i = 1, 3), then {a1a2vi, b1v1v2, b1v2v3} forms
a copy of TP3. If a1a2v2 ∈ G, then {a1a2v2, b1v1v3, b1v2v3} forms a copy of TP3.
So the only edge containing {a1, a2} is a1a2b1.

Third, we consider the pair {b2, vi} (i = 1, 2, 3). Due to the ‘symmetry’ of
v1, v2 and v3, we use {b2, v1} as an example. If b2v1a1 ∈ G, then {v1a1b2, a1b2b1,
b1v2v3} forms a copy of TP3. If b2v1a2 ∈ G, then {v1a2b2, a2b2b1, b1a1v2} forms a
copy of TP3. If b2v1v2 ∈ G, then {v1v2b2, v1v2b1, b1a1v3} forms a copy of TP3. If
b2v1v3 ∈ G, then {v3v1b2, v3v1b1, b1a1a2} forms a copy of TP3. So the only edge
containing {b2, v1} is b2v1b1. Similarly, b2v2b1 and b2v3b1 are the only edges in G
containing {b2, v1} and {b2, v3}, respectively.

Meanwhile, if b2v2v3 ∈ G, then {v2v3b2, b1v2v3, b1a1a2} forms a copy of TP3.
From the above, we obtain that G={b1uv :

{

u, v} ∈ {a1, a2, b2, v1, v2, v3}
(2)

}

.
Let ~x be an optimum weighting of G, by Fact 2.7, we may assume that xb1 =
x, xai = xb2 = xvj = (1− x)/6 (i = 1, 2; j = 1, 2, 3).

λ(G) = λ(G,~x) = 15x ·

(

1− x

6

)2

≤
5

24

(

2x+ (1− x) + (1− x)

3

)3

=
5

81
.

Then λ(G) ≤ 5
81 < 2

25 − 10−3 = λ
(

K3
5

)

− 10−3.

Claim 3.9. Let G be a dense 3-graph and |V (G)| ≥ 8. If G is TP3-free, then

λ(G) ≤ λ
(

K3
5

)

− 10−3.

Proof. Let V (G) = {a1, a2, b1, b2, v1, v2, v3, v4, . . . , vn} (n ≥ 4). Since G is dense,

we have G contains a copy of T
(3)
2 by Fact 2.6. Without loss of generality, we

assume that a1b1b2, a2b1b2 ∈ G. Suppose that G[{v1, v2, . . . , vn}] contains an edge
e, then G contains a copy of TP3 by Claim 3.7, it is a contradiction. Therefore,
for the pair {vj , vk} (1 ≤ j < k ≤ 3), we have vjvkvi /∈ G where 1 ≤ i ≤ n,
i 6= j, k. If vjvkai ∈ G where i = 1, 2, then {a1b1b2, b1b2a2, vjvkai} forms a copy
of TP3. So the pair {vj , vk} may be covered by the edge of the form vjvkb1 or
vjvkb2. By the pigeonhole principle, there exist two pairs {vj , vk} covered by b1
or b2. Without loss of generality, we assume that v1v2b1, v2v3b1 ∈ G.

First, we consider {a1, v1}. If a1v1a2 ∈ G, then {b1v1v2, b1v2v3, v1a1a2} forms
a copy of TP3. If a1v1b2 ∈ G, then {b1v1v2, b1v2v3, v1a1b2} forms a copy of TP3.
If a1v1vi ∈ G (i = 2, 3, . . . , n), then {a1b1b2, b1b2a2, a1v1vi} forms a copy of TP3.
So we have a1v1b1 ∈ G. Similarly, a2v1b1 ∈ G by the ‘symmetry’ of a1, a2.

Second, we consider {a1, v4}. If a1v4a2 ∈ G, then {a1a2v4, a1b1v1, b1v1v2}
forms a copy of TP3. If a1v4b2 ∈ G, then {a1b2v4, a1v1b1, v1b1v2} forms a copy of
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TP3. If a1v4vi ∈ G (1 ≤ i ≤ n, i 6= 4), then {a1v4vi, a1b1b2, b1b2a2} forms a copy
of TP3. So we have a1v4b1 ∈ G.

Third, we consider the pair {v1, v3}. If v1v3ai ∈ G (i = 1, 2), then {a1b1b2,
b1b2a2, v1v3ai} forms a copy of TP3. If v1v3b2 ∈ G, then {v4a1b1, a1b1b2, b2v1v3}
forms a copy of TP3. Recall that G[{v1, v2, . . . , vn}] dose not contain an edge,
so v1v3b1 ∈ G. We note that the three vertices v1, v2, v3 are ‘symmetrical’. So
the pairs {ai, vj} (i = 1, 2; j = 1, 2, 3) must be covered by the edge of the form
aivjb1. We will show that v1, v2, . . . , vn are ‘symmetrical’.

Let us consider the pairs {vi, vj} (i = 1, 2, 3; j = 4, . . . , n). By the ‘symmetry’
of v1, v2, v3, without loss of generality, we use {v1, vj} as an example. If v1vjai ∈ G
(i = 1, 2), then {a1b1b2, b1b2a2, v1vjai} forms a copy of TP3. If v1vjb2 ∈ G, then
{b1v1v2, b1v2v3, v1vjb2} forms a copy of TP3. Recall that G[{v1, v2, . . . , vn}] dose
not contain an edge. So the only edge containing {vi, vj} (i = 1, 2, 3; j = 4, . . . , n)
is vivjb1.

Now, we consider the pairs {vi, vj} (4 ≤ i < j ≤ n). If vivjak ∈ G (k =
1, 2), then {a1b1b2, b1b2a2, vivjak} forms a copy of TP3. If vivjb2 ∈ G, then
{vivjb2, a1b1b2, a1b1v1} forms a copy of TP3. Recall that G[{v1, v2, . . . , vn}] does
not contain an edge. So the only edge containing {vi, vj} (4 ≤ i < j ≤ n) is
vivjb1.

Next, we consider the pairs {ai, vj} (i = 1, 2; j = 4, . . . , n). By the ‘sym-
metry’ of a1, a2, without loss of generality, we use {a1, vj} as an example. If
a1vja2 ∈ G, then {b1v1v2, b1a1v1, a1vja2} forms a copy of TP3. If a1vjb2 ∈ G,
then {a1vjb2, a1b1b2, b1v1v2} forms a copy of TP3. If a1vjvi ∈ G (i = 1, 2, . . . , n;
i 6= j), then {a1b1b2, b1b2a2, a1vjvi} forms a copy of TP3. So the only edge con-
taining {ai, vj} (i = 1, 2; j = 4, . . . , n) is aivjb1.

From the above, we obtain that v1, v2, . . . , vn are ‘symmetrical’. The discus-
sion above implies that all pairs {vi, vj} (1 ≤ i < j ≤ n) and {ak, vl} (k = 1, 2;
l = 1, 2, . . . , n) must only be covered by the edges of the forms vivjb1 and akvlb1,
respectively.

Next, we show that the pairs {vj , b2} (j = 1, 2, . . . , n) must only be covered
by the edges vjb2b1. If vjb2ai ∈ G (i = 1, 2), then {vjb2ai, b1b2ai, b1vkvl} (k, l 6= j)
forms a copy of TP3. If vjb2vi ∈ G (1 ≤ j < i ≤ n), then {vjb2vi, b1b2a1, a1b1vk}
(k 6= i, j) forms a copy of TP3. So vjb2b1 is the only edge covering the pair
{vj , b2}.

Finally, we consider {a1, a2}. If a1a2b2 ∈ G then {a1a2b2, b1a2b2, b1v1v2}
forms a copy of TP3. If a1a2vi ∈ G (i = 1, 2, . . . , n), then {a1a2vi, vivjb1, vjvkb1}
(i 6= j 6= k) forms a copy of TP3. So a1a2b1 is the only edge covering the pair
{a1, a2}.

The discussion implies thatG={b1uv :
{

u, v} ∈ {a1, a2, b2, v1, v2, . . . , vn}
(2)

}

.
Let ~x be an optimum weighting of G, by Fact 2.7, we can assume that xb1 = x,
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xai = xb2 = xvj =
1−x
n+3 (i = 1, 2, j = 1, 2, . . . , n).

λ(G) = λ(G,~x) = x ·

(

n+ 3

2

)(

1− x

n+ 3

)2

<
1

2
x · (1− x)2 ≤ 2/27.

Then λ(G) ≤ 2
27 < 2

25 − 10−3 = λ
(

K3
5

)

− 10−3.

Proof of Lemma 3.1. If G is not dense, we may take a dense subgraph G′ of
G, such that λ(G′) = λ(G) and G′ is TP3-free (and K3

5 -free). So we may assume
that G is dense. The conclusion follows from Claims 3.6, 3.8 and 3.9.

3.2. Turán number of the extension of TP3

The main result in this section is as follows.

Theorem 3.10. For sufficiently large n, ex
(

n,HTP3

6

)

= t35(n). Moreover, if n

is sufficiently large and G is an HTP3

6 -free 3-graph on [n] with |G| = t35(n), then
G = T 3

5 (n).

To prove the theorem, we need several results from [1].

Definition 3.11 [1]. Let m, r ≥ 2 be positive integers. Let F be an r-graph that

has at most m+1 vertices satisfying πλ(F ) ≤ [m]r
mr . We say that KF

m+1 is m-stable

if for every real ε > 0 there are a real δ > 0 and an integer n1 such that if G is

a KF
m+1-free r-graph with at least n ≥ n1 vertices and more than

(

[m]r
mr − δ

)

(

n
r

)

edges, then G can be made m-partite by deleting at most εn vertices.

Theorem 3.12 [1]. Let m, r ≥ 2 be positive integers. Let F be an r-graph that

either has at most m vertices or has m + 1 vertices one of which has degree 1.
Suppose either πλ(F ) < [m]r

mr or πλ(F ) = [m]r
mr and KF

m+1 is m-stable. Then there

exists a positive integer n2 such that for all n ≥ n2 we have ex
(

n,HF
m+1

)

= trm(n)
and the unique extremal r-graph is T r

m(n).

Given an r-graph G and a real α with 0 < α ≤ 1, we say that G is α-
dense if G has minimum degree at least α

(|V (G)|−1
r−1

)

. Let i, j ∈ V (G), we say i
and j are nonadjacent if {i, j} is not covered in G. Given a set U ⊆ V (G), we
say U is an equivalence class of G if for every two vertices u, v ∈ U , LG(u) =
LG(v). Given two nonadjacent nonequivalent vertices u, v ∈ V (G), dG(u) ≥
dG(v), symmetrizing v to u refers to the operation of deleting all edges containing
v of G and adding all the edges {u} ∪ A, A ∈ LG(v) to G. We use the following
algorithm from [1], which was originated in [15].

Algorithm 3.13 (Symmetrization and cleaning with threshold α).
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Input: An r-graph G.
Output: An r-graph G∗.
Initiation: Let G0 = H0 = G. Set i = 0.
Iteration: For each vertex u in Hi, let Ai(u) denote the equivalence class that
u is in. If either Hi is empty or Hi contains no two nonadjacent nonequivalent
vertices, then let G∗ = Hi and terminate. Otherwise let u, v be two nonadjacent
nonequivalent vertices in Hi, where dHi

(u) ≥ dHi
(v). We symmetrize each vertex

in Ai(v) to u. Let Gi+1 denote the resulting graph. If Gi+1 is α-dense, then let
Hi+1 = Gi+1. Otherwise we let L = Gi+1 and repeat the following: let z be any
vertex of minimum degree in L. We redefine L = L − z unless in forming Gi+1

from Hi we symmetrized the equivalence class of some vertex v in Hi to some
vertex in the equivalence class of z in Hi. In that case, we redefine L = L − v
instead. We repeat the process until L becomes either α-dense or empty. Let
Hi+1 = L. We call the process of forming Hi+1 from Gi+1 “cleaning”. Let Zi+1

denote the set of vertices removed, so that Hi+1 = Gi+1−Zi+1. By our definition,
if Hi+1 is nonempty, then it is α-dense.

Theorem 3.14 [1]. Let m, r ≥ 2 be positive integers. Let F be an r-graph that

has at most m vertices or has m + 1 vertices one of which has degree 1. There

exists a real γ0 = γ0(m, r) > 0 such that for every positive real γ < γ0, there

exist a real δ > 0 and an integer n0 such that the following is true for all n ≥ n0.

Let G be a KF
m+1-free r-graph on [n] with more than

(

[m]r
mr − δ

)

(

n
r

)

edges. Let

G∗ be the final r-graph produced by Algorithm 3.13 with threshold
[m]r
mr − γ. Then

|V (G∗)| ≥ (1 − γ)n and G∗ is
(

[m]r
mr − γ

)

-dense. Furthermore, if there is a set

W ⊆ V (G∗) with |W | ≥ (1− γ0)|V (G∗)| such that W is the union of a collection

of at most m equivalence classes of G∗, then G[W ] is m-partite.

The following lemma is implied in [1], we give a proof for completeness.

Lemma 3.15 [1]. Let m, r ≥ 2 be positive integers. Let F be an r-graph that has

at most m+ 1 vertices, r − 1 vertices of an edge has degree 1 and πλ(F ) ≤ [m]r
mr .

Suppose there is a constant c > 0 such that λ(L) ≤ λ(Kr
m) − c for every F -free

and Kr
m-free r-graph L. Then KF

m+1 is m-stable.

Proof. Let ε > 0 be given. Let δ, n0 be the constants guaranteed by Theorem
3.14. We can assume that δ is small enough and n0 is large enough. Let γ > 0
satisfy γ < ε and δ + rγ < c. Let G be a KF

m+1-free r-graph on n > n0 vertices

with more than
(

[m]r
mr − δ

)

(

n
r

)

edges. Let G∗ be the final r-graph produced by

applying Algorithm 3.13 to G with threshold [m]r
mr − γ. By Algorithm 3.13, if S

consists of one vertex from each equivalence class of G∗, then G∗[S] covers pairs
and G∗ is a blowup of G∗[S].
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First, suppose that |S| ≥ m+1. If F ⊆ G∗[S], then since G∗[S] covers pairs,
we can find a member of KF

m+1 in G∗[S] by using any (m+1)-set that contains a
copy of F as the core, contradicting G∗ being KF

m+1-free. So G∗[S] is F -free. We
claim that G∗[S] is Kr

m-free. Otherwise suppose G∗[S] contains a copy of Kr
m.

When |V (F )| = m, Kr
m contains a copy of F clearly. So suppose that |V (F )| =

m+ 1 and F has r− 1 vertices of one edge of degree 1. Let e = {v1, . . . , vr} ∈ F
with dF (v1) = · · · = dF (vr−1) = 1. Let u1 ∈ S \ V (Kr

m) since |S| ≥ m + 1, and
let u2 ∈ V (Kr

m), since G∗[S] covers pairs, there is an edge covering {u1, u2} in
G∗[S], denote as {u1, . . . , ur}. Assume that V (F ) = {v1, . . . , vm+1}. We define
an injective function f from V (F ) to S with f(vi) = ui for every i ∈ [m+1], where
ur+1, . . . , um+1 are arbitrary m+1−r vertices in V (Kr

m)\{u2, . . . , ur}. It is clear
that f preserves edges and hence G∗[S] contains a copy of F , a contradiction.

Thus, by our assumption, λ(G∗[S]) ≤ 1
r!

[m]r
mr − c. By Proposition 2.9, we have

(1) |G∗| ≤ λ(G∗[S])nr ≤

(

1

r!

[m]r
mr

− c

)

nr <

(

[m]r
mr

− c

)

nr

r!
.

Now, during the process of obtaining G∗ from G, symmetrization never decreases
the number of edges. Since at most γn vertices are deleted in the process (see
Theorem 3.14),

|G∗| > |G| − γn

(

n− 1

r − 1

)

≥

(

[m]r
mr

− δ − rγ

)(

n

r

)

>

(

[m]r
mr

− c

)

nr

r!
,

contradicting (1). So |S| ≤ m. Hence, W = V (G∗) is the union of at most m
equivalence classes of G∗. By Theorem 3.14, |W | ≥ (1 − γ)n and G[W ] is m-
partite. Hence, G can be made m-partite by deleting at most γn < εn vertices.
Thus, KF

m+1 is m-stable.

Proof of Theorem 3.10. By Theorem 3.1 and Corollary 3.2, TP3 satisfies the
conditions of Lemma 3.15. So KTP3

6 is 5-stable. The theorem then follows from
Theorem 3.12.
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