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Abstract

Let G be a 4-connected graph. We call an edge e of G removable if the
following sequence of operations results in a 4-connected graph: delete e
from Gj if there are vertices with degree 3 in G — e, then for each (of the at
most two) such vertex z, delete = from G — e and turn the three neighbors
of z into a clique by adding any missing edges (avoiding multiple edges). In
this paper, we continue the study on the distribution of removable edges in
a 4-connected graph G, in particular outside a cycle of G or in a spanning
tree or on a Hamilton cycle of G. We give examples to show that our results
are in some sense best possible.
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1. INTRODUCTION

All graphs considered here are finite and simple. For notations and terminology
not defined here, we refer the reader to [2].

We start off by repeating the definition of the central concept of this paper.
Let G be a 4-connected graph and let e be an edge of G. Then e is called
removable if the following operations result in a 4-connected graph: delete e from
G, if there are vertices with degree 3 in G — e, then for every vertex x with degree
3 in G — e, delete x from G — e and turn the three neighbors of x into a clique
by adding any missing edges (avoiding multiple edges). We denote the resulting
graph by G © e. Note that there are at most two vertices with degree 3 in G — e,
and that G & e is simply the graph G — e if there are no such vertices. If e is
not removable, we also call it unremovable. The set of all removable edges of G
is denoted by Er(G), whereas the set of all unremovable edges of G is denoted
by En(G). The number of removable edges of G is denoted by er(G).

The concept of removable edges in 4-connected graphs has been introduced
as a tool for alternative methods to construct 4-connected graphs [8], and for
proving properties of 4-connected graphs. Slater [4] gave a method to construct
4-connected graphs by proving that any 4-connected graph can be obtained from
K5 by applying the following operations (that we will not specify here) repeatedly:
(1) adding edges; (2) 4-soldering; (3) 4-point-splitting; (4) 4-line-splitting; (5) 3-
fold-4-point-splitting. Later, Yin [8] gave an alternative method to construct
4-connected graphs by using the concepts of removable edges and contractible
edges in 4-connected graphs. In particular, in [8] Yin proved that there always
exists a removable edge in a 4-connected graph G, unless G is a so-called 2-cyclic
graph with order 5 or 6, i.e., the square of a cycle on 5 or 6 vertices. Ando et
al. [1] and Wu et al. [7] studied the number of contractible edges and removable
edges of a 4-connected graph, respectively. In another paper [6], Wu et al. studied
the distribution of removable edges. Here we continue this research by studying
the distribution of removable edges outside a cycle or on a Hamilton cycle or a
spanning tree of a 4-connected graph. Studying removable edges outside a given
subgraph is motivated by the hope that (large) substructures of a 4-connected
graph stay more or less unaffected after applying the operations involved in the
definition of a removable edge.

In [5], the similar concept of removable edges in 3-connected graphs has
been used to verify two special cases of a well-known conjecture of 1976 due to
Thomassen stating that every longest cycle in a 3-connected graph contains a
chord. In [5] it is proved that Thomassen’s conjecture is true for two classes of
3-connected graphs that have a bounded number of removable edges on or off a
longest cycle. There an edge e of a 3-connected graph G is said to be removable
if G — e is still 3-connected or a subdivision of a 3-connected (multi)graph.
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Such results show that it is natural and can be useful to study the distribution
of removable edges inside or outside a special subgraph. In Section 4 we present
our main results on the distribution of removable edges outside a cycle in a 4-
connected graph, or on a Hamilton cycle or a spanning tree of a 4-connected
graph.

Before we can state our main results we have to introduce some additional
terminology and notation. We also have to present some known graph classes,
and we have to summarize several known results that we need for the proofs.
This is done in Sections 2 and 3, respectively.

We complete this section with some general terminology. Without any spec-
ification, in the following G always denotes a 4-connected graph. The vertex set
and edge set of G are denoted by V(G) and E(G), respectively. The order and
size of G are denoted by |G| = |[V(G)| and |E(G)|, respectively. For x € V(G),
we simply write x € G. For x € G, the neighborhood of z is denoted by I'g(x),
and the degree of x is denoted by dg(z) = |[I'g(x)|. If no confusion can arise, we
simply write d(z) for dg(z). If z and y are the two vertices incident with an edge
e, we write e = xy. For a nonempty subset F' of E(G), or N of V(G), the in-
duced subgraph by F' or N in G is denoted by [F] or [N]. For V1, Vo C V(G) with
Vi # 0 # Vo and ViNVa = 0, we define [V1, Vo] = {zy € E(G) |z € Vi,y € Va}. If
H is a subgraph of G, we say that G contains H. For a proper subset S of V(G),
G — S denotes the graph obtained by deleting all the vertices of .S from G together
with all the incident edges, so G — S = [V(G) \ S]. If G — S is disconnected, we
say that S is a vertex cut of Gj if |[S| = s for such a vertex cut S, we say that S
is an s-cut. A cycle of G with length ¢ is simply called an ¢-cycle of G.

It is easy to check and folklore knowledge that for every edge e of a 4-
connected graph G, the graph G — e is at least 3-connected. Moreover, if in this
case G — e has a 3-cut .5, then G — e — 5 consists of precisely two components. If
one of these components has only one vertex, this vertex has degree 3 in G — e
and will disappear in G & e. This motivated the following definitions.

Let zy = e € E(G), and let S C V(G) with |S| = 3. If G — e — S has exactly
two components, say A and B, such that |A] > 2, |[B| > 2 and z € A,y € B,
then we say that (e, S) is a separating pair and (e, S; A, B) is a separating group;
in that case, A and B are called the fragments; if, moreover |A| = 2, then A is
called an atom.

Let A be an atom, and suppose A = {z,z},S = {a,b,c}. If ax,bx €
E(G),cx ¢ E(G), then A is called a 1-atom; if ax,bx,cx € E(G), then A is
called a 2-atom. It is easy to check that any atom is either a 1-atom or a 2-atom.

Let Ey C En(G) such that Ey # 0, and let (zy,S; A, B) be a separating
group of G with x € A and y € B. If zy € Ey, then A and B are called
Ey-fragments. Similarly, if A is an Eyp-fragment and |A| = 2, then A is called
an Fyp-atom. An Ey-fragment is called an Fy-end-fragment of G if it does not
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contain any other Ey-fragment of G as a proper subset. It is easy to see that any
FEy-fragment of G contains such an Eyp-end-fragment.

2. SPECIAL SUBGRAPHS AND THEIR PROPERTIES

The following definitions of several special families of subgraphs of a 4-connected
graph can be found in [7]. However, since these subgraphs play a crucial role in
the sequel, for convenience we repeat the definitions here.

Definition 2.1. Let G be a 4-connected graph, and let H be a subgraph of G with
V(H) = {a,z1,22,23,24,v1,02,v3,v4} and E(H) = {axi,axs,ar3,azrs, 122,
XT3, T3T4, T4T1, T1V], ToV2, T303, 4vs}. The subgraph H is called a helm if it
satisfies the following conditions:

(i) dg(a) =4 and dg(z;) =4 for i = 1,2, 3,4,

(ii) ax1,axy,ars,axs € En(G) and z1x9, xox3, 324, 2471 € ER(G).

The vertices a and z; for ¢ = 1,2,3,4 of a helm H are called the inner vertices
of H.

Definition 2.2. Let G be a 4-connected graph, and let H be a subgraph of G with
V(H) = {a,b,x1,x9,...,2143} and E(H) = {x122, T2x3, ..., T 12T 13, AT, aT3,
ey QTy42,bxa, bxs, ... bx;i o}, where | > 1. The subgraph H is called an [-bi-fan
if it satisfies the following conditions:

(i) TiTiy1 € EN(G) fori=1,2,...,1+2,

(i) azj,bz; € Er(G) for j =2,3,...,1+2,
(ili) dg(xj) =4for j=2,3,...,1+2.
An [-bi-fan H is said to be mazimal if Tg(z1) # {a,b,x2,u} and T'g(zi3) #
{a,b, z;12,v} for any u,v € G. The vertices of an I-bi-fan or a maximal [-bi-fan
H satisfying condition (iii) are called the inner vertices of H.

Definition 2.3. Let G be a 4-connected graph, and let H be a subgraph of
G with V(H) = {z1,22,...,%132,Y1,Y2, - - -, Yiy2} and E(H) = E1(H) U Ex(H),
where E1(H) = {z122, T2T3, . . ., T141%142, Y1Y2, Y2Y3s - - - Yi1Yi+2} and Eo(H) =
{y122, 2y, Y2X3, . - ., YIT141, Ti+1Y1+1, Yi+1T1+2 . Then H is called an [-belt if the
following conditions are satisfied:

(i) E1(H) C Ex(H) and Eo(H) C Eg(H),

(ii) dg(z;) =dg(y;) =4fori=2,3,...,1+1;j=2,3,..., 1+ 1.

An [-belt H is said to be mazimal if T'g(y1) # {x1,x2,y2,u} and T'g(z12) #

{Z141, Y141, Y142, v} for any u,v € G. The vertices of an [-belt or a maximal I-belt
H satisfying condition (ii) are called the inner vertices of H.
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Definition 2.4. Let G be a 4-connected graph, and let H be a subgraph of G with
V(H) = {x17$27 <oy T142, L0143, Y1, Y2, - - - 7yl+2} and E(H) = EI(H) U E2(H)>
where Ey(H) = {x122, 1223, . . ., 1412142, T142T143, Y1Y2, Y23, - - - Yi+1Yi42} and

Ey(H) = {y122, 22Y2, Y223, - - - YuT1415 VU4 1Yi4 15 Y 13042, Tip2Yi42}. Then H is
called an [-co-belt if the following conditions are satisfied:

(i) E1(H) C Ex(H) and Eo(H) C Eg(H),

(ii) dg(z;) =dg(y;) =4fori=2,3,...,1+1,14+2;j=2,3,..., 1+ 1
An [-co-belt H is said to be mazimal if T'(y1) # {1, z2,y2,u} and T'g(yi12) #
{Zi142, Y141, 143, v} for any u,v € G. The vertices of an [-co-belt or a maximal
[-co-belt H satisfying condition (ii) are called the inner vertices of H.
Definition 2.5. Let G be a 4-connected graph, and let H be a subgraph of G with

V(H) = {z1,22,%3,y1,Y2,y3,ya} and E(H) = {z122, x2x3, Y1Y2, Y2Y3, Y3y4, T192,
Toy2, T2ys, x3y3}. Then H is called a W-framework if the following conditions
are satisfied:

(i) zxiy1 € En(G) fori=1,2,
(ii) da(z2) = da(y2) = da(ys) = 4,
(iii) o3, T1Y2, T2y2, T2y3, T3y3 € Er(G).
The vertex x9 of a W-framework H is called the inner vertex of H.

Definition 2.6. Let GG be a 4-connected graph, and let H be a subgraph of G with

V(H) = {z1,22,23,y1,Y2, Y3, ya} and E(H) = {2122, 2223, T123, Yy1Y2, Y2Y3, Y3y,
T1Y2, T2Y2, T2ys, v3ys . Then H is called a W’ -framework if the following condi-
tions are satisfied:

(i) zixiy1 € En(G) fori=1,2,
(il) dg(ze) = dg(x3) = dg(y2) = dg(ys) = 4 and dg(z1) > 5,
(iil) yoys, T1Y2, T2y3, T3y3, x123 € Er(G), z2y2 € En(G).
The vertices o and x3 of a W/ -framework H are called the inner vertices of H.

For convenience, we denote by R(G) (or simply R if no confusion can arise)
the set of all helms, maximal /-bi-fans, maximal [-belts, maximal [-co-belts, W-
frameworks and W/-frameworks of a 4-connected graph G.

3. SoME KNOWN RESULTS

First of all, we list some known results on removable edges of 4-connected graphs
from [6, 7, 8] that will be applied in the sequel.

Theorem 3.1 [8]. Let G be a 4-connected graph with |G| > 7. An edge e of G
is unremovable if and only if there is a separating pair (e, S) (and hence a sepa-
rating group (e, S; A, B)) in G.
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Theorem 3.2 [8]. Let G be a 4-connected graph with |G| > 8, and let (xy, S; A, B)
be a separating group of G with x € A, y € B and |A| > 3. Then every edge of
[{z},S] is removable.

Corollary 3.1 [8]. Let G be a 4-connected graph with |G| > 8. Then every 3-
cycle of G contains at least one removable edge.

Theorem 3.3 [8]. Let G be a 4-connected graph with |G| > 8. If xy is an un-
removable edge with a separating group (zy,S; A, B), then all the edges in E([S])
are removable.

Lemma 3.1 [7]. Let G be a 4-connected graph, and let P = y1y2---yx be a
path of [En(G)] with k > 3. Consider a nonempty subset D of V(G). Suppose
that (y1y2, S1; A1, B1) is a separating group of G such that y1 € B1,y2 € A1 and
DNB; #0. Forie{1,2,...,k} we consider a separating group (y;yi+1,S; A, B)
such that y; € B,y;41 € A, DNB # (), and |A] is as small as possible. Ifi < k—2,
we consider another separating group (yi+1Yitv2,S'; A’y B') such that yi+1 € B,
Yiro € A’ and |A'] is as small as possible. Then one of the following conclusions
holds:

(i) ANB" ={yi1}, ANA" = {yir2}, ANS" = {a}, B'NS ={b},5NS =0,y; €
BnB,|BNnS|=|ANS| =2, NS = {u,v}, where yitau, yit2v, yit2a €
Er(G) and a,b,u,v € G.

(11) ANA = {yi+2}uyi+1 € AﬂB’,SﬁS’ =0 = A’OB, BnNnS = {d} =
DNB,DNB =0,AnS=A{c}, |BnS|=|ANnS'|=2,y; € BN B’, where
d,ceq.

(ii) ANA" = {yit2}, yiy1 € ANB,SNS" = {w}, DNB ={d} = BNS",DNB' =
) =BnA,A'NS ={c}, |BNS|=|ANnS'| =1,y; € BNB', whered,c € G.

(iv) R(G) # 0 and at least one inner vertex of one of the graphs of R(G) is on P.

Lemma 3.2 [7]. Let G be a 4-connected graph, and let (zy,S; A, B) be a sep-
arating group of G with x € B,y € A. If there exists an edge yz € En(G), we
consider its separating group (yz,S’; A', B") with y € A’,z € B’. If the following
conditions hold for the four vertices a,b,u,v € G:
(i) AnA ={y},AnB ={z}, AnS" ={a},A NS ={b},BNS = {u,v},

(i) {zu,zv} NEN(G) # 0,
then au,av cannot both be edges of GG.

A 2-cyclic graph G of order n is defined to be the square of the cycle C,,, C?
is obtained from C), by adding edges between all pairs of vertices of C,, which are
at distance 2 in C,,.

Theorem 3.4 [7]. Let G be a 4-connected graph of order at least 5. If G is
neither C2 nor CZ, then er(G) > (4|G| + 16)/7.
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Definition 3.1. Let C be a cycle of a 4-connected graph G, and let H € R(G)
# (). If C contains at least one inner vertex of H, then we say that C' passes
through H.

Theorem 3.5. [6]. Let G be a 4-connected graph, and let C' be a cycle of G. If
C' passes through only one graph of R(G), then C' contains at least one removable
edge of G.

Lemma 3.3 [6]. Let G be a 4-connected graph, let (xy, S; A, B) be a separating
group of G, and let A be a 2-atom, say A = {x,z} and S = {a,b,c}. Then, az,
bx,cx,xz € Egr(G).

Theorem 3.6 [7]. Let G be a 4-connected graph with |G| > 8, and let C be a
cycle of G. If C' does not contain any removable edges of G, then G has one of
the following structures as its subgraph: l-belt, I-bi-fan (I > 1), W-framework,
W'-framework or helm, such that at least one inner vertex of one of these graphs
is on C.

Corollary 3.2 [7]. Let G be a 4-connected graph, and let (zy,S; A, B) be a
separating group of G with x € A,y € B, S = {a,b,c}. Let A be a 1-atom, say
A={z,z}. If {za,zb,xz} N EN(G) # 0, then x is an inner vertex of one of the
following subgraphs in G: helm, l-co-belt, I-belt, W’ -framework, W -framework or
I-bi-fan.

In the following section we shall obtain lower bounds on the number of re-
movable edges outside a cycle, in a spanning tree, and on a Hamilton cycle in a
4-connected graph (which is assumed to be Hamiltonian in the latter case).

4. MAIN RESULTS

Before we present and prove our main results, we first prove the following technical
lemma.

Lemma 4.1. Let G be a 4-connected graph, Ey C En(G) and Ey # 0. Let (xy,
S; A, B) be a separating group of G such that x € A,y € B, S ={a,b,c},zy € Ey.
If A is an Ey-end-fragment of G, and |A| > 3, then one of the following con-
clusions (i), (ii) or (iii) holds.
(i) (E(A)U[4,8]) By = 0.
(ii) There exists a separating group (z'y',S’; A’, B") of G such that ' € A’y €
B'NA 2"y € Ey, B is a 1-atom, and |ANB'| =|B'NnS|=1.
(iii) There exists a separating group (zy',S’; A', B') of G such that v € A’y €
B xy € Ey, ANA" = {z},|AnS’ | =1=|A'NS|,AnB' = {y'},|B'nS| = 2.
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Proof. Suppose conclusion (i) does not hold. Next we prove that one of the
conclusions (ii) or (iii) holds. Now either E(A) N Ey # 0 or [A,S] N Ey # 0. We
will distinguish these two cases to complete the proof.

Case 1. There exists an edge uz € E(A) N Ey. We consider the separating
group (uz,T;C, D) such that u € C,z € D. Then we have that u € ANC,z €
AND. Let

X1 =(CNS)USNT)U(ANT),
Xo = (ANT)U(SNT)U(DNS),
X;=(DNS)U(SNT)U(BNT),
X, =(BNT)U(SNT)U(CNS).

Next we distinguish the subcases that x # u and that z = u.

Subcase 1.1. & # u. Then we have that t € ANC, ANT, or AN D. These
subcases are treated separately.

(1) Let z € ANC. Then we have that y € BNC or BNT. We again treat these
subcases separately.

(1.1) Suppose y € BN C. Since AN D # (), we have that X, is a vertex cut of
G —uz. Since G is 4-connected, | Xs| > 3. By a similar argument, we can get that
| X4| > 3. Noting that |Xa| + | X4| = |S| +|T| = 6, we have that |Xs| = | X4| = 3,
and so [SNC|=|ANT[,|BNT|=|DnNS|. First, we claim that AN D = {z};
otherwise, |[AND| > 2. Let Ay = AND,S = Xy,B; =G —uz—S; — A;. Then
(uz, S1; A1, By) is a separating group of G. Since uz € FEy, Ay is an Eyp-fragment
contained in A, contradicting that A is an Ep-end-fragment. Hence AND = {z}.
Since |D| > 2 and D is a connected subgraph of G, DN S # (). Next we deal
with all possibilities for |D N S| as follows.

(1.1.1) | DN S| = |BNT| = 3. Noting that |S| = |T'| = 3, it is easy to see that
|X1| = 0. Then {z,y} would be a 2-cut of G, a contradiction.

(1.1.2) IDN S| = |BNT| = 2. Since X; is a vertex cut of G —uz —zy and G is 4-
connected, we have | X| > 2, which implies that |[SNC| = |ANT| = 1,|SNT| = 0.
Noting that z,u € ANC, we have |[ANC| > 2. Let Ay =ANC, S ={z} UXj,
By =G —zy— 51 — A;. Then (zy, S1; A1, By) is a separating group of G. Since
xy € FEy, Ay is an Ep-fragment contained in A, which contradicts that A is an
FEp-end-fragment.

(1.1.3) |IDNS| = |BNT| = 1. Obviously, |SNT| < 2. We claim that |[SNT| # 2;
otherwise, if |[SNT| = 2, then [CNS| =[]ANT| =0. Let 41 = AnC, S =
(SNT)U{z}, B = G—xy— 51— Ai. Then (zy, Si; A1, B1) is a separating group
of G. Since xy € Ey, Aj is an Ep-fragment contained in A, contradicting that
A is an Ep-end-fragment. Hence |[SNT| # 2, ie., |SNT| < 1. Then we have
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that |X3| < 3, and so BN D = (. It is easy to see that D is a l-atom, and
|JAND|=1,|SND|=1,|BNT|=1. Let D=B'T=5,C=Au=a,2=1y.
Then conclusion (ii) holds.

(1.2) Suppose y € BNT. Since AND # (), X5 is a vertex cut of G — uz. So
| X2| > 3, and hence |[DN S| > |BNT| > 1. Since |S| = 3, we have |[C N S| < 2.
Noting that |Xa| + |X4] = |S| + |T| = 6, we have |X4| < 3. Since G is 4-
connected, we have that BNC = (. If CNS = 0, then C = ANC. It is
easy to see that C is an FEy-fragment contained in A, contradicting that A is
an FEp-end-fragment. Hence C NS # 0. If SNT # ), then [SNT| = 1, and
|ICNS|=|DNS|=1. Since |[DNS| > |BNT|, we have BNT = {y}. Obviously,
here we have that |X3| = 3, and so BN D = (). Hence B = BNT = {y}, which
contradicts |[B| > 2, and so SNT = 0. If |C N S| =2, then |[DN S| =1, and so
|IBNT| = 1. Here we have that | X3/ = 2. So BN D = (), and hence B = {y},
which contradicts that |B| > 2. Hence, |C N S| =1, and so |S N D| = 2. Since
|ISND| > |BNT| > 1, we have |[BNT| = 1or 2. If | BNT| = 1, then we
have | X3| = 3. and so BN D = {). Hence B = BNT = {y}, which contradicts
|B| > 2. Hence, |[BNT| = 2. Then |[ANT| =1, and so |X1| = 2. Noting that
|JANC| > 2, welet Ay =ANC,S = X1U{z},B1 =G—xy—S; — A;. Then
(zy, S1; A1, By) is a separating group of G. Since zy € Fy, A; is an Ep-fragment
contained in A, contradicting that A is an Ep-end-fragment. So (1.2) does
not occur.

(2) Let z € ANT. From Theorem 3.3, we know that y ¢ BN T. By symmetry,
we may assume that y € BN C. Since AN D # 0, X5 is a vertex cut of G — uz,
and so |X3| > 3. By a similar argument, we can get that |X4| > 3. Since
| Xo| + | X4| = |S| + |T| = 6, we have that |X3| = |X4] = 3, and so |[SNC| =
|ANT|,|BNT|=|DnNS|. We claim that AN D = {z}; otherwise, |A N D| > 2.
Let Ay = AnND,S = Xo,B1 = G —uz—S; — A;. Then (uz, S1;A1,B1) is a
separating group of G. Since uz € Ey, A; is an Ey-fragment contained in A,
contradicting that A is an Ep-end-fragment. Hence we have that AN D = {z}.
Since |D| > 2 and D is a connected subgraph of G, we have that D NS # (.
Since ANC # (), we have that X; is a vertex cut of G — uz. Then |X;| > 3, and
so |[SNC|>|BNT|,|JANT| > |DNS|. Since |Xi|+ |X3| = |S|+ |T| = 6, we
have that |X3| < 3. Since G is 4-connected, we have that BN D = (). Noting that
|JANT| > |DNSJ,|SNC| > |BNT|, we have [DNS|=|BNT|=1. Obviously,
here D is a 1-atom. Let D = B', T =5',C = A',u = 2',2 = 3. Then conclusion
(ii) holds.

(3) Let € AN D. By symmetry, analogous arguments as used in (1) lead to the
conclusion.

Subcase 1.2. x = u. Then we have that r € ANC,ye BNC or BNT. We
distinguish these subcases separately.
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(1) Let y € BNC. Since AND # 0, Xy is a vertex cut of G — zz. Since
G is 4-connected, we have |X3| > 3. By a similar argument, we can get that
| X4| > 3. Noting that |Xo| + |X4| = |S| + |T| = 6, we have | Xa| = |X4| = 3,
and so |SNC|=|ANT|,|BNT|=|DnNS|. First, we claim that AN D = {z};
otherwise, |[AND| > 2. Let Ay = AND,S; = X9,B; =G —22— 51 — A;. Then
(rz,51; A1, By) is a separating group of G. Since zz € Ey, A is an Eyp-fragment
contained in A, contradicting that A is an Ep-end-fragment. Hence AND = {z}.
Since |D| > 2 and D is a connected subgraph, we have that SN D # 0. If
|IDN S| =|BNT| =3, then it is easy to see that {y, z} would be a 2-cut of G,
a contradiction. So, |[DN S| =|BNT| < 2. We deal with the two possibilities
separately.

(1.1) |IBNT| = |DN S| = 2. Since X is a vertex cut of G —zy — xz, we have that
| X1| > 2. Note that |S| = |T| = 3 only if |[SNC| = |[ANT| =1, SNT = (. Here we
claim that ANC' = {z}; otherwise, | ANC| > 2. Then it is easy to see that {z}UX;
would be a 3-cut of G, a contradiction. Let z =3, C = A", T =S, D = B’. Then
conclusion (iii) holds.

(1.2) IBNT|=|DnS|=1. If |ISNT| =2, then |[CNS|=|]ANT| = 0. We claim
that AN C = {z}; otherwise, |[AN C| > 2. Then it is easy to see that {x} U X;
would be a 3-cut of G, a contradiction. Since AN D = {z}, here we would have
that |A| = 2, which contradicts that |A| > 3. Hence, we get that |SNT| < 1. So
| X3| < 3, and hence BN D = (). Here D is a 1-atom, and |[AND| =|DNS|=1.
Let z =2',2=9y,C=A" T =5 D = B'. Then conclusion (ii) holds.

(2) Let y € BNT. From Theorem 3.2, we have that |C| = 2. We claim that
C'NS # 0; otherwise, SN C = (). Since C is a connected subgraph, we have that
BNC =1{. Then C = ANC, and C would be an Ej-fragment contained in A,
contradicting that A is an Ep-end-fragment. So, [ANC| =[S N C| = 1. Noting
that |S| = 3, we have [SN(DUT)| = 2. If BNT = {y}, then we have that
|X3| = 3, and so BN D = (). Obviously, B = {y}, which contradicts |B| > 2.
Hence |[BNT| > 2. If [BNT| =3, then TN(AUS) =0, and so |X;| = 1.
Then X; U {y, z} would be a 3-cut of G, a contradiction. So, |BNT| = 2, and
JANC|=|SNC|=1. Letx =y,z=2',C =B, T =5",D = A". Then con-
clusion (ii) holds. This completes Case 1.

Case 2. There exists an edge uz € [A, S] N Ey. Obviously, u # x; otherwise,
u = x, and then from Theorem 3.2, we have that |A| = 2, which contradicts
|A| > 3. Analogously, we consider the separating group (uz,T;C, D) such that
uw€C,z€ D. It is easy tosee that u € ANC,z€ SND. Let Xy, X5, X3, X4 be
defined in the same way as in Case 1. We distinguish the following six subcases,
according to the different locations for z and y, to complete the proof of the
lemma.

Subcase 2.1. x € ANC,y € BNC. Since BNC # (), X4 is a vertex cut of
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G — zy, and so | X4| > 3. Since |Xa| + | X4| = |S|+ |T| = 6, we have|Xa| < 3, and
so AND = (. First suppose ANT =§. Then A = ANC, and so |[ANC| > 3.
Since X is a vertex cut of G — uz — zy, then |X;| > 2. Note that D NS #
only if ’Xﬂ = |Sﬂ (OUT)| =2. Welet A; = A— {’LL},Sl = XU {’LL},Bl =
G —zy — S; — A;. Then (zy, S1; A1, B1) is a separating group of G, and A4 is
an Fy-fragment contained in A, contradicting that A is an Fy-end-fragment. So,
ANT # 0, and hence [TN(BUS)| <2. If SN D = {z}, then | X3| < 3, and so
BN D =0 and D = {z}, which contradicts |D| > 2. Hence, |D N S| > 2. Then
|ISN(CUT)| < 1. Noting that |X4| > 3, we have |[BNT| > 2, which implies that
|IBNT|=2,|/ANT| =1, and we have SNT = (). Here we have that |X;| = 2.
Let Ay =ANC, 51 =X U {Z}, By =G—xy— 51— A;. Then (.%'y, S1; Aq, Bl) is
a separating group of GG, and A; is an Ey-fragment contained in A, contradicting
that A is an Ey-end-fragment. Therefore, Subcase 2.1 does not occur.

Subcase 2.2. x € ANC,y € BNT. Since X1 is a vertex cut of G —zy —uz, we
have | X;1| > 2. First, we show that ANT = (. If ANT # (), then we claim that
|X1| > 3. Otherwise, |X1| = 2. Obviously, |[ANC| > 2. Let A1 = ANC,S; =
X1U{z},B1 =G —xzy— S1 — Ay. Then (xy, S1; A1, By) is a separating group of
G, and A is an Ey-fragment contained in A, contradicting that A is an Ey-end-
fragment. So, |Xi| >3, and |[CNS|>|BNT|>1, |ANT|>|DnNS|> 1, which
implies that |[BNT| = |DNS| = 1. Since | X;|+ |X3| = 6, we have |X3| < 3, and
so BN D = 0. From |D| > 2, we know that AN D # (). Then |X3| > 4, and so
| X4| < 2. Then |[BNC| =0, and B = {y}, which contradicts |B| > 2. Therefore,
ANT = (. Since A is a connected subgraph, AND = (), and so |A| = |[ANC| > 3.
Since D NS # 0 and |S| = 3, we have that |X;| = |[SN(CUT)| = 2. We let
A1 =A—u,5 =XyU{u},By =G —2y—S; — Ay. Then (zy, S1;A1,B1) is a
separating group of GG, and A; is an Ey-fragment contained in A, contradicting
that A is an Ep-end-fragment. Therefore, Subcase 2.2 does not occur.

Subcase 2.3. x € ANT,y € BNC. Since BNC # 0, X4 is a vertex cut of
G —uzy, and then | X4| > 3. Since |X3|+|X4| = |S|+|T| = 6, we have|X5| < 3, and
so AN D = (). Analogously, since X is a vertex cut of G — uz, we have | X;| > 3.
Noting that | X;| + | X3| = 6, we have that |X3| < 3, and so BN D = (). Hence,
|D| =|DnNS| > 2. Noting that |S| = 3, we have |[SN(CUT)| < 1. From | X4| > 3,
we can get that |[BNT| > 2. Then it is easy to see that [ANT|=1,SNT = (.
Obviously, we have that | X;| < 2, which contradicts that | X;| > 3. So, Subcase
2.3 does not occur.

Subcase2.4. x € ANT,y € BND. Since X is a vertex cut of G —uz, we have
|X1| > 3. Similarly, we have that | X3| > 3. Since |X1| + |X3| = S|+ |T| = 6, we
have that |Xi| = |X3| = 3. Then we can get that [ANT| = |[DNS[,|CNS|=
|BNT|. First, we claim that AN C = {u}; otherwise, |[A N C| > 2. Then we
let Ay = AnC,5 = X1,B1 = G —uz— 51 —A1. Then (uz,Sl;Al,Bl) is a



570 J. Wu, H. BROERSMA, Y. MAO AND Q. Ma

separating group of GG, and A; is an Fy-fragment contained in A, contradicting
that A is an Ep-end-fragment. So, ANC = {u}. Since C' is a connected subgraph
and |C| > 2, we have that |CNS|=|BNT|>1. If |CNS|=|BNT|=2, then
SNT=0,JANT|=|DNS| =1, and we have that |X3| = 2. Then AN D = 0.
Here we have that |A| = 2, which contradicts |A| > 3. So |SNC|=|BNT|=1,
and we have that C is a l-atom, and |[ANC| =|CNS| =1. Let u = ¢,z =
2/,C =B ,T=5,D=A" Then conclusion (ii) holds.

Subcase 2.5. © € AND,y € BNT. Since X, is a vertex cut of G — zy,
we have | Xa| > 3. From |Xs| + |X4| = |S| + |T| = 6, we know that |X4| < 3.
Then, BN C = (). Since X; is a vertex cut of G — uz, we have |X;| > 3. From
| X1| + | X3] = |S] + |T| = 6, we know that |X3| < 3. Then, we can get that
BN D ={. Then we have that |B| = |[BNT| > 2. Noting that A is a connected
subgraph, we have A NT # (), which implies that |[ANT| =1,|BNT| = 2 and
SNT = 0. Since |X2| > 3, we have that [DN S| > 2 and |C N S| < 1. Here
we have that | X;| < 2, which contradicts that X is a vertex cut of G — uz. So,
Subcase 2.5 does not occur.

Subcase 2.6. x € AND,y € BN D. Since X5 is a vertex cut of G — zy,
we have | Xa| > 3. From |Xs| + | X4| = |S| + |T| = 6, we know that |X4| < 3,
and so BN C = (). We claim that C' NS # (); otherwise, it is easy to see that C'
is an Ep-fragment contained in A, contradicting that A is an Ey-end-fragment.
So, C NS # . Noting that X; is a vertex cut of G — uz, we have |X;| > 3.
Similarly, we have that | X3| > 3. From |X|+ |X3| = |S|+|T| = 6, we know that
|X1| = |X3] =3,and so |CNS| = |BNT| > 1,|ANT| = |DNS| > 1. If |CNS| = 2,
then [ANT| = |DNS| =1, and so |X2| = 2, a contradiction. Therefore,
|ICNS|=|BNT|=1. We claim that AN C = {u}; otherwise, if [ANC| > 2,
we let A1 = ANC,S1 = X1,B1 =G —uz— X1 — A;. Then (U,Z,Sl;Al,Bl) is
a separating group of GG, and Ap is an Ey-fragment, contradicting that A is an
Ey-end-fragment. So, ANC = {u}. Let z=a2',u=y,C =B T=5,D=A.
Then conclusion (ii) holds.

This completes Case 2 and the proof of the lemma. [

The following lemma will help us to show under which circumstances a 4-
connected graph has removable edges in a given spanning tree.

Lemma 4.2. Let G be a 4-connected graph with R(G) = 0, and suppose [En(G)]
is a tree. Then |[En(G)]| < |G| — 3.

Proof. By contradiction. Suppose that |[En(G)]| > |G| — 2. Let = be a vertex
of degree 1 in the tree [Ex(G)]. Since dg(z) > 4 and |[En(G)]| > |G| — 2,
there is a vertex y € [En(G)] such that zy € Er(G). Let P be the unique path
connecting z and y in [En(G)]. Then P+xy is a cycle of G that contains only one
removable edge zy. We choose such a cycle C' = y1ys - - - yxy1 with y1y, € Eg(QG)
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and E(C) — {yiyx} C En(G) such that the length of C is as small as possible
in G.

Let D = {y1}. Consider the path P = y1y2- -y in [En(G)]. Consider
a separating group (y1y2,51; A1, B1) such that y; € Bj,y2 € Aj. Obviously,
DN By # 0. We take the separating group (y;yi+1,95; A, B) such that y; €
B,yi+1 € A,i € {1,2,...,k—1}, DN B # () and |A]| is as small as possible. We
claim that i + 1 < k — 1; otherwise, i + 1 = k. Then y; € A. Since y1yx € E(G),
y1 € AUS, which contradicts DNB # ). So, i+1 < k—1. We take the separating
group (Yi+1Yite,S’; A', B') such that y;11 € B',y;10 € A" and |A’] is as small as
possible. By Lemma 3.1, we have that one of the conclusions (i), (ii), (iii) or (iv)
of Lemma 3.1 holds.

(1) If conclusion (i) holds, since y; € B, we have y;, € BU S. So y;42 is not
the end vertex of P, and so y;12 is incident with at least two unremovable edges
in G, which contradicts conclusion (i).

(2) If conclusion (ii) holds, then d = y;. We let C' = A", T" = AnS' U
{yi+1}, D' = G —ecd —T' — C'. Then (ed, T';C’,D') is a separating group of
G, and so c¢d € En(G). Since y1yr € Er(G), we have ¢ # y,. Hence yi €
B'Nn(BUS). Let ANS" = {u,v}. Since y;12 is not an end vertex of P, we have
{cyitr2, uyit2,vyir2} N En(G) # 0. Then, from Corollary 3.2 we know that y;,o
is an inner vertex of some subgraph belonging to (G), which contradicts the
assumptions of the lemma. Hence, conclusion (ii) does not occur.

(3) If conclusion (iii) holds, then let C" = A", T" = (8" — {d}) U{yi+1}, D' =
G—cd—T'—C". Then (cd, T';C', D’) is a separating group of G. So cd € En(G),
and hence ¢ # yi. Obviously, ;12 is not an end vertex of P. By analogous
arguments as in (2), we get that conclusion (iii) does not occur.

(4) From the assumptions of the lemma, we immediately get that conclusion
(iv) does not occur.

This completes the proof of the lemma. [

4.1. Removable edges in spanning trees

Our first result shows under which circumstances a spanning tree of a 4-connected
graph contains a removable edge. The result follows almost directly from the
above lemma.

Theorem 4.1. Let G be a 4-connected graph with ®(G) = (. Then any spanning
tree of G contains at least one removable edge.

Proof. First of all, we claim that [Ex(G)] does not contain any cycles; otherwise,
using Theorem 3.6, we get that R(G) # 0, contradicting the assumptions of the
theorem.

If [En(G)] is a tree, then by Lemma 4.2 we have |[Ex(G)]| < |G| — 3. Since
|E(T)| = |G| —1 for any spanning tree 1" of G, we have |E(T) N Er(G)| > 2, and



572 J. Wu, H. BROERSMA, Y. MAO AND Q. Ma

we are done.
It remains to deal with the case that [En(G)] is a forest with at least two
components. In that case, the statement of the theorem clearly holds. [

We next present an example to show that the lower bound of the theorem
is sharp, i.e., there exists a 4-connected graph G with ®(G) = () and a spanning
tree of G containing precisely one removable edge.

Example 4.1. Let H be a helm as in Definition 2.1, such that V(H) = {a, z1, z2,
r3,T4,v1,02,v3,v4} and E(H) = {ax1, ars, ax3, axy, v122, 1223, 324, T4T1, T101,
Tov9, 3V3, T4vs}. Let L = H — {vy,v9,v3,v4}, and let L' be a copy of L such
that V(L) = {d/, 2, x4, %, =y }. We construct a graph G as follows. Let V(G) =
V(L)UV (L), and let E(G) = E(L)UE(L")U{z123, 2haly, v12), voxh, x3ah, x4} }.
Obviously, G is a 4-connected graph with R(G) = (). It is easy to check that
(axg,{x1,x3,2,}) is a separating pair of G, and so axs € En(G). By symmetry,
azxy,d'zy,d'zy € En(G). Similarly, (z12], {x2, 3, 24}) is a separating pair of G,
and hence z17] € En(G). By symmetry, we have xoxh, 2324, 242 € En(G). Let
T be a spanning tree of G such that E(T) = {x12], zoxh, z325, x4y, d'xh, a' x5,
ax,ary,axs}. Then it is easily checked that there is only one removable edge
a'zhinT.

4.2. Removable edges avoiding a fixed cycle

Our next results show under which circumstances a 4-connected graph G has
removable edges outside a given cycle of GG. The first of these results deals with
arbitrary cycles avoiding [-belts and I-co-belts, in the following sense.

Theorem 4.2. Let G be a 4-connected graph with |G| > 7 and let C' be a cycle
of G. If C' does not pass through any mazimal [-belt or l-co-belt, then there are
at least two removable edges outside C.

Proof. By contradiction. Assume that G and C are as in the theorem, and
suppose there is at most one removable edge outside C. Let F' = (E(G)\ E(C))N
Er(G), thus |F| < 1. We denote (E(G) \ E(C)) \ F by Ejy.

Case 1. First suppose that C' does not pass through any subgraph H of G that
belongs to R(G). We consider a separating group (uw, S’; A’, B') such that u €
A" w e B', uw € Ey. From |F| < 1, we know that either (E(A")U[A’, S')NF =
or (E(B')U[S",B'])NF = (). Without loss of generality, we may assume that
(E(AHULA", S')NF = (. Since A is an Ep-fragment, A’ must contain an Fy-end-
fragment as its subgraph, say A. Then we have that (E(A)U[A,S])NF = 0, and
we take the corresponding separating group (zy, S; A, B) such that x € A,y € B.

The following observations on |A| are checked.
(1) |A| = 2. Then either A is a 1-atom or a 2-atom.
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(1.1) If A is a l-atom, let A = {x,2}, S = {a,b,c}. If {xz,za,xb} N EN(G) # 0,
from Corollary 3.2 we have that x is an inner vertex of some subgraph belonging
to R(G). Since C' does not pass through any subgraph H of G that belongs to
R(G), we have x ¢ V(C). It is easily checked that x is associated with at least one
removable edge, which contradicts (E(A)U[A, S))NF = 0. If vz, za,zb € Er(G),
since C' is a cycle, do(z) < 2, we have that cycle C' does not contain all three
removable edges zz, za, xb, which contradicts (E(A) U [A,S]) N F = (.

(1.2) If A is a 2-atom. From Lemma 3.3, we know {za,xb,zc,zz} C ERr(G).
Since do(x) < 2, it is impossible that cycle C' contains four removable edges
ra,xb, xc, xz, which contradicts (E(A) U[A,S])NF = 0.

(2) |A| > 3. Since C is a cycle of G, We have d¢o(x) < 2. Since (E(A)U[A,S])N
F =0, there exists zz € Eg N (E(A) U[A,S]). Obviously z ¢ S; otherwise, from
Theorem 3.2 we know |A| = 2, contradicting |A| > 3. We take the separating
group (xz,S1; A1, B1) such that x € Ay, 2 € By. Then x € ANAy,z € AN By.
Using Lemma 4.1 we conclude that one of the three conclusions of Lemma 4.1
holds.

(2.1) Since zz € Eg N (E(A) U [A, S]), conclusion (i) does not occur.

(2.2) Suppose that conclusion (ii) holds. Then we have that B’ is a l-atom. If
vertex z is associated with another unremovable edge except xz, from Corollary
3.2 we know that z is an inner vertex of subgraph H of G that belongs to R(G).
Since C' does not pass through any subgraph H of G that belongs to R(G), we
know z ¢ V(C), and vertex z is associated with at least one removable edge,
which contradicts F' N (E(A) U [A,S]) = 0. If vertex z is associated with three
removable edges, it is easily checked that contradicts F N (E(A) U [A, S]) = 0.

(2.3) Suppose that conclusion (iii) holds. Let B'N S = {x1,22}, ANS" = {x3}.
Clearly, AN B’ = {z}. First we claim that zz1,zz9 € Eg(G). Otherwise,
{zx1, 222} N En(G) # 0, from Lemma 3.2 we know x3x1,z3x2 cannot both be
edges of G. We may assume that z3zo € E(G), let A” = A—2,58" =SU{z} —
x9, B" = G—x2—5"—A", then A” is an Ey-fragment contained in A, contradicting
that A is an Fy-end-fragment. Therefore, we have that zxi, zzo € Eg(G). Since
|B’| > 3, using Theorem 3.2, we obtain that zz3 € Er(G). Then vertex z is
associated with at least three removable edges. Note that C is a cycle of G,

dc(z) < 2, then there exists at least one removable edge outside cycle C, which
contradicts F'N (E(A) U[A4,S]) = 0.

Case 2. Suppose that C passes through a subgraph H of G that belongs to
R(G). Note that H is neither an [-belt nor an I-co-belt.

Subcase 2.1. Suppose that H is a maximal [-bi-fan (I > 1). From the as-
sumption |F| < 1 we know only [ = 1 holds. If C C E(H), since |[F| < 1, we
have that er(G) < 5. Since |G| > 7, from Theorem 3.4 we have that egr(G) >
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(4|G| +16)/7 > 5, a contradiction. So, according to the assumption, we have
that F N E(H) # (). Since |F| < 1, we may assume that axg,brs € F(C), then
x1x9 € Ey. By letting S" = {a,b, 24}, e = wox1, B = {x9, 23}, A’ = G—e—S5"—B/,
we get that (e, S’; A', B') is a separating group of G such that A’ does not con-
tain any inner vertex of the maximal [-bi-fan, and F N (E(A") U [4’,S']) = 0.
Since A’ is an Ep-fragment, A’ must contain an FEy-end-fragment as its sub-
graph, say A. We take the corresponding separating group (zy,S; A, B) such
that z € A,y € B. Clearly, A does not contain any inner vertex of the maximal
[-bi-fan and (E(A)U[A,S])NF = .

We make some observations on |A| as follows.
(1) |A| = 2. Then either A is a l-atom or a 2-atom.

(1.1) If A is a 1-atom, let A = {z, 2}, S = {a,b,c}. If {xz,za,2b} N En(G) # 0,
from Corollary 3.2 we have that x is an inner vertex of some subgraph belonging
to R(G). From (E(A)U[A,S])NF = (), we know that all the removable edges
in H are covered by cycle C. However, since H is neither [-belt nor [-co-belt, it
is easily checked that no matter what subgraph H is, cycle C' cannot cover all of
removable edges in H, a contradiction. If zz, xa,xb € ER(G), since C is a cycle,
we have do(z) < 2, cycle C' cannot contain three removable edges xa,xb, xz,
which contradicts (E(A) U [A,S])NF = 0.

(1.2) If A is a 2-atom, then vertex x is associated with four removable edges. It
is easily checked that F'N (E(A)U[A4,S]) # 0, a contradiction.

(2) |A| > 3. Since C is a cycle of G, and (E(A) U [A,S]) N F = (), there exists
xz € EgN(E(A)U[A, S]). Obviously z ¢ S; otherwise, from Theorem 3.2 we know
|A| = 2, contradicting |A| > 3. We take the separating group (zz, S1; A1, B1) such
that x € A1,z € B;. Thenx € ANA;,z € ANBy. Using Lemma 4.1 we conclude
that one of the three conclusions of Lemma 4.1 holds.

(2.1) Since zz € Ey N (E(A) U[A,S]), conclusion (i) does not occur.

(2.2) Suppose that conclusion (ii) holds. B’ is a 1-atom, if z is associated with
three removable edges, we have that there exists at least one removable edges
outside cycle C, contradicting F N (E(A) U [4, S]) = 0. If vertex z is associated
with one unremovable edge except xz, from Corollary 3.2 we have that z is an
inner vertex of some subgraph belonging to R(G). Note that H is neither [-belt
nor [-co-belt, it is easily checked that no matter which subgraph H is, cycle C
cannot cover all of removable edges in H, a contradiction.

(2.3) Suppose that conclusion (iii) holds. Let B'NS = {z1,z2}, AN S = {x3}.
Clearly, AN B’ = {z}. First we claim that zx1,zz9 € ER(G). Otherwise,
{zx1, 222} N En(G) # 0, from Lemma 3.2 we know x3x1,z3xe cannot both be
edges of G. We may assume that z3zo € E(G), let A” = A—2,58" =SU{z}—
29, B = G—22—5"—A", then A” is an Ey-fragment contained in A, contradicting
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that A is an Ep-end-fragment. Therefore, we have that zxzy, zxe € ER(G). Since
|B’| > 3, using Theorem 3.2, we obtain that zz3 € Eg(G). Note that C is a cycle
of G, C cannot contain all three removable edges zx1, zx2, zx3, which contradicts
FNn(E(A)U[A,S]) =0.

Subcase 2.2. If H is a helm. If E(C) C E(H), then according to the assump-
tion |F| < 1, we have that er(G) < 5, obviously, |G| > 9. From Theorem 3.4
we have that eg(G) > (4|G| + 16)/7 > 5, a contradiction. So, according to the
assumption, we have that F N E(H) # . Since |F| < 1, we may assume that
x4, 2129 € E(C), then z1v1 € Ey. By letting e = x1v1, 8" = {v9,v3,v4}, B’ =
{a, 21,29, 23,24}, A =G —e— 85" — B, we get that (e, S’; A', B) is a separating
group of G such that A’ does not contain any inner vertex of the helm H, and
FNn(EA)U[A,S]) = 0. Since A’ is an Ey-fragment, A’ must contain an FEjy-
end-fragment as its subgraph, say A. Then we take the corresponding separating
group (zy, S; A, B) such that z € A,y € B. Obviously, we have that A does not
contain any inner vertex of the helm H and (E(A)U[A,S])NF = (.

Similarly, we will make some observations on |A| as used in Subcase 2.1.
(1) |A| = 2. Then either A is a 1-atom or a 2-atom.

(1.1) If A is a 1-atom, let A = {z, 2}, S = {a,b,c}. If {xz,za,2b} N En(G) # 0,
from Corollary 3.2 we have that x is an inner vertex of a subgraph H belonging
to R(G). Note that H is neither [-belt nor [-co-belt, it is impossible for cycle C
to cover all of removable edges in H, which contradicts F' N (E(A) U [4,S]) = 0.

If zz,za,2b € ER(G), cycle C' cannot contain three removable edges xa, xb, xz,
which contradicts (E(A) U [A,S])NF = 0.

(1.2) If A is a 2-atom, then vertex x is associated with four removable edges. It
is impossible that N (E(A) U[A4, S]) = 0, a contradiction.

(2) |A| > 3. Since C is a cycle of G, and (E(A) U [A,S]) N F = 0, there exists
xz € Eg N (E(A)U[A,S]). Since |A] > 3, from Theorem 3.2 we know z ¢ S.
We take the separating group (xz,S7; A1, B1) such that x € Ay,z € B;. Then
x € AN Ay, z € AN By. Using Lemma 4.1 we conclude that one of the three
conclusions of Lemma 4.1 holds.

(2.1) Since zz € Ey N (E(A) U[A,S]), conclusion (i) does not occur.

(2.2) Suppose that conclusion (ii) holds. Since B’ is a l-atom, we can use a
similar argument as used in (2.2) of Subcase 2.1 to get two possible conclusions:
(i) vertex z is associated with three removable edges, then there exists at least
one removable edge outside cycle C, contradicting F N (E(A) U [A,S]) = 0;
(ii) vertex z is is an inner vertex of some subgraph H belonging to R(G). In
this case cycle C' cannot cover all of removable edges in H, which contradicts
(E(A)U[A,S))NnF = 0.
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(2.3) Suppose that conclusion (iii) holds. Let B'NS = {z1,z2},AN S = {z3}.
Clearly, ANB’ = {z}. We can use a similar argument as used in (2.3) of Subcase
2.1 to get zx1, zx9 € ER(G). Since |B’| > 3, we have that za3 € Er(G). Clearly,
it is impossible that C' contains all three removable edges zx1, zx2, zx3, which

contradicts F'N (E(A) U[4, S]) = 0.

Subcase 2.3. If H is a W-framework, then according to the assumption, we
must have that F' = {y2y3}, and z122 € Ey. In this case, by letting e = z1129, 5" =
{x3,9y4,y2}, B' = {wa,y3}, A’ = G —e— 5" — B, we get that (e,5; A, B) is a
separating group of G such that A’ does not contain any inner vertex of the W-
framework, and F N (E(A")U[A,S']) = 0. Since A" is an Ey-fragment, A’ must
contain an Fy-end-fragment as its subgraph, say A. Then we have that (E(A) U
[A,S]) N F = (), and we take the corresponding separating group (xy, S; A, B)
such that z € A, y € B.

Similarly, we will make some observations on |A| as used in Subcase 2.1.
(1) |A| = 2. Then either A is a 1-atom or a 2-atom.
(1.1) If A is a l-atom, let A = {z,z},S = {a,b,c}. We use a similar argument
as used in (1.1) of Subcase 2.1 to get the following two possible conclusions: (i)
vertex = is an inner vertex of a subgraph H belonging to R(G); (ii) vertex z
is associated with three removable edges =z, za, zb. From the argument used in
(1.1) of Subcase 2.1, we know that no matter which conclusion is true, it will
contradict (E(A)U[A,S])NF = 0.
(1.2) If A is a 2-atom, then vertex z is associated with four removable edges. It
is impossible that F N (E(A) U [A, S]) # 0, a contradiction.

(2) |A| > 3. We use a similar argument as used in (2) of Subcase 2.1 to get
that there exists zz € Eg N (E(A) U [A,S]). We take the separating group
(rz,51; A1, B1) such that © € A,z € By. Then z € AN A,z € AN By.
Since |A| > 3, we have z ¢ S. Using Lemma 4.1 we conclude that one of the
three conclusions of Lemma 4.1 holds.

(2.1) Since zz € Ey N (E(A) U[A,S]), conclusion (i) does not occur.

(2.2) Suppose that conclusion (ii) holds. Since B’ is a 1-atom, similarly, we have
two possible conclusions hold: (i) vertex z is associated with three removable
edges, then there exists at least one removable edges outside cycle C, contradict-
ing FN(E(A)U[A,S]) = 0; (ii) vertex z is an inner vertex of some a subgraph
H belonging to R(G). In this case, cycle C' cannot cover all of removable edges
in H, which contradicts (E(A) U[A,S])NF = 0.

(2.3) Suppose that conclusion (iii) holds. Let B'N S = {z1,22},ANS =
{z3}. We can use a similar argument as used in (2.3) of Subcase 2.1 to get
2x1, 229, zx3 € ER(G). Clearly, it is impossible that C' contains all three remov-
able edges zx1, zxa, zx3, which contradicts F N (E(A) U [A, S]) = 0.
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Subcase 2.4. If H is a W/-framework, according to the assumption, we have
E(C) C E(H) and F C E(H). Then Er(G) = 5. However, since |G| > 7, from
Theorem 3.4 we have that er(G) > (4|G| + 16)/7 > 5, a contradiction.

This completes the proof of the last case and hence of the theorem. |

Next we present an example to show that the lower bound on the number of
removable edges given in the conclusion of Theorem 4.2 is sharp.

Example 4.2. Let H be a helm as in Definition 2.1, such that V(H) = {a,z1,
X9, T3,T4,01,02,03,04} and E(H) = {axi,axs,axs,axq, r1x2, ToTs, T3T, T4T1,
X1V1, ToUg, T3V3, T4v4}. Let L = H —{vy,ve,v3,v4}, and let L’ be a copy of L such
that V(L) = {d/, 2|, b, 2%, 2, }. We construct a graph G as follows. Let V(G) =
V(L)UV(L'), E(G) = E(L)U E(L') U {x12], xoxh, x3xy, xazy}. Obviously, G
is a 4-connected graph. It is easy to see that (axe,{x1,z3,2)}) is a separating
pair of G, and so axs € En(G). By symmetry, azy, az1, azxs, a'z), d'xh, d' x5, d'z))
€ En(G). Similarly, (z12],{x2,x3,24}) is a separating pair of G, and hence
z12} € En(G). By symmetry, we have zoxh, x3xh, x4zl € En(G). Consider the
cycle C = zizyzzroxbhryrriz; of G. Then C does not pass through any I-belt
or [-co-belt. Moreover, it is easy to check that outside C there are exactly two
removable edges 122, 2] 2.

In the next result we allow a cycle to pass through (at most) one [-belt or I-co-
belt, and show that we can still guarantee the existence of at least one removable
edge outside the cycle, but not two, as shown by examples following the proof of
the next theorem.

Theorem 4.3. Let G be a 4-connected graph with |G| > 7 and let C' be a cycle
of G. If C passes through exactly one of the mazximal [-belt or l-co-belt (I > 1),
then there is at least one removable edge outside C'.

Proof. By contradiction. Suppose that there is no removable edge outside C.
Let By = E(G) — E(C). We may assume that H is either an maximal [-belt or
a maximal [-co-belt. If H is a maximal [-belt as in Definition 2.3, then from the
assumptions it is easy to conclude that Fy C E(C), and x9z1 € Ey. By letting
S ={yiy2, v132, 01}, e = wow1, B = {2, ..., 241,42, Y11 1, A =G —e— 5" —
B’, Since H is a maximal [-belt, we have z1y; ¢ FE(G). Since d(x1) > 4, there
exits a vertex u ¢ B’ such that z1u € E(G), we have |A’| > 2. We get that
(e,5’; A’ B') is a separating group of G such that A’ does not contain any inner
vertex of the maximal [-belt (I > 1). Since z921 € Ep, A’ is an Ep-fragment; If
H is a maximal [-co-belt, similarly, we have that zyzo € FEy. By letting S =
{Yir2, x113, 1} e = xow, B = {xo, ..., 249,92, ..., yy1 }, A =G —e— S — B.
Since H is a maximal [-co-belt, we have x1y; ¢ E(G). Since d(x1) > 4, there
exits a vertex v ¢ B’ such that x;v € E(G), we have |A'| > 2. We get that
(e,S"; A', B') is a separating group of G such that A’ does not contain any inner
vertex of the maximal [-co-belt (I > 1), and A’ is an Ey-fragment.
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Since A’ is an FEy-fragment, A’ must contain an Fy-end-fragment as its sub-
graph, say A. Then we have that (E(A) U[A,S]) N F = 0, and we take the
corresponding separating group (xy, S; A, B) such that x € A, y € B.

The following observations on |A| are easy to check.

(1) |A| = 2. Then either A is a l-atom or a 2-atom.

(1.1) If A is a 1-atom, let A = {z, 2}, S = {a,b,c}. If {xz,za,2b} N Ex(G) # 0,
from Corollary 3.2 we have that = is an inner vertex of some subgraph H of G
belonging to R(G). Noting that H is neither maximal [-belt nor maximal I-co-
belt. It is easily checked that regardless of which subgraph H is, it is impossible
for cycle C to contain all the removable edges of H, then there exists at least one
removable edge outside cycle C, a contradiction. If zz, za,xb € Er(G), since C
is a cycle, it is impossible for cycle C to contain all the three removable edges
za,xb, xz, a contradiction.

(1.2) If A is a 2-atom, it is easily checked that there exist at least two removable
edges outside cycle C, a contradiction.

(2) |A] > 3. Since C is a cycle of G, and (E(A) U [A,S]) N F = 0, there exists
xz € EgyN(E(A)UA,S]). Obviously z ¢ S; otherwise, |A| = 2, contradicting
|A| > 3. We take the separating group (xz,S1; A1, B1) such that x € A,z € Bj.
Then x € AN A1,z € AN By. Using Lemma 4.1, we conclude that one of the
three conclusions of Lemma 4.1 holds.

(2.1) Since zz € Eg N (E(A) U [A, S]), conclusion (i) does not occur.

(2.2) Suppose that conclusion (ii) holds. Since B’ is a 1-atom. Using a similar
argument as used in (2.2) of Theorem 4.2, we have two possible conclusions hold:
(i) vertex z is associated with three removable edges, then there exists at least
one removable edges outside cycle C, contradicting F' N (E(A) U[A,S]) = 0; (ii)
vertex z is an inner vertex of some subgraph H belonging to R(G). In this case,
since H is neither [-belt nor I-co-belt, cycle C' cannot cover all of removable edges
in H, which contradicts (E(A) U[A,S])NF ={.
(2.3) Suppose that conclusion (iii) holds. Let B'NS = {1,229}, AN S" = {z3}.
Clearly, AN B’ = {z}. We claim that zx1, zz9 € Er(G). Otherwise, {zx1, zz2} N
En(G) # 0. From Lemma 3.2, we know x3x1, r3xe cannot both be edges of G.
We may assume that z3z9 € E(G), let A" = A —2,8" = SU{z} —x9,B" =
G —xz—S5"— A" then A” is an Fy-fragment contained in A, contradicting that
A is an Ep-end-fragment. Therefore, we have that zxz1,zxe € Er(G). Since
|B'| > 3, using Theorem 3.2 we obtain that zzs € Er(G). Note that C is a cycle
of G, we have d¢(z) < 2. Then cycle C' does not contain all the removable edges
associated with vertex z, which contradicts (E(A4) U [A,S]) N F = 0.

This completes the proof of the last case and hence of the theorem. [

We next present two examples to show that if a cycle of a 4-connected graph
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passes through two [-belts or [-co-belts, then we cannot guarantee the existence
of a removable edge outside the cycle. So, in this sense the conclusion of the
above theorem cannot be strengthened.

Example 4.3. Let H be an I-belt as in Definition 2.3, and let H' be a copy of
H such that V(H') = {@, 2%, ..., 2] 5, Y1, Y5, Yo and E(H') = Ey(H') U
Ey(H'), where Ey(H') = {ay2h, 2525, . ., T 1T 0, Y1 Y2, YoY3s - - Y41 Yi4o ) and
Eo(H') = {y17h, 5y, YsT3, - s Y] 41> Ty Yig1> Vg1 Tpao)- Ldentify vertex aq
with ], vertex y1 with ', vertex y1o with 2], ,, and vertex x40 with y; .,
respectively. Join vertex z;,o and y; and vertex z;_ , and y; by an edge, respec-
tively. Denote the resulting graph by G. It is straightforward to check that G is a
4-connected graph, and that (z2y], {y1,x3, y3}) is a separating pair of G, so x2y} €
En(G). Similarly, we can show that {y125, yi412], 9, ¥ 112142} C En(G). Let C be
the following cycle of G: C = y122y223 - - - T 1 Y1 1221421 T5Ys L)1 Y] 41 140Ul -
Then it is easy to check that there is no removable edge outside C.

Example 4.4. Let H be an [-co-belt as in Definition 2.4, and let H' be a copy
of H/such tha‘E V(H') = {x’ll,:r’Q,..;,alc'f+2/,:€;+3,y’1,ly§,.,..,y{JlrQ} /and %?(/H’? =
El(H/) U/E2(H ), where ?1(H) - {?31952; 95/29537/- ’ 7$l+1ﬂilﬁ2’xltlet3’ylg/h’ygyg”
o Yiprlie) and Ep(H') = {yah, oys, you5, .- Y11 1, Ty Vi1 Vi Tl
T) oY) First, delete the vertices 1, o, 2143, 2], from H and H', respec-
tively. Then, join vertex z;yo and y; 49, vertex y; and Yy}, vertex z; 4o and yio,
vertex xp and xh, vertex y; and y; 49, and vertex y; and y;42 by an edge, re-
spectively. Denote the resulting graph by G. It is straightforward to check that
G is a 4-connected grauphz a.nd that (y1y], {yl+2,yl/+2,a:’2}) is a separating pair
of G, so y1y; € En(G). Similarly, (z112Y;, 9, {¥1; Zi41, Yi42}), (2279, {y1,73,3})
and (yl+2m;+2, {m;_H, y{,yéw}) are separating pairs of G, and so {xl+2yl’+2, Todh,
yl+2xg+2} C En(G). Let C be the following cycle of G: C = yjzoyszs---
LI YL T 2Yi2Y1 T9Ys T 1Y) 1T oY 4o¥1- Then it is easy to see that there
is no removable edge outside C.

4.3. Removable edges on a fixed (Hamilton) cycle

The next results deal with circumstances that guarantee the existence of remov-
able edges on cycles of 4-connected graphs, in particular on Hamilton cycles.
Before we present these results, we first introduce a definition and prove an aux-
iliary result.

Definition 4.1. Let G be a 4-connected graph, let C' be a cycle of GG, and let
(zy, S; A, B) be a separating group of G such that A is an atom. We say that C
passes through this atom if z,y € V(C).

The following useful lemma deals with removable edges on a cycle that does
not pass through any atom.
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Lemma 4.2. Let G be a 4-connected graph with |G| > 7, and let C be a cycle
that does not pass through any atom. Then there are at least two removable edges

on C.

Proof. By contradiction. Suppose that C' does not pass through any atom
of GG, and suppose there is at most one removable edge of G in C. Let F =
E(C)N ERr(G). Then |F| < 1. Denote E(C) — F by Ey. We take the separating
group (uw,S’; A, B") such that v € A',w € B" and vw € Ey. From |F| <1
we know that (E(A)U[A,S)NF =0 or (E(B")U[S, B'])NF = (. Without
loss of generality, we may assume that (E(A") U[A",S'])NF = (. Since A" is
an Ey-fragment, A’ contains an FEp-end-fragment as its subgraph, say A. We
take the corresponding separating group (xy,S; A, B) such that z € A,y € B
with zy € Ey. Clearly, we have (E(A) U [A,S])NF = 0. Since C' does not
pass through any atom, we have |A| > 3. Using Lemma 4.1, we know that one
of the three conclusions of Lemma 4.1 holds. Here we discuss them as follows.
Since (E(A) U[A,S]) N F = (), we have that conclusion (i) does not hold. Since
C' does not pass through any atom, conclusion (ii) of Lemma 4.1 does not hold
either. So conclusion (iii) of Lemma 4.1 holds. Let AN S = {w},B'NS =
{u,v},Ta(y’) = {w,u,v,z}. Since |B’| > 3, using Theorem 3.2, we conclude that
y'w € ER(G). Noticing that C is a cycle and (E(A) U [A,S]) N F = (), we have
{y'u,y'v} N Ey # 0. Using Lemma 3.2, we have that wu,wv cannot belong to
E(G) simultaneously. Without loss of generality, we may assume wu ¢ E(G).
Let Ag = A—{y'},So=SU{y} —u,By=G—xy— Sy — Ap. Then Ay is an
Ey-fragment contained in A, which contradicts that A is an Ey-end-fragment. So,
conclusion (iii) does not hold either.

This completes the proof of Lemma 4.2. [

In the remainder we will mainly deal with the existence of removable edges
on Hamilton cycles in 4-connected Hamiltonian graphs. Our first result shows
that Hamilton cycles in 4-connected graphs without atoms contain at least six
removable edges.

Theorem 4.4. Let G be a 4-connected Hamiltonian graph with |G| > 7, and
suppose that G does not contain any atom. Then any Hamilton cycle C of G
contains at least six removable edges.

Proof. Let F = E(C)N Er(G), Ey = E(C)N ExN(G). If Ey = 0, then C con-
tains at least seven removable edges, we have theorem holds. So in what follows
we may assume Fy # (). We consider a separating group (uw,S’; A’, B') such
that u € A, w € B, ww € Ey. By symmetry, we may assume that [(E(A") U
(A, S) N F| < [(E(B')U[S,B']) N F|. Since A’ is an Ey-fragment, A’ must
contain an Fy-end-fragment as its subgraph, say A, and we take the corresponding
separating group (xy,S; A, B) such that x € A,y € B and zy € Ey. Note that
(E(A)U[A,S)NF| < |(E(A)U[A,S'])NF|. Since C does not pass through any
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atom, we have |A| > 3. From Lemma 4.1 we know that there are three possible
conclusions (i), (ii) or (iii).

First, we suppose that Ey N (E(A) U [A, S]) # 0. From Lemma 4.1 we have
two possible conclusions (ii) or (iii). Since C' does not pass through any atom,
conclusion (ii) does not hold. Suppose conclusion (iii) holds. We consider a
separating group of G as in conclusion (iii) of Lemma 4.1. Let B'N S = {b, ¢},
A'NS = {a},AﬁS’ = {d} Let A; = {d, y1},51 = {b, c,x},Bl =G—-ad—S1—A,
then (ad, S1; A1, B1) is a separating group of G. However, A; is an atom, which
contradicts that G does not contain any atom. So conclusion (iii) does not hold.

From the arguments above, we have that only conclusion (i) holds. Since
EoN(E(A)UIA, S]) =0, it is easily checked that [(E(A)U[A, S])NF| > 3. Since
[(E(A)U[A, S)NF| < |[(E(A)U[A, S'])NF|, we have that [(E(A")U[A', S'|)NF| >
3. Hence |E(C) N ERr(G)| = |F| > 6. The proof is complete. |

Before we present and prove our next result about removable edges on Hamil-
ton cycles, we first prove the following auxiliary result.

Lemma 4.3. Let G be a 4-connected graph with |G| > 7, and let C be a cycle
of G passing through ezxactly one inner vertex of some mazximal l-bi-fan H of G,
and not passing through any other subgraph belonging to R(G). Then there are
at least two removable edges on C.

Proof. Suppose that there is at most one removable edge on C. Using Theorem
3.5, we conclude that there is exactly one removable edge on C. Let E(C) N
Er(G) = {e} = F. Let H be a maximal [-bi-fan defined as in Definition 2.2.
From the assumption |V(C) N {z2,x3,...,z112}| = 1 and |E(C) N Er(G)| = 1,
it can be checked easily that either xo € V(C) or z;42 € V(C). Without loss of
generality, we may assume z9 € V(C) and e = azy. Letting 8" = {a,b, 2,4 3},¢' =
xox1, B = {z9,...,2140},A =G —¢ -5 — B, (¢,5;A',B’) is a separating
group of G such that A’NV(C) does not contain any inner vertex of the maximal
I-bi-fan. Let Ey = E(C) — {az2}. Then z1z9 € Ep and A’ is an Ey-fragment.
Clearly, A’ contains an Eyp-end-fragment, say A. It is easily checked that ANV (C')
does not contain any inner vertex of H, and that (E(A) U[A,S])NF = (. We
consider a corresponding separating group (zy, S; A, B) such that x € A,y € B
with xy € Ejy.

Next, we distinguish a number of cases and subcases.
(1) |[A] = 2. Then A is a 1-atom or a 2-atom, say A = {z,z}. Let S = {a,b, c}.
(1.1) Ais a 2-atom. Since zy € E(C) and C is a cycle of G, we have {za, xb, zc,
xz} N E(C) # (. From Lemma 3.3 we know that {za,zb,xzc, 22} C Egr(QG),
contradicting (E(A) U [A,S]) N F = 0.
(1.2) A is a 1-atom. Noting that C is a cycle of G and x € V(C'), we know that
{za,zb,xz} N E(C) # 0. From the assumption (E(A)U[A4,S]) N F = 0, we have
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{za,zb,xz} N Ey # 0. From Corollary 3.2 we know that z is an inner vertex
of one of the graphs of ®(G), which contradicts A N V(C') does not contain any
inner vertex of H.

(2) |A| > 3. Using Lemma 4.1 we have three possible conclusions (i), (ii) or (iii).

(2.1) Conclusion (i) holds. Since C is a cycle, we have (E(A)U[A, S])NE(C) # 0.
However, (E(A)U[A,S])N Ey =0, it is impossible that (E(A) U[A,S])NF =10
a contradiction.
(2.2) Conclusion (ii) holds. Let B' = {y/,2'}, ANB' = {¢/},Ta(y') = {«',d', V', 2'}.
Noting that C'is a cycle, and (E(A) U [A,S])NF =0, we have {a'y/, 'y, y'2'} N
Ey # 0. From Corollary 3.2 we know that 3/ is an inner vertex of one of the
graphs of R(G). Since y’ € V(C), contradicting that A NV (C') does not contain
any inner vertex of H.
(2.3) Conclusion (iii) holds. Let B'N S = {u,v},ANS = {a}, ANB = {y'}.
Since |B’| > 3, from Theorem 3.2 we know ay’ € FEgr(G). Noting that C is
a cycle and (E(A) U [A,S]) N F = (), we have {y/u,y'v} N E(C) # (), and so
{y'u,y’'v} N Ey # 0. By Lemma 3.2, we know that au,av cannot both be edges
of G. Without loss of generality, we may assume that au ¢ E(G), let A" =
A—y, 8" =SU{y} —u,B"=G—zy — S"— A”. Then A” is an Ey-fragment
contained in A, contradicting the choice of A.

This completes the proof of the lemma. [

)

Theorem 4.5. Let G be a /-connected Hamiltonian graph with |G| > 7, and let
C be any Hamilton cycle of G. Then, if G contains only one subgraph H of G
that belongs to R(G), but not any mazimal l-belt or l-co-belt, then there are at
least two removable edges on C.

Proof. By contradiction. Suppose that G contains only one subgraph H of G
that belongs to (G), but not any maximal [-belt or I-co-belt, and suppose there
is at most one removable edge on C. Let Ey = E(C)NEN(G), F = E(C)NER(G),
then |F| < 1.

Since H is not any maximal [-belt or [-co-belt, then H is one of the following
four graphs: helm, maximal [-bi-fan, W-fragment, W/-fragment. Note that H is
the only subgraph in ®(G) that C passes through. Next we will discuss them
separately.

Case 1. H is one of the following three subgraphs: helm, W-fragment, W’-
fragment.

(1) C passes through a helm H. Let H be defined as in Definition 2.1. Since C'is a
Hamilton cycle, E(H)NF # (). From the assumption |F| < 1, we know that there
is exactly one removable edge on C, then |F| = 1. Without loss of generality, we
may assume F' = {x3x4}. Since C is a Hamilton cycle, it is easily checked that
z1vy € E(C). According to the assumptions, we have E(C) — x3xy = Ey. By
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letting e = z1v1, 8" = {ve,v3,v4}, B = {a,x1,29,23,24},A =G —e— S5 — B,
(e,S'; A', B') is a separating group of G such that A’ does not contain any inner
vertex of H and (E(A)U[A’,S'])NF = (. Since z1v; € Ey, A" is an Ep-fragment
of G. Since A’ contains an Fy-end-fragment, say A. clearly, A does not contain
any inner vertex of H, and (E(A)U[A,S]) N F = (). We take the corresponding
separating group (xy, S; A, B) such that x € A,y € B with xy € Ey.

(2) C passes through a W'-framework H. Let H be defined as in Definition
2.6. Since C' is a Hamilton cycle, we have F' # (), from the assumption, we have
|F| = 1. Tt can be checked easily that F' = {yoys} and y3ys € E(C). By letting
S' ={x1,x3,91}, B = {x2,92,y3}, A’ = G —ysys — S’ — B, then (ysy4, S’; A, B)
is a separating group of G such that A’ does not contain any inner vertex of H and
(E(A)U[A,S)NF = 0. Since y3ys € Ey, we have that A" is an Ep-fragment.
Since A’ contains an Fy-end-fragment, say A. Clearly, A does not contain any
inner vertex of H and (E(A) U[A,S])NF = (. We take the corresponding
separating group (xy, S; A, B) such that x € A,y € B with xy € Ej.

(3) C passes through a W-framework H. Let H be defined as in Definition 2.5.
Since C' is a Hamilton cycle, it is easy to see that y1y2 € Ep and F' = {y2y3}. By
letting 8" = {w1, 23,4}, B' = {22, 92, y3}, A’ = G—y1ya—S'—B', (1192, 5"; A", B')
is a separating group of G such that A’ does not contain any inner vertex of H,
and (E(A)U[A,S]) N F = . Since y1y2 € Ep, we have that A’ is an FEjp-
fragment. Since A’ contains an Fy-end-fragment, say A, as its subgraph. Clearly,
A does not contain any inner vertex of H and (F(A) U [A,S]) N F = 0. We take
the corresponding separating group (zy,S; A, B) such that x € A,y € B with
zy € Ey.

From the above arguments we can see that no matter which of the three
subgraphs H is, we always can take the separating group (zy, S; A, B) such that
r € A,y € B with zy € Ey. A is an Ey-end-fragment such that A does not
contain any inner vertex of H, and (E(A)U[A4,S])NF = 0.

Next we will distinguish a number subcases to discuss.

Subcase 1.1. |A] = 2. Then A is a l-atom or a 2-atom, say A = {x,z}. Let
S ={a,b,c}.
(1) Ais a 2-atom. Since zy € E(C) and C'is a cycle of G, we have {za, zb, xc, zz}
NE(C) # (. From Lemma 3.3 we know that {za,xb, zc,z2} C Er(G), contra-
dicting (E(A)U[A,S]) N F = 0.
(2) A is a l-atom. Noting that C is a cycle of G and (E(A) U [A,S])NF = 0,
we have {za,zb,zz} N Ey # (). From Corollary 3.2 we know that z is an inner
vertex of one of the graphs in R(G), contradicting that A does not contain any
inner vertex of H.

Subcase 1.2. |A| > 3. Using Lemma 4.1 we have three possible conclusions

(i), (ii) or (ii).
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(1) Conclusion (i) holds. Since C' is a Hamilton cycle, we have (E(A) U [A4, S]) N
E(C) # 0. However, (E(A)U[A,S]) N Ey =0, and it is impossible that (E(A) U
[4,S]) N F =0, a contradiction.

(2) Conclusion (ii) holds. Let B ={y/,2'}, AnNB' ={y'},Ta(y) = {«/,d,V,2'}.
Noting that C' is a Hamilton cycle, and (E(A) U [4,S]) N F = 0, we have
{d'y, by, 42"} N EN(G) # (). From Corollary 3.2 we know that 3/ is an inner
vertex of one of the subgraphs of R(G), contradicting that A does not contain
any inner vertex of H.

(3) Conclusion (iii) holds. Let B'NS = {u,v},ANS = {a}, ANB = {y'}.
Since |B’| > 3, from Theorem 3.2 we know ay’ € Er(G). Noting that C is a cycle
and (E(A)U[A,S])NF = 0, we have ay’ ¢ E(C) and {y'u,y'v} N E(C) # 0,
and so {y'u,y'v} N Ey # 0. By Lemma 3.2, we know that au,av cannot both
be edges of G. Without loss of generality, we may assume that au ¢ E(G), let
Al =A—y . 8" =SU{y'}—u,B" = G—xy' —S"—A". Then A" is an Ey-fragment
contained in A, contradicting the choice of A.

Case 2. C passes through a maximal [-bi-fan H. Let H be defined as in
Definition 2.2. By assumption we have |E(C)N{axe, axs,...,ax;1a,bra, bxs,. ..,
bxriio}| < 1. Next we distinguish the following two subcases.

Subcase 2.1. {x1x9, 2973, ..., 21500113} C E(C). Let C = x1x9 -+ X140T143
<--vau---x1. We let P; denote the path from a to x5 on C passing through u,
and P; the path from ;45 to a on C passing through v. Then both C; formed by
P, and axg, and C5 formed by P» and ax;4o are cycles containing just one inner
vertex of H and not passing through any other graph of #(G). Using Lemma 4.3
we get that both C'y and C5 contain at least two removable edges, so there are at
least two removable edges on C.

Subcase 2.2. For some i € {2,...,1+ 2}, either {ax;, z;zit1, ..., T10m113} C
E(C) or {bx;,x;xit1,...,T1122143} C E(C). Without loss of generality, we as-
sume {azw;, T;Tiy1,...,Tr2x1+3} C E(C). From |E(C) N {axs,...,azi12}| <1,

we get that ({axe,...,azx;42} — {az;}) NE(C) = 0. Tt can be checked easily that
only ¢ = 2 is possible. Let C' = axox3--- ;49143 --ua. Let P denote the path
from ;49 to a on C passing through uw. Then the cycle C} formed by P and az;;o
passes through just one inner vertex of H and does not pass through any other
graph of #(G). Using Lemma 4.3 we get that C contains at least two removable
edges, and so P contains at least one removable edge. Since azg € E(C)— E(C)),
there are at least two removable edges on C.

This completes the proof of Theorem 4.5. [

Next we present examples in order to show that in each of the cases in the
above proof of Theorem 4.5 we cannot improve the lower bound on the number
of removable edges. We start with an example to show that in (1) of Case 1 of
(the proof of) Theorem 4.5 the lower bound is sharp.
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Example 4.5. Let H be a helm with V(H) = {a,z1, 22, 3,24, v1,v2, 03,04}
and E(H) = {az1,axs,ars,arys, x122, Tax3, T3Td,T4T1, T1V1, T2V, T3V3, T4V4}.
Let L = H — {v1,v9,v3,v4}, and let L' be a copy of L such that V(L") =
{d', 2}, 2, 25, 2 }. We construct a graph G as follows. V(G) = V(L) U V(L'),
and we join vertices 1 and ), xo and zf, x3 and =4, x4 and 2/, x}, and 2/, by
an edge, respectively. Now (z12], {x2,z3,24}) is a separating pair of G, hence
zizy € En(G). By symmetry, xoxh, zszh, x4z € En(G). It is easy to check
that (a2, {2}, 2}, z3}) and (a'z%, {xh, 2}, x1}) are also separating pairs of G, so
we conclude that o'z, d'zy € En(G). Let C = z2)d' dhrszsaabasar,. Then C
is a Hamilton cycle passing through precisely one helm (and no other graphs of
R(G)) and containing just two removable edges zgzy, xha).

Our next example shows the sharpness of the lower bound in (2) of Case 1.

Example 4.6. Let H be a W/-framework defined as in Definition 2.6, with
V(H) = {x1,22,23,Y1,Y2,Y3,y4}. Let L' be the graph as defined in Example
4.5, with V(L") = {d’, 2!, 2}, 25, 2} }. We construct a graph G as follows. Let
V(G) = V(H) — {y1, 5} UV(L'), and let B(G) = E(H) — {y192,ysya} U B(L') U
{12, yoly, ysahy, whas, il 2izh}. It is easy to check that G is 4-connected.
Now (xlmllv{x%axgvxﬁl}% (x/2x37 {xllvxi%xﬁl}% (3/21'217{1'/17'%/2733{3})’ (y3$g, {xlaxi’n
y2}), (d'x),{x}, x4, x3}), and (a'z), {y2,x),2%4}) are separating pairs of G, so
xxy, Ths, yorly, ysxh, d'xl), d'rhy, € En(G). Let C = mizowsaha x)yaysaha)x;.
Then C is a Hamilton cycle which passes through only one W’-framework and
contains two removable edges yays, ) 5.

Next we give an example to show the sharpness in (3) of Case 1.

Example 4.7. Let H be a W-framework defined as in Definition 2.5, and let L be
a graph such that V(L) = {d, 2}, 2%, 25,2} and E(L) = {d'z!,d'z}, d'2%, d' 2,
xhahy, whaly, ohal, ool il ). We construct a graph G as follows. Let V(G) =
V(L) UV(H) = {y1,42} and E(G) = E(L) U E(H) — {y1y2, ysya} U {212}, 2pas,
y3xh, Yoy, x124, )3 }. It is easy to check that G is 4-connected. Now (zhxs, {x],
wé’n xﬁl})a (y3x£%7 {xlv 3, y2})7 (meﬁp {x/la x/Z’ xg})? (wllxla {y% L3, xg})? (a/xﬁla {xllv xg?
xz3}), and (a'zh, {y2, 2], 25}) are separating pairs of G. Let C' = zjzoz3zha'z)
yoysxhrizy. Clearly, C is a Hamilton cycle which contains two removable edges
25, Y2ys.

The next example discusses the sharpness in Case 2.

Example 4.8. We give an example to show that in Case 4 of the proof the lower
bound cannot be improved. Let H be an I-bi-fan (I > 2) defined as in Defini-
tion 2.2, and let L be a graph such that V(L) = {d/, 2], 2%, 25,2} and E(L) =
{d'2),d'xly, d' vy, o' x)y, o ohy, ahaly, a2y o), &)}, We construct a graph G as
follows. First, we identify the vertex z1 with 2}, and x;43 with 2/, respectively.
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Then we join the vertices a and z4, b and zf, and a and b by an edge. Obvi-
ously, G is a 4-connected graph. Similar arguments as used in Example 4.2 yield
that baf, axh, xjp0x), xea!, d'x),d'zh, € En(G). Let C = axhad'xjziiozi4q - -
zoxizba. Then C' is a Hamilton cycle which passes through two removable
edges x|z and ab.

Note that in Theorem 4.5, we exclude the case that C passes through only
one maximal [-belt or maximal [-co-belt. In fact, for a Hamilton cycle C that
passes through only one maximal I-belt or maximal [-co-belt, the conclusion of
Theorem 4.5 does not hold in general. We present the following two examples to
show that.

Example 4.9. (1) Let H be a maximal [-belt as in Definition 2.3, and let L be
a graph with V(L) = {d/, 2!, 2,24, 2} and E(L) = {d'2, d'z}, d’2f, o' 2, 2 b,
xhaly, xhal, o), «fah}. Now we construct a graph G as follows. First, we iden-
tify the vertices z1 and ), and the vertices y;4o and %, respectively. Then
we join the vertices y; and %, z;12 and 2/, and y; and z;, by an edge, re-
spectively. It is easy to check that G is a 4-connected graph. Similar argu-
ments as before yield that z}za, zhy1, Zhyit1, yxi1e € En(G). Let C = 2 zoxs
o Xpgoxhd' Thyys - -y 2sa’. Then C is a Hamilton cycle containing only one
removable edge x| 5.

(2) Let H be a maximal [-co-belt defined as in Definition 2.4, and let L be
defined as in (1). Now we construct the graph G as follows. First, we identify the
vertices z;43 and )y, and z1 and 2, respectively. Then we join the vertices y;
and x4, y; and y;19, and 2% and ;42 by an edge, respectively. It is easy to check
that G is a 4-connected graph. Similar arguments as in (1) can be used to show
that C' = zlzoxs - zpox)d 2byiye - - - yiroxhe) is a Hamilton cycle containing
only one removable edge 2 2%.
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